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Noncommutative torus

m Let © = (0 ) be a real skew-symmetric matrix and let
Ui, ..., Urg be unitary operators. Then the
noncommutative torus Ag is defined as the universal
C*-algebra generated by U;’s satisfying

27i0;
UkUj:e f'kUjUk.
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Ag as twisted group C*-algebra C*(A, c) of a lattice A
in R29.
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noncommutative torus Ag is defined as the universal
C*-algebra generated by U;’s satisfying
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m Ap as twisted group C*-algebra C*(A, c) of a lattice A
in R29.
Pick a basis {vi, ..., vaq} for A. Then {U,,} then
0; k = Q(vj, vi) for Q the standard symplectic form
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Noncommutative torus

m Let © = (0 ) be a real skew-symmetric matrix and let
Ui, ..., Urg be unitary operators. Then the
noncommutative torus Ag is defined as the universal
C*-algebra generated by U;’s satisfying

Ukljj — ezﬂ-lej’k ljJUk

m Ap as twisted group C*-algebra C*(A, c) of a lattice A
in R27.
Pick a basis {vi, ..., vag} for A. Then {U,} then
0; k = Q(v;, vk) for Q the standard symplectic form
Qz,2)=y -w—x-nforz=(x,w) and 2/ = (y,n).
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Noncommutative torus

m Let © = (0 ) be a real skew-symmetric matrix and let
Ui, ..., Urg be unitary operators. Then the
noncommutative torus Ag is defined as the universal
C*-algebra generated by U;’s satisfying

Ukljj — 627”0]’[( ljJUk

m Ap as twisted group C*-algebra C*(A, c) of a lattice A
in R27.
Pick a basis {vi, ..., vag} for A. Then {U,} then
0; k = Q(v;, vk) for Q the standard symplectic form
Qz,Z2)=y-w—x-nforz=(x,w) and 2/ = (y,n).

m] [ = £ DA

Luef, Franz On the structure of vector bundles over noncommutative tori



Noncommutative torus

Let A be a lattice in R? and ¢ a continuous 2-cocycle with
values in T.

Then the twisted group algebra /(A c) is /1(A\) with
twisted convolution f as multiplication and * as involution.
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Noncommutative torus

Let A be a lattice in R? and ¢ a continuous 2-cocycle with
values in T.

Then the twisted group algebra (1(A, ) is *(A) with
twisted convolution [ as multiplication and * as involution.

Twisted convolution of a and b is defined by

afb(\) = Z a(p)b(A — p)c(pu, A — p) for Aju €N,
HEN
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Noncommutative torus

Let A be a lattice in R? and ¢ a continuous 2-cocycle with
values in T.
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twisted convolution [ as multiplication and * as involution.
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C*(A, c) is the enveloping C*-algebra of /1(A,c)..
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Representations of noncommutative torus

The mapping of A — 7(\) is a projective representation of A,
which gives a non-degenerate involutive representation of
(A, c) and C*(A, c) by

ma(a) ==Y a(M)m(A) for a=(a())) € £*(N).
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Representations of noncommutative torus

The mapping of A — 7(\) is a projective representation of A,
which gives a non-degenerate involutive representation of
(A, c) and C*(A, c) by

ma(@) == a(A)m(A) for a=(a())) € £*(A).

YN

u 7r/\(ahb) = 7r/\(a)7r/\(b)

ma(a*) = ma(a)®
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Representations of noncommutative torus

The mapping of A — 7(\) is a projective representation of A,
which gives a non-degenerate involutive representation of
(A, c) and C*(A, c) by

ma(@) == a(A)m(A) for a=(a())) € £*(A).

YN

u 7r/\(ahb) = 7r/\(a)7r/\(b)
u 7r/\(a*) = 7r,\(a)*

This involutive representation of £*(A, c) is faithful,
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Representations of noncommutative torus

The mapping of A — 7(\) is a projective representation of A,
which gives a non-degenerate involutive representation of
(A, c) and C*(A, c) by

ma(@) == a(A)m(A) for a=(a())) € £*(A).

YN
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m This involutive representation of £}(A, c) is faithful,
ma(a) = 0 implies a = 0.
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Schrodinger representation

= translation T,f(t) = f(t—x)  for x € R?, modulation
M, f(t) = ™t f(t) for w € RY

m time-frequency shift 7(x,w)f(t) = M, Txf(t) for
(x,w) € R? x RY

M, T = T, M,
T(x +y,w+1n) = e ™ Ir(x,w)r(y,n)
m(x,w)m(y,n) = 2T O=xMr(y n)r(x,w)
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Schrodinger representation

= translation T,f(t) = f(t—x)  for x € R?, modulation
M, f(t) = ™t f(t) for w € RY

m time-frequency shift 7(x,w)f(t) = M, Txf(t) for
(x,w) € R? x RY

M, T = T, M,
T(x+y,w+n) = e "X Ir(x,w)r(y,n)
m(x,w)m(y,n) = 2TV O=xMr(y n)r(x,w)

Csymp (X, W), ()/ 1)) :‘C((x. w), (v,n)e((y,n), (x,w))
Ly () e
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Schrodinger representation
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Spectrally invariant subalgebras of C*(A, c)

Ai(Nc) ={Ae B(L*(R): A=) a(N)r(A), llalls < oo}
A

smooth noncommutative torus A®(A, ¢) = (> AL(A, )
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Spectrally invariant subalgebras of C*(A, c)

Ai(Nc) ={Ae B(L*(R): A=) a(N)r(A), llalls < oo}
A

smooth noncommutative torus A*(A, ¢) = (5> AL(A, )

Let A be a lattice in R??. Then AL(A, c) and A¥(A, c) are
spectrally invariant subalgebras of the noncommutative torus

C*(A, c).
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Spectrally invariant subalgebras of C*(A, c)

Ai(Ne) ={AeB(L*(R): A=) a(N)r(A), [lallg < oo}
A

smooth noncommutative torus A*(A, ¢) = (5> AL(A, )

Let A be a lattice in R??. Then AL(A, c) and A>®(A, ) are
spectrally invariant subalgebras of the noncommutative torus
C*(A, ©).

Replace vs = (1 + |x|2 4 |w|?)*/? by a submultiplicative weight.
Then AL(A, c) and A>®(A, c) is spectrally invariant in C*(A, c)
if and only if v is a Gelfand-Raikov-Shilov-weight, i.e.

limp_yoo v(nA)Y/" =1 for all A € A.

(=)
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Maps on Hilbert C*-modules

m Suppose V is a Hilbert A-module. Then a module
mapping T : V — V is adjointable, if there is a mapping
T*:V — V such that

A(Tf,g) = 4(f, T*g) forall f,ge V.

L(V) denotes the space of all adjointable mappings on V.
We define the norm of T by
[T = sup{allTgll - allgll < 1}.
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Maps on Hilbert C*-modules

m Suppose V is a Hilbert A-module. Then a module
mapping T : V — V is adjointable, if there is a mapping
T*:V — V such that

A(Tf,g) = 4(f, T*g) forall f,ge V.

L(V) denotes the space of all adjointable mappings on V.
m We define the norm of T by
I Tl = sup{all Tgll - allgll < 1}
m L(V)is a C*-algebra with respect to this norm.
rank one operators @g_,f = 4(f,g) - h are adjointable
operators.
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Maps on Hilbert C*-modules

m Suppose V is a Hilbert A-module. Then a module
mapping T : V — V is adjointable, if there is a mapping
T*:V — V such that

A(Tf,g) = 4(f, T*g) forall f,ge V.

L(V) denotes the space of all adjointable mappings on V.
m We define the norm of T by
I Tl = sup{all Tgll - allgll < 1}
m L(V)is a C*-algebra with respect to this norm.
= rank one operators @éhf = A(f,g) - h are adjointable
operators.
The closed linear subspace of £( V) spanned by
{04 . f g€ V}is the algebra of compact A-module

g,h
operators.
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Maps on Hilbert C*-modules

m Suppose V is a Hilbert A-module. Then a module
mapping T : V — V is adjointable, if there is a mapping
T*:V — V such that

A(Tf,g) = 4(f, T*g) forall f,ge V.

L(V) denotes the space of all adjointable mappings on V.
m We define the norm of T by
ITI = sup{all Tgll - allgll < 1}.
m L(V)is a C*-algebra with respect to this norm.
m rank one operators @éhf = A(f,g) - h are adjointable
operators.
m The closed linear subspace of £(V) spanned by
{@éh : f,g € V} is the algebra of compact A-module

operators.
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Properties of rank one Hilbert module operators

m 07,04, = O, for k= alg, H)g’
(@};h)'k = 7

h,g
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Properties of rank one Hilbert module operators

m 07,04, = O, for k= alg, H)g’
" (eéh)* = eﬁ,g
For T € L(V) we have T@;h - @*‘;Th.
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Properties of rank one Hilbert module operators

m 07,04, = O, for k= alg, H)g’
" (eéh)* = eﬁ,g
m For T € L(V) we have TO%, = @éTh.

g!
1Z4ll < allgllallfll

A
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Properties of rank one Hilbert module operators

m 07,04, = O, for k= alg, H)g’
u (e?,h)* = @A
m For T € L(V) we have T@gh = @g Th-

m (|02 < allgll.allhll-
Suppose A is unital and 4(g,g) =/, then ||©4

I = allhll-

g,h
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Properties of rank one Hilbert module operators

" 07,07 = evk{,, for k = alg, h)g’
mFor T e L‘(V) we have T@gh = @g Th-

= (1074l < allgllallhl.

m Suppose A is unital and 4(g,g) =/, then H@ wll = allhll.

We denote the unit sphere of 4V by
S(aV)={g €4V alg.g) =1}
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Frames for Hilbert C*-modules

For the sake of simplicity | restrict my discussion to the case of
finitely generated Hilbert C*-modules.

Let A be a unital C*-algebra. A sequence

{gj :j=1,...,n} in a (left) Hilbert .A-module 4V is called
a standard module frame if there are positive reals C, D
such that

n

Calf,f) <> alf,g)alg, f) < Dalf,f)
j=1

for each f € 4 V.
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Frames for Hilbert C*-modules

For the sake of simplicity | restrict my discussion to the case of

finitely generated Hilbert C*-modules.

m Let A be a unital C*-algebra. A sequence
{gj :j=1,...,n} in a (left) Hilbert A-module 4V is called
a standard module frame if there are positive reals C, D
such that

CA<f7 f> < ZA<fag:i>A<g:ia f) < D.A<f7 f>
j=1
for each f € 4V.
Let A be a unital C*-algebra. A sequence
{gi :j=1,...,n} in a (left) Hilbert A-module 4V is a

standard module frame if the reconstruction formula
n

f=> alf.g)- g foral
= :
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Frames for Hilbert C*-modules

For the sake of simplicity | restrict my discussion to the case of

finitely generated Hilbert C*-modules.

m Let A be a unital C*-algebra. A sequence
{gj :j=1,...,n} in a (left) Hilbert A-module 4V is called
a standard module frame if there are positive reals C, D
such that

CA<f7 f> < ZA<fag:i>A<g:iv f) < D.A<f7 f>
j=1
for each f € 4 V.
m Let A be a unital C*-algebra. A sequence
{gj :j=1,...,n} in a (left) Hilbert A-module 4V is a
standard module frame if the reconstruction formula

n
f:ZA(f,gj> - gj for all
.:1 o

Luef, Franz On the structure of vector bundles over noncommutative tori

fey V.

=l =




Frames for Hilbert C*-module

m The existence of a standard module frame of finite
cardinality is equivalent to 4V being a projective module,
i.e it can be embedded into A" as a direct summand.

In terms of rank one Hilbert A-module operators the
definition of a frame becomes:

Calf, f) <Y alOg o f F)a < D alf,f).
j=1
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Frames for Hilbert C*-module

m The existence of a standard module frame of finite
cardinality is equivalent to 4V being a projective module,
i.e it can be embedded into A" as a direct summand.

m In terms of rank one Hilbert A-module operators the
definition of a frame becomes:

n
Calf,f) <Y al0F o f Fla< Dalf,f).
j=1

One has the following: A sequence {gj :j=1,...,n} in a
(left) Hilbert A-module 4V is a frame if and only if
Z}Ll ,4@2&_ converges in the strict topology to a

bounded invertible operator in £(4V).
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Frames for Hilbert C*-module

m The existence of a standard module frame of finite
cardinality is equivalent to 4V being a projective module,
i.e it can be embedded into A" as a direct summand.

m In terms of rank one Hilbert A-module operators the
definition of a frame becomes:

n
Calf.f) <D al0F o . f)a < D alf.f).
j=1

m One has the following: A sequence {gj :j=1,...,n} in a
(left) Hilbert A-module 4V is a frame if and only if
21'721 A@_Q-,g,- converges in tl_1e strict topology to a
bounded invertible operator in L£( 4 V).

m] [ = £ DA
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Frames for Hilbert C*-module

m Suppose 4V is a finitely generated Hilbert A-module.
Then any set of generators {gj : j =1, ..., n} is a standard
module frame. The number of the shortest frame gives the
number of factors of A" into which 4V is embeddable.

m In other words, the positive module operator

S=>1, @“g‘}’gj is invertible and the upper and lower

frame bounds are given by ||S||? and ||S7Y||72.

In particular, 4V is singly generated if @gg is invertible.
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Frames for Hilbert C*-module

m Suppose 4V is a finitely generated Hilbert A-module.
Then any set of generators {gj : j =1, ..., n} is a standard
module frame. The number of the shortest frame gives the
number of factors of A" into which 4V is embeddable.

m In other words, the positive module operator
S=>1, @“g‘}’gj is invertible and the upper and lower

frame bounds are given by ||S||? and ||S7Y||72.

m In particular, 4V is singly generated if @ég is invertible.

Is there a way to generate finitely generated Hilbert
C*-modules?
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Morita-Rieffel equivalence

Rieffel introduced in 1970's the notion of strong Morita
equivalence for C*-algebras:

Let A and B be C*-algebras. Then an A-B-equivalence
bimodule 4V is an A-B-bimodule such that:
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Morita-Rieffel equivalence

Rieffel introduced in 1970's the notion of strong Morita
equivalence for C*-algebras:

Definition:

Let A and B be C*-algebras. Then an A-B-equivalence
bimodule 4V is an A-B-bimodule such that:

AV is a full left Hilbert A-module and a full right Hilbert
B-module;
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Morita-Rieffel equivalence

Rieffel introduced in 1970's the notion of strong Morita
equivalence for C*-algebras:

Definition:

Let A and B be C*-algebras. Then an A-B-equivalence
bimodule 4V is an A-B-bimodule such that:

(a) aVpis a full left Hilbert .A-module and a full right Hilbert
B-module;

forall f,g € 4Vp,A€ Aand B € B we have that
(A-f,g)p=(f,A"-g)p and A(f-B,g) = alf,g B*);
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Morita-Rieffel equivalence

Rieffel introduced in 1970's the notion of strong Morita
equivalence for C*-algebras:

Definition:

Let A and B be C*-algebras. Then an A-B-equivalence
bimodule 4V is an A-B-bimodule such that:

(a) aVpis a full left Hilbert .A-module and a full right Hilbert
B-module;

(b) forall f,g € 4Vp,A€ Aand B € B we have that
(A-f.g)p=(f,A" - g)p and A(f-B,g) = alf,g B*);
for all f.g. h e A\/Bv v4<f.g> -h="f- <g. /7>/5.

The C*-algebras A and B are called Morita-Rieffel equivalent if

there exists an A — B equivalence bimodule.
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Morita-Rieffel equivalence

Rieffel introduced in 1970's the notion of strong Morita
equivalence for C*-algebras:

Definition:

Let A and B be C*-algebras. Then an A-B-equivalence
bimodule 4V is an A-B-bimodule such that:

(a) aVpis a full left Hilbert .A-module and a full right Hilbert
B-module;

(b) forall f,g € 4Vp,A€ Aand B € B we have that
(A-f.g)p=(f,A" - g)p and A(f-B,g) = alf,g B*);

(c) forall f,g,h€ AVp, alf,g) - h="Ff-(g h)s.

The C*-algebras A and B are called Morita-Rieffel equivalent if

there exists an A — B equivalence bimodule.
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Morita-Rieffel equivalence - Consequences

m In words, Condition (b) says that .A acts by adjointable
operators on Vi and that B acts by adjointable operators
on AV,

Condition (c) is an associativity condition between the
A-inner product and the B-inner product.

@?hf = f - (g, h)p is a rank one 3-module operator.

A
g8
invertiblity of @éﬁig. Note that this amounts to

Consequently, the invertiblity of ©7', is equivalent to the

eg_gf =f-(g,g)B, i-e. fand g are “uncoupled”.
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Morita-Rieffel equivalence - Consequences

m In words, Condition (b) says that .A acts by adjointable
operators on Vi and that B acts by adjointable operators
on _AV,

m Condition (c) is an associativity condition between the
A-inner product and the B-inner product.

L] @ghf = f - (g, h)p is a rank one B-module operator.
Consequently, the invertiblity of @ég is equivalent to the
invertiblity of @g,g. Note that this amounts to
@ggf =f-(g,g)p, i-e. f and g are “uncoupled”.

If A and B are Morita-Rieffel equivalent, then 4 V3 is a

projective left A-module, and a projective right

B-module.
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A-inner product and the B-inner product.

(] @ghf =f - (g, h)p is a rank one B-module operator.
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projective left A-module, and a projective right

B-module.
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Morita-Rieffel equivalence - Consequences

m In words, Condition (b) says that .A acts by adjointable
operators on Vi and that B acts by adjointable operators
on _AV,

m Condition (c) is an associativity condition between the
A-inner product and the B-inner product.

(] @ ,f =1f-(g, h)s is a rank one B-module operator.
Consequently, the invertiblity of @g’g is equivalent to the
invertiblity of @S,g. Note that this amounts to
@ggf =f-(g,g)p, i-e. f and g are “uncoupled”.

m If A and B are Morita-Rieffel equivalent, then 4 V3 is a
projective left A-module, and a projective right
B-module.There exist g1, ..., gn € 4Vp such that

f—ZAng g = Zf (g, 8)5

Jj=1 =
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f—ZAng g = Zf (g, 8)5
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Morita-Rieffel equivalence - Consequences

m The compact A-module operators are isomorphic to B.

Suppose A has a normalized trace tr4. Then we can
introduce a trace trg on B by

tra((f, g)n) = tra(alg, f))
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Morita-Rieffel equivalence - Consequences

m The compact A-module operators are isomorphic to B.

m Suppose A has a normalized trace tr 4. Then we can
introduce a trace trg on B by

tr3(<f,g>3) = tI‘_A(_A<g, f>)

trg is not normalized and trp(/) = dim(4V), the
dimension of the Hilbert A-module 4 V.
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introduce a trace trg on B by
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m trp is not normalized and trp(/) = dim(4 V), the
dimension of the Hilbert A-module 4V.
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Morita-Rieffel equivalence - Consequences

m The compact A-module operators are isomorphic to B.

m Suppose A has a normalized trace tr 4. Then we can
introduce a trace trg on B by

tr3(<f,g>3) = tI‘_A(_A<g, f>)

m trp is not normalized and trp(/) = dim(4 V), the
dimension of the Hilbert A-module 4V.
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Morita equivalent spectrally invariant subalgebras

Recall that a unital subalgebra A of a unital C*-algebra B with
common unit is called spectrally invariant, if for A € A with
A~! € B one actually has that A~! € A.

Let A and B be unital C*-algebras that are Morita equivalent
via an equivalence bimodule 4Vj.
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Morita equivalent spectrally invariant subalgebras

Recall that a unital subalgebra A of a unital C*-algebra B with
common unit is called spectrally invariant, if for A € A with
A~! € B one actually has that A~! € A.

Theorem:

Let A and B be unital C*-algebras that are Morita equivalent
via an equivalence bimodule 4 Vp.5uppose we have dense

«-Banach (or Frechet) subalgebras 4y and By of A and B
respectively containing the identity elements.
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Morita equivalent spectrally invariant subalgebras

Recall that a unital subalgebra A of a unital C*-algebra B with
common unit is called spectrally invariant, if for A € A with
A~! € B one actually has that A~! € A.

Theorem:

Let A and B be unital C*-algebras that are Morita equivalent
via an equivalence bimodule 4 V3.Suppose we have dense
«-Banach (or Frechet) subalgebras Ay and By of A and B
respectively containing the identity elements.-urthermore we
assume that Ag and By are spectrally invariant in A and B
respectively.
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Morita equivalent spectrally invariant subalgebras

Recall that a unital subalgebra A of a unital C*-algebra B with
common unit is called spectrally invariant, if for A € A with
A~! € B one actually has that A~! € A.

Theorem:

Let A and B be unital C*-algebras that are Morita equivalent
via an equivalence bimodule 4 V3.Suppose we have dense
«-Banach (or Frechet) subalgebras Ay and By of A and B
respectively containing the identity elements.Furthermore we
assume that Ag and By are spectrally invariant in A and B
respectively.Let V{ be a dense subspace of 4 V3 which is closed
under the actions of Ay and By, and such that the restrictions
of the inner products 4(.,.) and (.,.)p have values in 4 and
Bo respectively.
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Morita equivalent spectrally invariant subalgebras

Recall that a unital subalgebra A of a unital C*-algebra B with
common unit is called spectrally invariant, if for A € A with
A~! € B one actually has that A~! € A.

Theorem:

Let A and B be unital C*-algebras that are Morita equivalent
via an equivalence bimodule 4V3.Suppose we have dense
«-Banach (or Frechet) subalgebras Ay and By of A and B
respectively containing the identity elements.Furthermore we
assume that Ag and By are spectrally invariant in A and B
respectively.Let Vy be a dense subspace of 4 Vg which is closed
under the actions of Ay and By, and such that the restrictions
of the inner products 4(.,.) and (.,.) have values in Ay and
By respectively. Then Vj is a finitely generated projective left
Ag-module.
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Morita equivalent spectrally invariant subalgebras

Recall that a unital subalgebra A of a unital C*-algebra B with
common unit is called spectrally invariant, if for A € A with
A~! € B one actually has that A~! € A.

Theorem:

Let A and B be unital C*-algebras that are Morita equivalent
via an equivalence bimodule 4V3.Suppose we have dense
«-Banach (or Frechet) subalgebras Ay and By of A and B
respectively containing the identity elements.Furthermore we
assume that Ag and By are spectrally invariant in A and B
respectively.Let Vy be a dense subspace of 4 Vg which is closed
under the actions of Ay and By, and such that the restrictions
of the inner products 4(.,.) and (.,.) have values in Ay and
By respectively. Then Vj is a finitely generated projective left
Ag-module.In addition we have that Vj is a finitely generated
projective right Byg-module.
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Ap-module.In addition we have that V; is a finitely generated
projective right Bo-module.
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Rieffel's construction of equivalenc bimodules
between noncommutative tori

Left action of A®(A, c) on S(RY) by

a(A\)7r(\)]g for ac (M), g€ S(RY)
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Rieffel's construction of equivalenc bimodules
between noncommutative tori

Left action of A®(A, c) on S(RY) by

Dag = m(a) & = [ 3" a(W)r(V)]g for a < (A).g € S(RY)
AEN

A(fg) =) (f.r(Ng)m(N)

AEN

for f,g € S(RY)
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Rieffel's construction of equivalenc bimodules
between noncommutative tori

Left action of A®(A, c) on S(RY) by

Dag = m(a) & = [ 3" a(W)r(V)]g for a < (A).g € S(RY)
AEN

A, g) =D (F,m(Ng)m(N)
XeA
for f, g € S(RY)
Af.g) =g, )"
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Rieffel's construction of equivalenc bimodules
between noncommutative tori

Left action of A®(A, c) on S(RY) by

Dag = m(a) & = [ 3" a(W)r(V)]g for a < (A).g € S(RY)
AEN

af.g) =) (f,n(Ng)m(A)

NeA
for f,g € S(RY)

= A(f,8) = (g, f)"
r{ma(a)f, g) = ma(a) a(f, g)
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Rieffel's construction of equivalenc bimodules
between noncommutative tori

Left action of A®(A, c) on S(RY) by

Dag = m(a) & = [ 3" a(W)r(V)]g for a < (A).g € S(RY)
AEN

af.g) =) (f,n(Ng)m(A)

AEA
for f, g € S(RY)
u /\(fag> = /\<ga f>*

= A(ma(a)f, &) = ma(a) a(f, g)
A(f, f) is positive in C*(A, c), acutally in A>°(A, ¢c)
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between noncommutative tori
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Rieffel's construction of equivalenc bimodules
between noncommutative tori

Left action of A®(A, c) on S(RY) by

Dag = m(a) & = [ 3" a(W)r(V)]g for a < (A).g € S(RY)
AEN

af.g) =) (f,n(Ng)m(A)

AEA
for f, g € S(RY)
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m A(ma(a)f,g) = ma(a) a(f. &)
m A(f,f) is positive in C*(A, ¢), acutally in A>(A, c)
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Hilbert C*(A, c)-module

S(RY) becomes a full left Hilbert C*(A, c)-module AV w.r.t to

right action on S(RY) and the inner product (.,.)p when
1/2
completed w.r.t. ||g]la = [|{g,&)Allop -

m What C*-algebra is Morita-Rieffel equivalent to C*(A, ¢)?
m What operators are commuting with elements in C*(A, ¢)?

m commutation relations:
7'('()\)7]’(2)71-()\)717.‘.(2)71 = ezﬂiQ(z,)\)

for z = (x,w) € R?? and A € A.
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Adjoint lattice

Observe that the characters of RY x R9 are of the form
7 xs(2) = €227 for some 2/ € RY x RY,

where the standard symplectic form Q of z = (x,w) and
7z = (y,n) is defined by
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Adjoint lattice

Observe that the characters of RY x R9 are of the form
7 xs(2) = €227 for some 2/ € RY x RY,

where the standard symplectic form Q of z = (x,w) and
7z = (y,n) is defined by

Qz, )=y - w—x-n.

Consequently, the dual group of RY x R9 is RY x R9.
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Adjoint lattice

Observe that the characters of RY x R9 are of the form
7 xs(2) = €227 for some 2/ € RY x RY,

where the standard symplectic form Q of z = (x,w) and
7z = (y,n) is defined by

Qz,Z)y=y-w—x-n.
Consequently, the dual group of RY x R9 is R x RY.
In terms of the Euclidean inner product (.,.) on R? the
symplectic form 2 can be expressed as follows:
pause

Qz,7') = (Jz,Z/) for J= 0 la .
’ *ld 0
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Adjoint lattice

Observe that the characters of RY x R9 are of the form
7 xs(2) = €227 for some 2/ € RY x RY,

where the standard symplectic form Q of z = (x,w) and
7z = (y,n) is defined by

Qz,Z)y=y - w—x-n.

Consequently, the dual group of RY x R9 is R x RY.
In terms of the Euclidean inner product (.,.) on R?? the
symplectic form Q can be expressed as follows:

pause

N o / _ 0 Id
Q(z,2') = (Jz,Z') for J—(_ld 0 )

A° = {z e R :2™N2) — 1 forall XeAl

o (w1 =

i
it
N
el
]
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Adjoint lattice
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where the standard symplectic form Q of z = (x,w) and
7z = (y,n) is defined by

Qz,Z)y=y - w—x-n.

Consequently, the dual group of RY x R9 is R x RY.
In terms of the Euclidean inner product (.,.) on R?? the
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Hilbert C*(A°,€)-module

There is an analogous result for the opposite C*-algebra of
C*(N°,¢), i.e. C*(N°,2).

g - o D m(X°)*egb(X°) beS(N°),g € S(RY)
A°eN°
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Hilbert C*(A°,€)-module

There is an analogous result for the opposite C*-algebra of
C*(N°,¢), i.e. C*(N°,2).

g-mae(b) = > w(\°)"gh(X°) be S(A°),g € SRY)
A°EeN°

(f.8)ne =Y _7(\°) (g, 7(\°)f) f,g € MI(RY)
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Hilbert C*(A°,€)-module

There is an analogous result for the opposite C*-algebra of
C*(N°,¢), i.e. C*(N°,2).

g-mae(b) = > w(\°)"gh(X°) be S(A°),g € SRY)
A°EeN°

(f.g)ne =) m(\) (g, m(\)f) f.g € Mi(RY)

MZL(R9) becomes a full right Hilbert C*(A°, ¢)-module Vo
w.r.t to right action on MX(R?) and the inner product (., .)pc
when completed w.r.t. |[f|ao = ||(f, f>/\,Hép2.
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Hilbert C*(A°,C)-module

There is an analogous result for the opposite C*-algebra of
C*(N°,¢), i.e. C*(N°,2).

g-mae(b) = > w(\°)"gh(X°) be S(A°),g € SRY)
A°eNe

(f.g)ne =) m(\) (g, m(\)f) f.g € Mi(RY)

MZL(R?) becomes a full right Hilbert C*(A°,€)-module Vo

w.r.t to right action on MX(R?) and the inner product (., .)ae
1/2
p .

when completed w.r.t. ||f|lac = [[{(f, F)rc]lo
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Associativity condition

Poisson summation formula for the symplectic Fourier
transform:

STFO) =vol(A)t Y F(\).

AEN A°eN°

> (. (Mg (m(A)h k) = vol(A) ™ D (F,m(A)k)(m(A°)h, g).

AEA Aeene
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Y (Mg (m(N)h, k) = vol(\)™F D (F.w(A°)k) (m(A°)h, g).
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Associativity Condition

m If f,g € S(RY), then V,f € S(R?).
Suppose fi, >, g1, 82 € S(RY).
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Associativity Condition

m If f,g € S(RY), then V,f € S(R?).
u Suppose ﬁ.: f2ag17g2 € S(Rd)

_—

(Vaufi - Vo)) = (Vo - Vio1)(2)

For f,g, h € S(RY) we have that

> (F,m(N)g)(m(A)h = vol(AN) 1 Y (h,w(X°)g)m(A)F,
e

AEN

The inner products A(.,.) and (., .)po satisfy Rieffel’s
associativity condition
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Associativity Condition

m If f,g € S(RY), then V,f € S(R?).
m Suppose f1, 2, g1, 8 € S(RY).

o —

(Vafi - Ve, 2)(2) = (Vi fr - Vio81)(2)

lomme:

For f,g,h € S(RY) we have that

Y (Fr(Ng)(m(A)h = vol(A) ™ D (h,m(A°)g)m(A°)f,

AEN ACeN°

The inner products A(.,.) and (., .)a satisfy Rieffel’s
associativity condition

/\<fg> ~h= f<g h>/\"
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Associativity Condition

m If f,g € S(RY), then V,f € S(R?).
m Suppose f1, 2, g1, 8 € S(RY).

o —

(Vafi - Ve, 2)(2) = (Vi fr - Vio81)(2)

For f,g,h € S(RY) we have that

Y (Fr(Ng)(m(A)h = vol(A) ™ D (h,m(A°)g)m(A°)f,

AEN ACeN°

The inner products A(.,.) and (., .)a satisfy Rieffel’s
associativity condition

A g) - h=1f(g, hr
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Vector bundles over noncommutative tori

Theorem:

C*(A, c¢) and C*(A°,€) are Morita-Rieffel equivalent.
Moreover, S(R?) is an equivalence bimodule between
A>(A, c) and A>®(A°,C).

Theorem:

S(RY) is a finitely generated projective right A®(A°,€), =
there exist g1, ..., gp in S(Rd)

n n
/ \ / \
= § IXGY-ORN - § f(gi,&i)ne-
=l =
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Vector bundles over noncommutative tori

Theorem:

C*(A, c¢) and C*(A°,€) are Morita-Rieffel equivalent.
Moreover, S(R?) is an equivalence bimodule between
A>(A, c) and A>®(A°,C).

Theorem:

S(RY) is a finitely generated projective right A>(A°,€),i.e.
there exist g1, ..., g, in S(RY)

n n
= Z/\<f7gi> “8i = Z f<gi7gi>/\°'
i=1 i=1

n
AEF) =D algi F)a(F, &)
i=1
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Vector bundles over noncommutative tori

Theorem:

C*(A, c¢) and C*(A°,€) are Morita-Rieffel equivalent.
Moreover, S(R?) is an equivalence bimodule between
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Vector bundles over noncommutative tori

Theorem:

C*(A, c¢) and C*(A°,€) are Morita-Rieffel equivalent.
Moreover, S(R?) is an equivalence bimodule between
A>(A, c) and A>®(A°,C).

Theorem:

S(RY) is a finitely generated projective right A>(A°,€),i.e.
there exist g1, ..., g, in S(RY)

n n
= Z/\<f7gi> “8i = Z f<gi7gi>/\°'
i=1 i=1

n

A F) = algi alf, &)

i=1
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Frames for Hilbert and Banach spaces

m A sequence g; : j € J in a Hilbert space H is a frame if
there exists positive constants A, B such that for all f € H

AllflI3 < > I(F. ) < BIIFII3 (1)
jed

analysis operator: Cf = {(f,gj) : j € J}
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Frames for Hilbert and Banach spaces

m A sequence g; : j € J in a Hilbert space H is a frame if
there exists positive constants A, B such that for all f € H

AllflI3 < > I(F. ) < BIIFII3 (1)
jed

m analysis operator: Cf = {(f,gj) : j € J}
synthesis operator: Dc =}, ¢jg; for ¢ = (¢j)jes
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Frames for Hilbert and Banach spaces

m A sequence g; : j € J in a Hilbert space H is a frame if
there exists positive constants A, B such that for all f € H

AllflI3 < > I(F. ) < BIIFII3 (1)
jed

m analysis operator: Cf = {(f,gj) : j € J}
= synthesis operator: Dc =}, ¢jgj for ¢ = (¢j)jey
frame operator: Sf = DCf =3 . /(f,gj)g;
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Frames for Hilbert and Banach spaces

m A sequence g; : j € J in a Hilbert space H is a frame if
there exists positive constants A, B such that for all f € H

AllflI3 < > I(F. ) < BIIFII3 (1)
jed

m analysis operator: Cf = {(f,gj) : j € J}
= synthesis operator: Dc =}, ¢jgj for ¢ = (¢j)jey

m frame operator: 5f = DCf =3 . /(f. g))g;
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Frames for Hilbert and Banach spaces

m A sequence g; : j € J in a Hilbert space H is a frame if
there exists positive constants A, B such that for all f € H

AllflI3 < > I(F. ) < BIIFII3 (1)
jed

m analysis operator: Cf = {(f,gj) : j € J}
= synthesis operator: Dc =}, ¢jgj for ¢ = (¢j)jey

m frame operator: 5f = DCf =3 . /(f. g))g;

Basic fact: {gj:j € J} is a frame for H <, then the frame
operator S is a positive invertible operator on H.
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Frames for Hilbert and Banach spaces

m A sequence g; : j € J in a Hilbert space H is a frame if
there exists positive constants A, B such that for all f € H

AllflI3 < > I(F. ) < BIIFII3 (1)
jed

m analysis operator: Cf = {(f,gj) : j € J}
m synthesis operator: Dc =}, ¢;g; for ¢ = (¢j)jey

m frame operator: 5f = DCf =3 . /(f. g))g;

Basic fact: {gj:j € J} is a frame for H <, then the frame
operator S is a positive invertible operator on H.
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Frames for Hilbert and Banach spaces

Another useful reformulation of the notion of frames:
Let g ® h be the rank one operator defined by
(g ® h)f = (f,g)h. Then

A-IHSZg,@ng B - Iy,
jed
the series converges in the strong operator topology.
Frames are of relevance because they allow the construction of
(non-orthogonal) expansions.
m If {g;:j € J} is a frame for H, then {S71g;:j€ J}isa
frame with frame bounds B~1, A~1 f € H and
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Frames for Hilbert and Banach spaces

Another useful reformulation of the notion of frames:
Let g ® h be the rank one operator defined by
(g ® h)f = (f,g)h. Then

A"HSE&}'@&'SB‘I’Ha
jed

the series converges in the strong operator topology.
Frames are of relevance because they allow the construction of
(non-orthogonal) expansions.
m If {g;:j € J} is a frame for H, then {S71g;:j€ J}isa
frame with frame bounds B~1, A~1 f € H and

F=> (f.5'g)g. (2)

jed
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Gabor frames

Let G(g,N\) = {m(\)g : A € A} be a Gabor system.
analysis operator: C,f = ((f,m(\)g))xen
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Gabor frames

Let G(g,N\) = {m(\)g : A € A} be a Gabor system.
m analysis operator: C,f = ((f,m(\)g))ren

synthesis operator: Dga =) 5 a(A)7(A)f
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Gabor frames

Let G(g,N\) = {m(\)g : A € A} be a Gabor system.
m analysis operator: C,f = ((f,m(\)g))ren

m synthesis operator: Dga =), 5 a(\)7(\)f
frame operator: Sy af =) A (F,7m(N)g)m(N)g
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Gabor frames

Let G(g,N\) = {m(\)g : A € A} be a Gabor system.
m analysis operator: C,f = ((f,m(\)g))ren
m synthesis operator: Dga =), 5 a(\)7(\)f
m frame operator: S, Af =\ A(F, T(N)g)T(N)g

G(g,N) is a frame for L2(RY) if S; A is invertible on
L[2(RY).
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Gabor frames

Let G(g,N\) = {m(\)g : A € A} be a Gabor system.
m analysis operator: C,f = ((f,m(\)g))ren
m synthesis operator: Dga =), 5 a(\)7(\)f
m frame operator: S, Af =\ A(F, T(N)g)T(N)g

= G(g.N) is a frame for L2(RY) if S, A is invertible on
L2(RY).
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Gabor frames

Let G(g,N\) = {m(\)g : A € A} be a Gabor system.
m analysis operator: C,f = ((f,m(\)g))ren
m synthesis operator: Dga =), 5 a(\)7(\)f
m frame operator: S, Af =\ A(F, T(N)g)T(N)g
= G(g.N) is a frame for L2(RY) if S, A is invertible on
L2(RY).
Allf]3 < Z\ f.n(Ng)* < B|f|3
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Gabor frames

Let G(g,N\) = {m(\)g : A € A} be a Gabor system.
m analysis operator: C,f = ((f,m(\)g))ren
m synthesis operator: Dga =), 5 a(\)7(\)f
m frame operator: S, Af =\ A(F, T(N)g)T(N)g
= G(g.N) is a frame for L2(RY) if S, A is invertible on
L2(RY).
AlIfIE < I(F.w(Ng)? < BIIFI3
AeA

Invertibility of S, A is the main problem in Gabor analysis.
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Gabor frames

Let G(g,N\) = {m(\)g : A € A} be a Gabor system.
m analysis operator: C,f = ((f,m(\)g))ren
m synthesis operator: Dga =), 5 a(\)7(\)f
m frame operator: S, Af =\ A(F, T(N)g)T(N)g
= G(g.N) is a frame for L2(RY) if S, A is invertible on
L2(RY).
AlIfIE < I(F.w(Ng)? < BIIFI3
DY
Invertibility of S; A is the main problem in Gabor analysis.
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Discrete reconstruction

STISF = (f,m(N)S Tg)m(N)g

AEA
= ST =) (f,r(Ng)m(V)S g
AEN
= ST2SSTIRF =), m(N)S T 2g)m(N) S 2.

XS

. 5._ (ch -1
m canonical dual atom g := (S;,) g

= canonical tight atom ho := (S} ,)"%/%g
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Transmission of signals — Denis Gabor

m Let (ax)kez be a word and a pulse g € L?(R). Then one

sends
F(t) = ag(t— k).

kEZ

How to transmit a family a = (a(/)),cz of words
al) = (ak.1)kez? Send al) on frequency band 8/, i.e.

Luef, Franz On the structure of vector bundles over noncommutative tori



Transmission of signals — Denis Gabor

m Let (ax)kez be a word and a pulse g € L?(R). Then one

sends
F(t) = ag(t— k).

kEZ

m How to transmit a family a = (a(’))lez of words
al) = (ak,1)kez? Send a() on frequency band 0/, i.e.

fi(t) = Mo (D awig(t — k).

keZ

Gabor series

()= akiMy Teg(t).

Z k,1€Z

-
—
~
~
I
)

=} = = = £ DA
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Transmission of signals — Denis Gabor

m Let (ax)kez be a word and a pulse g € L?(R). Then one

sends
F(t) = ag(t— k).

kEZ

m How to transmit a family a = (a(’))lez of words
al) = (ak,1)kez? Send a() on frequency band 0/, i.e.

fi(t) = Mo (D awig(t — k).

keZ

m Gabor series

f(t) = Z fi(t) = Z ak,1Mp; Trg(t).

IeZ k,IEZ.
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Vector bundles over noncommutative tori — Gabor

m Generators of Hilbert C*-modules generate a
multi-window Gabor frame for L2(RY)

15 =D > It e(Nai) P
i=1 AeA
f € S(RY) if and only if

Z\ . V(14 |A[?)*/? < 0o forall s> 0.
AeA

Every f € S(RY) has a representation of the form:

> ven {F,m(A)g)] (1 4 [A]?)%/2 < oo defines an important
Banach space: M (R
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Vector bundles over noncommutative tori — Gabor

Generators of Hilbert C*-modules generate a
multi-window Gabor frame for L2(RY)

15 =D > It e(Nai) P
i=1 AeA
f € S(R) if and only if

Z| T(M\)g)|(1 + |A?)*? < 0o forall s> 0.
AEN

Every f € S(R?) has a representation of the form:

F= Z Z(f, m(A)gi)m(N)gi

i=1 XeA

doen (fim(N)g >|(1 + [A?)%/2 < oo defines an important
Banach space: M1(RY). Oy S «Zr» < Er T 9AC
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Modulation spaces

= Modulation spaces M?9(R9)

I£lle = ([ ([ 16 ) P+ x4 w2) 2 Ok
R

ME9(R?) is the minimal is invariant under
time-frequency shifts and we have that
m(x,w)ellup = velx, )l g s
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Modulation spaces

= Modulation spaces M?9(R9)

I£lle = ([ ([ 16 ) P+ x4 w2) 2 Ok
R

m MP9(RY) is the minimal is invariant under
time-frequency shifts and we have that
[7(x, w)gllmpas = vs(x,w)llg |l mpas
Modulation spaces have found applications in
approximation theory, Brownian motion, PDEs, music,
pseudodifferential operators, time-frequency analysis, etc.
Feichtinger’s algebra M*(R?) often denoted by Sp(R9)
useful space of test functions. Its dual M>*(IR9) contains
distributions such as Dirac’s delta distribution.
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Modulation spaces

= Modulation spaces M?9(R9)

IFllge =[] m(xg) P+ 4wl2) 2 o
R

m MP9(RY) is the minimal is invariant under
time-frequency shifts and we have that
Im(x, w)gllmpa = vs(x, w)llgll mpas.

m Modulation spaces have found applications in
approximation theory, Brownian motion, PDEs, music,
pseudodifferential operators, time-frequency analysis, etc.

m Feichtinger’s algebra M*(R9) often denoted by So(RY)

useful space of test functions. Its dual M>(R9) contains

distributions such as Dirac’s delta distribution.
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Modulation spaces

Modulation spaces M£*9(R9)

IFllge =[] m(xg) P+ 4wl2) 2 o
R

m MP9(RY) is the minimal is invariant under
time-frequency shifts and we have that
I (x, w)gl|mea = vs(x, w)l|g]lmeas

m Modulation spaces have found applications in
approximation theory, Brownian motion, PDEs, music,
pseudodifferential operators, time-frequency analysis, etc.

m Feichtinger’s algebra M*(R9) often denoted by So(RY)
useful space of test functions. Its dual M>(R9) contains
distributions such as Dirac’s delta distribution.

m Sjostrand’s class M;’o’l(RZd): important class of symbols

of pseudodifferential operators and of transmission
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Function spaces as equivalence bimodule

Quote from Rieffel's seminal paper:
We need suitable spaces of functions for the construction of
equivalence bimodules between noncommutative tori.
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Function spaces as equivalence bimodule

Quote from Rieffel's seminal paper:
We need suitable spaces of functions for the construction of
equivalence bimodules between noncommutative tori.

In the present context this means we need a space of functions
on RY which behaves well under both the Fourier transform
and restriction to subgroups.
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Function spaces as equivalence bimodule

Quote from Rieffel's seminal paper:
We need suitable spaces of functions for the construction of
equivalence bimodules between noncommutative tori.

In the present context this means we need a space of functions
on RY which behaves well under both the Fourier transform
and restriction to subgroups.

As suggested by Weil, the appropriate space is the space S(RY)
of Schwartz functions.
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Function spaces as equivalence bimodule

Quote from Rieffel's seminal paper:
We need suitable spaces of functions for the construction of
equivalence bimodules between noncommutative tori.

In the present context this means we need a space of functions
on RY which behaves well under both the Fourier transform
and restriction to subgroups.

As suggested by Weil, the appropriate space is the space S (]Rd)
of Schwartz functions.

Feichtinger constructed a Banach algebra in 1980, So(Mjid),
that turned out to be a very important substitute of the
Schwartz space.
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Function spaces as equivalence bimodule

Quote from Rieffel's seminal paper:
We need suitable spaces of functions for the construction of
equivalence bimodules between noncommutative tori.

In the present context this means we need a space of functions
on RY which behaves well under both the Fourier transform
and restriction to subgroups.

As suggested by Weil, the appropriate space is the space S (]Rd)
of Schwartz functions.

Feichtinger constructed a Banach algebra in 1980, So(RY),
that turned out to be a very important substitute of the
Schwartz space.
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Function spaces as equivalence bimodule

Quote from Rieffel's seminal paper:
We need suitable spaces of functions for the construction of
equivalence bimodules between noncommutative tori.

In the present context this means we need a space of functions
on RY which behaves well under both the Fourier transform
and restriction to subgroups.

As suggested by Weil, the appropriate space is the space S (]Rd)
of Schwartz functions.

Feichtinger constructed a Banach algebra in 1980, So(RY),
that turned out to be a very important substitute of the
Schwartz space. Shortly, after he introduced the class of
modulation spaces MZ'9(R9) and it turned out that Sp(RY) is
the modulation space M*(RY).
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Vector bundles over noncommutative tori

ML(R?) is an equivalence bimodule between Aqgs(A, ¢) and
AL(A°,©).

Theorem:

ML(R?) is a finitely generated projective right AL(A°,€),
there exist g1, ..., gp in Msl(Rd)

n n

f=> alf.&) 8= flagigin-

i=1 i=1
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Vector bundles over noncommutative tori

ML(R?) is an equivalence bimodule between Aqgs(A, ¢) and
AL(A°,©).

Theorem:

ML(RY) is a finitely generated projective right AL(A°,€),i.e.
there exist g1, ..., g, in M(RY)

n n
f= Z/\<f7gi> “8i = Z f<gi7gi>/\°'
i=1 i=1

n
AL ) = § A&i, F)A(E, &)
=1l

R
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Vector bundles over noncommutative tori

ML(R?) is an equivalence bimodule between Aqgs(A, ¢) and
AL(A°,©).

ML(RY) is a finitely generated projective right AL(A°,€),i.e.
there exist g1, ..., g, in M(RY)

n n
F=Y alf.&) &= flg,8&n
i=1 i=1
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Vector bundles over noncommutative tori

ML(R?) is an equivalence bimodule between Aqgs(A, ¢) and
AL(A°,©).

ML(RY) is a finitely generated projective right AL(A°,€),i.e.
there exist g1, ..., g, in M(RY)

n n
F=Y alf.&) &= flg,8&n
i=1 i=1
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Structure of projective modules over
noncommutative tori

m Suppose vol(A) € [n —1,n). Then Vj has n generators
81, .-, & € MX(RY). Proof relies on duality theory of
Gabor frames.
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| Structure of projective modules over
5| noncommutative tori

m Suppose vol(A) € [n —1,n). Then Vj has n generators
g1y, & € ML(RY). Proof relies on duality theory of
Gabor frames.

dim g (MA(R)) = vol(A) (|13 + - l€l3) = oty
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| Structure of projective modules over

2
5
/&)

noncommutative tori

m Suppose vol(A) € [n —1,n). Then Vj has n generators
g1y, & € ML(RY). Proof relies on duality theory of
Gabor frames.

m dim e (M3 (RY)) = vol(A)"*(llgrll3 + - &nl3) = itayy
Feichtinger-Kaiblinger showed in particular that the set of
Gabor frames G(go, \) with go € ML(RY) is open, i.e.
there exists a ¢ > 0 such that for |[g — gol[pn < € then

G(g, ) is also a Gabor frame.
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m Suppose vol(A) € [n —1,n). Then Vj has n generators
g1y, & € ML(RY). Proof relies on duality theory of
Gabor frames.

n dim e (MI(R)) = vol(A) (g1 3 + - - &) =
m Feichtinger-Kaiblinger showed in particular that the set of
Gabor frames G(go, A) with g € M2(RY) is open, i.e.
there exists a € > 0 such that for ||g — go|m: < € then
G(g, ) is also a Gabor frame.

The same holds true for close lattices ||A — N'|| < 0.
Note, that [|g — golln < Cllg —gollm: <€
These results are the starting point for understanding the

quantum metric structure of vector bundles over
noncommutative tori.
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Structure of projective modules over

noncommutative tori

m Suppose vol(A) € [n —1,n). Then Vj has n generators
g1, ..., &n € ML(RY). Proof relies on duality theory of
Gabor frames.

n dim e (MI(R)) = vol(A) (g1 3 + - - &) =

m Feichtinger-Kaiblinger showed in particular that the set of
Gabor frames G(go, A) with g € M2(RY) is open, i.e.
there exists a € > 0 such that for ||g — go|m: < € then
G(g, ) is also a Gabor frame.

m The same holds true for close lattices ||A — A'|| < 4.

= Note, that [|g — golla < Cllg — gollm: <€

m These results are the starting point for understanding the

quantum metric structure of vector bundles over
noncommutative tori.
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Rank-one module operators — Gabor frame
operators

@’g\,hf = A(f,g) - h and its adjoint is @ﬁ’g, aka Gabor
frame-type operators 5?7,7

There are various criteria about the invertibility of the Gabor
frame operator.
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Rank-one module operators — Gabor frame
operators

@’g\,hf = A(f,g) - h and its adjoint is @ﬁ’g, aka Gabor
frame-type operators Sé\,h

There are various criteria about the invertibility of the Gabor
frame operator.

For g € MY(RY) the Gabor frame operator @Qg is
invertible if and only if the analysis operator Cé\ is
one-to-one from M(R?)" to £>°(A).
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@’g\,hf = A(f,g) - h and its adjoint is @ﬁ’g, aka Gabor

frame-type operators 5?7,7

There are various criteria about the invertibility of the Gabor

frame operator.

m For g € M'(RY) the Gabor frame operator @Qg is
invertible if and only if the analysis operator Cé\ is
one-to-one from M*(R9)’ to £°(A).

For g € M*(R9) the Gabor frame operator @Q‘g is

invertible if and only if the synthesis operator DgA, is
one-to-one from ¢*°(A) to M*(R9).
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@’g\,hf = A(f,g) - h and its adjoint is @Q’g, aka Gabor
frame-type operators Sé\’h

There are various criteria about the invertibility of the Gabor
frame operator.

m For g € M'(RY) the Gabor frame operator @Qg is
invertible if and only if the analysis operator Cé\ is
one-to-one from M*(R9)’ to £°(A).

m For g € MY(RY) the Gabor frame operator eg,g is

invertible if and only if the synthesis operator DQ is
one-to-one from ¢>*(A) to M*(RY).
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m For g € MY(R?) the Gabor frame operator has as Weyl
symbol oz n = > \cp TAW(g,g) € M (R??), where
W(g,g)(x,w) = [ f(x — £)g(x + £)e 2™ “tdt is the
Wigner distribution.

Then @Q_g is invertible if and only if oz A is invertible in

M>>-1(R29) with respect to twisted convolution.
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Rank-one module operators — Gabor frame

operators

m For g € MY(R?) the Gabor frame operator has as Weyl
symbol oz n = > \cp TAW(g,g) € M (R??), where
W(g,g)(x,w) = [ f(x — £)g(x + £)e 2™ “tdt is the
Wigner distribution.

Then @’g\,g is invertible if and only if oz A is invertible in
M>>1(R29) with respect to twisted convolution.

Suppose G(g, ) is a Gabor frame for L?(R?) with

g € MI(RY). Then Y\ A (£, m(N)g)|(1 + |A[?)*/? defines

an equivalent norm for M1(R?), i.e. there exists a

constant C > 1 such that

Luef, Franz On the structure of vector bundles over noncommutative tori



Rank-one module operators — Gabor frame

operators

m For g € MY(RY) the Gabor frame operator has as Weyl
symbol ogp = Z/\e,\ Ty W(g,g) € M>1(R29), where
W(g,g)(x,w) = fR f(x — $)g(x + §)e >™“tdt is the
Wigner distribution.

Then @’g\,g is invertible if and only if oz A is invertible in
M>>1(R29) with respect to twisted convolution.

m Suppose G(g, A) is a Gabor frame for L2(R9) with
g € MLR?). Then 3", p [(F, m(N)g)|(1 + [A|?)*/? defines
an equivalent norm for M1(R?), i.e. there exists a
constant C > 1 such that

C Yl < Z\f‘ (1 -+ [A2)*/2 < C|If |
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Gabor frame

m For g € MY(R?) the Gabor frame operator has as Weyl
symbol oz A = Z/\e,\ TA W(g,g) € M>1(R29), where
W(g,g)(x,w) fR g(x + £)e ™t is the
Wigner distribution.

Then @Q,g is invertible if and only if oz A is invertible in
M>>1(R29) with respect to twisted convolution.

m Suppose G(g, A) is a Gabor frame for L2(R9) with
g € MLR?). Then 3", p [(F, m(N)g)|(1 + [A|?)*/? defines
an equivalent norm for M(R?), i.e. there exists a
constant C > 1 such that

CHIfllmp < D IKF 7N+ AP < Clifllag
AEA
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Rank-one module operators — Gabor frame

operators

m For g € MY(R?) the Gabor frame operator has as Weyl
symbol oz A = Z/\e,\ TA W(g,g) € M>1(R29), where
W(g,g)(x,w) fR g(x + £)e ™t is the
Wigner distribution.

Then @Q,g is invertible if and only if oz A is invertible in
M>>1(R29) with respect to twisted convolution.

m Suppose G(g, A) is a Gabor frame for L2(R9) with
g € MLR?). Then 3", p [(F, m(N)g)|(1 + [A|?)*/? defines
an equivalent norm for M(R?), i.e. there exists a
constant C > 1 such that

CHIfllmp < D IKF 7N+ AP < Clifllag
AEA

m In particular,
lgllz < Yreallg, TN+ N2 < Cllglg. -
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Rank-one module operators — Gabor frame

operators

m For g € MY(R?) the Gabor frame operator has as Weyl
symbol oz A = Z/\e,\ TA W(g,g) € M>1(R29), where
W(g,g)(x,w) fR g(x + £)e ™t is the
Wigner distribution.

Then @Q,g is invertible if and only if oz A is invertible in
M>>1(R29) with respect to twisted convolution.

m Suppose G(g, A) is a Gabor frame for L2(R9) with
g € MLR?). Then 3", p [(F, m(N)g)|(1 + [A|?)*/? defines
an equivalent norm for M(R?), i.e. there exists a
constant C > 1 such that

CHIfllmp < D IKF 7N+ AP < Clifllag
AEA

m In particular,
lgllz < Yreallg, TN+ N2 < Cllglg. -
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Janssen-Ron-Shen duality theorem

Line bundles over noncommutative tori have a rich structure:

m G(g, M) is a Gabor frame with frame constants A, B for
L?(R¥) if and only if G(g,A°) is a Riesz basis for L?(R?),
i.e. if there exist positive constants C, D > 0 such that for
all finite sequences (ayo)rcepe We have that

CY laclP<ll D) aen(X)gl3<D Y axe”
AoEN® AeeAe AeeAe
In fact, the corresponding condition numbers are equal,
ie. B/JA=D/C.

This fact lies at the heart of real-world applications, e.g.
wireless communication.
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Projections in noncommutative tori

Recall p is called a projection if p = p* = p?.

Let G(g,\) be a Gabor system on L?(R%).
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Projections in noncommutative tori

Recall p is called a projection if p = p* = p?.

Let G(g, ) be a Gabor system on L2(R9).Then p. — 1z o) s
a projection in C*(A, ¢) if and only if one of the following
condition holds:
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Projections in noncommutative tori

Recall p is called a projection if p = p* = p?.

Let G(g,\) be a Gabor system on L2(R?).Then p, = alg, g) is
a projection in C*(A, ¢) if and only if one of the following
condition holds:

G(g, M) is a tight Gabor frame for L?(R9).
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Projections in noncommutative tori

Recall p is called a projection if p = p* = p?.

Let G(g,\) be a Gabor system on L2(R?).Then p, = alg, g) is
a projection in C*(A, ¢) if and only if one of the following
condition holds:

m G(g, ) is a tight Gabor frame for L?(R9).
G(g,\°) is an orthogonal system.
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Projections in noncommutative tori

Recall p is called a projection if p = p* = p?.

Theorem:

Let G(g,\) be a Gabor system on L2(R?).Then p, = alg, g) is
a projection in C*(A, ¢) if and only if one of the following
condition holds:

m G(g, ) is a tight Gabor frame for L?(R9).
m G(g,/\°) is an orthogonal system.

(g, 8)n = 1.
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Projections in noncommutative tori

Recall p is called a projection if p = p* = p?.

Theorem:

Let G(g,\) be a Gabor system on L2(R?).Then p, = alg, g) is
a projection in C*(A, ¢) if and only if one of the following
condition holds:

m G(g, ) is a tight Gabor frame for L?(R9).
m G(g,/\°) is an orthogonal system.

u <g7g>/\° =1
(g, m(A°)g) = vol(A)dye o for all A° € A°.
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Projections in noncommutative tori

Recall p is called a projection if p = p* = p?.

Let G(g,\) be a Gabor system on L2(R?).Then p, = alg, g) is
a projection in C*(A, ¢) if and only if one of the following
condition holds:

m G(g, ) is a tight Gabor frame for L?(R9).
m G(g,/\°) is an orthogonal system.
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Projections in noncommutative tori

Recall p is called a projection if p = p* = p?.

Theorem:

Let G(g,\) be a Gabor system on L2(R?).Then p, = alg, g) is
a projection in C*(A, ¢) if and only if one of the following
condition holds:

m G(g, ) is a tight Gabor frame for L?(R9).
m G(g,/\°) is an orthogonal system.

u <g7g>/\° = 1.
m (g, m(A°)g) = vol(A)dre o for all A° € A°.
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Projections in noncommutative tori

Recall p is called a projection if p = p* = p?.

Theorem:

Let G(g,\) be a Gabor system on L2(R?).Then p, = alg, g) is
a projection in C*(A, ¢) if and only if one of the following
condition holds:

m G(g, ) is a tight Gabor frame for L?(R9).
m G(g,/\°) is an orthogonal system.

u <g7g>/\° = 1.
m (g, m(A°)g) = vol(A)dre o for all A° € A°.

In particular the canonical tight Gabor atom hg := (Sé\’g)_lﬂg
yields a projection pp, in C*(A, c).
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Projections in noncommutative tori — continued

Let g be in AVio. Then P, := (g, g) is a projection in
C*(A, c) if and only if g(g,g)re = g. If g € ML(R) or .#(R),
then P, gives a projection in AL(A, c) or A®(A, c),
respectively.
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Projections in noncommutative tori — continued

Let g be in AVio. Then P, := (g, g) is a projection in
C*(A, c) if and only if g(g,g)re = g. If g € ML(R) or .#(R),
then P, gives a projection in AL(A, c) or A®(A, c),
respectively.

First we assume that g(g, g)ac = g for some g in AVjo. Then
we have that

P2 =g, 8)nlg.8) = a{n(g. 8)8. &) = nlg(g. &)n>,8) = A8, 8)
and P; = Py.
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Projections in noncommutative tori — continued

Let g be in AVio. Then P, := (g, g) is a projection in
C*(A, c) if and only if g(g,g)re = g. If g € ML(R) or .#(R),
then P, gives a projection in AL(A, c) or A®(A, c),
respectively.

First we assume that g(g, g)ac = g for some g in AVjo. Then
we have that

P2 = (g, 8)n(8.8) = A (r(8.8)8.8) = n(8(8,8)r,8) = A (8. &)
and P; = Py.

Now we suppose that a(g, g) is a projection in C*(A, ¢). Then

an elementary computation yields the assertion:
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Projections in noncommutative tori — continued

Let g be in AVio. Then P, := (g, g) is a projection in
C*(A, c) if and only if g(g,g)re = g. If g € ML(R) or .#(R),
then P, gives a projection in AL(A, c) or A®(A, c),
respectively.

First we assume that g(g, g)ac = g for some g in AVjo. Then

we have that

P2 = (g, 8)n(8.8) = A (r(8.8)8.8) = n(8(8,8)r,8) = A (8. &)
and P; = Py.

Now we suppose that a(g, g) is a projection in C*(A, ¢). Then

an elementary computation yields the assertion:

Aglg.e)r —g.8(g.8)n —g) = 0.

=} = = = £ DA
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Consequences

The unit sphere of the Hilbert C*(A°,€)-module V) is
defined by S(Viao) = {g € Vo : (g, g)a> = I}, which is the set
of all tight Gabor frames.

gi(t) = (2)4e ™ a Gaussian, g(t) = (5)/2 k- the

hyperbolic secant and gz(t) = e ™!l the two-sided exponential.
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Consequences

The unit sphere of the Hilbert C*(A°,€)-module V) is
defined by S(Viao) = {g € Vo : (g, g)a> = I}, which is the set
of all tight Gabor frames.

gi(t) = (2)Y4e ™ a Gaussian, gy(t) = (Z)/2 L the

cosh(nt)
hyperbolic secant and g3(t) = e~ ™Il the two-sided exponential.

Let A = oZ x BZ. Then pg, = a(gi, gi) is a projection in
C*(A, c) if and only if a8 < 1.
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C*(A, ¢) if and only if af < 1.
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Consequences

The unit sphere of the Hilbert C*(A°,€)-module V) is
defined by S(Viao) = {g € Vo : (g, g)a> = I}, which is the set
of all tight Gabor frames.

gi(t) = (2)Y4e ™ a Gaussian, gy(t) = (Z)/2 L the

cosh(nt)
hyperbolic secant and g3(t) = e~ ™Il the two-sided exponential.

Let A = aZ x BZ. Then p,, = a(gi, gi) is a projection in
C*(A, ¢) if and only if af < 1.

The case of the Gaussian gy is known as Boca’s projection. In
Manin's work pg, = a(g1,81) appear as quantum theta
functions.
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