
Cascade lectures in
Cannbinatorics

Now 6,2021



MATROID TYPE COMPLEXES

WITH

ORTHOGONALITY RELATIONS

( jouitwohwitli Kevinpiterman )
VOLKMAR WELKER

( Universitat Marburg)



I

Recall: MATROID

A matroid overa finite setM isgiven

by its set ICM) of independent

sets satisfying
• de ICM)

• I a-I c-ICM)⇒JeICM)
• I.TEICH , ttf>#I⇒
exists eefit with
Iv he} c-ICM)



Ex : Ttg finite field with g elements

M-TP-tq.ir = { lines in THE}

• I (1*+15) = { {In, .¥£s} I
a.is linearly}independent



Recall : SIMPLICIAL COMPLEX

☒ simplicial complex over (finite) ground
set R if

• €202

• HEBEI⇒ A c-A-

1¥. M matroid ⇒ICM) simplicial complex



A simplicialcomplex

• A c-A- is called a face
chinA-#A-1 dimension of A

• dim A- =max dimA
Aad

dimension of
E

dim I(PET _¥ #A



r

A simplicial complex
• face A c-☒ is maximalface

if AEB c-I ⇒ A=D

BE : maximal faces of I (17*-5)
are

{*gun , . .#£r)from
.ir baseofttgr



Recall : INVARIANTS OF Simplicial COMPLEXES

• Ñ (A) a
^

. # {Aed |#A=i.}
¥0

reduced Eabrcharaetoistie

•
d- {me . - wn}

E. *
E) = ④Zea ,i±-1 ,

Aed

#A=i+1 i-thchain
group



¥ =
Erie A- Iwww..org:}

e- o
AYuji}
i-1h differential

- . . .
.

Is ↳(A-it) I> Cia,⇒%
simplicial drain complex

Fact:

Q.io#u--O(--KQ.ebnQ.-u)TtiCAiE)--hndi-&g.
i-th reduced homology group with coefficients in 2-



Recall : COHEN-MACAULAY SIMPLICIAL
COMPLEX

A- CM over +3k if forall
AeA- and

huh
,
A = {Bea /

Ants -0
AVB c-a} .

(the link of Him A)
wehave I. Clink,¥,%)-0 for

is dim ( linty(A))



Simple fact :

CM over ¥2
⇒Bianchi.¥*,¥) - {h*←¥t

"

*KIM

A- 0 ⇒ link,±0=I

⇒Iam,f↳¥y→{
4*1*1

ZHEN



SIMPLICIAL COMPLEXES

ASSOCIATEDTO MATROIDS

M matroid

① ICM) independence complex
well known

TIM : ICM) sheKable(⇒ homotopy CM
⇒ CM over#

⇒ Ctr overk )



Ex : M=Atqr

*4- c-Ian 1++1*3--¥¥÷ . . - 9-¥
(1--6*7*7) - EkinJiao

O r-1

=/-9-4--2
'
ran

9-Girl Cq2+3q+3) G--if

g- 4-2+9=44-7 - - - - -49-2129--1214--42
24



②

'

ICM) Lattice of flats

tan flat of M if forany✗c-ME

Max {*I / I⇐ ICH }ISTAB
Max 411--1=1
I c-ICM)
I⇒↳}

E M=PtTgT

tan flat⇒ I U&tTqr : F- {lineswill}



F Cir) - {Fam IF a flat}
Lattice of flats

•partially ordered by inclusion
• lattice

0
,
M c-ICM) unique maximaland

minimal
element

→posetwith uniqueminimal
element 8

ñmaximal n

A-A) a {Gap.< rapist} order ample

I oftenwriterfor ACP) I
o



well known

TAM : I#th) is sheKable (⇒homotopy Cil
⇒ CM over 1-2

→ CM overb)

E MERIT
.

FCM) lattice of subspaces of#qr

HITECH ,
E) =☒

g-
⑦

⑦
_→ ICT-ciuD-eyr.gg#Ctrl)



Additional structure :

⇐
,
> : tigrxttgr→tiger

non degenerate form why?
particularly interested intheunitary case end of

talk

a:*.ge#g-i-u--gi

< (¥;) . (¥;)> = ✗if+ - - - +✗rat



② Lattice of featsFCA#g7)
= lattice ofsubspaces of-1T£
→ poset -17

,>
EDIE) of

non -degenerate subspaces
of#qF

→ no
"
nice
" Mobius number /Gb

ow

! Other option

building theory
f- ④ (+1-5)) →

Poet of isotropic
subspaces Evvoia

shekabk.CM#--Cq-F-)phen6menou



Tami Chevallier, Gramlich, tlñhlherr)

(
sur5-2<9-5
sun. Sani)

g- *^ I
• +7

,
>ftp.i/-~Vsplves2IFunotopieollgCM
I

• CM emo 1-2Structure

of links • CÑY on h

* Also for infinite fields ¥



2*2 q¥¥ r=4
, 9-=3 It

I > ¥
Indeed :

II¥, #*§ ) ,E)
= €4k

No example : +7
,
> THEE)) not circuit



① Independence complex I Ctg:))

-7 complex of fpartial) Gaines
Is>ERIE )

Is
,
>

(Pitter ) = { Hair, .¥£:} I
Wetten leeches

complex of
Vee not isotropicpartial frames
rsksi}



Fact : r±2:#gh , . . -Fgm c-Is>##§)

⇒ 2 ! tiger such
that

tt-grks.in#qrvr is afullframe11

maximal seenpkx ofordered by inclusion
Is> (17*-9-5)1¥

IT
.
>Hagi)- { A a-Ia##gi) /#A#r-r}

Easy : II.⇐KEY
,

+2) -Tt.CI#F-iH-)r---2



Indeed :

Is> CP-u-qrl-n.IT.> (7*-5)
i t

never CM /Zork potentially
for r=2 CM

It . ) -40 betkrg-1-2



Main tool : orthogonality graph
G- (v. E)
I ←pain of orthogonalnondegenerate Serbs paced

A-dim subspace

tact : G.=
"

1- skeleton

Is
.
> lungi)
I

I-e.lt#Ei)r-=4
Is

,
>
(PII) clique complex



I-a.fi#gi)TitMiIasC*Tq-i)..-~=qxc,
2.CM?rZ5:s-un-pLyannected-exceptn--6,q--2CM/?cil? '

r-4.ge?3:notsunplyauueetedl-htarsiouorO.r--4,q---4: → has fmteabeliaire.hu

CM r=3,q±3: =
V5

¢4 r=3,f=2: ←points

-
raz : points =



Proof : Uses results from work of
Asahbaeher /Segev

applied to

orthogonally graph

I (clique complexof go.ph )-0 ⇐ every in
-gin is ,,trivia

"

in clique aniplex fr
in Ehdiam (graph/*1

Show : orthogonality graphhas smalldiameter



TAM : rag-11

⇒ IT
,> (P#gj CMover

Main tools : • lurks in Ia> Clittgi) and
É>(ñ#gi) are heuwtopg equivalent
for faces of codeine ±2 in Ia>ÑJi)
*• ↳¥

>C→*-gi) =I⇒(P#gr
-#-)

• 1-skeleton of hubsare orthogonality
graphs



-

GARLAND METHOD :

A -ku ☐ →

II.CAN-0 if
✗⇒
h

f
h+1

Computed
for the smallesteigenvahg > O fer
orthogonality the normalized Laplacian of

the 1-skeleton oftleeluikofgraph
any

Chit-face (
all buhswust)beanueeted



Motivation :
• G finite group
• Toprime
• ApG) poset of nontrivial

ehmm.by abelianp-subgroups
of 5

Conjecture : (Quillen 1970s)
HT (ApG) ,E)-0 ⇐ 7 non-trivial normal

p-subgroup
⇐

"

✓ (3- elementary
abelian)



⇒
" early 90s

Asdnbador /Smith p>Sand

Cgdoes not involve"a unitary"

group

2020-i-itermanlscuithp-3.io
same unitary restriction

known : II.rs/IaiEgEiKZ)-i-O
* same faraauiplex similar to

1-7
.
>(ñEi)

⇒ aureuiouetheuuitayrestriction
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