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Definitions

Let W* denote the category of von Neumann algebras and unital
normal *-homomorphisms.

Let °W* denote the opposite of W*:

@ The objects of °W* are von Neumann algebras, denoted ° M
instead of M.

@ The morphisms of °W* from °M to ° are unital normal
*-homomorphisms from N to M, denoted °7 : °’M — °N
instead of 7 : N — M.
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We'll view each object of “W* as something like a set, and each
morphism of °W* as something like a function.

Terminology

If M is a von Neumann algebra, then °M is a (quantum)
collection.

Terminology

If 7 : N'— M is a unital normal x-homomorphism, then
°m : °M — °N is a (quantum) function.

If M is the algebra of observables of some quantum system, then
° M is the collection of its configurations.
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Sets are collections

Let Set denote the category of sets and functions.

There's a full and faithful functor °¢*° : Set — °W* that

@ takes each set to its von Neumann algebra of bounded
functions, and

@ takes each function f : X — Y to the quantum function
°4>®(X) — °¢>°(Y) given by precomposition with f.

Thus, Set is a subcategory of °W*, and a quantum function
between two sets is just a function in the ordinary sense.
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Set is bicartesian closed

The category Set is bicartesian closed:
e Set has an initial object. (0)
@ Set has a terminal object. ({x})
@ Set has all binary coproducts. (X U Y)
@ Set has all binary products. (X x Y)
o Set has all exponentials. (XY = {f:Y — X})

A category has all exponentials in case for every object Y, the
functor (—) x Y has a right adjoint, denoted (—)Y.

Hom(X x Y, Z) = Hom(X,Z")
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is not bicartesian closed

O

@ °W* has an initial object. (
@ °W* has a terminal object. (O(C)
@ °W* has all binary coproducts. (°(M @ N))
e °W* has all binary products. (°(M * N))
| call M x N the free product of M and N because it's analogous
to the free product of C*-algebras. It's different than Voiculescu's
free product. For example, C? x C2 isn't o-finite.

The category °W* fails to have all exponentials.
C2%x(CoC) 2 (C2xC)d (C?xC)
Apply category theory.
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°W* is a closed monoidal category

The usual tensor product construction yields a functor
—®—: W* x W* — W*,

e (W*, ®) is a symmetric monoidal category.

e (PW* ,®) is a symmetric monoidal category.

Theorem

The symmetric monoidal category ("W*, ®) is closed:

For every collection °/, the functor °(—®AN) has right adjoint,
denoted by °(—*V).

Hom(°(R®N), M) = Hom(°R, °(M*))
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The story of “W*

If M and N are von Neumann algebras, and 7 : M — N is a
unital normal x-homomorphism, then we say:

@ °M and °N are collections.

Q °m:°N — °M is a function.

@ °(M & N) is the disjoint union of °M and °N.

Q °(M®N) is the Cartesian product of °M and °N.

Q °(M*N) is the collection of functions from °A/ to °M.
o

°(M x N) is the collection of functions from {0,1} to the
disjoint union of °M and °/, whose value on 0 is in °M and
whose value on 1 is in °A/.
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Free exponential von Neumann algebra

| call the von Neumann algebra M*V the free exponential of M
and V. It comes with a coevaluation morphism:

M —5 s MNGN

\ %@1

RN
The free exponential is a quantum monoid with counit ~y, and
cocomposition k:

M —E 5 MMBM M—= s M*MBIM

N ek =

CaM  MMgm 85 MG MMBM
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Unital normal completely positive maps

Let M C B(H) and N’ C B(K) be von Neumann algebras.

A linear map ¢ : M — N is said to be completely positive in case
for each square matrix [mj;] € M,(M),

[mj] >0 = [(my)] >0.

Proposition

A function ¢ : M — N is a unital normal completely positive
linear map iff there is a Hilbert space £ and an isometry
v: K = H ® L such that

P(m) = v (m®1)v.
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Probabilistic functions

Terminology

If b : M — N is a unital normal completely positive map, then
) : °N' — °M is a probabilistic (quantum) function.

If X and Y are sets, then a probabilistic function X — Y is a
function taking the elements of X to probability distributions on Y.

@ The space of probabilistic functions {x} — °Mx(C) is the
state space of M,(C).

@ The set of functions {x} — °M,(C) is empty.
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Probabilistic mixtures of functions

@ Every probabilistic function X — Y is a mixture of the set
Hom(X, Y') of functions from X to Y.

@ Not every probabilistic function °A" — ° M is a mixture of the
set Hom(°\/,°M) of functions from °N to ° M.

e Every probabilistic function °A/ — °M is a mixture of the
collection ° M*N of functions from °A\ to °M.

Let 1) : M — N be a unital normal completely positive map.
There exists a normal state u on M*N such that

M —s MNGN LBL N
P
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Quantum operations

Suppose that Mg and M are the von Neumann algebras of
observables of quantum systems Qg and Qj, respectively.

Definition (Kraus, 1970)

A quantum operation from Qg to Q7 is a probabilistic function
from ° Mg to °M;.

Thus, a quantum operation is a probabilistic function transforming
the configurations of Qg to configurations of Q.

If the quantum operation is a function, i. e., if it is given by a
homomorphism, then we might say that it is “deterministic”.

Stern-Gerlach Experiment

{x} —— "M(C) —— {1, I}
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