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1 Introduction

In this section, we describe the motion of a rigid body that is free to ro-
tate about its center of mass. If the body is just floating in space with no
forces actding on it, then the center of mass moves with constant velocity.
If the body is in free fall in the gravitational field of the earth, then the
center of mass moves along a parabolic trajectory. In both cases, the motion
of the center of mass is not very interesting, so we just eliminate it from
consideration by supposing that the center of mass is fixed.

What the body can do is rotate, so we have to figure out how to describe
an arbitrary rotation.

2 Rotations

Let Z; be the coordinates of a point in the inertial frame in which we suppose
that the center of mass of the body is fixed. We will call this the lab frame.
Let x; be the coordinates of the same point in a reference frame fixed on
the body. (I use capital letters for components in the lab frame, lower case
letters for components in the body frame.) Then the two coordinates are
related by a rotation matrix,

jf[:R[jl’j. (1)

The matrix R tells the rotation that the body has undergone. Thus the
dynamical question is to determine how R changes with time. But we have
a problem: a 3 X 3 matrix has nine components, but there are only three
degrees of freedom. Thus we need to write R in terms of three variables.
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One straightforward way to do this (not mentioned in your book) is to
say that R is a rotation through angle ¢ about an axis n whose components
are

(ny,n2,n3) = (N1, Mg, 3) = (sinf cos @, sin O sin ¢, cos ). (2)
(To think about: why does (ny,ns, ng) = (i1, g, fi3)?). The rotation matrix

1S
Ijk

Ryj = cosv (015 —nynj) —siny €7"ny + nn; (3)

Where did this come from? It is the standard result in the case that n; is
along one of the coordinate axes and it is covariant under rotations of the
coordinate axes in the lab and body system made before we rotate one of
these systems with respect to the other.

This establishes that R can be written in terms of three coordinates 1,
0, and ¢. However, people usually use three different coordinates, called the
Euler angles.

The Euler angles are defined by writing R as a product of three simple
matrices:

R = Ra)Ro)R). (4)

The matrix R is
cos¢ —sing 0

Rpy = |[sing cos¢ 0]. (5)
0 0 1
The matrix R(y) is
1 0 0
Rgoy= [0 cosf —sind |. (6)

0 sinf cosf

The matrix R(s) is
cosy —siny 0
Ry = [ sinyy  cosyp 0. (7)
0 0 1

The product is
R = (8)
cos@ cosyy — cosf siny sing  — sinty cos¢ — cosf sing cosyp  sinf sing

cosy sing + cosf cosp siny  — siny sing + cosf cosg cosyy  — sinf cosg
sinf siny sinf cosy cost



To describe this in physical terms, think of the relation giving the co-
ordinates x; in the body system of a point with coordinates z; in the lab
System:

We begin with a rotation of coordinates about the body 3-axis (which at the
start is the same as the lab 3-axis) through angle —¢:

cos¢ sing 0
Ra) = | —sing cos¢p 0]. (10)
0 0 1

(That is, the coordinate axes attached to the body rotate though angle +¢
about the body 3-axis.) Then we perform a rotation of coordinates about
the body 1-axis through angle —6:

1 0 0
R@): 0 cosf sind |. (11)
0 —sinf cos6

(That is, the coordinate axes attached to the body rotate though angle +0
about the body 1l-axis.) Finally, we rotate the coordinates about the body
3-axis through angle —:

cost siny 0
R@): —sin®y cosy 0. (12)
0 0 1

(That is, the coordinate axes attached to the body rotate though angle +1
about the body 3-axis.)

Ezercise 2.1: Multiply the three matrices together to show that this result
holds. You might want to use Mathematica to do this.

Ezercise 2.2: What if we defined the Euler’ angles as follows. We subject
the body to three successive rotations. We begin with a rotation about the
lab 3-axis through angle ¢. Then we perform a rotation about the lab 1-
axis through angle #. Finally, we rotate about the lab 3-axis through angle
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1. The body coordinates would then be related to the lab coordinates by
Tr = Rjjz;, but with a different matrix R’. Please write R’ as a matrix
product of three matrices, but do not perform the matrix multiplication.

Exercise 2.3: What if we defined the Euler” angles as follows. We subject
the body to three successive rotations. We begin with a rotation about the
lab 3-axis through angle ¢. Then we perform a rotation about the body
1-axis through angle 6. Finally, we rotate about the lab 1-axis through angle
1. The body coordinates would then be related to the lab coordinates by
Ty = Rj;z;, but with a different matrix R”. Please write R” as a matrix
product of three matrices, but do not perform the matrix multiplication.

3 The lagrangian

Now that we know how to describe a rotation, we can write down the la-
grangian. It is

L=>" 1moP ¥ (13)
p

where we have a sum over an index p that labels the particles in the rigid

body and where @}p ) is the Ith component of the velocity of particle p in the

lab system. There is an implicit sum over the indices I. We have
) = Byja (14)
where Rj; depends on the time ¢ but xgp ) does not. Thus
o = o0 (15)
Thus
L= Z %mpRIj xg-p)RIk :ng) (16)

p

We define the components of the inertia tensor in the body frame by

Ly = Zmp [(xl(p)xl(p))éjk — xép)x,ip)] ) (17)
p



Note that the components of this tensor do not change as the body moves
because we are taking its components along the body fixed axes. We actually
don’t have quite this tensor in the lagrangian. What we have is

Iy = Zmp xgp)x,(fp). (18)
p

We can relate these. We have

SO N ~ ~
Lij=1Tux3—1Ij; =21y (20)
Thus )
Ijk == %]ll 5jk - Ijk- (21)

This gives us the lagrangian
L - %R[j R_[k- (%Ill (Sjk - Ij ) (22)

Here R is a function of the three Euler angles, so L is a function of the
three Euler angles and their time derivatives. We simply have to multiply
everything together to express L as a simple function of the three Euler
angles and their time derivatives, then differentiate to obtain the equations
of motion. However, a little bit of thought may be better than blind algebra.
We undertake this in the next section.

4 Analysis of the lagrangian

In order to understand the lagrangian better, let us write RI]- in the form

Rrj = R Quj (23)

where this equation defines the matrix Q: Q = R~! R. The matrix Q has a
special structure. To see what it is, recall that because R is a rotation matrix
we have

RTR=1 (24)

Thus R~' = R”, so .
Q=R"R. (25)



Differentiating (24) with respect to ¢ we have
R'R+RTR=0 (26)
or
Q' +Q=o. (27)
This says that () is antisymmetric, so we can write it as

Qij = _Eijk Wi (28)

Let’s see how to interpret w;. To do this, consider a fixed point with
coordinates Z; in the lab. The body coordinates of this point are

z; = R}, T, (29)

Of course, the body coordinates of the point are changing because R is always
changing. Let’s see how fast the coordinates x; are changing. We use a matrix
notation in order to keep the number of indices down:

i=R'z=R'RR"t =02 = -Qu. (30)
That is
i’i = €k Wi Tj = —€ikj Wi Tj (31)
or, in a vector notation,
d
FT= WX (32)

That is, an observer on the body sees a point in the lab rotating with angular
velocity —w. Thus the components w; are the components in the body fixed
coordinates of the instantaneous angular velocity of the body.

Since €2 is so nice, let’s write the Lagrangian in terms of it. We have

L = LRy Qi Rin Qo (21005 — Lix)
= 5 Omn Qg Qe (50 851, — L)
3 g Qe (310051, — L)
nji Wi €Enkm Wm (%Ill 5jk - Ij )
Ok Oim — Ojm Oik) Wi Wiy, (%[” Sk — L)
iwi (300055 — 1) — wewy (310 05k — Lir)
i Wi (%[u —Iy) —wiw; %[ll +wrw; Ly
Wy L. (33)
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We may as well simplify things a little more. We did not specify how to
choose the body axes. Since [ is a real symmetric matrix, we can choose
axes such that it is diagonal:

I 0 0
I=lo 5 of. (34)
0 0 Iy

The values [, I5, I3 are known as the principle moments of inertia. Using
this choices of axes in the body, we have

L = (Lw} + Lw; + Izw;). (35)

Of course, we knew how L had to turn out. The lagrangian is the kinetic

energy and the kinetic energy is %I w? with suitable tensor indices. So what

we have that is really new is the relation of w to the angles that define the

orientation of the body in the lab. Using the definitions in Eqs. (25) and
(28) one finds

wi = ¢ sinf siny + 6 cosy
wy = ¢ sind cosy — 0 siny
w3 = ¢ cosh+ . (36)

FEzercise 4.1: Use Egs. (35) and (36) to find the equations of motion for
the three Euler angles.

5 The angular velocity and the Euler angles

Actually, Eq. (36) is amazingly simple. In principle, we differentiate R with
respect to time, then form Q = RTR. Finally w; is —(Qbs, etc.. But that’s
pretty messy. Couldn’t we be more clever? Landau gives a nice geometrical
argument. But we can do it with algebra, too, and that would teach us

something.
We have
Q = R@)R@)Ra)[R(l)R(Q)R(s) + R(1)R(2)R(3) + R(l)R(g)R(g)]. (37)



Let’s consider the three terms separately. Begin with the first. Using RTR =
1 we have

Ry Riy) By Ry Ry Resy) = Riy) Res). (38)
That’s pretty easy to compute:
‘ cosy siny 0 —siny —cosy 0)
R@)R(g) = | —siny cosy 0 cosyp —siny 0| (39)
0 0 1 0 0 0

Multiplying these and using sin® ) + cos? ¢ = 1, we get

' 0 -1 0\
RigRz=(1 0 0|4 (40)
0 0 0
That is ' '
Ry | =~ e 2y (41)

ij
where Z is a unit vector in the 3-direction: Z; = d;3. We now have one third
of our answer.

Now, try the second term:

Ris) Rioy Ry B Ry Ry = By Ry Reoy R (42)
As in the previous analysis, we get
[R@)R@)Lj = —0 ciji & (43)

where T;, = 01 represents a unit vector in the 1-direction. But now we have
this matrix wedged in between R@) and R(3). We need a deep truth.
Here is a deep truth. The epsilon tensor is invariant under rotations:

Riaijcheabc = €ijk (44>

for any rotation matrix R. To see this, note that the left hand side of the
equation is € times the determinant of R. But if RTR = 1 we have
(det RT)(det R) = 1 or (det R)> = 1 so det R = +1. In fact “mirror re-
flections” have determinant —1, but any rotation that you can reach by a
continuous path from the unit matrix must have determinant +1, since the



unit matrix has determinant +1 and if we change R continuously from the
unit matrix, its determinant can’t jump to —1.

We can apply this result by inserting one RT R, which is the unit matrix,
into our previous result, then using the invariance of the epsilon tensor under
rotations:

R&R@)R(z)%)] = =0 Ry R eu. &

v

= —0 RYR e, RS R i,

cl

= —6;RY 2, (45)

The vector u; = R,(j) I is what you get if you rotate  about the 3-axis
through angle —:
RO 2 = cos ) &y, — sin ) g (46)

(That’s most easily seen with a picture, but you could just multiply the
vector by the matrix to verify it.) Thus

Ry Ry Ry Rs) S —0 €jx [cos Y &y, — sinep G- (47)

Now we are ready for the last term.

Ry Rly Rl Ry Rigy Res). (48)
We find . .
[Ra)R(l)]ij = — €jrik (49)
Then
RE RT RT RiyRioy Rz = — € 50
@R RoRoyRe)Ris) = —¢ €jpuk (50)
where
2 3) A 3)—1 2)—1 ~
up = RYRY 2 = R TRY 4 (51)

Thus we take a unit vector in the 3-direction and rotate it about the the
1-axis through angle —6 then about the 3-axis through angle —. The first
step gives the vector

cosf Z+sinf g. (52)

Then the second step gives

cosf Z+sinf siny T+ sinf cosy . (53)
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Thus

RT RT R(l)R(l)R(g)R(g) =—¢ €ijk[cos @ 2 +sinf siny &y +sind cosyp ).

(54)
We can now put this together
Qj = —€ijk Wi, (55)
where
w = ¢ Zk
+0 [costh &y, — sin G
+¢ [cos @ 2, +sinf siny 2y +sinf costh ). (56)

This is the result shown in Eq. (36).

6 The moment of inertia tensor and angular
momentum

Let’s look at the relation between the angular momentum of the body, its
angular velocity, and the moment of inertia tensor. Working, to start with,
in the lab system, we have

E mpﬁjJKZB ZE

_ =J ~ LM
= E MpC€IJKTp EKLMW Ty
p

(57)
= (6IL5JM — 5IM5JL> Z mpa_tg(DLi';,\/[
=Y my (T T 0, — ThTy) @F
This is B B
Ly = I a", (58)
where B
[IL :Zmp(fgigém—i’éfﬁ) . (59)



This equation is covariant under rotations, so we can write it also in the body

frame:
Li= Iy, (60)

where

Iy = Z my(z) a6y — x;xé) . (61)
P

This equation is the same as our definition (17).

7 Euler’s equations

We can write simple equations, known as Euler’s equations, for the rate of
change of w in the body coordinate system. Knowing w as a function of time
does not directly tell you the Euler angles as a function of time because the
components of w are related to not just the Euler angles but also their time
derivatives. Nevertheless, Euler’s equations are quite useful.

We begin by recalling Eq. (32) for the rate of change of the body frame
components of a vector A that is fixed in the lab system.

d
EAZ = _Eijk: Wj Ak (62)

The lab frame components of the angular angular momentum vector L are
fixed, so we can apply this to the angular momentum. Using Eq. (60), we

have
d

dt
Since the components of the inertia tensor are fixed, this is

Iij Wy = —€k Wy Ikl wi. (63)

Iij (,ZJj = —€ijk W5 [kl wi. (64)

We have chosen our body coordinates such that [ is diagonal. Thus we have
three equations, the first of which is

]1(,:]1 = —w213w3+w3]2w2, (65)

or
(,;)1 = WQ(,U?,[IQ — ]3]/]1 (66)
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Thus the three equations are

wl = WQ(JJg[[Q — Ig]/]l
(,Z)Q = W3W1[13 — ]1]/]2
d]g = wlwg[ll - IQ]/Ig (67)

8 The tennis racket theorem

One simple consequence of Euler’s equations is that if the body is rotating
about one of the “principle axes” of the inertia tensor, then it continues to
do so and the angular velocity stays constant. That is, wy = w3 = 0 at one
time, then w, and w3 stay zero and w; is constant.

Is this stable against small perturbations? Suppose that at time zero,
wy > 0 while wy and w3 are small. Then we can write the equations to first
order in the small quantities:

C'LJl = 0
d)g = W3wl[13 — [1]/]2
wg = wlwg[ll — IQ]/Ig (68)

The first equation says that w; is constant (in this approximation, and as
long as wy and w3 stay small). We can differentiate the other equations again
and substitute for wy and w3 on the right hand sides to get

o [ — L[ — I3]

Wy = —wj Ll Wy
L — L)L -1
0y = —wf“ oJlh = Iy ws. (69)
L1

Thus we have two identical equations that describe small oscillations if [I; —
L)[I; — I3] > 0 or a combination of exponential growth and decay if [I; —
L|[I; — I3] < 0. If I is the largest eigenvalue we have a positive sign and
thus small oscillations. If I; is the smallest eigenvalue we have a positive sign
and thus small oscillations. But if I; is in-between I, and I3, then we have
exponential growth and decay. Of course, unless the initial conditions are
just right, there will be a small amplitude for exponential decay and after a
little while it is the growing part that you will see. The conclusion is that
rotation about the intermediate axis is unstable.
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9 Conserved quantities

We can gain some insight into how the body moves by making use of con-
served quantities.

Begin by considering the angular momentum, L; = [;;w;. The compo-
nents in the body frame, with our choice of axes such that the inertia tensor
is diagonal, are

L = (Lwy, Iws, Izws). (70)

We know that the laboratory components of the angular momentum remain
constant, but these body-frame components are continually changing since
the body is rotating. We can get w from L using this equation, but it
is perhaps more useful to consider how the body components of L change
because the lab components of this vector do not change. (In contrast, the
components of w change in both frames.)

Although the body components of L change, the sum of their squares
equals the sum of the squares of the components in the lab frame. Thus

L =13+ L5+ L3 (71)

is a constant. Thus L remains on a sphere.
We also know that the kinetic energy E' is conserved, with

2F = Lw? + Lw; + I3w3. (72)
The surface of constant E is an ellipsoid. In terms of L, this is

Ly  Li | Lj
2F = T + L L (73)
Thus L must stay on this ellipsoidal surface.
Combining these results, we see that L remains on the curve that is the
intersection of these two surfaces. Evidently, the motion of L is periodic.
Let us choose the labelling so that I} < I, < I3. Then suppose that E is
about as big as it can be for a given L?. That is, F ~ L?/I;. Then we must
have L? ~ L? and L3 ~ 0 and L2 ~ 0. That is, L moves along a little path
around the 1-axis. On the other hand, suppose that E is about as small as it
could be, E ~ L?/I3. Then we must have L? ~ L? and L5 ~ 0 and L? ~ 0.
That is, L moves along a little path around the 3-axis. We see that there
are motions in which the body is approximately rotating about either the
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axis with the smallest moment of inertia or about the axis with the largest
moment of inertia. On the other hand, with E ~ L?/I,, the curve that L
follows does not stay near the 2-axis. Motion about the 2-axis is not stable.
That is what we saw in the previous section with a different style of analysis.

10 Symmetrical rigid body

An interesting special case occurs when two of the principal moments of
inertia are equal, say I} = Iy = Ir. (We could have either I3 > Iy or
I3 < Ir.) In this case the intersection of the sphere L? = const. with the
ellipsoid 2F = const. is a circle about the symmetry axis, which is the 3-axis.
We instantly conclude that L executes a uniform motion along this circle.
The same statement holds for w, with

(W17w2;w3) = (L1/IT,L2/IT, L3/13)~ (74>

We can see this by solving the Euler equations, which become

Cul = w2w3[IT — [3]/[1’*
C;JQ = —W3UJ1[IT — Ig]/IT
Wy = 0. (75)

The third equation says that ws remains constant. The first two equations
give

(:Jl = —[W3([T — [g)/IT]le. (76)
The solution of this is
wp = Asin(wt +9). (77)
with
w :(U3<]T —]3)/IT (78)
Then
wy = Acos(wt + 9). (79)

That is, w and L move in circles with a precession velocity w. In the lab
frame, the symmetry axis moves in circles about the (fixed) angular momen-
tum vector with this precession velocity.
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Let’s see what this looks like in the lab frame. As a preliminary step, we

rite L, Ly L 1 1
1 Lo L3
Wiwowa) = [ ==, 22 S 4 (= - — ) L. ). 80

That is
Ww=wLU+w,n (81)

where 1 is a unit vector along the body 3-axis, w is a unit vector along the
direction of L, and

L
wp = —
L Ir
Iy — Iy
o= i 82
W LIy ° (82)

This representation will be useful to us because wu is fixed in the lab and n
is fixed in the body.

How do the lab components of n change with time? Since n is fixed in
the body system, we have

d

—ny =¢€ wjng. 83
T KWK (83)
(Recall our notation that vector names with bars and uppercase subscripts
refer to lab coordinates.) We can insert our decomposition of w into this.
The second term, proportional to . does not contribute since €; 55 ny g = 0.

Thus p
Eﬁf = WL €1JK Uj MK - (84)
This says that n rotates about w with a uniform angular velocity wry..

Now while the body 3-axis is rotating about w, the body as a whole
is rotating somehow. To describe this motion, let’s look at it in a reference
frame that rotates about w with a uniform angular velocity wy. In this frame
u is still fixed and n is also fixed. Consider a fixed point on the body with

lab coordinates z;. Let its coordinates in the new frame be z,. We have

To = R(t)ar 71 (85)
where R is the rotation matrix relating the two frames. The time derivative
of this is

4 z R 4 Up T (86)
— Tq = Ry — T1 — Wr, €ape Up T
7 1T L €abe Ub
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We know what the rate of change of z; is:

d
aszéjt][(@]f](. (87)
We can use
Rorergx 0y Tk = €ape Rpg Rex Wy T = €qpe Wh T (88)
Thus
@ 0 = copeon e iy i (89)
dt Tq = €gbe Wp T W €gbe Up T
That is J
E .i’a = €gbe ((:Jb — Wy, ﬂb) i’c. (90)
Recall that
W— WL =w,n. (91>
Thus p
E i’a = Wnp, €Egbe ﬁb i’c. (92)

This says that (in this frame) the body rotates about the body 3-axis with
a uniform angular velocity w;,.
Thus the motion of the body is really pretty simple. It is a combination
of two uniform rotations. The ratio of the two angular velocities is
Wn . IT — [3 L3

= —. 93
Wy, ]3 LT ( )

Thus it depends on the shape of the body and on the initial conditions.

Exercise 10.1: Analyze the motion of a body with principle moments of
inertia

]1 =1 kg H’l2
IQ = 2 kg Hl2
At time zero let
o = 7/4
0 = w/4
Y = m/4 (95)



and

gb = 157!
b =
Y = 0. (96)

Find the location of the points with body coordinates (1 m,0,0), (0,1 m,0)
and (0,0,1 m) at times ¢t =0, t = 1 sec, and ¢ = 10 sec.

Optionally, you can add graphs of where these three points go. If you use
Mathematica, I recommend trying ListPointPlot3D [points].
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