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INTEGER PARTITIONS

An integer partition A= A1 > Xp > --- > Xy > 0o0f nis a list of
positive integers whose sum is n: 3221 - 8.

Let A= XX ---Ap=11272...n" Then
A=Al 0!

and
|
AN =nlnlr

EXAMPLE
If A\ = 3221 = 1122314950607080 |- 8 then

Al=3RI2ITI=6x2x2x1=24

A= 11211101010!010! = 2.
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SET PARTITIONS

A set partition w of [n] = {1,2,...,n} is a partitioning of [n] into
disjoint sets By, By, ..., By called blocks so
° B #0

° BlUBQU---UBg:[n].
m=B1/By/ -+ /Be I [n]

EXAMPLE

{1,3,4},{2,5},{6},{7,8}

is a set partition of [8], or

m=134/25/6/78 - [8].



PARTITIONS AND PERMUTATIONS
If m = 81/82/'-‘/Bg H [n], then

M) = |B1l|Ba| - | Byl
with sizes weakly decreasing. If § € &, then

d(m) = 0(B1)/0(B2)/ -+~ /0(By).

EXAMPLE
If 7 =134/25/6/78 |- [8], then

A(134/25/6/78) = 3221
and § = 14325876 € &g

5(134/25/6/78) = 8(1)5(3)5(4)/5(2)8(5)/6(6)/5(7)5(8)
— 132/45/8/76 = 123/45/67/8.
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SLASH PRODUCT

S+n={s+n:seS}
then for 7t [n] and 0 = By/By/ - -- /By - [m] the slash product is

m|lo=n/(Bi+n)/(Bo+n)/---/(Be+ n)F [n+ m].

EXAMPLE
If =134/25} [5] and o = 1/23 I [3] then

7w | o=134/25/6/78 |- [8].



NCSym (ROSAS-SAGAN 2004)

NCSym is the algebra of symmetric functions in noncommuting
variables x1, X2, X3, . ..

NCSym = NCSym® & NCSym! & --- € Q < x1,x2,x3,...>
where NCSym® = span{1} and for n > 0

NCSym" = span{m, : 7+ [n]}

=span{p, : mF [n]}
=span{e, : wF [n]}
=span{h, : wF [n]}.

)

Note: The e, defined by Wolf in 1936.



MONOMIAL FUNCTION IN NCSym

The monomial symmetric function in NCSym for 7 = [n] is

if and only if j and k are in the same block of .

EXAMPLE

mi3/p = X1X2X1 + XoX1X2 + X1X3X1 + XoX3X0 + - - -



POWER SUM FUNCTION IN NCSym

The power sum symmetric function in NCSym for 7 + [n] is

Pr = E Xig Xiy =+ * Xi

(i1, +in)
summed over all tuples (i1, i, .. ., ip) with
Ij = Ik
if j and k are in the same block of 7.

EXAMPLE

P13/2 = X1X2X1 + X2X1X2 R b P o



ELEMENTARY FUNCTION IN NCSym

The elementary symmetric function in NCSym for 7 F [n] is

summed over all tuples (i1, i, ..., ip) with
i 7 Ik

if j and k are in the same block of 7.

EXAMPLE

€13/2 = X1X1X2 + X1X2X2 + XpXoX1 + XoX1X1 + + -+ X1 XoX3 + -



COMPLETE HOMOGENEOUS FUNCTION IN NCSym

The complete homogeneous symmetric function in NCSym for
m bk [n] is
he=>_ Mo Am)im,

where o A 7 is the maximal set partition where every block is a
subblock of ¢ and 7.

EXAMPLE
h13/2 = 2mi23 + myp/3 + Myjo3 + 2myz 0 + Myjo/3

123A13/2=13/2A13/2 =13/2 A(13/2)! =2
12/3A13/2 = 1/23A13/2 = 1/2/3A13/2 = 1/2/3  A(1/2/3)! =1



PERMUTATIONS AND PRODUCTS

Fact: If 7 = [n], 6 € &, and § o mz = My, then for b= p, e, h

do bﬂ— = b(g(ﬂ).
Fact: If m, 0 are set partitions, then for b= p, e, h
brby = o
EXAMPLE

1320 myp/3 = M3/ P13/2P1 = P13/2)1 = P13/2/4



WHAT’S IN A NAME?

Let the variables commute:

p : NCSym — Sym

THEOREM (ROSAS-SAGAN 2004)

Let m be a set partition.
p(mz) = A@)'myzy  p(Pr) = Pagr)

pler) = A(m)lex) p(hx) = A(m) Ay ()

Note: The images are classical monomial, power sum, elementary
and complete homogeneous symmetric functions.

Question: Where are the Schur functions?



PARTITIONS AND DIAGRAMS

An integer partition A=X1 > Ao > -+ > Xy > 0 of nis a list of
positive integers whose sum is n: 3221 8.

The diagram A= X1 > Ao > --- > XAy > 0 is the array of boxes
with \; boxes in row i from the top.

3221



SEMISTANDARD YOUNG TABLEAUX

A semistandard Young tableau (SSYT) T of shape A is a filling

with 1,2,3,... so rows weakly increase and columns increase.
1]1]
2

Given an SSYT T we have for commuting variables

X = Xq

#1s #25 #35 .

X1 X2



The Schur function in Sym is

EXAMPLE

SCHUR FUNCTIONS

S\ =

D

T SSYT of shape A

so1 = X2xo + X155 + x2x3 + x1%5 + X3x3 + X0X5 + 2x1%0X3 + - - -

1

1]

2]

1

1]

3

2]

3

1

2]

3]

2




DOTTED YOUNG TABLEAUX

A dotted Young tableau (DYT) T of shape A is a filling with

1,2,3,... so rows weakly increase and columns increase, and
1,2,...,n dots appear exactly once.
1]1i]
2]

Given a DYT T we have for noncommuting variables

xT = x; in position j iff / has j dots above it.

X1X2X1



ROSAS-SAGAN SCHUR FUNCTIONS

The Rosas-Sagan Schur function in NCSym is

EXAMPLE

SZRIS = 2x1x1X2 + 2x1X0X1 + 2X0x1X1 + - -

RS _
57”7 =

T DYT of shape A

_,'_

T[T

i]|i

il




ROSAS-SAGAN SCHUR FUNCTIONS

THEOREM (ROSAS-SAGAN 2004)
Let A= n.

o The 5/"\?5 are linearly independent.
o We have p(SF) = nls,.

Note: However they are not a basis for NCSym because we only
have one for each integer partition, not set partition.
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ROSAS-SAGAN SCHUR FUNCTIONS

THEOREM (ROSAS-SAGAN 2004)

Let A+ n.
o The 5/"\?5 are linearly independent.
o We have p(SF) = nls,.

Note: However they are not a basis for NCSym because we only
have one for each integer partition, not set partition.

Rosas-Sagan 2004:

Is there a way to define functions ... for set partitions 7 - [n]
having properties analogous to the ordinary Schur functions sy?

Yes there is!



THE THREE MUSKETEERS




ALINIAEIFARD-LI-VW 2022




SCHUR FUNCTIONS REVISITED
DEFINITION
Let A = A1 )Xo - Ap. Then the Jacobi-Trudi identity

sy = det (h)\,—i+j)1§i,j§(;

where hg = 1 and h.,. = 0.

EXAMPLE

sp1 = det i = hohy — hshg = hy1 — h3
ho h
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Let A = A1 )Xo - Ap. Then the Jacobi-Trudi identity
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EXAMPLE

ho

sp1 = det (hO

h
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1



SCHUR FUNCTIONS REVISITED
DEFINITION
Let A = A1 )Xo - Ap. Then the Jacobi-Trudi identity

sy = det (hy—it)1<; <0

where hg = 1 and h.,. = 0.

EXAMPLE

Sp1 = det hy = hyhy — hshg = ho1 — h3
ho M



“ALL FOR ONE ...” — DumAs, T3M

The noncommutative Leibniz formula for
A = (ajj)1<ij<n With noncommuting entries aj;
is et

NOT LEIBNIZ

det(A) = > sgn(e)ar(1)32-(2) *** ane(n)

SGGn

@ product of the entries is taken top row to
the bottom row

e sgn(e) is the sign of permutation e.




“ ... AND ONE FOR ALL,” — DumMAS, T3M

DEFINITION
Let A = A1 A2 --- As. Then the source Schur function

1
sy =det (| —————hry iy
A ((/\i —i+])! & +J]>1<i,j<£
where h[O] = hy =1 and he =0.

EXAMPLE

ha2 3h 1,1
Spp1] = det <2O'I hl; 3 > o h12 ~ 3 h1230| hg
1

1
52 — 6h123 = 5z — 6h123



“ ... AND ONE FOR ALL,” — DumMAS, T3M

DEFINITION
Let A = A1 A2 --- As. Then the source Schur function

1
=det (| —————hpy. ;0
S\ e <(/\,-i+j)! [Ai +J]>1<i’j<£

where h[O] = hy =1 and he =0.

EXAMPLE

hi, +h 1 1 1 1
Sp1) = det <2| 12 31 123) = jhuﬂhl 723 hy

0|h® ﬂhl 3! 0!
1 1 1

= 5hopn - 5h123 = 5z — 6h123'



“ ... AND ONE FOR ALL,” — DumMAS, T3M

DEFINITION
Let A = A1 A2 --- As. Then the source Schur function

1
P <(/\iI+J)! idagti] 1<ij<t
where h[O] = hy =1 and he =0.
EXAMPLE

1 1
3 h1p  27hio3 1 1 1 1
— 2! 3! — S _
5[21] = det <01|h(]J %hl = 2!/1121!/71 3!h1230!h@

1 1 1 1
= §h12|1 - 6h123 = §h12/3 - 6h123'



“ ... AND ONE FOR ALL,” — DumMAS, T3M

DEFINITION
Let A = A1 A2 --- As. Then the source Schur function

1
sy =det (| —————hry iy
A <(/\i —i+])! & +J]>1<i,j<£
where h[O] = hy =1 and he =0.

EXAMPLE

hip 2 hio3 1, 1 1 1
Sp1] = det (20I| ho 3%/7 —'h12—'h1 = —h123—.h@

1 1 1
5/712\1 - 6h123 = 5/712/3 — —h12s.



«

. AND ONE FOR ALL,” — DumMmAs, T3M

We now create a set partition 7 I [n] from an integer partition
A n where

A7) = A
using tableaux T, of shape A such that
@ every element 1,2,..., n appears exactly once

@ rows increase left to right
o first column of rows of same length increase top to bottom.

rows <— blocks

EXAMPLE

T, = «—— mw=134/25/78/6

’O\\ll\)l—l
(00)



“ ... AND ONE FOR ALL,” — DumMAS, T3M

We now create a permutation d, € &, using T.

read by row <— one line notation

EXAMPLE

314 4 5. —13425786

(€]

|O\\ll\)l—l
o



“ ... AND ONE FOR ALL,” — DumMAS, T3M

We now create a permutation d, € &, using T.

read by row <— one line notation

EXAMPLE

m=134/25/78/6 +— T, =

4

(€]

|@\ll\)l—l

—

0r = 13425786



“ ... AND ONE FOR ALL,” — DumMAS, T3M

We now create a permutation 0, € &, using T.

read by row <— one line notation

EXAMPLE

m=134/25/78/6 +— T, =

|@\ll\)l—\

«—— O, = 13425786



«

DEFINITION

. AND ONE FOR ALL,” — DumMmAs, T3M

Let m = B1/By/ - /By. Then the Schur function in NCSym is

Sy = (Sﬂ o S[)\(ﬂ)] = (577 o det (

EXAMPLE

1 , >
N =it .
(A — i+ )1 il N

3 and 5. = 132.

If 7 =13/2 then T, =| 1
2

1 1 1 1
5]_3/2 =132o0 5[21] =1320 <2h12/3 — h123> = §h13/2 — 7h123

6 6



A REFINED BASIS

THEOREM (ALINIAEIFARD-LI-VW 2022)

NCSym"” = span{s; : @t [n]} p(s5x) = Sx(r)

5)"\?5 = Z do S[A]
0€6,



A REFINED BASIS

THEOREM (ALINIAEIFARD-LI-VW 2022)
NCSym” = span{s, : 7 I [n]} p(s5x) = Sx(r)
5)"\?5 = Z do S[A]

0€6,

Note: d o s; # s5(r) in general.



A REFINED BASIS

THEOREM (ALINIAEIFARD-LI-VW 2022)

NCSym" = span{s, : « I [n]} p(s5x) = Sx(r)

555 = Z do S[A]
0€6,

Note: d o s; # s5(r) in general.

THEOREM (ALINIAEIFARD-LI-VW 2022)

For n > 5 we have n! different bases:

NCSym"” = span{d os; : 7w [n]} p(0 0 5:) = Sx(r)



YOUNG TABLEAUX

A Young tableau (YT) t of shape A is a filling with 1,2,3,...

each number appears exactly once.

We now create a permutation d; € &, using t.

read by row <— one line notation

Then
St = (St o 5[/\].

EXAMPLE

p=|2]1] 5, = 213

2
3]

1 1
st =213 05 =2130 <§h12/3 —h123) = §h12/3 -

SO

1

—h
623



YOUNG TABLEAUX

The row-equivalence class [t] of t consists of t
@ same shape as t

@ same set of row entries as t.

EXAMPLE

9

p—|2]1] [t]:{z 1
3

e =213 &; =123




YOUNG TABLEAUX

The row-equivalence class [t] of t consists of t
@ same shape as t

@ same set of row entries as t.

EXAMPLE

rol2]1] M={211
3 3

5 =213 §; =123




A TABLOID BASIS

The tabloid Schur function in NCSym is
St = st
t

where t and t are row equivalent.

EXAMPLE
s = 213 o 5pp1) + 123 0 5y
2|1]
3
1 1 1
- §h12/3 - 6h123 + = h12/3 - h123 = h12/3 — §h123



A TABLOID BASIS

The tabloid Schur function in NCSym is
S[e] = ZSE
t
where t and t are row equivalent.

THEOREM (ALINIAEIFARD-LI-vW 2022)

We have basis
NCSym" = span{sj; : t <> 7, m I [n]}.

If t has shape \ then
p(S[t]) = )\!S/\.



SPECHT MODULES
Given Young tableau t

e = (Z sgn(5)5> o [t] e = (Z sgn(d)5> o 4
5 5
where the sums are over all column-stabilizers of t that permute
elements within each column.

Given partition A we have Specht module; submodule of NCSym.

S* = span{e; : t has shape \} S* = span{e; : t has shape A}
THEOREM (ALINIAEIFARD-LI-VW 2022)

5)\

€t

S)\
€

IR



SKEW DIAGRAMS

For A+ n, u b m the skew diagram A/ is the array of n — m boxes
contained in A but not in p.

[ ]

5332/221

A skew shape \/y is a ribbon if it is
connected with no 2 x 2 square.

A ribbon can be denoted by row lengths a:
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SKEW DIAGRAMS

For A+ n, u b m the skew diagram A/ is the array of n — m boxes
contained in A but not in p.

[ ]

5332/221

A skew shape \/p is a ribbon if it is
connected with no 2 x 2 square.

A ribbon can be denoted by row lengths a:: 3122.



SKEW SCHUR FUNCTIONS

Let A = A1 A2--- Ap. Then the skew Schur function in Sym is

S/p= det (h)\ifﬂj*"ﬂ') 1<ij<t

= Z xT

T SSYT of shape \/p

= E ;w



SKEW SCHUR FUNCTIONS

Let A = A\ A2 -- Ag. Then the skew Schur function in Sym is

S/p= det (h)\ifﬂj*"ﬂ') 1<ij<t

= Z xT

T SSYT of shape \/p
_ A
= E CrivSv
v

and the C,l\u are the Littlewood-Richardson coefficients.



SKEW SCHUR FUNCTIONS

Let A = A\ A2 -- Ag. Then the skew Schur function in Sym is

Si/p= det (h)\ifﬂj*"ﬂ') 1<ij<t

= Z xT

T SSYT of shape \/p
_ A
= E CrivSv
v

and the C,l\u are the Littlewood-Richardson coefficients.

Let \/u be a ribbon a. Then the ribbon Schur function in Sym is

Fee = Sx/p-



SKEW SCHUR FUNCTIONS IN NONCOMMUTING
VARIABLES

Let A = A1 A2 -+ As. Then the source skew Schur function

1
S " :det - - h e pi— ]
i <()\i —pj— i )N +J]>1§i,j§e

and the skew Schur function in NCSym is

1
S =dos = odet ———— Dy .
(6./1) \/ud <(A,-— i) +11>1§i7jg
THEOREM (ALINIAEIFARD-LI-VW 2022)

P(S@A /1)) = Si\/u



SKEW SCHUR FUNCTIONS IN NONCOMMUTING

VARIABLES

1 1
1po lpo\ 1)1 11
_ M 3 — _
S2/) = det (01!/7@ Lhio ) 11 Mmayme = 3ymes g
1 1 1 1
= 52 — ghies = Shijas — o hos

1 1 1
5(132,22/1) = 13205[22/1] = 1320<2h1/23 - 6h123> = §h1/23—

1

—h
623



ROSAS-SAGAN SKEW SCHUR FUNCTIONS
The Rosas-Sagan skew Schur function in NCSym is

SA/;L - Z Xf'

T DYT of shape A/

THEOREM (ALINIAEIFARD-LI-VW 2022)
Let A\F n and = m.

(5)\/;;) =(n—m)ls,/,

SVL= D St
566(n—m)

- 3 s

vk(n—m)



ROSAS-SAGAN SKEW SCHUR FUNCTIONS
The Rosas-Sagan skew Schur function in NCSym is

SA/;L - Z Xf'

T DYT of shape A/

THEOREM (ALINIAEIFARD-LI-VW 2022)
Let A\F n and = m.

(5)\/;;) =(n—m)ls,/,

SVL= D St
SGG(n—m)

- 3 s

vk(n—m)

and the c;),, are the Littlewood-Richardson coefficients.



NONCOMMUTATIVE SYMMETRIC FUNCTIONS

Take the noncommutative symmetric functions (Gelfand-Krob-
Lascoux-Leclerc-Thibon) with map 7 (Bergeron-Reutenauer-
Rosas-Zabrocki).

1
J: Z Xjy Xjy +** X, Eh[”] € NCSym
J<ja<<n

THEOREM (ALINIAEIFARD-LI-VW 2022)

For the immaculate function G of Berg-Bergeron-Saliola-Serrano-
Zabrocki

J(6)) = sp-

For the noncommutative ribbon Schur function r,, of Gelfand et al.
J(ra) = raj

the ribbon source Schur function: rj,) = Sp\/,-



FURTHER AVENUES
Find product rules
SiSy = Z CroSr
RS cRS v cRS
SPSP =&,
Find a coproduct rule

A(sy) = Z dl ss @ s:.

Generalize s, for example to MacMahon symmetric functions.
Find the dual basis to Schur functions in NCSym.

Relationship to x-basis of Bergeron-Hohlweg-Rosas-Zabrocki.



“NEVER FEAR QUARRELS, BUT SEEK HAZARDOUS
ADVENTURES”
— ALEXANDRE DuMmAs, THE THREE MUSKETEERS

Schur functions in noncommuting variables
Farid Aliniaeifard, Shu Xiao Li, SYW, Adv. Math. 406 37pp (2022)
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Thank you very much,
and a big thank you to the organizers for a wonderful conference!



