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A MATHEMATICAL MODEL OF COEVOLVING POPUJLATIONS

SiMon A. LeviN aND J. DaNIEL Ubnovie

Section of Ecolegy and Systematics, Cornell University, Ithaca, New York 14850;
and Department of Biology, University of Oregon, Eugene, Oregon 97403

Interactions between pepulations have hoth demographic and evolutionary
congequences. Although this peint has hbeen made by many authors beginning
with Darwin, the interaction hetween demographic and evolutionary variables
has been until recently largely ignored in the development of theory concerning
population interactions. In this paper we construct and analyze a model for the
coevolution of two populations. The results suggest that the interaction he-
tween demographic and genetie variables has significant implications for hoth
community theory and evolutionary theory. Our interest iz in changes in
genatypic frequencies and is complemented by phenotypic studies such as those
of Lawlar and Maynard Smith (1976}, Racklin and Oster (1976), and Rosenzweig
(1973}, as well as by the rather different optimization approach to genetic
equilibrium by Roughgarden {1976a).

Consider two genetically heterogeneous populations which are interacting
either through competition, exploitation (e.g., predation, parasitism, or her-
hivory), or mutualism (we will use the term mutualism in the broad sense,
synonymous with protocooperation). A thorough investigation of this system
requires an analysis of the six basic kinds of interactions between variables
represented by arrows in figure 1.

Loop 1 represents the effect of the density of a population on its own growth
rate (density dependence] and loop 3 represents (intraspecific) frequency-
dependent selection {e.g., Kojima 1965, 1971; Petit and Ehrman 1[969;
Cockerham et al. 1972). Our usage of “frequency dependence’ is somewhat
broader than that conventional in population genetics; we use the term to refer
to any dependence of absclute fitnesses on gene frequency. This extension
seems to us logical and essential for populations which vary in density. In most
cases, it iz impossible to distinguish mechanisms which lead to relative fre-
quency dependence (the more usual notion) from those which lead to ahsolute
frequency dependence. We identify these interactions {1 and 3) in order to
emphasize their interdependence with each other and particularly their inter-
dependence with the interspecific components of figure 1. For example, fre-
quency dependence and density dependence within a population may often he
caused by interactions with other populations (Clarke 1962; Rosenzweig 1969;
Ayala 1971 ; Udovie 1974).
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Population I Population IL

Density

Genetics

Fre. 1.—The basie kinds of interactions between dengities and genetic fre-
quencies for two interacting populations.

Arrow 2, which represents the effects of the density of each population on the
growth rate of the other population and entirely ignores genetic variables, is
exemplified by classical Lotka-Volterra theory (see review by Maynard Smith,
1974). Arrow 4 considers enly the interaction hetween genetic variables and
ignores density. The recent coevolution models of Mode (1958), Jayakar (1970),
and Yu (1972) concentrate on this interaction.

Arraws 5 and 6 involve both density and genetic structure. Models of density-
dependent, selection (e.g., MacArthur 1962; Charlesworth 1971; Roughgarden
1971; Clarke 1972) focus on the interaction between the density and genetic
structure of the same population (5), while the genetic feedback models
{Pimentel 1961 ; Levin 1972} are directed to the interaction hbetween the density
of one population and the genetic structure of the second population (6). Despite
the obvious differences hetween genetic feedback and density-dependent selec-
tion, there is an inherent similarity in structure. Both involve selection
dependent. an density, and both involve a “genetic” feedback loop. Either ane
could be referred to as “density-dependent genetic feedbacle.” Indeed, Pimentel's
ariginal usage of genetic feedback in competitive systems was probahly in this
broader sense (Pimentel 1961).

To summarize, the arrows in figure 1 may be labeled as follows: (1) intra-
specific density-dependent regulation of population growth rates, (2) interspecific
density-dependent regulation of population growth rates, (3) density-
independent seleetion {either frequency-dependent or independent), (4) density-
independent co-selection, (5) intraspecific density-dependent selection, (6)
genstic feedback (interspecific density-dependent selection and reciprocal
interspecific frequency-dependent regulation of population growth rates).
Wallace's “soft-selection’” {Wallace 1975) would combine (3) and {5).

To our knowledge there are only three models of coevolution of sexual
populations in the literature which incorporate all four variables in figure 1.
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Stewart (1971) developed a model for coevolution of a predator and prey, and
Léan (1974) developed a madel for the eoevolution of two competitors. Léon’s
meadel is based on the Lotka-Volterra equations and the models of density-
dependent selection developed by Roughgarden (1971) and Charlesworth (1971).
He assumes that there is no intraspecific or inferspecific frequency-dependent
selection. Stewart (1971) also used a modified logistic equation as the basia for
his model, but argued that his results were not qualitatively dependent on the
linearity assumptions of the logistic. Both Stewart and Léon derived conditions
for the stability of an equilibrium at which both coevelving populations were
polymorphic. Stewart was able to show that in predator-prey systems poly-
morphic equilibria may be stable even if the loci involved show complete
dominance. Léon showed that heterozygote superiority in both populations was
a neceasary condition for stability of a deubly pelymerphic equilibrium in hig
competition maodels. Neither Stewart nor Léon considered stability conditions
for equilibria not invelving polymorphisms for both populations. In related
papers, Roughgarden (1976g, 19765) considers a maore general formulation, but
still assumes frequency independence.

In this paper, we develop more general madels incorporating all of the inter-
actions represented by arrows in figure 1. We extend the results of Léon and
Stewart by considering eoevolution in competitive, exploiter-victim and mutual-
istic systems, by considering nonlinear relationships between the densities of the
populations and fitnesses of individual genotypes, by incorporating the pos-
gihility of infra- and interspecific frequency-dependent selection, and by
considering the stability conditions for various houndary equilibria, such as
equilibria invelving one polymerphic population and one monomorphic pop-
ulation. We are ahble to simplify the interpretation of our results by intreducing
the concept of intrinsic stahility, which allows us to separate the criteria for
stability of an equilibrium into two categories: those relating to the intrinsic
properties of the system, and those relating to its response time. Models of
density-dependent selection, soft selection (Wallace 1975), genetic feedback
and interspecific frequency-dependent selection are all special cases of the
model presented here (Udovie and Levin, unpub. ).

BASIC FEAMEWOCRE

We recognize that there are serious limitations to a theory of population
genetics which is constructed essentially as an extension of one-locus, two-allele
moadels (Slatkin 1971; Lewontin [974). However, such models have served a
highly suggestive role in classical theory and no comparable multilocus theory
has heen developed to take their place. On the other hand, extension to many
alleles is relatively straightforward. As such, we begin our study of coevolution
hy considering evolution at a single anfosomal locus in each of two interacting
diploid sexual populations which we label X and ¥. Some primitive extensions
to multiple loci are considered in Pimentel et al. (1975).

We also realize that two-population eoevolutionary situations represent, only
a very restricted class, and that the problems of sealing such models up to whole
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communities are substantial. Indeed, the community situation may require an
entirely novel approach. On the other hand, particularly in the case of inter-
actions between host and parasite and between model and mimie, two-species
coevolution is of real importance.

Population X is of density ¥, and is segregating at a single antosomal locus
with alleles 4, and 4,; population ¥ is of density M with alleles B, and B,.
Mating in both populations is assumed randem, generations diserete and non-
overlapping, and the populations large enough to justify the use of a deter-
minisfic madel. Selection is assumed to cccur after the formation of zygotes, so
that zygotic frequencies can he determined from allelic frequencies by hinomial
expanaion.

For aimplicity of discussion, we assume that both populations have the same
generation time, which will be equal to the time step in our model. This approach
extends easily to situations where the time step may he conveniently taken to he
an integral multiple of the generation time of each species, although interpreta-
tion of parameters must be modified. For example, if one species has a 6-month
generation time and the other a 12-month one, the 1-year period may be used
and the equations for the first apecies represent a two-generation jump. It may
he shown that the basic equations remain valid.

Generalizing the approach of Charlesworth (1971}, we define W, and V;; as
the expectations of offspring (of all possible genotypes) of zygotes carrying,
respectively, alleles 4; and 4, {in population X} and alleles B, and B, (in Y},
As with all parameters in the model, W, can vary from generation to generation,
hut we assume that this variation is completely determined by the population
densifies and the allelic frequencies (hecause these determine the zygotic fre-
quencies). Let p, be the frequency of 4, and ¢, the frequency of B, in the current
zygotic populations. Then, modifying only slightly the standard notation of
Wright (1955), we may describe the overall dynamics of the system by a set of
four differenece equations for the values (dencted by primes) of p;, ¢,, N, and 3
after one time interval;

p1 = oWy IV, 7=V, )
N = NW, M = MP,
in which
Wy = YoM Vi = X9V 2
' (
W=2%YpW.=Yre;W, V=XV = XagVy

Here W represents the mean fitness for population X, ¥ for Y. Moreover,
W= Wip,q, ¥, M), V; = Viip, q: N, M), where W,; and V;; are con-
tinuously differentiable on ¥ = 0, M > 0,0 < p, = 1,0 = ¢, < 1. Clearly
population X will grow if W > 1 and decline if W < 1; for population ¥, the
condition for growth is ¥ > 1.

The above description can accommodate emigration or immigration as well
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as births and deaths, If population X is a predator upon population ¥, for
example, emigration due to the undesirability of the prey or their low abundance
is indistinguishahble from predator death due to toxicity or starvation.,

An alternative representation of (1) is useful. Fellowing and modifying
Lewontin (19588), we introduce the quantities & = W, — W, & = W,, —

W, e = Vi — Fla,d = Vo — Vs Our basic system can now be written
N' = WN,
M = VM, _
W,. 2 )W

pL=p + Bl — ;) (3)
pr+ el — pl(e + &) }91 — bW,

g + @l — )V - flV _

g + @l — g + d) 7 — 4V,

Ii

71

Here 7, 7, a, b, ¢, and 4 are variable, and

W_ =W, + a’PLQ + bl — PL)Q: (4)
Vo=V +eg” + a1l —q)%

Alternatively, we may write

AN = (W — )N,

AM = (F — 1) M, B

Ap, 2l — p)[{e + B)p, — 5]}r_W = pfle, q. N, M),
Agy = ¢,(1 — q)lle + dlg, — d)fV = qg{p., 90, N, M)

Our ohjective is to determine the long-term (asymptotic) behavior of this
system for various functional relationships. Under what conditions will this
system possess the potential for regulation of both populations at fixed levels
or more generally, between fixed nontrivial bounds)? Under what conditions
will regulation depend upon the interactions with one or both genetic systems?
Does the interaction hetween populations or the dependence of fitness values
on density and gene frequency enhance or reduce the potential for maintaining
polymorphisms ? The equally important fask of determining the effects of var-
lous hiological factars on the functional relationships expressed in system (3) or
{(5), and thus on the stahbility criteria, is only briefly discussed.

Our analysis centers on the local asymptotic stability properties of the various
equilibria. of system (3) or (5), which may he investigated using the properties of
certain linearization matrices. We do not discuss in this paper the stability of
time-varying salutions, but we shall discuss these solutions further for certain
apecial cases in a subsequent paper.

(5)

Il

INTRINSIC STABILITY

The criteria for the stahility of an equilibrium will he of two types: those
which depend on the overall time scale of response of the system, and those
which do not. The first set is related fundamentally to the discrete nature of the
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system, while the secend provides the necessary and sufficient eriteria for the
stahility of the analogous equilibrium in the system of differential equations

ANjdt = (W — L)N (6a,)
aMdt = (F — )M {6b)
dpyfdt = py(1 — pMle + bypy — BW = p,f (6ec)
dg\fdt = g\l — g))(c + dlg, — d/V = ¢y (6d)

This system has the same equilibrium points as (5) (May 1973«).

We will call an equilibrium of (8) intrinsically stable whenever that equilik-
rium is stable in the homologous differential equation system {6). The only
features which may destabilize an infrinsically stahle equilibrium relate to the
overall rate of response of the system. Stahility in the differential equation
system insures the existence of a corresponding discrete system with response
rapid enough to ingure stability (May 1973a). Thus any stable equilibrium in a
discrete system is intrinsically stable, but the reverse is not true. The concept
of intrinsic stability is convenient in our analysis, because it simplifies the
hiological interpretation of the stability conditions by dividing them intc twao
distinet categories with very different interpretations.

ANALYSIS

We distinguish two sets of models: one which assumes that fitnesses are
independent of gene frequency and one which incorporates frequency-dependent
fitnesses. In each case we will first consider the stability characteristics of
equilibria of gystem (5) which are polymorphic in both species; then we will
consider the stability of varicus equilibria which do not correspond to two
polymorphic species (boundary equilibria). Boundary equilibria in this case are
of substantial interest hecause it is important to determine not only when the
structure of a coevolving system leads to the maintenance of polymorphisms in
both species, but also when this structure leads to one polymorphie population
and aone monemorphic population, or to two monomorphic populations. Tt is
also impartant to determine under what circumstances coevolution will lead to
the extinction {at least on a lacal level) of ane or both populations or allow for
invasion.

We will not attempt to catalog necessary and sufficient conditions for the
existence of either doubly pelymorphie equilibria or houndary equilibria. Such
a catalog may be easily provided, but provides few insights. However, one
characteristic of doubly polymorphic equilibria is easily obtained: at the equilib-
rium, each heterczygote must be either superior to both homozygotes or inferior
ta both. Léon (1974} obtained this result for two coevolving competitors when
the fitness functions were linearly related to density. We extend his results to
nonlinear fitness functions, and to exploiter-victim and mutualistic systems.
Note that there may be several palymoarphic equilibria, and the following con-
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siderations are valid for each one. From the first two equations in (5), we see at
once that such equilibria satisfy the equations

Py = (Woy — W)W + Wy — 2W,) = bf(e + 8), 7
¢ = (Vag — Vid{{F) + Voo — 2V,5) = df{c + d).

These equations have the form which is familiar from classical theory; but this
is to some extent misleading hecause the W, and V,; values are nat constants
but depend, among other things, on p, and g¢,. The relations thus do not de-
termine p, and ¢, explicitly, but are implicit relations and must he solved in
conjunction with the equations W = 1 and ¥ = 1. For simplicity, we ignore
the special case W, = W, = Wy, or ¥, = V|, = Vyy at equilibrium, en-
suring that denominators in (7) are not zero. Equations (7}, together with the
restraints 0 < p;, < land 0 < ¢; < 1, lead immediately to the condition that
neither heterozygote can be intermediate in fithess at a doubly polymorphic
equilibrium. Thus a necessary condition for the existence of a douhly paly-
moarphie equilibrium is the existence of a region in the four-dimensional state-
space in which neither heterozygote is intermediate. A necessary and sufficient
condition is that this region averlap the intersection of the surfaces W = 1 and
F = 1. A special case of this is proved by Léon (1974).

Asymptaotic stability of the equilibrium (Goldberg 1958; Levin 1972, 1973,
May 1973¢) depends on the eigenvalues of the matrix

1 + N aW/eN N oWpM N oW /jop, N oW joq,

_ M aviaN 1+ MavjoM M oV)dp, M oV jdq,
#, dfjoN », offoM 1 + p, dffép, #, éfldg,
q, dgfoN q, dgfoM q, 99/8p, 1 + ¢, dg{dq,

The equilibrium will be stable provided all of the eigenvalues of this matrix are
less than 1 in magnitude, and unstable if any has magnitude greater than 1.

When fitnesses are independent of gene frequencies, a number of simplifica-
tions aceur:

i) e, b, ¢ and d are independent of ,, ¢,.

A somewhat less restrictive situation is relative frequency independence, in
which only afb and ¢fd are frequency independent. In particular, f and g depend
only on relative frequencies. Genetic feedback models of the simplest kind still
retain the assumption that relative fithesses are independent of gene frequen-
cies, but the “absclute fitness” in one population (which happens to he fixed
genetically} depends on the gene frequencies in the other population.

ii) Because W = Wy, + ap,® + b(1 — p)*
aW/fdp, = 2pfap, — b1 — p)] = 2p,\[le + b)p, — Bl
oW jog, = 0.
Thus, at equilibrium, W/dp, = aW/dg, = 0.
Similarly, 3V op, = oV }dg, = 0.

I



664 THE AMERICAN NATURALIST

iii) 8f/éq, = dg/op, = O,
iv) At equilibrium,

affop, = (1 — p) (e +8) = (L — p )W) + Woy — 2W)y)
dglog, = (1 — gy} e +d) = (1 — o (Vi + Voo — 2V ).

Utilizing this information, we find that two of the eigenvalues of J are
L+ p{l — p))(Way + W)y — 2Wp),and 1 + ¢4l — ¢)(Vee + ¥y — 2V),
and the other twa are the eigenvalues of

1 + NoWON N oW/oM
MaVjeN 1+ MaVjeM)-

Using lemma 1 of Levin (1978) (see also Goldberg 1958 ; Léon 1974) and ignoring
the harderline case when the dominant eigenvalue has magnitude equal to one,
we ohtain the conditions for stability:

=2 < pl = p)(Woy + Wy — 2W) < 0
1) =2 < qfl — g)(Vag + ¥, — 2F,) < 0

i) |2+ NOW/SN + M oVieM| — 2 < N OW|eN + M oPjoM
+ NM[(0W/aNYaT oMy — (aW[aM )V |3N)] < 0.

Of these, the most interesting and transparent subset is comprised of the
conditions for intrinsic stability:

Wy + Wy — 2W, < 0 (8a)

Voo + Vyp — 2V, < 0 (8h}

NAOWAN + M aVidM < 0 (8¢)
(6W{aN)(8V 1o M) — (dW[dM)AF|ON) > 0; (8d)

the other conditions necessary for satisfying {i), (ii), and (iii) specify in essence
that the time scale be sufficiently rapid.

Because the heterozygotes cannot be of intermediate fitness, conditions {8a)
and (8b) will hold if and only if the heterozygote is the most fit genotype in each
population.

Conditions (8c) and (8d} are identical in form te stahility conditions obtained
from anhalysis of general madels of species interactions ignoring evolution (May
1973%). Condition {8e) is satisfied whenever the growth rate (average fitness) of
each population decreases as that population increases in density, It is alse
satisfied whenever the negative-density-dependent effects (e.g, intraspecific
competition} on one population “outweigh” the positive-density-dependent
effects (e g., Allee effects) on the other. Positive density dependence is a sub-
stantial possihility, particularly in an exploiter-victim relationship where the
exploitation rate per victim may be a decreasing function of victim density
(Watt 1959, Rosenzweig 1969}, Condition (8d) depends upaon the nature of the



COEVOLUTION OF POPULATIONS 665

relationship between the coevolving populations. The expression (8W/[aM) x
(8FjoN) will always be negative in an exploiter-victim relationship, and will
always be positive in a competitive or mutualistic relationship. If intraspecific
competition in both populations results in negative density dependence, then
(GW ANV |3 M) will be pasitive. Exploiter-victim relationships satisfying this
last eriterion will always satisfy condition (8d). For competing populations
condition (8d) is essentially the condition that intraspecific competition out-
weigh interspecific competition, while for mutualistic populations condition
{8d) requires that intraspecific competition outweigh the effects of their mutual-
istic interaction. Positive-density-dependent effects alter these interpretations
of condition (8d), reducing the possibility for a stable equilibrium in exploiter-
vietim systems, and eliminating the possibility in competitive and mutualistic
systemas.

In summary, in the absence of (interspecific or intraspecifie) frequency-
dependent fitnesses and positive density dependence, the necessary and suffi-
cient conditions for the intrinsic stability of a doubly polymorphic equilibrium
are: (1) heterozygote advantage in bath papulations; (2a) for exploiter-victim
relationships, negative density dependence in at least one of the populations,
and (2h) for mutualistic and competitive relationships, negative intraspecific
density-dependent effeets should outweigh the effects of interspecific interac-
tions. Léon {1974) obtained similar results for his logistic model of coevolving
competitors.

With regard to the introduction of new mutant alleles, an equilibrium stable
in the ahove sense will be “evolutionarily stable’” {in the sense of Lawlor and
Maynard Smith [1976]) provided that the mean fitness of the heterozygotes
which the mutant forms with the resident alleles {weighted according ta their
gene frequencies) is less than 1. Lawlor and Maynard Smith (1976) require a
somewhat different condition which is technically appropriate only for asexual
populations. In their approach, a homozygote with fitness greater than 1 would
be sufficient to destahilize, but in a randomly mating population this clearly is
not technically correct.

BOUNDARY EQUILIBRIA

In this section we will examine the stability of some important boundary
equilibria with regard to unrestricted perturbations and with regard to pertur-
bations which are restricted to the same boundary. For example, an equilibrium
with one population fixed for one allele and the other population polymorphic
may be stable to density fluctuations and fluctuations in the allelic frequencies
of the polymarphic population (stable in the restricted sense), but not to the
introduction of the absent allele in the other population {unstable in the un.-
restricted sense). Unrestricted stability can usuvally be examined using con-
ventional linear stability analysis, while restricted stability can be examined
hy reducing the system by one or mare dimensions and using linear stability
analysis on the reduced system.
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Both Species Present, One Species Polymorphic

Because it would be redundant to consider more than one of the four possible
kinds of equilibria of thissart {p, = 0,p, = 1, ¢, = 0,0r g, = 1}, we consider
only the eanonieal form 0 < ¢, < 1, ¢, =0, N > 0, M = (. (For the case
¢, = 1, eq. [6d] must be replaced by the equation for | — ¢,.) Repeating earlier
pracedures for examining criteria for the existence of an equilibrium, we find
that the heterozygote of the polymorphic population (in this case, population
X} cannot be intermediate in fithess at the equilibrium. The unrestricted stabil-
ity conditions can be abtained by examining the eigenvalues of the linearization
matrix of the four-variahle system at the equilibrium. This linearization matzix
iz not the same as J, but has the form:

N aW)aq,
J— J, M aP{dq,
1 Oflog,

¢ 00 1 + g

where J| is the linearization matrix for the reduced, three-variable system,
p, N,and 3 :

gy =

M OV [aN 1 + M a¥VjoM M 6V ap,
oy HffoN w2, dffoM L + p, dffdp,

The eigenvalues of J are 1 + g plus the three eigenvalues of J ., and for un-
restricted stability each eigenvalue must have a modulus less than one. On the
ather hand, the condition for restricted stahility is that the three eigenvalues of
J, have moduli less than one. Thus the equilibrium will he stable in the un-
restricted sense whenever it is stable in the restricted sense and in addition
—2 « g < 0. The condition —2 < g results from the discrete nature of the
system, and is not & necessary condition for intrinsie stahility. The condition
g < { simply states that at equilibrium V), < ¥, = 1. Intuitively this means
that if the B, allele is introduced into a menomorphic population fixed for the
B, allele, it will increase in frequency only if Vi, > Vo, = 1, that is, if the
heterozygote (BB,) is mare fit than the homozygote (B, B,) at the equilibrium.
Again, this corresponds directly to the notion of evolutionarily stable strategy
(Lawlar and Maynard Smith 1976) with the modification discussed earlier. A
population fixed for B, is “evolutionarily stable” unless for some mutant allele
B, the relevant heterozygote has superior fitness.

Specializing to the frequency-independent ecase, we find the conditions for
restricted intrinsic stability to be identical to conditions {8a), (8¢), and (8d),
and may be given the same interpretation. (8h) is removed as a requirement.

(1 + N oWIaN N WM N aWiap, )

Both Species Present, Neither Polymorphic

The canonical case is p, = 0, g4, = 0, N > 0, M > (. This case must he
examined more carefully because it involves a corner of state space. One must
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be assured that an eigenvector (ar combination of eigenvectors) carresponding
to any destabilizing eigenvalue (or pair of complex ones) has nonnegative p,
and ¢, coordinates. The linearization matrix is

1+ N3aWj/aN  NaW/M  NoWip, N aWjaq,
M3PION ) 4+ MaV/OM M 3Vidp, M oV},
0 0 14 f 0
0 0 0 1+g

The eigenvalues include those of the matrix

1 + NaW/N N aWjoM
MaVIaN 1 + M aPieM

with the corresponding eigenvectors taken to have zero coordinates in the p,
and ¢, positions; 1 + f, with eigenvector (0 0 1 0)7; and 1 + g, with eigen-
vector (0 0 0 1)7. Thus, no problems arise due to the corner, and the equilibrium
is intrinsically stable provided 4,4, is more fit than 4,4,, B,B, is more fit
than B B,, and as in the previous two cases: N dW/(ON + M aV[oM < 0 and
(OW[ANWOF |oM) > (8P jON) W 3M). These last two conditions are the con-
ditions for restricted intrinsie stability, and are the familiar conditions far co-
existence of two genetically homogeneous populations.

One Population Absent

The canonical case is M = 0. The significance of equilibria of this kind should
be clearly understood. Although it makes little sense to discuss the gene fre-
quency of a nonexisbent population, it is important to examine any boundary
equilibria with = 0,0 < ¢, < 1, because the system may tend toward such
an equilibrium (i.e., as the population heads towards extinction, its gene fre-
quency tends toward ¢,), ar hecause of the potentiality for invasion and the
relevant restrictions on the requisite genetic makeup for invasion.

For any equilibrium with # = { the linearization matrix of the system (5) is

1 + N aWjaN N oWjoM N éW/dp, N oWaq,
0 v 0 0
Py OffON o offeM 1 + p, Offdp,  py Hflog,
q, dg{ON @ gloM  q, 8g/dp, g + 4y dg/dq,

Because ¥ is an eigenvalue of the matrix, if ¥ > 1 any such equilibrium
point will be unstable. That is, population ¥ will grow if introduced in small
numbers,

If ¥ < 1, the conditions for intrinsic stability hinge on the eigenvalues of the
matrix

 Of/éN 1+ pafiop,  », 8ffdq,

(1 + N OW(ON N 6Wjop, N oW/dg, )
J, =
q, 8g/oN ¢, 8gfdp, g + 9, 99/9¢,
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We consider two canonical cases: (@) ¢, = 0, and (8) 0 < ¢, < 1. In case (g},
the intrinsic stability conditions reduce to g < 0 (that is, Vo > V) plus the
restricted conditions for intringic stahility, that both eigenvalues of

(N OWiON N 6@_’)’3})1)
p OffON  py Ofldn,

have negative real parts. The latter is also the condition for intrinsic sta-
hility of polymorphic equilibria in the case of density-dependent selection
{Charlesworth 1971). In ancther paper (Udovie and Levin, unpub.) we analyze
these conditions in detail. Here we only point out that in the frequency-
independent case, N aW[dp, is zero at equilibrium. The intrinsic stability corn.-
ditions thus reduce to (i) N dW/AN < O (negative density dependence), and
(ii) p, dffép, < O (heterczygote superiority).

Case (h) i3 more complicated. Tt is a special case of the situation where both
populations are evolving, but one is fixed in density (in this case, fixed at
M = 0). In the frequency-independent case, the matrix J, then reduces to:

1 + N oWiaN 0 0
», 8ffoN 1 + p, 3fldp, 0
g, OgfdN Q 1 + ¢, 8g/dq,

The intrinsic stability conditions are simply negative density dependence in
population X and heterozygote superiority in both populations X and Y.

FREQUENCY-DEFENDENT 3ELECTION

The assumption of frequency-independent fitness values is quite restrictive.
It seems unlikely that fitnesses which depend on population density do not
depend on gene frequency as well {Clarke 1972; Bulmer 1974 ; Udovic and Levin,
unpuh.). Furthermare, there is substantial evidence in support of frequency-
dependent fitnesses (see review by Ayala and Campbell 1974), including
some evidence that the interaction between populations may be a causal factor
{Clarke 1962; Ayala 1971 ; Udovic 1974). In addition, the frequency-independent
madel has also eliminated the possibility that gene frequencies in one papulation
could influence the relative or absolute fitness values of genotypes in the other
population. It seems unreasonahle to assume that each population is responding
evolutionarily to the density of the other population, but not to the quality of
that population. There seems to be ample evidence against this assumption in
the literature on plant-insect coevolution; the experimental results of Pimentel
et al. (1963) show that the fitness values of wasp parasites can he influenced
differentially by the level of host resistance.

The addition of either intra- or interspecific frequency dependence substan-
tially alters the results of the madel. The intrinsic conditions for the stahility
of a doubly polymorphie equilibrium can be obtained from examination of the
matrix J — I. All eigenvalues of this matrix must have negative real parts.
Utilizing the Routh-Hurwitz criteria (Brauer and Nohel 1969), we find that the
eigenvalues of a4 X 4 matrix satisfy these criteria if and only if: (i) the trace T,
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the sum of the diagonal elements, is negative, (i) the sum ¢ of prineipal minors
of order two is positive, (iil) the sum B of principal mincrs of order three is
negative, (iv) the determinant I is positive, and (vi D < [(QT — R)R)T? In
the frequenecy-independent case these conditions simplify to yield the four
gonditions in expression (8). In the frequency-dependent case, expressing these
conditions as conditions on the parameters of the model is a tedious task and
the results are difficult to interpret within such a general framework.

Rather than emphasizing the restrictions on individual parameters which are
required for stahility, we point out the vast array of possibilities which exist
with this model in comparison to the frequency-independent model. Any of the
conditions given in expression (8) may be violated. Indeed, a stahle equilibrium
is possible even if none of these conditions is satisfied. This means that doubly
polymorphie coevolutionary equilibria can be stable even if one or hoth hetera-
zygotes is inferior at the equilibrium, andjor the demographie interaction he-
tween the two species appears unstahle. For example, consider two competing
populations which are at equilibrium but which do not satisfy conditions {8¢)
and (8d). From generalized {discrete) versions of the Lotka-Volterra equations
and from all of the frequency-independent models discussed in this paper, we
would expect such an equilibrium to be intrinsically unstable. But (Udovic and
Levin, unpub.) the destabilizing forees which would he expected to result
in ecompetitive exclusion may he counteracted by stabilizing evolutionary forces
in a manner similar to that suggested hy Pimentel (1968). The results of our
analysis indicate that this can only occur if absolute fitnesses are dependent on
gene frequencies. Note that relative fitnesses may still be frequency independent,
as in the case of genetic feedback. However, in general this is unlikely to he the
case.

A mare general but very simple example is useful in illustrating the potential
stahilizing effects of frequency dependence. We demonstrate the existence of a
polymorphism in one population; it is trivial to extend this to a doubly paly-
morphic example.

Suppose that the two species compete for space, and that their densities are
governed hy equations of the form AN = Nfa — 8- (N + M)] and AM =
Mg — ¢ (N 4+ M)]; that is, they have identical maximal growth rates (a),
but possibly differ in their sensitivities to crowding (b, ¢). If a, &, and ¢ are con-
stant, no stable coexistence is possible. Species X will win in competition if
b < candloseif & > ¢; if b = ¢, the halance hetween X and ¥ will be meta-
stable, resulting hy drift in the ultimate extinction of one species or the ather.

Suppose now that species X has an allelopathic capability by which it can
gain a competitive advantage over ¥. If production of the allelochemical is
genetically controlled at a single locus (with p the allele frequency of the
controlling gene A}, then it is intuitively clear that a polymorphism can result.
In particular, let b and ¢ depend upon p (as well as upon B = N/M, because the
relative proportions of N and M will also affect the levels of allelochemicals}.
Assume that b and ¢ both increase with increasing p or &, but that ¢ is more
severely affected. We summarize this mathematically by writing & = &(p, R),
¢ = c{p, BYy; dpfdh > 0, dbjR > 0, 8¢fdp > O, dcfdR > 0, objdp = dcldp,
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ObjAR < defdR. Under these conditions (and assuming b > ¢ when p and R are
small), we would expect 4 to be selected for when it is rare and R is small, but
its advantage to decrease as R increases. In particular, writing Ap = pf, we
assume f = f(p, R) where df{0R < @ for all p.

In analyzing this system, it is convenient to introduce an expression for the
total population § = N 4 M, and to rewrite the equations as AS =
Sle — BN + cM)] = 8{a — B8 + [(b — ¢)8f(1 + R)]}, AR = BS(c — b)-
MM + AM) = RS(c — b)-{1{[1 + (@ — cS)]}, Ap = pf(p, ). A poly-
morphic equilibrium can qccur only if & = ¢ and § = g/b, and the intrinsic
stability is determined by the eigenvalues of the matrix

s AB8S)8) HASIS)
aR dp
0 RS&(G-—E}} RSa(c—b)
ap
a o
PR Pan

evaluated at equilibrium, and hence by the eigenvalues of

RS e — ) RS e — b)

R op
of o
Por P

Intraspecific frequenay dependence is manifest both in the term db/dp and in
dffén; interspecific frequency dependence appears in dcjdp.

Intrinsie stability requires not only that dffdp be negative (which can be
achieved either through overdominance or frequency dependence), but also that
the stahilizing effects of the off-diagonal terms be sufficiently large. Thus
gtability requires at the very least the dependence of ¢ ~ b on p, which means
inter- or intrafrequency dependence..

Hence the polymorphism in species X is an essential ingredient for the stable
balance between X and Y. Further, intraspecific frequency dependence can
overcome hoth the ahsence of overdominance and the ahsence of the conditions
for demographic equilibria.

DISCURKION

An important implication of our results is that frequency-dependent selection
should not be ignared in coevelution models. If the major premise of these
models, that selection coefficients depend on population densities, is accepted,
then it is reasonable to assume that selection coefficients will also depend on
the genetic structure of populations. The only plausible reason for assuming
frequeney independence in models of coevolution is to simplify analysis. How-
ever, there are significant differences hetween results of analyses assuming
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frequency independence and results obtained ineluding the potential for fre-
quency dependence, from which we conelude that the former are not robust, In
the frequency-independent case the conditions for the stability of a doubly
polymorphie equilibrium in our models of egevolution of two populations can bhe
divided into three independent components: (L) criteria for the stability of
equilibrium densities for the two populations which are equivalent in form to
criteria obtained from generalized versions of the Lotka-Volterra equations
(May 1973b); (2) criteria for the maintenance of a balanced polymorphism in
population X which are equivalent in form to the criteria obtained in standard
population genetics models for one population (Karlin and MceGregor 1972}; and
(8) criteria analogous to (2) for population Y. The independence of these com-
ponents essentially means that the stability criteria in the frequency-indepen-
dent case are independent of the interaction hetween density and genetic
structure. The interaction hetween these variables only influences stability
because it influences the values of the parameters upon which stahility depends;
the eriteria for evaluating the parameters remain unchanged. However, when
either intraspecific or interspecific frequency-dependent selection is considered
the stability eriteria are not divisible into these three independent components.
The whole is not the sum of its parts.

This mathematical result has at least three significant biological implications.
First, whereas in the frequency-independent models the coexistence of two co-
evolving populations requires satisfaction at equilibrium of the conditions
obtained from generalized Lotka-Volterra equations, in the frequency-
dependent case coexistence can ccour even when. those conditions are violated.,
Second, whereas in the frequency-independent models heterozygote superiority
was a necessary condition for the maintenance of polymorphisms in each pop-
ulation (Léon 1974), stable disruptive-selection regimes (heterozygote in-
feriority) are possible in the frequency-dependent case. Thus coevolutionary
interactions between populations may increase the potential for sympatric
speciation (Mather 1955; Maynard Smith 1966; Dickinson and Antonovies
1973; Udovie, unpub.). Third, whereas in the frequency-independent models
the average fitness for each population is maximized at equilibrium subject
to the constraint that population densities are at equilibrinm, it is difficult
ta determine what is optimized by natural selection in the frequency-dependent
case. Qur results suggest that the important assumption of many ecological
and evolutionary models that natural seleetion produces optimal results unless
constrained by history or by competing goals (Cody 1974; e.g., Levins 1968;
Stearns 1976), may not always he valid.

Coevolution may either be a stabilizing or destabilizing foree in community
dynamics. Random assemblages of interacting species are not likely to he stable
{(May 1973b), and coevolution may have been an important factor in assuring
that natural communities are not “random assemblages,” but rather groups of
species whose ecological interactions produce a relatively stahle system. Léon
(1974) had hoped to illustrate this point using the results of his models of co-
evolving competitors, hut he felt that his results pointed the opposite way
because doubly polymarphic equilibria seemed even less likely to he stable than
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monomorphic equilibria. As we have already pointed out, and as Léon has sug-
gested, ineluding frequency-dependent selection in these models can alter resulés
to permit stable coexistence of two polymorphic coevolving populations when
otherwise impossible.

To focus attention upaon stable doubly polymorphic equilibria, as Léon (1974)
has done, is not sufficient. The relevant question is coexistence, and coevolution
can. facilitate this not only through doubly polymorphic equilibria, but also
through time-varying solutions and through boundary equilibria (in which ane
or hoth populations are monomorphic). Finally, even stable houndary equilibria
for which only one population is present may contribute to regional coexistence
{Levin 1974}, and monomorphic houndary equilibria to polymorphic regional
patierns (Karlin and McGregor 1972).

Coevolution can also destahilize an otherwise stable relationship. If a boun-
dary equilibrium is stahle in the restricted sense, but unstahble in the unrestricted
sense, then introduction of a new allele may destahilize the old equilibrium.

The maintenance of disruptive selection regimes may result from stabilizing
forces present in arrows 3, 4, B, or 6 of figure 1 or some combination. All involve
frequency-dependent selection, either directly, or indirectly through interaction
with ancther variable. Arrow 3 involves direct intraspecific frequency-depen-
dent selection. This may be due to mechanisms such as intragenotypic ecom-
petition (Kojima and Tobari 1969 ; Huang et al. 1971 ; Clarke 1972), preferential
mating with rare genotypes (Petit and Ehrman 1969), predator switching
(Clarke 1962; Murdoch 1969), or strong predator preference for certain geno-
types which results in increased predation pressure on those genotypes as
they become rare (Udovie 1974). Note that the latter mechanism is de-
stabilizing, because it places rare genotypes at a relative disadvantage.
Arrows 4, 5, and 6 represent examples of indirect, or delayed, intraspecific
frequency-dependent selection. Changes in gene frequency do not alter selection
pressures directly, but influence the rate of change of some other variable, which
in turn influences selection coefficients. Arrows 4 and 6 indicate that frequency-
dependent selection may be caused by the coevolutionary interactions hetween
populations. Whether or not arrows 4 and 6 represent negative (stabilizing)
feedback loops which could overcome the destabilizing force of disruptive
selection, or pesitive (destabilizing) feedback loops will depend on the param-
eters of each specific coevolving system.

Qur results hinge on three major premises: (1) predation, competition, and
mutnalism are strong selective forces; (2) selection coefficients and therefore
rates of evolution in natural systems are relatively high; and (3) selection
pressures and rates of population growth are sensitive to changes in gene fre-
quencies. Only the first premise is well established. An appropriate “test’ of
our model would be field investigations testing the validity of premises (2) and
(3). If these premises are verified and if our models are robust, then our results,
which are logical consequences of these premises and our simplifying assump-
tions, would also he verified. To determine the robustness of our models it is
necessary to examine: (1) coevalution in the context of a larger community;
(2) the effects of polygenic inheritance; (3} the effects of spatial heterageneity;
and (4) the effects of chance.
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Our appreach in this paper has heen to consider general coevolutionary
models which could serve as a framework for future investigations. Our most
general model encompasses all of the interactions between variables designated
by arrows in figure 1 for any pair of coevolving species which meets our assump-
tions concerning generation time. Although in this paper we have not attempted
to analyze in detail any of the six arrows in figure 1, or the interaction between
arrows, 8 paper Iin preparation will (Udovie and Levin, unpub.) analyze
arrows § and 6, density-dependent selection, and genetic feedback. A thorough
understanding of coevolution seems to require a detailed analysis of all arrows
and their interactions. A comparative study of their influence in competitive,
exploiter-victim, and mutualistic systems seems essential to understand how
different kinds of population interactions influence the potential for population
regulation and the maintenance of polymorphisms. Such explorations con-
ducted within the theoretical framework presented may lead to hypotheses
useful in assessing the validity of our approach.

SUMMARY

We present a general model for coevolution of two interacting populations
which we helieve can serve as a framewark for theoretical investigations in this
area. The model describes coevolution of two competitors, exploiter and victim.
or two mutualistic species. The conditions on the parameters of the model which
are required. for local stability of various equilibria are derived. In order to
simplify analysis the stability conditions are separated into those which are
independent of the nature of the time response of the system (intrinsic con-
ditions) and those which depend on. the time response. For the most part, only
intrinsic conditions are discussed. Because of the nature of the model the results
of cur analysis are stated only in general terms. Much of their significance will
depend on the particular coevolutionary systems being analyzed. The results of
aur analysis indicate that coevolution may result in stable coexistence of two
populations even when the stability conditions derived from generalized ver-
sions of the Lotka-Valterra equations are violated; that coevolution may also
destabilize what appears to be a stable interaction between populations; and
that coevolution may result in stable disruptive selection regimes.

Local stability has heen the focus of this paper, but the local instability, say,
of polymarphie equilibria dees not exclude the possibility of time-dependent
polymorphic solutions. We shall discuss such sclutions in further detail in a
subsequent paper.
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