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T Background
Def The order complex A P of a finite poset P

is simplicialcomplex whose i dimensional faces are
the chains Vol ve ay of it l comparable poset
elements It
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pure means all max faces of same dimension

Def A shelling of not necessarily pure

simplicial complex It is total order Fifa fr on
maximal faces of A St Ijn gF is pure
codimension one subcomplex of Fj for j 2,3 ok
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Calculates Mobiusfunction
of P via Mp up Aplaul



Or Focus Conditions on a poset P giving rise to a

shelling for A P specifically constructive equivalence

among some such conditions new old

Poset termology
A poset is bounded if it has unique
minimal element ok unique wax elf T
A cover relation us v means u v s t

there is no intermediate z with u c z u

An atom of bounded poset P is an

element a e P sit O c a

A chain is any u l say in a poset P

A chain is maximal if no additional elements

may be added to it

A saturated chain from u to u in P
is any U Lo U U UL Lo Uy Lo V

The length of P is max cover relations in any
maximal chain of D



Def CBjoinerBjorer Wachs An EL labeling of a

finite bounded poset P is a labeling t of its cover relations
c y with labels xoxy sit for each u c u in P

there is a unique saturated chain
us U ouzo t know from u to u sit
X u u I Cu UzK XCuz43K E X Car V

il the label sequence Icu up casual thenVD is
lexicographically smaller than the labelsequence of

any other saturated chain u to v
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Them Bjarne Bjoiner Wchs El labeling of P

Shelling for A CP by ordering labelsequences
lexicographically breakingties in any manner
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123 lex 132 4 lex 312

Iea descent in consec labels ofchain ans coolin

one faceshaved with earlier facet by replacing
descentwith lex earlier ascending sequence
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p IN ACPu

Aside Stephen Lacina's thesis studies partial order
on max chains in P derived from any El labeling



Def Bjorner Wchs A CL labeling of finite
boundedposet P is a generalization of El labeling

The label on us v is allowed to depend not just
on u and u butalso depends on choice of root

r d c up Lou from O to u Otherwise same deth

That is each rooted interval u u r has unique
saturated chain u to v with weakly ascending labels
and this is lex ly smallest label sequence in Cu Jr

Then Bjoiner Wchs If finite bounded

poset P has CL labeling then this induces

lexicographic shelling on ICP by ordering
label sequences lexicographically breaking ties

in any manner
Example that
Motiated Be Dual to
to Introduce Buhat I
EL Ladings order 535,5125



Def Bjorner Wachs A recursiveatom

ordering RAO on a finite bounded poset
P of length I is a total order anaz sat

on the atoms of P s t
T i a for all j t it the closed interval1
5 y't Aj M admits an RAO bi barbs

i b For j 1 the first atoms bin bi in
b FI b 3 RAO bombs for Caj T are those be
É s it ai be for some atom ai with is j

Fof for each is j and for each yep sit
ai ly kajay there exists K j ZED

III as sit aj L Z L y and an s z s y
Any P of length I has an RAO If

Thy CBjoiner Wachs A finite bounded

poset P is CL shellable P admits RAO



Chain atom orderings

Def A chain atom ordering in a finite bounded

poset P is a total order a ez at on the atoms of

each rooted interval Ca T r
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RAO is a type of total order on atoms

of finite bounded poset P that can be

extended to chain atom ordering in nice way

We often think of an RAO t a

Generalized Recursive Atom Ordering

defined next as type of chain atom

ordering rather than as atom ordering



II Geared Recursive Atom Orderings
GRADS

Refn CH Studyk A finite

bounded poset P admits a generalized
recursive atom ordering GRA o it
length P I with an ordering a az sat

on the atoms of P S t
i Ca Cag T admits a G RAO for j 1,2 t

i b f we P such that aj so x cow for some x EP

either 1st atom of Caj w is greater
than a for some is j or no w

atom of Ca ios is greater dÉÉÉÉthan any such ai

Ii a y ajay for icy implies there exists
Z E P St and Z Ey go z s y
for some Kaj

a jor length P 1
o



GRAO us RAI

1 for us v and each root r

I
Grt

É13
all atoms of Cau that a 1st atom of
are above earlier atoms than Cu Dr above
u in Cin Jr done before
all other atoms

earlier atom if
any is

2 GRAD only requires above for u v and r

sit u Lox Lo v for some x

ThinC Stadnyk If finite bounded poset
admits a GRAO then it also admits an

RAO via atom reordering process applied to the

GRAD to produce an RAO

Corey Every RAO is a GRAO

Upshot Admitting GRAO equw.to CL shellability



T Atom Reordering Process
Start with any
G RAO regarded

asas chain atom
ordering

GR AO

Leave order of atoms of P alone
e g if

o as

a
Choose linear extension us uz up of P
Proceed to each ui EP in turn in this
linear order doing atomreordering
described next for atoms of Ca TJ
for each root r after reordering atoms
of each CuTI for
u c u each root r

is

ÉIÉI

e.g
linear extension

I 0



e.g atom reordering for Caz TJoan swaps
1 3 21 2 2 3

di

a
d
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1 x
reordering i yatoms of gg Caz T E c as

dz dz since earlier a z below d while no

earlier atom below da
GeneralReordering Step for r 8 a d v2 u

reorder atoms of Cu i
r as follows

1 Let atoms a e cu Dr st e u

flu
for some u E Ci TI earlier
atom than u in chain atom
order just prior to this step

Glu atoms of Cu Mr not
in Fr u

2 Move atoms in fr la ahead of those
in Gr cu otherwise preserving order
of atoms of ChT r



I Properties of GAO's of

AtomReorderingProcess
Depends of GRAZ's

Restricts to GRAD on any rooted interval
9U Given GRAO for P swapping order of consec

atoms a and a in rooted interval Ca T r

jaffa sit neither a nor air is 1st atom in any
Cu u r with ai ait Elu v then resulting

a chain atom ordering is still a GRA 0

Useful Features of Atom ReorderingProcess

Mm HStacyk it preserves which atom

is 1st in u u r f u u ED for all roots r

Then H Studyk may be accomplished
by series of rooted interval atom swaps
Cinq of type abore Still have GRAO after
each such step by result above

Cor reordering GRAD yields a GRAD

The Hung k Reordering a GRAD
yields an RAO so poset is Cl shellable



I

II Equivalences among types of Lexicographic
Shetty but not the shellings themselves

Def H Kleinberg Given an edge labeling
X of a finite poset X has topological descent at

uco v cow if there is lexicographically earlier

u covic tow whereas X has topological ascent

at no vow otherwise

ascent If
tootsie

topological 1
descents

Intuitive idea of Ef Labeling e takings

Relax El labeling resp CL labeling
requirementsby replacingascents with
topol ascents k descents with topol
descents



Deff Kozlov as reformattedby Kleinberg

An edge labeling resp chain labeling of finite

boundedposet P is an EC labeling resp

Cc labeling if
i Satisfies requirements of El labeling

resp CL labeling bet with ascents
descents replacedbytopol ascents descents

ii for each u u distinct maximal chains
of CupJr have distinct label sequences

iii for each u u Ir no maximal chain of Cair
has labelsequencethat isprefix of any other

Word of Caution Many well known
E L labelings CL labeling such as

e s fit fail condition Cii

TE and or iii



Then Kozlov An EC labeling resp

CC labeling of a finite bounded poset P

induces lexicographic shelling A CP

Variation of Cf Shelability

Def I Stastnyk A TCL labeling
is a chain labeling sit

I each rooted interval u u has

unique saturated chain with lex ly
smallest label sequence

2
every other saturated chain in

Cu Ir has a topological descent

Then HStadyk TCL labeling of finite

bounded poset P induces lexicographic

shelling of Icp



This It Stacyk Let P be a finite

bounded poset Then the following are

equivalent
1 P admits recursive atom ordering

2 P admits generalized recursiveatomordering
3 P admits CL labeling
4 P admits self consistent CC labeling

5 P admits cc labeling with UE property

6 P admits CL labeling with UE property

7 P admits self consistent TCL labeling

8 P admits TCL labeling with
UE property

Moreover all of these implications are obtained

constructively



El Analogue of El stable RIO

Def I Studyk A chain labeling for P is
self consistent if for a the atom in lex 1st

saturated chain of Cup r
b
any other atom

of Cup r then for v's u sit a b e cu u
all saturated chains of Ca v containing
a have lex smaller label sequence than all
saturated chains of u u Dr

Mycontaining b e.g not 3 IE ia
u to v 12 Tex 13

Deft 11 Stadnyk u to v 122 ex 123

A chain labeling has UE property if
each Cu Jr has smallest label that appears
on
any uaa only appearing on one

such corer relation e s If
Rop'd UE self consistent

property

Pepe All CL labelings have UE property



Then H Stadnyk A finite bounded poset
P admits self ansistent Cc labeling P

admits GRAO

Sketch of conative Def
k Use GRAO to specify chain labeling

or saturated chains

es

order atoms of each u I r based on which

is contained in lex ly earlier saturated chain

123 231 314 215

II

Rk Inspiredby Bjoiner Wachs constructions for
CL shellable RAO result but much
simpler due to added flexibility



He Obtain Ct Labeling frm any

Recursive Atom Ordering Bjoiner Wachs

Step 1 for atoms ordered a saz at let

Co a i in CL labeling

Step 2 Work upward in poset so once

we've labeled all cover velu's below u ED for

ordering bi.bz bs for Cu i r to label cover
veins upward from u as follows

for it 2 S

for bi bj e fr u b aboveat
earlier atomshift label down
of Cait

enough to make descent than u 08
with label Ici a below

for bjassb.seGulu shift label

up enough to get ascent w a cut u f Iz e



Recap Pulling AEveResultsTogether

ThaCE Stacyk Let P be a finite

bounded poset Then the following are

equivalent
1 P admits recursive atom ordering

2 P admits generalized recursiveatomordering
3 P admits CL labeling
4 P admits CL labeling with UE property

5 P admits self consistent cc labeling
G P admits CC labeling with UE property

7 P admits self consistent TCL labeling

8 P admits TCL labeling with
UE property

Moreover all of these implications are obtained

constructively



I Application to Unassing Mer

Thomas Lam proved uncrossing
order is Eulerian conjectured it to

be dud lexicographically shell able

motivated by interpretation as face

poset for stratified space of

planar electrical networks d d d

OH Kenyon proved

uncrossing order dual cc shell able

Thy H Stadnyk Dual CC shelling by
It Kenyon satisfies UE property
hence constructively yields dual GRAO
Thus uncrossing order has dual

RAO hence is dual CL shell able
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