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Background of Totally Nannes Spaces

A real matrix is totally
nonnegative if all its

minors are nonnegative

Them Whitney The TNN

matrices of the form ft
are products of exponentiated

Chevalley generators

x t i

f now i

Σ column it 1



Some Pest Work or Totally
Nonnegative Specs

Lustig 94 Studied totally
nonnes part of reductive groups
related to canonical bases

Fomin Shapiro 00 Combinatorics

of Strata Cry'd Regular CW complex
w Bruhat Order as Face Poset

Hash 14 Proof of Fomin

Shapiro Conjective
Galashin Karp Lam 22

Totally Nonnes parts of flag
varieties are homeon to closed balls



MapWhose Fibers We Study

flimsla Rf TNNCEYjttdi.cat

t
s sta xi f xiltal xi.to

Note Preimage I RI stratified
based on which coordinates are

positive and which are 0

Cell Stratification of fibers We prove

for each PETNN Un the natural

stratification for Rf induces a

stratification of fil g p n RI
into cells sets homeon to open balls



Baby Example of fiber s

Eis.it iiiiis

xiiss
d

x t ttztt3 tittatt 5

rightmost reduced

fit t ta t
wordfors
in 1,41
max
tz continuous

fit 5 snoft

SEBlttatsleRILYE.LI
on f ficffoft.lt



A cell decomposition of

topological space X is a

decomposition into disjoint
union of cells namely pieces
homeon to 0,15 for some s

A cell stratification is a cell
decomp with one GET

The face poset of a cell

Strathic is partial order on
cells with 6 2 L

I



Main Results for fibers
Combinatorial
stratification has same face
poset as interior dual block

complex of subword complex
these interior dual blood
complexes are contractible

topological
each stratum is homeon
to 0 1

S
for some S

parametrizations for collections
of strata homeon to O IS

Conjectural

fibers contractible implying
another proof of Fomin ShapiroConj







Combinatorics of fibers via

Demzure Pocket

X t x tz x t t2
x X X modified

S s S S nil move

Xilt xi 2 x tz xitictilxiltz.lyts
forti tzt tz titzst3 EEt
Xixit x Xiii Xlt braid move

S S Sit S S Site Sissiti

X t xj a Xj a x t

mS s s 8 55,5 for lj il I



The Demazure product for

Coxeter group W satistics

8 si Siz Sid
8 52 5

if

ecu al s u

4 S Size Sia S S sin Sld
otherwise

e g 811,2 1,2 1 8 2,1 2,1

S 1,2 1 5,812,1

5,528 1 5,525

fact fa _g Rsf fania RE
SCQ S Q



fact stratum IRB n fi a p is

nonempty PE U w for

w S Q

e s fazi 5 5 1 7

has nonempty strata given by
subwords 1 1 1 1

of 1,2 1 since 7 EU s

Fund t 3

Fy
to 1T

7
t R Fil



Them Lustig If in id

is reduced w S in id then

fansia R U w

is homeomorphism

A Key Step inCellStratif for Fibers

Substantially generalize above

eg show that map

t tz tsity Xa i x2 s xylt x 3 x2 t x1 t xz ta
A rightmost red word for

Rb 5452552 8 4,2 4,112,1 2

is homeomorphism from Rj to its image
in particular is injective



1

7

1 fain p

I

e g
0 2,12 2,0 5,117,90

1
11
1

no

108,511,7 5,010,117

f
112,42 1

M for M X 5 x 1 x.la



Subword Complexes their

InteriorDual Block Complexes

Defn Knutson Miller The subword

complex Q W has vertices the

letters in word Q facets the

complements of subvords that are

reduced words for W
3 1 2

e gacrimit EE fEfiIfieI
w 5,5352

with 132
13 2 1 32

its interior
dual block complex in purple





Them DAM for each new

f u x Bn f x n is

face poset for interior dual block

complex of the subword complex
Δ in id u Ca regular cw

complex

Tha DHM the interior dual
block complex of every subword
complex is contractible

Remak Strongevidence ft 1 p

is contractible
eg in

ft facePoset



Consequence Way to See

fit a
p IRI fi app n

no

simplex in
for some KSO 11 with

coord

show change of coord's m k

tanto ti t'd given
by braid modified nil moves

preserve sum of parameters

use gallery connectedness of
subword complexes to show

fitagpnk.to is connected by
braid modified nil moves



Paranet of Unions of cells
Consider rightmost subword
Q of linia that is
reduced word for Slinid
e g 3,1 2,1 2 1,2

Parametrize cells w tistsitu.to
in p3,112,1 2,1 2

fu 53525,5

using 0,133

z t x.kz x2 t x G xaltstx.lt xzlt
ex

choice of values determined
values 0,1 by other parans



1

Cell Stratification Key Lenmas

Defitions
Defin Consider word in id

The letter ie is redundant in
1 id if S in a Slim ie id
and non redundant otherwise

e g S 1,2 1 2 525 52
on

redunda'nt non redundant
Note
1 i non redundant

S in iz id S 8 iz id

2 fcin.ggki ka p2 7f
iz iggkz kd xitkpp



Lemma If i is non redundant

in insta then there is unique
value k for t sit

flin i a
kirtan to p

has a solution

This has fk p E U Shania

Lemma If i is redundant in

in mid then

flinia kitz to p
has solutions K E O Max

for some t.me 0 Moreover

b E 0 t.mx x fk EU S iz _id



Lemma Given ij nonredundant in

ijssid given k kj_ 20 sit

ij.tk D xifdpp.EU S ijs sid
then there is a unique value

fj ki kj E Ro for tj Sit

kj
fan la kiska ski i kj titi to p

has a solution with

tjnistdERzoe.S.fi
1,2

x s x2 7 3

has fack Er
fslki.kz 8 k

fylki kz.kz 7 kz t 0,5



Lemma Given ie redundant in

ie __ id any kin he_ 20 sit

Xie the_ Xi th p.EU SCie ial

then te takes exactly the
values in CO K for some KJO

tf ki she_

Example M T then

12,12 M

titatsity Ct xz tax Lt x t M

achieves every
t E O F

E t
Max



Useful Characterization of Parameters

Whose Values are Uniquely
Determined

Lemma 5 jings 4yd indexes

rightmost subword of in Id which
is reduced word for w S i id

S je d ij is non redundant
in Cij id

e g 1 2,1 2,4 1 5 2 4 5 d 10

1231257111
SE 4 6,7 8 9 10 since 12,1 5 2,4 5

is rightmost reduced word for S 1,2 1 __ 4,5

5 51,23,5 Notation S ji jets



Domain for Homem form CQ.IS
to Union of State

Demax
in

tinta eff a p t tj ki ki
jes

Recall S is index set ji jew for

rightmost reduced word ij sijen
for w in Ii ie

The DHM D'max no
strataos.t.ve 5

where v rightmost reduced word for 8 i _id



Generalization of LustigResult
Lemma Given S i Id W Dky k s

a tie 0 for jées
taste Ro

typki for jres
for any fixed kj sky 20 then

fan id
Day gg

is a homeomorphism

to its image within U w

e.g

tzits.to x 3 Xy tz x2 7 5 x2 ts x lte

Consequence Within D
max for

Fiber f p redundant parameters

determine values uniquely for all
non redundant parameters



Example ofParamelization
Reisited

X t x a t x 5 fiber

fail i t stats

O t t.mx 5

0 tz 2mm k 5 k

t 3 5 k kz fy k kz
o k 5

o 1 k kaks 0 kz s k

To Toi k 3 5 ki ka

this requires continuity of that f

Tha DAM Cote Damax with
restriction to 10,15 single stratum



Continuity Lemmas

Recall felkin be is the unique value

for te in ft _i a p sit t k for it e 1

Leama Given ie non redundant in

iesaid and ki she_ 20 sit

1 k t.mx kinki ie s 2

kisske notes to ft app n RI
then the function f is continuous
e g f 1,2 i z x s x2 7 3

t.mx 5 f k kz 8 k

falk Er fy k kz ks 7 kz



Idea X k Xie the_ xiette Yalta P

Xiette Xia ta Xie tkep xi.tk p

so testa kinke ite to fit

fi.ie tees
continuous function
of K ke_ for

fixed P

so fe is coordinate for composed with

ftp.a where ie Q is reduced
subword of ie old



Leama If ie is redundant in ie sid

then that is continuous for of kn oke
Proof Idea

temaxckn.be feederme

for word for subward i ie Q

in id flinia p where

flinia p ie Q is reduced word

so fe cont 5m continuous

Excmple fam z tintats ty x 7 xals

2m k 7 k P

11 fail _2 titanite x 7 xals

f k 1.1.2 nonreduced
1 2 reduced Q 2



Remarks We focus on D
max where

te c kemm for all les because

te ki part much less well behaved

Summary 0,15 Uo which
V E E E E

restricts to 0,15 2 showing
each stratum is an open ball

An OpenQu Given word Q a subword

iji i.ge that is reduced word for

S Q and constants kj 0 j ji je
is tjp st.ge falun ud
for
up

t if je jessie homeon to

kj otherwise image

S t ts x t x2 3 1 x2 7 5







Then DAM DHM Conjecture A New

Proof of Fomin Shapiro Conjecture

Idea Use shellability of Bukat order

the following topological fact

If g B Z is continuous

surjection from ball B to Hausdorff

space Z sit
1 glint B is embedding

2 g 2B 2B

3 g int B n g 2 B

41 g p is contractible p e g 2B

then ZEB




