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University of Washington

Abstract

Special Lagrangian Equations

Micah Warren

Chair of the Supervisory Committee:
Professor Yu Yuan
Department of Mathematics

In joint work with Yu Yuan, we prove a priori interior estimates for special Lagrangian
equations. In particular, we show interior a priori Hessian estimates for solutions of the

o2-equation in dimension three
02(D2u) = AA2 4+ Aodz + A3A = 1.

We show Hessian estimates for large phase special Lagrangian equations in dimension three,
and give sharper estimates for dimension two. We also show gradient estimates for large
phase special Lagrangian equations. In joint work with Jingyi Chen and Yu Yuan, we show
Hessian estimates for convex solutions in arbitrary dimension. In chapter two, we discuss

Monge-Ampére equations in the context of calibrated Lagrangian geometry.
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0.1 Introduction

In this thesis, we discuss two fully nonlinear elliptic equations, both of which arise in minimal
surface theory and Lagrangian geometry. The special Lagrangian equation (1.1) was given
in the groundbreaking work of Harvey and Lawson in 1982. Solutions to (1.1) describe
calibrated minimal Lagrangian surfaces in complex space. Such special Lagrangian surfaces
have ‘importance in the study of string theory. The first chapter introduces the special
Lagrangian equation, and then describes work of the author and Yuan, giving a priori
interior Hessian estimates for various classes of solutions to (1.1).

In the first section of Chapter 1, the equation (1.1) is introduced and given geometric
context. We then state our estimates and a Liouville type theorem, and give these estimates
historical context and an heuristic outline of proof. We then discuss some more preliminaries
on our way to proving each result.

Much of Chapter 1 draws from papers by the author and Yuan. In [51] we prove
estimates for the sigma-2 equation; [50] contains estimates for large phase equations in
three dimensions, and also the gradient estimates; [49] gives estimates for special Lagrangian
equations in two dimensions; the Liouville result is contained in [52]. The section on convex
solutions is from the paper with Chen and Yuan [10]. We have attempted to unify the
presentation of the above papers by identifying common arguments and also by adding
introductory material at the beginning of Chapter 1.

The Monge-Ampére equation (2.1), though much older, has in the last eight years been
implicated in the study of minimal surfaces, calibrated geometry, and string theory. The
main contribution of the second chapter is that (2.1) describes calibrated Lagrangian volume
maximizing surfaces in a pseudo-Euclidean space. It makes sense then, to think of the
equation (2.1) as a special Lagrangian equation. In fact, (2.1) can be connected to the
equation (1.1) by looking at a family of metrics, each accompanying an elliptic equation

which describes calibrated submanifolds. Chapter 2 is a version of [48].



Chapter 1
THE SPECIAL LAGRANGIAN EQUATION

1.1 Introduction

The main focus of this thesis is the special Lagrangian equation
n
Zarctan)\i =0 (1.1)
i=1

where )\; are the eigenvalues of the Hessian D?u. This fully nonlinear elliptic equation stems
from the special Lagrangian geometry [19]. The Lagrangian graph (z, Du(z)) C R* x R*
is called special when the argument of the complex number (1 + \/—_1)\1) .. (1 + \/—_1)\”)
is constant ©. Such a graph is special if and only if (z, Du(z)) is a (volume minimizing)
minimal surface in R” x R* ([19], Theorem 2.3, Proposition 2.17.)

Equation (1.1) may be rewritten as

c0s® Y (=DFooky1 (D) +5in® D (=1 ag(D%u) =0 (1.2)
1<2k+1<n 0<2k<n

where o (D?u) is the k-th elementary symmetric polynomial on the eigenvalues of D?u. In .
particular, we see that equation (1.1) with n = 3 and |©| = 7/2 also takes the form

o2 (D’u) = Aido + dods + A = 1. (1.3)
Also when n =3, and |©] = 7 or © = 0, (1.1) takes the form

Au = det D%u. (1.4)
1.2 The Special Lagrangian Calibration

In this section we offer a derivation of the special Lagrangian equation (1.1). To this end,
we will discuss the notions of calibrations, Lagrangian submanifolds, and Lagrangian phase.
The following discussion is abbreviated and tailored for the purpose of deriving (1.1). A
more thorough and more general geometric discussion is available in the seminal paper of

Harvey and Lawson [19], or other more recent works such as [26].



1.2.1 Calibrations

Let (X™,g) be a Riemannian manifold of dimension n. A closed p-form ¢ is called a

calibration if ¢ has the property that
o(By,... Bp) < 1

for any (local) orthonormal set E ..., By of sections of TX. An oriented p-submanifold M
is said to be calibrated by ¢ (also called a ¢-submanifold) if ¢ is a calibration such that

O(Ey,... Bp) =1

for all oriented orthonormal frames F ..., B, for TM. Equivalently, the restriction of ¢ to

M equals the volume form induced on M, that is

o|lm = Voly.

We may conclude that any calibrated submanifold is homologically volume minimizing
through the following argument. Let M be a @-submanifold, and let M’ be a homologous
submanifold. There exists a (p + 1)-current N such that N = M U M’, with appropriate

orientation. By Stokes’ Theorem

0=/Nds0=/Ms0—/,so

Vol(M)=/ VolM=/ <p=/ <p§/ Voly = Vol(M').
M M M M

1.2.2 Lagrangian Manifolds

thus

Let J : C" — C* be the map defined by multiplication by y/—1. This C"-linear map
induces an R-linear map J : R” x R* —» R” x R®. The Kihler form w is the two form

defined by
w(V,W) = g(JV, W),

where g is the standard metric on R* x R*. An h,—plane P in R® x R" is called Lagrangian

if any of the following equivalent conditions hold:



e w(V,W) =0 for all V,W which lie in P

e JP is perpendicular to P

e If {¢;} is an orthonormal basis for P, then {e;, Je;} is an orthonormal basis for R” x R"
e Viewed as vectors in C*, any orthonormal basis {e;} for P is a unitary basis for C".

Given an oriented orthonormal basis {e;}, we can associate a unitary matrix using this
last condition. It can be shown that the determinant of this matrix does not depend on
choice of basis. We then define the Lagrangian phase ©(P) to be the argument of this
81 -valued determinant.

An n-submanifold M C C" is Lagrangian if the tangent space T, M is Lagrangian for
each £ € M. We can locally define the phase ©(z) along a Lagrangian submanifold M by
taking ©(T,M) . We note that this phase function is unique modulo 27k once we choose

complex coordinates for C*.

Lemma 1.2.1. Any C? Lagrangian submanifold is locally represented by a gradient graph

(z, Du (x)) over its tangent plane.

Proof. Locally, we may represent M as a graph of an n-valued function over its tangent
plane, which we identify with R", that is M = (z + v—-1F(z)) C R* x R".
Taking coordinates z, the tangent space is spanned by the vectors
o = (1,0,..,0) +v "1(61F1a61F2’--'761Fn)a
8o = (0,1,...,0) + V=1(0o F* 0, F2,...,0,F"), etc.

The Lagrangian condition implies that J9;10;, that is, the innner product satisfies

((~6;F',—0;F2,...,—8;F") + V-1(0,...,1,...),
(0,..,1,..) +/=1(8;F',8;F%,...,8; F")) = 0,

and thus
_81‘Fj + 8_7'Fi =0.



It follows that the 1-form $ ", F'dz® is closed, so locally there exists some u such that

" Fidgt = du, that is, F = Du. O

Conversely, it is easy to see that any gradient graph (z, Du (z)) is a Lagrangian subman-
ifold of R* x R". Given such a graph we compute the phase ©(z) via the following. The

tangent space is spanned by the vectors

o = (170,"-a0) t v “1(U117u121°--’u1n)a (15)

Oy = (Oa 17a0) t v —1(U21, U22,y -+es UQ'n.)’ etc.

At any point z, we may diagonalize D?u (z) . This orthogonalizes the tangent vectors {9;},

which we can then normalize to get the following orthonormal basis:

oy = (1:0::20) +V7I(N,.0)

1.6
14 /=1N| ’ (1.6)
8, = (0,1, ...,0) + /—1(0, Ao, ..., 0) etc.
11+ V=1 ’
The unitary matrix corresponding to this orthonormal basis is given by
14+v/=1)
[1+v/=1x]
1+3£-—1)\2
J14+v—1)2]
14+v/=TAn
|1+\/:TAnl

Defining 0; € (—7/2,7/2) by
V=10 _ 1+v-1\
11+ +v/=1N)

or equivalently, ; = arctan A;, the determinant of this unitary matrix is given by
V014 AV T0, _ /TO
where
0= Z arctan \;.

The connection between this phase and minimal surfaces was given by Harvey and

Lawson:



Theorem (Harvey-Lawson [19]). A Lagrangian graph z++/—1Du (z) C C* is calibrated
by the form
Qg = Re{e V" dz A ... Adz,}

if and only if the phase is constant 6.

The proof of this fact consists of the verification of two algebraic facts: First that the
complex valued form dz; A... Adz, evaluates to eV~1© on any oriented orthonormal basis for
the tangent space to the Lagrangian graph, with © defined as above. Secondly, dz; A...Adz,
evaluates to a value ¢ with |g| < 1 on any orthonormal basis for an n-plane which is not
Lagrangian. See Chapter 2 for more details, as well as a pseudo-Euclidean analogue of this
result.

It follows then that the gradient graph determines a volume minimizing surface in C*,

if and only if v satisfies the special Lagrangian equation

n
Z arctan \; = ©
i=1

Examining the above derivation, we see that we took an orthogonal frame, normalized
it to get (1.5), and then took its complex determinant, which lies in S*. It is clear however,
that we only are concerned with the argument of this determinant, so it isn’t necessary to
normalize the vectors in order to check the phase. The special Lagrangian condition é,lso

takes the form
argdet (I ++/—1D%u) = O. (L.7)

We may compute directly

n

det (I + \/—_1D2u) = H (1 + \/—_1)\1) =(1—o09+404.)+V-1(01 —03+05..) (1.8)

i=1
- where o}, are the elementary symmetric polynomials on the eigenvalues of D%u. Thus

(01 — o3 + 0'5...)

© = arctan
(1 —-09+04...)

and (1.7) can be reduced to

(01— 03+ 05...)

t =
an® (1 —09+04...)

(1.9)

which is equivalent to (1.2).



1.3 Summary of Results

Our main results concern a priori estimates for this equation. We list these in the following.

Theorem 1 (Warren-Yuan [51]). Let u be a smooth solution to (1.3) on Bgr(0) C R3.
Then we have

D?u(0)] < C(3) exp [0(3> max |Du|3/R3] -

By Trudinger’s [43] gradient estimates for oy equations, we can bound D?u in terms of
the solution « in Byg (0) as
|D?u(0)] < C(3) exp [0(3) max |u|3/R6] .
B2r(0)

Also in dimension three,

Theorem 2 (Warren-Yuan [50] ). Let u be a smooth solution to (1.1) with |©| > w/2
and n =3 on Bp(0) C R®. Then we have

3

|D?u(0)| < O(3) exp [0(3) (cot M) max |Du|”/R7

and also

|D?u(0)] < C(3) exp {0(3) exp [0(3) mmax |Du|3/R3] } .

One immediate consequence of the above estimates is a Liouville type result for global
solutions with quadratic growth to (1.3), namely any such a solution must be quadratic (cf.
[56], [58]. Another consequence is the regularity (analyticity) of the C° viscosity solutions
to (1.3) or (1.1) with n = 3 and |©| > 7/2.

In order to link the dependence of Hessian estimates in the above theorems to the

potential u itself, we have the following gradient estimate which holds in general dimensions.

Theorem 3 (Wb.rren—Yuan [50]). Let u be a smooth solution to (1.1) with |©| > (n —2) §
on Bsgr(0) C R*. Then we have

u
ax |Du| < C osc — +1]. 1.10
g}z(()){) [Dul < (n) [333(0) R ] ( )



In two dimensions, the following estimates are sharper than previously known estimates.

Theorem 4 (Warren-Yuan[49]). Let u be a smooth solution to (1.1) with n = 2 on
Bgr(0) C R%. Then the following both hold

|D2u(0)| < C(2)exp [C’(Z) 1131}2%{) |Du|2/R2] , (1.11)
1
|D2u(0)| < C(2)exp [C(2)W {;I;%() |Du|/R] . (1.12)

In arbitrary dimension, for convex solutions, we have

Theorem 5 (Chen-Warren-Yuan [10]). Let u be a smooth convex solution to (1.1) on

a ball Bg(0) C R™. Then we have

|D%u(0)] < C(n)exp {C’(n) [ 0sC u?’"“Q] /RG"“4},
Br(0)
where C(n) is some uniform dimensional constant.
Observe that all eigenvalues \; are positive if the phase © is very large
Za.rcta.n Ai=02>(n-1)n/2.

=1

Then a direct consequence of Theorem 5 is

Corollary 1. Let u be a smooth solution to (1.1) with |©] > (n — 1)7/2 on Bgr(0) C R®,

Then we have

|D2u(0)] < C(n)exp {C(n) [ osc u3n-2] /RG"“*} .

BRr(0)
As an application of our a priori estimates in Corollary 1, we have the following regularity

result

Theorem 6. Any C° wiscosity solution to (1.1) with |©| > (n — 1) 7/2 is analytic inside

the domain of the solution.

We also have the following Liouville type result.



Theorem 7 (Warren-Yuan[52]). Let u be a smooth solution to the special Lagrangian
equation

n
Zarcta,n)\i=c on R, (1.13)

=1

where \;s are the eigenvalues of the Hessian D?u (z). Suppose that
34+ (1—e)AZ (z) +2X (z) Aj (z) >0 (1.14)
for all i, j, © and any small fited € > 0; and the gradient Vu(z) satisfies
[Vu(z)| < 6 (n) 2| (1.15)

for large |z| and any fized § (n) < 1/4/n — 1. Then u must be a quadratic polynomial.

1.8.1 Discussion of Results
Estimates

In the 1950’s, Heinz [21] derived a Hessian bound for the two dimensional Monge-Ampeére
equation, o2(D?u) = A\ Ay = det(D?u) = 1, which is equivalent to (1.1) withn =2 and © =
+7/2, see also Pogorelov [36] for Hessian estimates for these equations including (1.1) with
|®| > 7/2 and n = 2. Hessian estimates for solutions with certain strict convexity constraints
to Monge-Ampére equations and oy equations (k > 2) were derived by Pogorelov [38]
and Chou-Wang [11] respectively using the Pogorelov technique. Urbas [44] [45] obtained
(pointwise) Hessian estimates in terms of certain integrals of the Hessian, for oy equations.
Also, the estimates of Bao and Chen [2] for special Lagrangian equation (1.1) with n = 3
and © = 7, are in terms of | integrals of the Hessian.

A Hessian bound for (1.1) with n = 2 also follows from an earlier work by Gregori
[17], where Heinz’s Jacobian estimate was extended to get a gradient bound in terms of
the heights of the two dimensional minimal surfaces with any codimension. (Observe that
gradient estimates for the minimal Lagrangian surfaces are then Hessian estimates for the
special Lagrangian equation (1.1)). Using an integral method developed for codimension
one minimal graphs, a gradient estimate for general dimensional and codimensional minimal

graphs with certain constraints on the gradients themselves was obtained by Wang [47],
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applying to the special Lagrangian equation when pairs of eigenvalues satisfy [A;A;| < 1.
Although it is not clear whether the exponential dependence in our estimates (1.11) and
(1.12) is sharp, still it is sharper than the double exponential dependence on Du by Heinz
([21], Theorem 2), ([20], p.263, p.255) and Gregori ([17], Theorem 1), when applied to the
special Lagrangian equation of dimension two. On the other hand, like our ‘nonuniform
estimate (1.12), Heinz’s estimate deteriorates as © goes to 0. Estimates in [47] only apply
to (1.1) with |®| = 7/2 and n = 2, that is, A1 A2 = 1, but give the same order of dependence
as (1.12). The gradient estimate for the codimension one minimal surface equation of
Bombieri-De Giorgi-Miranda [4] (see also [41] [5] [27]) is by now classic.

In the 1970’s Pogorelov [38] constructed his famous counterexamples, namely irregular
solutions to three dimensional Monge-Ampere equations o3(D?u) = A\ M)z = det(D?u) =
1; those irregular solutions also serve as counterexamples for cubic and higher order symmet-
ric oy equations (cf. [46]). We see that while the regularity for quadratic special Lagrangian
equations (those involving only ¢; and o2) has been established, it is unclear what to expect
when o3 becomes involved. We first found estimates for the o9 equation in dimension three,
and then used some related but different methods to obtain Theorem 2. So while regularity
does not hold for convex solutions of o3 = 1, we have regularity for convex solutions of
equations such as g3 = 0}, in dimension three. Whether or not regularity holds for phase 0
solutions is an important open question.

We note that using the method of Pogorelov [38], one can construct a solution of the
equation o9 = 1, which, like the counterexamples for Monge-Ampére equations, fails to be
C? along an axis. This function u = |22 + :l;2|1/2 cosh z is a subsolution along |z| = |y| =0,
but fails to be a viscosity supersolution. One can check this by noting that this solution
can be “touched from below” by quadratics satisfying _ arctan \; > 7 /2.

A well-known result (cf. Corollary 3 in [30]) states that all W™ strong solutions to
any (possibly degenerate) elliptic equation are also C° viscosity solutions. From this and
Theorem 6 we see that all W2™" strong solutions to (1.1) with |©] > (n — 1) 7/2 are regular.
Previously in [2], the regularity was shown for any W23 convex strong solution to Au =
det D%y, which is (1.1) with © = 7 and n = 3.

There are several ways by now to establish the existence and uniqueness of C° viscosity
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solutions to the Dirichlet problem of special Lagrangian equation (1.1); see the remarks in

the end of the section on convex solutions.

Liouville Results

By Fu’s classification result [15], any global solution to (1.1) on R? is either quadratic or
harmonic; a harmonic function with any linear growth condition on the gradient is certainly
quadratic. In fact, global solutions to any strictly large phase (|©] > (n —2) §) equation
are quadratic by the uniqueness result of Yuan [58]. Note that given any phase strictly less
than large (/@] < (n — 2) §) we can create a global solution which is not quadratic, namely
the sum of a global harmonic function in two variables and quadratic polynomials in the
remaining variables. The resulting special Lagrangian graph then splits into a product of
planes and the graph of a phase 0 two-dimensional graph. It is unclear whether or not there
exist global solutions which do not decompose in this way. A global solution with critical
phase |©| = (n — 2) 5 which is not a polynomial cannof decompose in this way, so we would

be very interested to find or construct one.

In the case n = 3, other Liouville-Bernstein type results hold true for (1.1) under the
following conditions respectively: A; > —K [56]; A;\; > —K [54]; or ¢ = 7 and the solution
is strictly convex with quadratic growth [3]. In the general case (n > 4), Liouville-Bernstein
type results are valid for (1.1) with the assumptions that ¢ = k7 and the solution is convex
with linear growth [6]; with the almost convex assumption A; > —&(n) [56]; with the
semi-convex assumption A; > —\% + v everywhere, or with the (“equivalent”) assumption
|Ai| € V3 — 7' everywhere [54]; or with the assumption \)\; > —1 — e(n) [54]. (It is
straightforward that any convex solution with a bounded Hessian to (1.1) is a quadratic
polynomial, by the well-known C* Hessian estimate of Evans-Krylov-Safanov for now the
convex elliptic equation (1.1); see also ([53], p. 217-218) for a different approach via the
iteration argument of {22].)

The more general “convexity” condition (1.14) does not alone lead to any Hessian bound

for the solutions to (1.1), but does guarantee a Jacobi inequality for the volume element V,

as is discussed in the following section.
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Once a Hessian bound for solutions to (1.1) is available, the “standard” blow-down
process from the geometric measure theory will show that the global solution is a quadratic
polynomial, provided certain convexity conditions like (1.14) or others are available in the
whole process (for n > 4). (Unlike [25], we could not generalize the iteration argument in
[22] to get a Liouville type result for now the larger image set (1.14) of the corresponding
harmonic Gauss map to the Lagrangian Grassmanian.) The simple constraints |A;| < K
like |A;| < 1 or |A;] € V/3 — 7 are easily shown to be available in the blow-down process.
An eztra effort is needed to justify that the constraints (1.14) or others like A\;A; > const
are preserved under the C* convergence of the scaling process u, (z) = u (k) /k?. Taking
advantage of the single elliptic equation (1.1), we apply the W29 estimates for solutions in
terms the supremum norm of the solution to extract a W9 sub-convergent sequence, as in
[65]. Then we extract another subsequence with the Hessians converging almost everywhere.
This justifies that the constraints (1.14) are preserved in the above blow-down process.

Actually, Theorem 7 holds true for n = 3 without any growth condition like (1.15).
The condition (1.14) implies A\;A; > —K, so as in [54] we can find a bound on the Hessian
(possibly for a new potential), and then draw the conclusion. Note that the boundedness
on the Hessian alone for n = 3 is enough for one to run the blow-down process to obtain a
Liouville type result; see ([13], Theorem 5.4) of Fischer-Colbrie. In general dimension n > 4,
we derive yet another Liouville-Bernstein type result for the solutions to (1.1) with the
bounded Hessian satisfying weaker constraints (1.103); see Theorem 9 (given in the section
on cones). One consequence of Theorem 9 coupled with the De Giorgi-Allard e-regularity
theory is an improvement of the above mentioned Liouville-Bernstein type result in [54],
namely, any global solution to (1.1) with A\; > —% — £ (n) everywhere or |\;] < V3 +¢€ (n)
everywhere is a qﬁadratic polynomial (for n > 4). The argument is identical to the one in

[56] with Proposition 2.1 there replaced by Proposition 1.11.1 here.

1.3.2 Heuristics for the Estimates

Heuristically, our proofs draw inspiration from the gradient estimate for the codimension one

minimal surface equation. In particular, the outline of the proof of Theorem 1 is reminiscent
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of Trudinger’s [41] (see also [16], chapter 16) proof of the gradient estimate for the minimal
surface equation. Our proofs of estimates for the large phase, convex and dimension two
special Lagrangian equations require an isoperimetric argument that was used in Bombieri-
De Giorgi-Miranda’s [4] proof. The technique used to obtain the key estimates for the
Liouville Theorem is inspired by Korevaar’s [27] proof of the gradient estimate.

The heuristic ideas for Hessian estimates are as follows. First we find a function b which
is subharmonic, so that b at any point is bounded by its integral over a ball around the point
on the minimal surface by Michael-Simon’s mean value inequality {32]. This special choice
of b needs to be not only subharmonic, but even stronger, to satisfy a Jacobi inequality of

the form

Dgb > €|Vgb|?

with (preferably) ¢ = %, but any ¢ > 0 will do. Coupled with Sobolev inequalities for
functions both with and without compact support, this Jacobi inequality leads to a bound
on the integral of b by the volume of the ball on the minimal surface. Taking advantage of
the divergence form of the volume element of the minimal Lagrangian graph, we bound the
volume in terms of the height of the special Lagrangian graph, which is the gradient of the
solution to equation (1.1).

A standard choice (cf. [41]) for the function b is the volume element In V. However, for
the g9 equation, we find that InV does not appear to satisfy any type of Jacobi inequality.
Instead we are led to the function b = In+/1 + A2,,. There is obviously the need for some
extra work to deal with the somewhat strange choice of function, which is not expected
to be more regular than Lipschitz. Once this wrangling is accomplished, some fortunate
algebraic structure in the equation allows us to take advantage of the divergence form of
the volume element of the minimal Lagrangian graph.

For three dimensional large phase equations, we use this non-smooth function b as well,
but we find that the cubic structure of generic three dimensional special Lagrangian equa-
tions does not lend itself to the same sort of integral bounds we were able to use for the
critical case € = 7 /2. Instead we must build Sobolev inequalities for noncompactly supported

functions. The rotation down to the critical case allows us to obtain the isoperimetric in-
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equalities necessary to do this. (See the sections on Lewy-Yuan rotations and large phase
equations.) Combining with the estimate for the critical case, it turns out we can make
estimates in a uniform way.

While we can use the volume element in two dimensions, we find that the Jacobi type
inequality deteriorates as 6@ becomes small. Fortunately, the & = 0 equation is just the
classical Laplace equation, which is well understood. For very small theta, we can rotate to
this equation and interpolate a uniform estimate.

The choice b = InV works for the estimates in the Liouville result [52], but only with the
unpleasant technical assumption é (n) < 1/4/n — 1. This assumption reflects the limitation
of our pointwise arguments; the assumption is necessary for us to push the Bernstein-
Pogorelov-Korevaar technique to obtain a Hessian estimate for special Lagrangian equations;
see Lemma 1.11.2.

Lewy-Yuan rotation is also used along with a relative isoperimetric inequality to get
another key ingredient in our proof of the Hessian estimates, namely a Sobolev inequality
for functions without compact support. This works whenever there is a lower bound on the
Hessian, in particular if the potential is convex or when the phase is super critical.

What Theorem 5 says is that the geometry of the special Lagrangian graph with convex
potential is simple, namely the induced metric is quasi-isometric to the flat one up to
a factor of the height (or the oscillation of the potential). The idea of our arguments
is thus to retrieve this simple geometry. By a Lewy type rotation, the geometry of the
Lagrangian graph is already simple in the rotated coordinate system. Consequently, the
subharmonic volume element, in the original coordinates, of the special Lagrangian graph
with convex potential is actually a subsolution to a uniformly elliptic equation. Therefore
the volume element is bounded pointwise by its integral on the minimal graph. (Here one
avoids the “harder” mean value inequality for the non-uniformly elliptic Laplace-Beltrami
operator on minimal surfaces.) Using a relative isoperimetric inequality on the rotated
coordinate plane, we derive a Sobolev inequality for functions without compact support on
the Lagrangian graph. The Lewy rotation also leads to a bound of the volume by the height
of the Lagrangian graph, or the gradient of the potential. Lastly, the gradient of any convex

function is dominated by it oscillation.
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As for the gradient estimates, we adapt Trudinger’s method [T2] for oy equations to
(1.1) with the critical phase © = (n — 2) /2. Gradient estimates for (1.1) with larger phase
© > (n —2) w/2 are straightforward consequences of the observation that the Hessians of
solutions have lower bound depending on the phase ©. In order to obtain the uniform
gradient estimates independent of the phase ©, we make use of the Lewy-Yuan rotation,
which links the corresponding estimates to the ones in the case of the critical phase.

Now only some technical obstacles remain for Hessian estimates for (1.1) with large
phase |©] > (n—2)7/2 and n > 4. Yet further new ideas are lacking for us to handle
the special Lagrangian equation (1.1) with general phases in dimension three and higher,
including (1.4) corresponding to © = 0 and n = 3. The challenging regularity problem for

sigma-2 equations in dimension four and higher also still remains open to us.
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1.4 More about the Special Lagrangian Equations

1.4.1 Induced Melric

Given a Lagrangian graph = + +/—1Du(z) C C*, we can compute the induced metric on

the coordinate frame (1.5) given above

gij = 0ij + Zuikukj
k
or
g=1TI+ D%y (Dzu)T.

When D?v is diagonalized,

1+ )2

1+ X2

The Second Fundamental Form

We compute the second fundamental form on the induced graph.

for our tangent space, we define a frame for the normal space by

(1.16)

Taking (1.5) as a frame

ny = J81 = (—un, — U2y «oey —uln,l,O, ...,0), etc.

The second fundamental form I is a two tensor with values in the normal bundle. By

using the metric on R® x R*®, we can also think of this as a tensor which takes two tangent

vectors and one normal vector, with components
hije = (11(0;, 8;), nk) = —(Va; 1k, 3;)

using the Weingarten equation. This is easy to compute

—(Vo,nk, 0i) = —(—Ukj1, —Ukj2, -y —Ukijn,0, ...0) - T; = Upjs.

It will be convenient to diagonalize D?u and normalize these components at a point p,

dividing by the length of 9;, 9;, and ng, that is

Uiik —
h"k — J — +/altadi kkU"k.
Y /G055 9%k 9979y
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Volume Element

It is easy to compute the volume element

n n n
V=ydetg=[[/1+32=]]I1+v=Dx|= ][] (0 +V=1)) (1.17)
i=1 i=1 i=1
= |det (T + vV~-1D?u)| = |(1 = 02 + 04...) + V=1(01 — 03 + 05...) | .
Thus the complex number det (I + 4/ —1D2u) is given by Ve‘/‘_le, or equivalently
Indet (I + v~1D?*) =InV +v/~10. (1.18)

Using (1.9) one can also see that the volume element takes a somewhat nicer form, by

continuing with (1.17):

V=vV({l-02+04.)2+ (01 —03+05.)2 =

\/(cot2 ©+1)(oy —03+0s5..)2 =
= |csc Ol |(01 — 03 + 05...)]
= |secO||(1 — 02 + 04...)] .
By differentiating the minimal surface equation (1.21) and performing a long computa-
tion, one gets the standard formula for Ay InV; see for example the computation by Yuan
in Lemma 2.1 in [56]. (The general formula for minimal submanifolds of any dimension

or codimension originates in Simons [40], pg. 90.) The Laplace-Beltrami for the volume

element will be a central piece of our Hessian estimates.

Lemma 1.4.1 (Yuan [56]). Let (z, Du(z)) C R® X R* be a minimal surface. Suppose that

the Hessian D?u is diagonalized at p. Then

n
AglnV = D" hZ (14 XA (1.19)

a,b,c=1

Linearized Operators and Relation to Sigma Equations

Since (1.1) is a minimal surface equation it follows that the coordinates (z, Du) are harmonic

with respect to the Laplace Beltrami operator on the surface

1 <
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which reduces to
n
Dg=) g0, (1.20)
i,J

because the surface is minimal (cf [35]). It follows that for each &

n
> g0 u = 0. (1.21)
i

To see ellipticity, differentiate with respect to the eigenvalues

1 1

n
D)\Zarctan)\i = (1+)\2,..., 1_+_)\2)‘
1 n

i=1

and we have that (1.1) is an elliptic equation. We also observe that the inverse of the
induced metric g is the linearized operator to (1.1).

Differentiating (1.18) in A-space, considering (1.8), we get

D, [(1 — 09+ 04...) +vV-1(01 — 03 + 05...)] 2\4
VeV-10 T Vv

++/=1D,0.

Multiplying by V' and setting imaginary parts equal, and recalling that © = 3", arctan \;,
we have

VD)\O = —sin©®D)(1 — g9 + 04...) + cos ©Dy (01 — 03 + 05...). (1.22)

Examining the relation (1.22) between the minimal surface form of the special La-

grangian equation (1.1) and the sigma form of the equation (1.2) shows the following “con-

formality” equality.

Lemma 1.4.2. The linearized operator to (1.2) is equal to the volume element V times the

linearized operator to (1.1).

Geometrically, the linearized operator lies normal to the level set determined by the
equations. When level sets of two different equations coincide, the normals are then parallel
up to a “conformal” factor. Note that each of the equations (1.1) corresponds to one
equation of the form (1.2), whereas the equation (1.2) generally arises as n disconnected level
sets, each corresponding to a different phase. For example, the equation (1.4) corresponds

to three different phases, 7,0, and —7. As we will see below, the phase 7 gives the level set
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corresponding to convex solutions and the phase — the level set corresponding to concave
solutions. The middle phase 0 gives a level set of “saddle” solutions.

We see that the signs of the real and imaginary parts of (1.8) are determined by the
phase ©. For example, when n = 3, suppose © € (7/2,37/2). Then the complex number
(1.8) with argument © lies in the left half plane, so has negative real part, and it follows
that 1 - 02 <0, or

0'2>1.

We also note that for large phase equations © > (n — 2)7/2, we must have 0,1 > 0,

by the following calculation. To begin

1 1
Op—-1 = Un(/\_l + ...+ /\—)
n

Only one eigenvalue may be negative (see next subsection on large phase), assume that
An is negative (otherwise the observation is trivial). Then o, is negative, and we must

show that the sum of the reciprocals is also negative. Taking 6; = arctan A;, we have for

some & > 0,

0, + 9i=(n—l)g—g+5

n
m T
(F+0:) =X (5-8) 5
Now tan (/2 + 60,) = ~1/\,, and tan (w/2 — 8;) = cot§; = 1/); Using properties of the
tangent function, we have

n—1

-1
tan (7/2 + 6,) = tan (Z (g - Qi) + 5) > nZtan (g— - 9,') + tan 4,
. i=1

i=1

1 ¥
- — +tané
/\n>§ 5 +tand
=1
n

1
O>Z/\—i+tan6.

i=1
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Large Phase and Very Large Phase

We define large phase, and very large phase, to be the values © such that, respectively

(TL - 2)a

|
[T

0> g(n—l).

Equations with large phase have several properties which make them vulnerable to our
attacks. A special Lagrangian equation is convex if and only if it is large phase , as is
demonstrated by Yuan [58]. Also, strictly large phase puts the condition of a lower bound

on the Hessian of any solution, as follows. Suppose
= s
Z arctan A; = E(n —2)+4.
i=1

Since

n—1

Z arctan A; <

i=1

s

Z(n=1)

it follows that arctan\, > d — 7, or A, > tan(d — 7). Taking § = T we see that very
large phase equations admit only convex solutions. A similar argument also shows that a
solution to a large phase equation is 2-convex, that is, the sum of any two eigenvalues is
nonnegative.  Finally, any solution with Hessian bounded below by a fixed lower bound
can be rotated to a solution with controlled Hessian [58], as we will see in our section on
rotations. This means geometrically that the rotated solution satisfies a uniformly elliptic
equation.

We note that the equation (1.1) is odd symmetric, which follows from the simple fact
that arctan is an odd function. So the study of any equation of negative phase can be
reduced to studying equations of positive phase. For this reason we will treat large and very

large negative phases simply as large and very large phases.
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1.5 More Geometric Preliminaries

1.5.1 Lewy-Yuan Rotation

Geometrically, a given Lagrangian surface 91 in C* = R" x R" can be parametrized as a
gradient graph over a large number of Lagrangian planes. There is nothing special about
which plane we choose. Choosing a different Lagrangian plane may change the phase of the
graph by a constant along the whole graph. We can use this to our advantage. The easiest
way to change the phase is to rotate by the same angle in each complex plane, as in the
following proposition.

The Lewy rotation was a transformation first used in 1937 [28], to rotate convex solutions
of Monge-Ampere equations to functions with bounded Hessians. (See also [34] for its use
in a proof of the classical Bernstein Theorem.) In our terminology, Lewy’s transformation
amounts to a phase change of —nm/2. Yuan [58] then showed that this transformation can
be used for a continuum of phases to obtain solutions of special Lagrangian equations with

bounded Hessian. The following proposition is essentially given in ([58] p. 1356, see also.
[56]. )

Proposition 1.5.1. Let u be a smooth solution to (1.1) with © = (n—2)7/2 + § on
. Bgr(0) C R*. Then the special Lagrangian surface 9 = (z,Du(z)) can be represented as
a gradient graph 9 = (z, Di (%)) of the new potential @ satisfying (1.1) with phase © =

(n—2)7/2 in a domain containing a ball of radius

. R
> —.
k2 2cos (6/n)

Proof. To obtain the new representation, take a U (n) rotation of C" & R* xR" : z =
e V-1/ny with z = z + /~1y and 7 = Z + /=1j. Because U (n) rotation preserves
the length and complex structure, 91 is still a special Lagrangian submanifold with the

parametrization
4

z =zcos%+Du(z)sin;
- . ) )
D = ~gzsin  + Du(z)cos

In order to show that this parametrization is that of a gradient graph over Z , we must first
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show that Z(z) is a diffeomorphism onto its image. This is accomplished by showing that

3(c®) - #(a")| 2 2cosé/n

z¢ — xﬁl (1.23)

for any z°, z°. We assume by translation that z° = 0 and Du (zf) = 0. Now 0 < § < m,

and 6; > 6 — £, s0 u+ % cotd|zf? is convex, and we have

o 0 o 0P
z%cos — + Du (%) sin —
n n

’:E (z%) - 7 (mﬂ)’ =z (z%)* =

2

z® (cos L cot & sin é) + [Du (z%) + 2 cot §] sin ¢
n n n

s (n=1)8 2
sin )
= |z [S—g——] + |Du (%) + 2% cot 8|2 sin? —
in n

sip (=18 i 8

n n {03 [&]
+2—_sin6 (z%, Du () + x cot 8)

) p)

2

2|x°‘| (2cosi) '
n

It follows that 9 is a special Lagrangian graph over Z. The Lagrangian graph is the

gradient graph of a potential function @ (cf. [19], Lemma 2.2), that is, M = (Z, Du (z)).

The eigenvalues ); of the Hessian D?% are determined by
_ < ) —1)6 ‘
0i=arctan)\,~=05—;€ (—E+(l—)—~ E—é). (1.24)
Then
. (n—-2)7w
R
i=1 2

that is, @ satisfies the special Lagrangian equation (1.1) of phase (n — 2) /2. The lower
bound on R follows immediately from (1.23). O

1.5.2 Relative Isoperimetric Inequality

This relative isoperimetric inequality is needed in the proof of Theorems 2 and 5 to prove
a key ingredient, namely a Sobolev inequality for functions without compact support. The

proposition is proved from the following classical relative isoperimetric inequality for balls.
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Lemma 1.5.1. Let A and A° be disjoint measurable sets such that AU A° = B1(0) C R".
Then

min {|4|,|A°|} € C(n)|0AN AL, (1.25)
Proof. See for example ([29], Theorem 5.3.2.). O

Proposition 1.5.2. Let Q; C Q9 C B, C R*. Suppose that dist(Q,00) > 2, also A and
A° are disjoint measurable sets such that AU A° = Qq. Suppose that

[ANQ] < (1—¢€)|,

for e € (0,1/2], then
C(n)

[ANQ| < ——p" (04N HA N Q|71 .

Proof. Define a continuous function on €

_ AN By(a)]
é(z) = B

Case 1. £(z,) = 1 — ¢ for some z, € Q. From the classical relative isoperimetric
inequality for balls above, we have
€)B1| = min{|ANBi1(z)|, |A°NBi(z)| < C(n)|0A N A N By (2.)|7T < C(n)|9ANIA|7T.
It then follows
AN By| < || < |By| = C(n)p"|By| < éC(n)pnk')AﬂaAcﬁ%T.

Case 2.1. &(z) <1 —¢ for all z € Q;. Cover ; by C(n)p" unit balls B;(z;) for some
uniform constant C(n). Note that all these balls are inside Q9. By the classical relative
isoperimetric inequality for balls again,

1—¢

—C(n)loAN DA°|-T,

1- .
|40 By(a)] < —— min{|4 N By ()], |4 N By (@)} <
Summing this inequality over this cover, we get
C(n)p"

anel< S lAﬂBl(mi)lgéC(n)p"laAﬂaAﬂﬁ,

=1
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then the conclusion of the proposition follows.
Case 2.2. £(z) > 1 —¢ for all z € Q1. Again cover ; by C(n)p"™ unit balls Bj(z;),
lying inside Q. As before,
|A° N Bi(z;)| = min{|A N By ()|, |A° N Bi(z:)|} < C(n)|dA N BAS|7-T.

Summing this inequality over the cover, we get

C(n)p"
|A°N| < Y |4°N By(i)| < C(n)p"|0A N OA°|7-1.
=1
By the hypothesis,
ANy < 1;€|A6091|,

thus .
AN < @p"wm AC|FE.
|
Remark. Considering dumbbell type regions, we see that the order of dependence on
p is sharp in Proposition 1.5.2.

We note that in the two dimensional case, the analogous isoperimetric inequality is

stronger, see the proof of Theorem 4 for details.
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1.6 Proof of Theorem 1: The Sigma-2 Equation in Dimension Three
In this section, we derive an interior a priori Hessian estimate for the o9 equation |
a9 (Dzu) = AlAz + Az)\3 + A.3A1 =1

in dimension three, where ); are the eigenvalues of the Hessian D?u. We attack (1.3) via

its special Lagrangian equation form

n
Z arctan \; = ©
=1

with n =3 and © = 7/2.

1.6.1 Jacobi Inequality

Lemma 1.6.1. Let u be a smooth solution to (1.1). Suppose that the Hessian D?u is
diagonalized and the eigenvalue A is distinct from all other eigenvalues of D?u at point p.

Setby =In/1+ AEI near p. Then we have at p

|V b1 | —ZAZth (1.26)
k=1
and
Aghy =
2X\; 222);)
2% L 1.2
(1+ h11+2<)\1—)\k M — i (1.27)
k>1
2 A2 (A 4+ Ag)
1.2
+Z[1+/\1 ot T | M (1.28)
k>1
1 A2 14+ M
+ 3 o |22 4 TN g | A2 (1.29)
K57l — A AL— A

Proof. We first compute the derivatives of the smooth function b; near p. We may implicitly

differentiate the characteristic equation

det(D?u — A\ I) =0
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near any point where A; is distinct from the other eigenvalues. Then we get at p

OeM = aeulla

(Beurr)?

OeeA1 = Oeetin + Z 2= A — )‘k

k>1
with arbitrary unit vector e € R".

Thus we have (1.26) at p
[Vgbi? = g** s0ui ) =Y Ay,
k=1 k=1
where we used the notation hijx = v/ 9%/ 997 v/ g**uiji.

From
/ A1 1- )\% 2
Beebl = Bee Iny/1+ )\% = T)‘%Bee/\l + m (Be/\l) )

we conclude that at p

M (Oeuik) 1- M 2
Oeeb Oeell11 + 2 O, ,
P T et kzx M= (1402 (Oeties)

and

’ n
Dgby = Z g7, b1

=~ 1\
—Z 771_|_)\2 ( yy Uil +Z2 ulk'r ) Z( 29" (1.30)

E>1 1+ 2)

Next we substitute the fourth order derivative terms 8,411 in the above by lower order
derivative terms. Differentiating the minimal surface equation (1.21) 370 5_, 9%Pujqp = 0,

we obtain

n

n n
Dguij =Y ¢Pujiap =) ~Bigfujap= >  §*78i9159%ujap

=ﬂ_1 a,f=1 a,B,7,0=1
= Z 9%*9%P (Ao + Ag)uasitiap;, (1.31)
a,f=1

where we used

0ig,5 = 9i(0ys + Z Uneties) = Uysi(Ay + As)
e=1
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with diagonalized D?u. Plugging (1.31) with i = 5 = 1 in (1.30), we have at p

Aghy = —— Z 9°°97° (N + Ag)udgr + ZZ 25— ”W g7
14 )\ e AL —
n

2
117

o 1+,\2
2)\1 1+)\
= Z(,\ +25) aﬂ1+zz 2u (1+) k1+z — ) K3y,
o,f=1 E>14=1 M y=1

where we used the notation h;;x = v/¢%1/ 997/ g%%u;;i. Regrouping those terms hoo1, k110,

and hog in the last expression, we have

2)\1 1 + )\
Doy = (1 - h111 + Z 2AAahlay + Z k hik1
E>1
2)\1 1 + )\
+ D 20k + AR + D (L= A Al + ) . Akk 1k1
k>1 k>1 k>1
2)\1
+ Z 221 (A5 + Ag) Jk1+ Z ) ?kl'
k>5>1 5,k>1,
Ji#k
After simplifying the above expression, we have the second formula in Lemma 1.6.1 O

Lemma 1.6.2. Let u be a smooth solution to (1.1) with n =3 and © > w/2. Suppose that
the ordered eigenvalues A1 > Ao > A3 of the Hessian D?u satisfy A1 > Ag at point p. Set

by =In/1+ X2, =Iny/1+ X2
Then we have at p
DNgh > %|vgb1|2. (1.32)

Proof . We assume that the Hessian D?u is diagonalized at point p.

Step 1. Recall §; = arctan \; € (—n/2,7/2) and 0;+605+603 = © > 7/2. It is easy to see
that 6; > 6, > 0 and 6;+0; > 0 for any pair. Consequently A\; > A2 > 0 and A\;+A; > 0 for
any pair of distinct eigenvalues. It follows that (1.29) in the formula for Agb; is positive,
then from (1.27) and (1.28) we have the inequality

2)\k 2N
Dgby > A2 ( 1+ Z N %kl) + 3 Z (1 + m‘) 1k (1.33)

E>1 E>1 1
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Combining (1.33) and (1.26) gives
1 2
2 2 2 (M +2Me) +2,\
2 2 k2 2 1 k
Al (§h111 + k§>1: N v hkkl) + A1 § , 300 =) hi1ik- (1.34)

Step 2. We show that the last term in (1.34) is nonnegative. Note that A; + 2); >
A1 + 2)3. We only need to show that Ay + 2A3 > 0 in the case that A3 < 0 or equivalently
03 < 0. From ¢, + 6y + 03 = © > 7/2, we have

ooege (G-a)+ (G-0)re-F21(3-0).
It follows that

_%3 = tan (03+ 2) > 2tan (g—91) =3

then

A1+ 203 > 0. (135)

Step 3. We show that the first term in (1.34) is nonnegative by proving

2 29 2)3
.3’1111+ = ———hdy + = A ———h3y > (1.36)

We only need to show it for A3 < 0. Directly from the minimal surface equation (1.21)
h111 + ko1 + hag1 =0,

we bound

2 2X2 3 A1— X
hfa1 = (h111 + hoz1)® < (3h111 + )\_—X;h321> (5 + 5 ) '

It follows that

2 2 2)\2 2 2)\3

—h
g+ 3 )\2h221 D VEDW

2 2X2 9 2)3 3 A1—)e
(3h1” N )\2h221) [1 TN (5 T o )] '

2
h3s3 >
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The last term becomes

2)3 3 AN a2
1 — = > 0.
* A — A3 (2 * 2)9 ) (A1 — A3) A2

The above inequality is from the observation

3

Re[[(1+vV=IN)=1-02<0

i=1
for 3m/2 > 61 + 62 + 63 = © > 7/2. Therefore (1.36) holds.
We have proved the pointwise Jacobi inequality (1.32) in Lemma 1.6.2. O

Lemma 1.6.3. Let u be a smooth solution to (1.1) with n =3 and © > 7/2. Suppose that
the ordered eigenvalues A1 > Ao > A3 of the Hessian D?u satisfy Ao > A3 at point p. Set

= % (1n,/1+/\%+1n,/1+>\§).

Then bs satisfies at p
Aghy > 0. (1.37)

Further, suppose that A1 = A2 in a neighborhood of p. Then by satisfies at p
1 2
Agby > 3 |Vgbal”. (1.38)

Proof. We assume that Hessian D?u is diagonalized at point p. We may use Lemma, 1.6.1
to obtain expressions for both AgIn /1 + A2 and Agln /1 + A3, whenever the eigenvalues
of D?u are distinct. From (1.27), (1.28), and (1.29), we have

Aging/14+ 72+ A Inq/1+ 22 = (1.39)

1
(1+ )\2 h, 2+ Z 2)\1(1 +)\1)\k) kl +Z 1+ )\ +2)\ (__j___)_‘_l_)‘_’?.>:| h’llk
k>1 k>1 AL =X

1+/\§ 1+ A3
A=Az A1 — A

2X2(1 A 14 X9
+(1+ A3)h 22+Z )\2( +)\2 k) k2+2[1+)‘ + 22 (*j\i:%rﬁ)] h3ak
k2 k32 27 %%

1+,\§ 14 X2
hZ
)‘2_)\3"')\2_)\ + (A3 + A1) | hggr-

+2) [ + (A3 + A2)] h3

12 [
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The function by is symmetric in A; and A, thus by is smooth even when A; = Ag, provided

that Ay > A3. We simplify (1.39) to the following, which holds by continuity wherever

AL > Ag > As.

2 222\

(14 A2)h3,; + (3 + A2+ 2X0 \g)hdy; + L A% ) p2 (1.40)
Al—As A1 — A3
22 A2\
+ (3+ A2 + 22 h2)h?y + (1 + A2)hdy, + 2_ 4 2273 ) pl, (1.41)
A2—=A3  Ag— A3
—_ 2 _ 2
i 3A1 — A3+ Af ()\1 + )\3) h113 3X2 — A3+ )\2()\2 + )\3) h223 (1.42)
A1 — As do — A3

A (1+22) A (14 )2
2 |14 Atha + Aods + Aghp + — (L525) | de (14 X5) h2ss. (1.43)

Al — A3 A2 — A3

Using the relations Ay > A2 > 0, A;+A; > 0, and o9 > 1 derived in the proof of Lemma 1.6.2,
we see that (1.43) and (1.42) are nonnegative. We only need to justify the nonnegativity of
(1.40) and (1.41) for A3 < 0. From the minimal surface equation (1.21), we know

1 1
h3s = (h112 + hoz)? < [(A3 + 20 A2)hdyy + A3hE (———+—)-
332 = (huiz + ha2)” < [(AF 122)hi1g + A3h3e] X r2ah A

It follows that
(1.41) > (A + 2A1A2)hd1y + AJh3gy + 2

2,\,\ 1 1
> [(O2 + 22 Ag) 2 + A2 1422 /|
> [(AF + 2X1A2)hipy + 2h222][ +>\2-)\3 A2+ 2010 +)\%

The last term becomes

2 (de=de, 1 1
Ag — A3 2)\%)\3 A% + 2A1 2 )\%
A2 = A3 [Atde (A1+2X)]

Thus (1.41) is nonnegative. Similarly (1.40) is nonnegative. We have proved (1.37).
Next we prove (1.38), still assuming D?u is diagonalized at point p. Plugging in A; = )y
into (1.40), (1.41), and (1.42), we get

2 A, by >
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23
(h111 +3h3y + mh§31>
23
+ A2 <3h112 + hy + h332>

AL — A3
A+ A
+ A} <ﬁ> (hi13 + h3gs) -

Differentiating the eigenvector equations in the neighborhood where A; = A

A1+ Ao
2

A+ A
2

(D*) U = U, (D*u)V = V, and (D?*u) W = AW,

we see that uj1e = ugge for any e € R3 at point p. Using the minimal surface equation (1.21),
we then have

hiik = haog = “§h33k

at point p. Thus

AL+ A3 A+ A3 AL+ X3
Dgby > M [2 ()\1 - )\3) hin + (m) hiyp + (m) h%s] :

The gradient |Vzba|? has the expression at p

3
1 A 1 A
YV b |2 Z kE L Z 2
! gb2| = k~lg (-2-1 )\% Bkuu + 51 AZ ak’u,zg) A hllk

Thus at p

AL+ A AL+ A 1 A+ A 1
2 1 3 1 3 _ 2 1 3 2
)‘1{[2 (Al—Aa) 3] P + [2 (M—Aa) 3] P2 + (Ar-)\s 3) h113}

where we again used A1 + 2)3 > 0 from (1.35). We have proved (1.38) of Lemma 1.6.3. O

The following is the main ingredient of the proof of Theorem 1, and is also useful in the

next section on large phase equations.

Proposition 1.6.1. Let u be a smooth solution to the special Lagrangian equation (1.1)

withn =3 and © > /2 on B4 (0) C R3. Set

bzmax{lnm, K}
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with K =1+ In4/1 + tan? (%) . Then b satisfies the integral Jacobi inequality

1
/ — (Vg ng)g dvg 2> §/ |V gb|* dv (1.44)
By By
for all non-negative ¢ € C§° (By) -

Proof. If b = lnm is smooth everywhere, then the pointwise Jacobi inequality
(1.32) in Lemma 1.6.2 already implies the integral Jacobi (1.44). It is known that Amayx is
always a Lipschitz function of the entries of the Hessian D*u. Now wu is smooth in z, so
by = In+/1+ X2, is Lipschitz in terms of z. If b, (or equivalently Ayax) is not smooth, then
the first two largest eigenvalues A1 (z) and Az (z) coincide, and b, (z) = by (z), where b, (z)

is the average by = (ln 1+ )\71 +In+/1+ A%) /2. We prove the integral Jacobi inequality
(1.44) for a possibly singular b; (z) in two cases. Set

S ={z| M (z) = X2 (z)}.
Case 1. S has measure zero. For small 7 > 0, let

= By\{z| b1 (z) < K} = By\{z] b(z) = K}
() ={z|b(x)=b1(z) > ba(z) +7}NQ
Qo (1) ={z| b2 (z) < b(z) =b1(z) < b (z) + T} NQ.

Now b(z) = b1 (z) is smooth in ©; (7). We claim that be (z) is smooth in Q9 (7). We
know by (z) is smooth wherever Ag () > A3 (x). If (the Lipschitz) be (z) is not smooth at
x4 € Qg (7), then

Iny/1+ XM =Iny/1+23 > 1ny/1+ 2} - 27

> 1n4 (1 + tan? (%) +1 - 27,

by the choice of K. For small enough 7, we have Ao = A3 > tan (%) and a contradiction

(91 + 65 + 93) (ZL‘*) > 0.
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Note that
/ ~({Vgp, Vgb), dvg =/ —(Vgip, Vb, dug
By Q
= lim+ [/ —(Vgop, Vgb), dvg + / —{(Vgp, Vg4 (b2 + T))g dvg | .
70 Q1(1) Qo (1)

By the smoothness of b in Q; (7) and b9 in Q2 (7), and also inequalities (1.32) and (1.37),

we have
/ — (Vgo, Vb, dvg + / —(Vgp, Vg (b2 + T)>g dvg
(1) , Qa(r)

= / —p 371b dA, +/ @ Ag brdvg
30 (1) v Qi(7)

+ / —p0,2 (by + 1) dAg + / 0 Ng (ba+ 7) dyg
80(7) ! Qa(7)

1
2/ —6bdA+/ —0 b+TdA+—/ V,b1|% dv,,
801 (1) 2 'y; g 80a(r) 2 73(2 ) g 3 Q1('r)(pl g ll g

where 7; and '73 are the outward co-normals of 9Q; (7) and 93 (7) with respect to the
metric g.

Observe that if b; is not smooth on any part of 9Q\0By, which is the K-level set of
by, then on this portion OQ\OBy is also the K-level set of by, which is smooth near this
portion. Applying Sard’s theorem, we can perturb K so that 99 is piecewise C1. Applying
Sard’s theorem again, we find a subsequence of positive 7 going to 0, so that the boundaries
0 (1) and 89, (1) are piecewise C*.

Then, we show the above boundary integrals are non-negative. The boundary inte-
gral portion along O is easily seen non-negative, because either ¢ = 0, or —8,,g1b >
0, — 2 (bg +7) > 0 there. The boundary integral portion in the interior of Q is also

non-negative, because there we have

b=by+7 (and b2 by+7 in Qi (7))

—Oyb =z (bp+7) = 0y3b — Dyz (b2 +7) 20.

Taking the limit along the (Sard) sequence of 7 going to 0, we obtain ; (7) — Q up to a
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set of measure zero, and

/ — (Vo Vgb) v
By

1
= / — Vg, Vgb), dvg > = / IV ,b} du,
) 3 Ja
3 /s,

Case 2. S has positive measure. The discriminant
D=\ —X2)2 (M2 = A3)2 Az — A\p)?

is an analytic function in By, because the smooth u is actually analytic (cf. [33], p. 203).
So D must vanish identically. Then we have either A (z) = A2 (z) or Az (z) = A3 (z) at any
point £ € By. In turn, we know that A1 () = X2 () = A3 () = tan (3) and b= K > b; (z)
at every “boundary” point of § inside By, z € 5 N By. If the “boundary” set 39S has
positive measure, then A; (z) = X2 (z) = A3 (z) = tan () everywhere by the analyticity
of u, and (1.44) is trivially true. In the case that 3S has zero measure, b = by > K is

smooth up to the boundary of every component of {z| (z) > K} . By the pointwise Jacobi
inequality (1.38), the integral inequality (1.44) is also valid in case 2. O

1.6.2 Proof of Theorem 1

We assume that R = 4 and u is a solution on By C R3 for simplicity of notation. By
scaling v (z) = u(£z)/ (%)2, we still get the estimate in Theorem 1. Without loss
of generality, we assume that the continuous Hessian D?u sits on the convex branch of
{(A1, A2, A3) | A1 A2 + A2A3 + AsA; = 1} containing (1,1,1) /v/3, then u satisfies (1.1) with
n = 3 and © = 7/2. By symmetry this also covers the concave branch corresponding to
0 =-n/2

Step 1. By the integral Jacobi inequality (1.44) in Proposition 1.6.1, b is subharmonic in

the integral sense, then b% is also subharmonic in the integral sense on the minimal surface
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M = (z,Du) :

/ ~(Vgp, Vgb®)  dvg = / — (Vg (36%9) — 6bpV b, V gb)  dvg (1.45)
> / ((pb2 |V b|% + 6by |vgb|2) dvg > 0 (1.46)

for all non-negative ¢ € C§°, approximating b by smooth functions if necessary.
Applying Michael-Simon’s mean value inequality ([32], Theorem 3.4) to the Lipschitz

subharmonic function b, we obtain

b(0) < C(3) ( /93 - b3dvg>1/3 <C(3) ( /B 1 b3dvg)1/3,

where B, is the ball with radius r and center (0, Du (0)) in R® x R3, and B, is the ball with
radius 7 and center 0 in R®. Choose a cut-off function ¢ € C§° (Bg) such that ¢ >0, p =1
on By, and |D¢| < 1.1, we then have

1/3 1/3 6 1/3
(/ b3dvg) < (/ <p6b3dvg> = (/ (<pb1/2) dvg> .
B By By

Applying the Sobolev inequality on the minimal surface 9t ([32], Theorem 2.1) or ([1],

Theorem 7.3) to b'/2, which we may assume to be C! by approximation, we obtain

(/BZ ((pbl/z)sdvg)l/s <o /Bz

Splitting the integrand as follows

v, (<pb1/2) ’2dvg.

2 1 |
|vg (<pb1/2)l =|2—bl—/§<pvgb+bl/2vg<p < 520 [Vgbl” + 26|V gl

1
< §<p2 |Vgb|? +2b|V400)?,
where we used b > 1, we get

2
dug

7, (w7)

<C(3) </ <,02|ngl2dvg—|—/ b|Vg<pl2dvg>
By B2

< C(3) 1Dull e ) + C 3) [IDul2 0 () + 1Dl 3,

~ o

Step 2 step 3

0(0)50(3)/3
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Step 2. By (1.44) in Proposition 1.6.1, b satisfies the Jacobi inequality in the integral
sense:

30, 6> Vb2,

Multiplying both sides by the above non-negative cut-off function ¢ € C§°(Bs), then

integrating, we obtain

/ 0% |Vgb|* dvy < 3 / 0% Ng bdv,
B, By
= —3/ (2¢V g, Vgb) dvg
By
1
< —/ ©? |ng|2dvg+18/ Vg0l dv,.
2 Bs B,

It follows that
/ 02 |V b|? dv, < 36/ V4601 dvg. (1.47)
Bz BZ

Observe the (“conformality”) identity (Lemma 1.4.2):

1 1 1
<1+,\%’1+,\g’1+,\§)V_(°'1“’\17 1= %2, 01=X)

3
where we used the identity V = H\/ (1 + )\f) =0y — o3 with 09 = 1. We then have

i=1

3 2 3
D
Vgl dvg =3 (1 f/@ Vdz =Y (Dip)? (01 — \i) dz (1.48)
i=1 ? =1
< 242 Awu dx.

Thus
/ PV by, <C@) [ Lude
B3 B;
< C3) |1Dull oy -

Step 3. By (1.48), we get

b|VeplPdvy <C @) [ bAwu da.
B Bo
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Choose another cut-off function ¢ € C§° (B3) such that ¢ > 0,4 = 1 on By, and | D1} < 1.1.
We have

/ bAudz < 1/)bAud.7;=/ —(bD%p + Db, Du) dz
By Bs B3

< 1Duleqs,y [ (01DY]+ v |DH) de

3
<C®) [Dulymip,y [ (0+1D8) da.
3
Now
b=max {In V1 + My K} < dmax+ K <M1 +do+ X+ K = Du+K,

where Ay + A3 > 0 follows from arctan A; + arctan As = § — arctan A; > 0. Hence

| bdz < CE(L+ |Dull g,
3

And we have left to estimate [, |Db|dz :

3

(Dib)? 2 2 2
/33 tDbldxs/BSJZ 39 (1 +A]) (1+23) (1+23) de

i=1

- / IV,b| Vda
B3

1/2 1/2
g( / |vgb|2de> ( / de> :
Bs Bs

Repeating the “Jacobi” argument from Step 2, we see
[ 193bl Vo < C9) Dl e
3 .
Then by the Sobolev inequality on the minimal surface 9, we have

3
Vdm:/ dv_,,g/ #8dv, < C (3) (/ |vg¢|2dvy) ,
B3 B3 By By

where the non-negative cut-off function ¢ € C§° (By) satisfies ¢ = 1 on Bs, and [D¢| < 1.1.

Applying the conformality equality (1.48) again, we obtain

/B Vool dvg < C(3) | Ou dz < C(3)1Dull ez, -
4

By


file:///Vgb/Vdx
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Thus we get
| Ve <0 1Dulfuay
B3
and
| 1Dtz < C(3) IDulfm s,
B3
In turn, we obtain
| b195pf vy < C(3) [K 1Dl + 1Dl + 1D 5]
2
Finally collecting all the estimates in the above three steps, we arrive at
Amax (0) < exp [C (3) (IDull (5 + 1Dl 2w 5 + 1Dl 30e 5|

< C(3)exp [C (3) ||DU||3ioo(B4)] :

This completes the proof of Theorem 1.
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1.7 Proof of Theorem 2: Large Phase Special Lagrangian Equations in Dimen-
sion Three

1.7.1 Proof of Theorem 2

As in the proof of Theorem 1, we assume that R = 8 and u is a solution on Bg C R®
for simplicity of notation. By scaling v (z) = u (%w) / (%)2, we still get the estimate in
Theorem 2. We consider the cases when © _ n/2+ 6 for § € (0,7). The cases © < —m/2
follow by symmetry.

1.7.2  Proof of Phase Dependent Estimate

Step 1. As preparation for the proof of Theorem 2, we take the phase m/2 represen-
tation 9 = (Z,Du(Z)) in Proposition 1.5.1 for the original special Lagrangian graph
M = (z, Du (z)) with £ € Bg. The “critical” representation is |

= )] a0
= £+ D sin
T =xcosg u () sin § (1.49)
Dg=—z sin% + Du (z) cos %
Define
Q, = 7(Br(0)).
Then we have from (1.23)
dist(Qy, 0Q5) > 1 59 (1.50)
D) = 9cos6/3 7~ )
We see from (1.49) that |Z| < p for 7 € Qg with
=8 d D in 2 1.51
p=8c0s > + 1Dl 5y Sin 3 (151)
and that |Di (2)| < & (for Z € Qg) with
= 8si d D d 1.52
K= sm§+l| Ul| oo Bg) COS 3 (1.52)

The eigenvalues of the new potential @ satisfy (1.24) and the interior Hessian bound by

Theorem 1

D% (z)| < C (3) exp [C (3) 7]



40

for z € Q5. It follows that the induced metric on M = (Z, D@(Z)) in Z coordinates is bounded
on Q3 by
dz® < §(3) < p(k,8)dz’, (1.53)

1+ (cot 2)2] } . ‘ (1.54)

Step 2. Relying on the above set-up and the relative isoperimetric inequality in Proposi-

where

p(k,6) = min {1 +C(3)exp [C(3)K],

tion 1.5.1, we proceed with the following Sobolev inequality for functions without compact

support.

Proposition 1.7.1. Let u be a smooth solution to (1.1) with © = n/2 +§ on Bs(0) C
R3. Let f be a smooth positive function on the special Lagrangian surface M = (z, Du (z)).
Then

2/3
([ 100t <o@putss [ 1950~ 0* o,

where p, K, and p were defined in (1.51), (1.52), and (1.54); also v = st(O) fdz.

Proof. Step 2.1. Let M = || f||r(B,). We may assume ; < M. By Sard’s theorem, the level
set {z| f(z) =t} is C" for almost all . We first show that for all such t € (1, M],

{z| f(z) > t} N Bily < C3)p* [, )| {z| f(z) =t} N Bs|g]*/*. (1.55)

(Here | |, and | |; denote the area or volume with respect to the induced metric; | | denotes
the same with respect to the Euclidean metric as in Lemma 1.5.1 and Proposition 1.5.2 .)

From ¢ > [ fdz, it follows that |{z| f(z) >t} N B1| < 1 and consequently
{z| f(z) <t} N By >[Bi| -1> 1. (1.56)

Now we use instead the coordinates for 9 = (Z, D@(Z)) given by the Lewy-Yuan rotation
(1.49). Let
Ay ={z| (@) > t} N O,

where we are treating f as a function on the special Lagrangian surface 9. From (1.56)

we see that |A§ N Q1| > ¢(3) > 0, and thus

A < (1 - e(3)p7%) |-
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Applying Proposition 1.5.2 (see section 1.5) with (1.50) and (1.51), we see that

4,1 Q] < C(3)68 |04 N 04 A Q)2 .
Then we have from (1.53)
|4, < (e, 8)]*2 |40 (|
< 03)p° [u(x,8))>/% |0 A, N DAL/
< C(3)0° lulx, 6)¥2 104, N 0AZIS”

We have the desired isoperimetric inequality (now given in the new coordinates for 91 )

which holds for vt <t < M
O 6 c 3/2
4N, < C@3)p [p(n,a) 104; N BAt|g] ,

or equivalently (1.81) in the original coordinates.
Step 2.2. With this isoperimetric inequality in hand, the following proof is standard
(cf. [29] Theorem 5.3.1).

[ 5 |(f =t dvy]z/?» _ </OM—L|{$| f(z)—e >t} ﬂBllgdt3/2>

M-
5/0 Hal f(z) — o> £} N B} dt

2/3

M
< O@*u(rd) [ Hal £(0) = 1 Bolydt
< CE D) [ 1907 =0)* | dog

where the last inequality followed from the the coarea formula; the second inequality from
(1.55); and the first inequality from the Hardy-Littlewood-Polya inequality for any nonneg-

ative, nonincreasing integrand 7 (t) :

[/OT n (t)? dtq] v < /OTn (t)dt. (1.57)

This H-L-P inequality (with ¢ > 1) is proved by noting that sn (s) < fos n (t) dt and inte-
grating the inequality

qlsn(s)]* ' n(s) < q [/Osn(t)dt]q_ln(s)= d% [/Osn(t)dt]q.
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The proposition is thus proved. O

Step 3. We continue the proof of Theorem 2. As in the proof of Theorem 1, we take

b=max{ln\/1+/\,2nax, K@} with Kg=1+1n 1+tan2<%>.

Based on Proposition 1.6.1, a calculation similar to (1.46) shows that the Lipschitz function
[(b— L)+]3/ ? is weakly subharmonic, where ¢ = I} By(0) bdz. We apply Michael and Simon’s

mean value inequality ([32] Theorem 3.4) to obtain

2/3
-0+ 0) <00) [ [ 16-0*"a)

< 0@ u(rd) [ [olo=0)* | dog

1

where the second inequality follows from Proposition 1.7.1, approximating (b—¢)* by smooth

functions if necessary. Thus

80) < C@'u(s,) [ Vtldoy + [ bas
Bs B5

1/2 1/2
< C(3)p*u(k, ) ( / |vgb|2dvg> ( / de> + [ Vdz
Bs Bs Bsg

< C’(3)p4u(h;,5)/ Vdz (1.58)

Bg
where we have used the Jacobi inequality in Proposition 1.6.1, and a similar calculation
leading to (1.47 ) in the proof of Theorem 1.
Step 4. We finish the proof of Theorem 2 by bounding | B, Vd. Observe

V=[(1+\/—_1,\1)---(1+\/—_1A3)|=|gcf)s;®1|>0

We control the integral of o, in the following.

/T oodz =/B % [(Au)2 - |D2u|2] dz

/ div [(AuI - Dzu) Du] dz
B,

/ ((AuI — D2u) Du, 1/) dA,
B’V‘

N = N~
D



where v is the outward normal of B,. Diagonalizing D%u, we see easily that

A2+ A3
Aul — D%y = A3+ M1 >0

A1+ A2
as 6; +6; > 0 with 6; + 62 + 03 > /2. Then

/ O'Qd.’]? S ”DU”Lw(aBT)/ AUdA
B, 8By

Integrating the boundary integral from r = 6 to r = 7, we get

oodz < || Dull;oor min AudA
/Bﬁ 2de < [Dul ooy min, 0B,

< Dl [ Auds
Br
< C(3) | Dullfoo(zy) -

It follows that for © > 7/2

1 1
/Bﬁ v |cos ©)| /g, (o2 = D)o < lcos B Jp, o207

C(3) 5

< 22

< Teos @] 1Pz

or
C(3) 3
/Bs |cos O] | Du| oo g [ Dull7,00 (g)

43

(1.59)

In order to get ©-independent control on the volume, we estimate the volume in another

way. By the Sobolev inequality on the minimal surface 9 ([32], Theorem 2.1) or ([1],

Theorem 7.3), we have

3
/ Vdz = dvg < #%dvy < C (3) [ IV, 0| dvg] ,
Bs BG B7

By

where the nonnegative cut-off function ¢ € C$° (By) satisfies ¢ = 1 on Bg and |D¢| < 1.1.

Observe Lemma 1.4.2 (“conformality” ) for large phase

1 1
V=
(1+Xf” ’1+A§)

(sin@(al — A1) +cos®© (1— %) o+ ,8inO (07 — A3) + cos© (1— k2

1
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We then have

[ wsstan= [ v,

Br =1

<121 [ [25in©0; +cos® (3 —032)]dz
By
< C(3) [[5in®| 1 Du] o gy) + 1005 O] [ Dt} o 5,

for © > 7/2, where we used the argument leading to (1.59). Thus we get

3
[ vda <0 @) [sin®lIDullgsy + Icos O] 1Dul gy D0l o] (160)
3

Now either |cos O] || Dul| foo( gy < 1 0r — €08 O || Du|| oo ) > 1; combining (1.59) and (1.60),
we have in either case

; Vdz < C(3) | Dullfo(p,) -
8

Finally from the above inequality and (1.58), we conclude
b(0) < C(3)p* u(r, 8) | DUl oo 3y
C(3)p* “D“”iw(Bs) min{l + C(3)exp [0(3)/{,3] 1+ (cot 2)2} .
Exponentiating, and recalling (1.51), (1.52) and (1.54), we have the ©-independent bound
[D?u(0)] < C(3)exp {O(3) exp [O(3) | Dulfe | }

and the ©-dependent bound

[Dzu(0)| < C(3)exp {0(3)

AT 4
14 (cot §) ] [1+I|DUI|L°°(38) sin 5 ] ||D“”L°°(Bs)}

Simplifying the above expressions, we arrive at the conclusion of Theorem 2.
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1.8 Proof of Theorem 4: Estimates in Dimension Two

In this section we prove uniform estimates for special Lagrangian equations in dimension

two. When n = 2, equation (1.2) reduces to the simpler
cos® A u +sin© (det(D?u) — 1) = 0. (1.61)

1.8.1 Jacobi Inequality

Lemma 1.8.1. Let u be a smooth solution to (1.1), with phase ® > 0, and n = 2. Set
b=1nV =1In+/det (I + D?uD2y). Then b satisfies

Agb > sin©|V, b (1.62)

and for © > n/2,

Agb > |V bf2. (1.63)

Proof. Assume that D?u is diagonalized at a point p. The calculation

Bglny/(L+2)(1+) = [4+(A1+A2)]( 1+ hl) (1.64)

follows from Lemma 1.4.1, again using the notation hijx = v/9%1/g%7+/ g**¥u;;x. Similarly,

2
|Vgb|? = Z g (8,- In \/det 9)2

=1

2 2 2 .. 2 s 2
Z Z gabazgab) = Zgn Zgjjf\jujji>
=1 ab 1 =1 j=1

=g [g ui1 (A1 — )\2)} + g2 [911U112 (A — )\2)]2

= (hf1 + hf1z) (M — A9)?, (1.65)

where we used the minimal surface equation (1.21)

11 22 11 22
g w111 + g“uge = g ugiz + g““uge2 = 0.
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With (1.61) in mind, we compute
44 (M +2)2=sinO\ — M) =4+0? —5sin0® (07 - 409)

=4+0? —sin® (07 —4+4cotOoy)

cos © )]2

= (1 - sm@) [01 ‘-2m

> 0.
Accordingly,
Dgb —5in OV b|? = [4 + (A1 + A2)? —sin©O(\; — ,\2)2] (hi, + hiyp) > 0.

The Jacobi inequality (1.62) is proved.
For large phase, © > 7/2, the equation (1.1) dictates that both eigenvalues are positive,
and one can see easily from (1.64) and (1.65) that (1.63) holds. O

In two dimensions, we take advantage of a certain “super” isoperimetric inequality on
the level sets of “subharmonic” functions. The resulting Poincaré type inequality will be
used in the proof of Theorem 4. Note that this takes the place of the mean value inequality

of Michael and Simon, as it was used in the proof of Theorem 1.

Proposition 1.8.1. Let f be a smooth, positive function on Bo(0) C R2. Suppose that
f satisfies the weak mazimum principle: f attains its mazimum on the boundary of any

subdomain of By. Then

Hfllmowl)s/ |Df|dz + [ fd=.
By By

Proof. Set a = fBz fdz. We may assume M = |||z (B,) > @ By Sard’s theorem, the level
set {z| f (z) =t} N By is C! for almost all ¢ with & < t < ||fllzoo(B,)- For such (almost
all) ¢, we show that {z| f () =t} N By has length at least 1 in the following. The set
{z| f (z) < ¢} N By is nonempty and satisfies

[{z| f (z) <t} NBy| > |B1| -1, (1.66)
otherwise we have a contradiction:

a>/ fdz >t |{z| f(z) >t} N By| > e
B
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If any component of {z| f (z) = t} N By stretches from the interior B; to the boundary 9By,
then the length |{z| f (z) =t} N Bz| > 1. Otherwise, each component of {z| f (z) = t} N By
which intersects B; must be a closed curve in By, as we are using the fact that ¢ is not a
critical value for f. From the maximum principle for f, it follows that f < t inside any such
closed curve. By (1.66) and the usual isoperimetric inequality for each of these (finitely

many) C! regions where f < t, we have

{e| f(z) =t} N By > 4 |{z] f @) < ¢} N Bi| > L. (1.67)

Now we proceed as follows. For any ¢ > 1,

1/q

1/‘1 M-«
[/Bl|(f—a)+|qdw] =[/0 (21 £ (@) - > 1} 1 Bl
M—a
<[ THalf@-a>anma
° M-«
<IBY [ |l £ 5) - a =1} Baldt
0
1/q _ -
<|Bi| /leD[f(w) o] da,

where the last inequality followed from the coarea formula; the second inequality followed
from (1.67); and the first inequality followed from the Hardy-Littlewood-Polya inequality
(just as in Step 2.2 in the proof of Theorem 2, see also ([4], p.258).

Letting ¢ go to oo, we have

1(f = @) || ooy < /32 D (f - a)| dw.

Thus
1 fllzear) < / Dflde+ [ fdo.
B» B

1.8.2 Proof of Uniform Estimate

We combine two estimates to obtain a uniform Hessian estimate for any given height bound.
The first estimate, which uses the Jacobi inequality, deteriorates as ® — 0. The second

estimate holds for small ©® with constrained height, and follows easily from a standard
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technique for harmonic functions, combined with a Lewy-Yuan rotation of coordinates. For
simplicity, we assume that R = 4 and u is a solution on B, C R2. By scaling u (£z) / (%)2 ,
we still get the estimate in Theorem 4.

Case with ©-dependence. By the symmetry of the equation (1.1), we assume © > 0.
From inequality (1.62) in Lemma 1.8.1, b = InV is subharmonic with respect to the induced

metric on By; hence b satisfies the weak maximum principle. We apply Proposition 1.8.1

||b|}L°o(Bl)_<_/ |Db|da:+/ bda
By Bo
g/ |ng|d'ug+/ bdz
Bs B,

1/2 1/2
< < |V 4b|? de> ( / de) + [ Vda. (1.68)
By By Bs

Multiplying both sides of the Jacobi equation (1.62) by a non-negative cut-off function
1 € C§° (B3) with ¢ = 1 on By and |Dv| < 1.1, then integrating, we obtain

1
/331/1 |V gb|” dvg < Sn© Bad’ Dg dvy

1
= — /B3 (29 V 40, ng)g dvg

sin©

1 1 \?2
< = 2|\, b12d 2 2 do,.
=9 /;31/’ I g9 | Vg + (sin@) /;3 |Vg¢| Vg

It follows that
|Vgb|? Vdz < / P2 |V gb|* dvy < 4csc?© / |V g9|? dug. (1.69)
Bs B3 Bj

Observe that by equation (1.1) or (1.61) the volume element takes a simple form

V= /(14+22) (1+X3) = [(1+An) (1 +ido)] = |1 = 0 + o

= '016 =cscO A u.

sSin

Hence,

C2)
5 Viz < =5 [ Dull oo 5,

2 2
VPV < (|D¢| Dyl )V:|D¢|2 (2+A%+A%)

and

1+,\%+1+,\§ 14
sin ©

o1

= |Dy|? [2(1 — 02) + 0] = |Dy? (2c08© + 0, 5inO) ,
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where we used the equation (1.61). We then have from (1.69)
/ [ng|2 Vdzr < C(2)csc?2® [ (2¢080O + 015in0) dz
Bs Bs

< C(2) (csc2 © +cscO© ||DU||L°°(B3)) ‘

Thus from (1.68),

[0ll oo (m,) < C(2) (

1
. 3 1
1+sin® ||Du|]L°o(Ba)) I Dull poo(py) | 2 0@ ”D’U‘”Loo(Bﬂ'
sin® sin©® sin® ’

that is

1Dl oo 55 !
Bl| oo,y < C(2)——inBe) [ 1 4 ' o
18]l oo () < CD——5 sin'/2 © | Dul}2 5,

The estimate (1.12) follows by exponentiating (1.70).
Next, for very large phase, © > 37 /4, we adapt the proof of (1.70) to obtain a bound
that does not deteriorate as © — « . First we note that from the Jacobi inequality (1.63)

the ©-dependence in (1.69) is no longer needed, and we have

/ |V gbldvg < 4 ( / |vg¢|2dvg) ( / de> <C(2) / Vdz. (1.71)
B2 B3 B2(0) B3(0)

Using another expression for the volume form
V =|1-09+io1| = [secO| (o2 — 1)

for © > /2,

/ Vdz = / |sec©| (o2 — 1) dz < |sec O oodz
B (0) B (0) Br(0)
= |sec O / div(uqugg, — urug; )dz
B..(0)
< |sec O] HDuHLoo(Br)/ | D%u|ds.
8B,(0)

By the convexity of u for large phase © > /2, we know Au > |D2u| , SO

/ Vdz < |sec O] ||D'“||L°°(B,)/ Auds.
B,(0) 8B,(0)



50

Integrating the right hand side from r = 3 to r = 4, we deduce

Vdzr < |sec®|||Dull ;oo min Auds
/ o Vo S el IDulmipg min [

< o0 1Dl [ o, e < lsec0 1 Dulfn
4
In light of (1.68) and (1.71), we then have for © > n/2,
15z < C(2) Isec O 1Dul2n 5

and finally
1Dl o 5,y < exD [C(z) Isec O ||Du{|%°o(34)] . (1.72)
This finishes the estimates with ©-dependence in Theorem 4.

Case without ©-dependence. In order to prove the Hessian bound (1.11) that does

not deteriorate for small ©, we need the following,.

Proposition 1.8.2. Let u be a smooth solution to (1.1) with n = 2 and © € [0,7/4] on

B1(0) C R%. Suppose that
1

Dul| ;e < —.
” u“L (B1) = 8sin©®

Then we have
1D%u(0)] < O@) (1 Dull sy + 1)

Proof. We first find a harmonic representation of 9 = (x, Du) via Lewy-Yuan rotation as
in Proposition 1.5.1:
Z=ugcos +Du(w)sin%
§=—zsinQ + Du (z) cos%— .

We see that 9 is a (special Lagrangian) graph over & space: 9 = (&, Du (Z)), where

(1.73)

% is a smooth function. Let ); be the eigenvalues of the Hessian D%4. From (1.1) we have

that arctan A; > © — w/2. (When n = 2, all phases are considered large.) Then

< © T 0 & O
arctan \; = arctan \; — 5 € (—-—2- + 503" 5) . (1.74)

It follows that

arctan \; + arctan Xy =0 or

Ay = 0.
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Moreover, the domain of @, Z (B;) contains a ball in Z space with radius R at least
~ 1
R> ———
~ 2c0s©/2
around Z(0).
For the harmonic function @z with & being an arbitrary unit vector in Z space, the mean

value formula implies

= 1
Uéé(o) = ;r—ﬁ

From the above harmonic parametrization (1.73) of 9, we know

. _2wR, __ 0,
/. i 42 < Dl ) < 4005 1D 5y

_ . © S
HDU‘”L‘X’(BR) <sin 2 +cos o | Dull poo By -

Thus we get

- e[. 6 C)
Ai (0) < 4cos £Y [sm £Y + cos 3 ||Du|]Loo(Bl) .

From (1.74), we see that
5\,' 0 tan 2
a(0)= 2O tiany
1—X;(0)tan 35
Note that Amax (0) > |A; (0)] for © > 0. It follows that
| D?u (0)] < Amax (0)
tan  + 4 cos % [sin 2 + cos % ||D“||L°°(B1)]

<
= 2c0s0© —1—25in0® ||DU||L°°(Bl)

< C@) [I1Dul ooz + 1] »

provided that, say, [2 cos® — 1 — 2sin O || Du|| Loo( B1)] ‘> 0.15, which is available under our

assumption. O

We finish the proof of Theorem 4 without ©-dependence. By symmetry, we only consider
the cases 0 < B < 7.

We first consider the small phase 0 < © < 7/4.

If ||Dulloo(p,) 2 gsne» then from the first estimate (1.70) we have

| Dufl oo (5 1
D%ul|, <C@)exp4 C(2 —3) 1+
“ “L (B1) (2) { (2) sin® sinl/z(-)||DuH2/£(Ba)

< C(2)exp [0(2) ||D“||%°°(B4)] :
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If || Dul| Loo(Ba) < §s‘ilﬁ‘®‘v then Proposition 1.8.2 (applied at any point in B;) implies

1D%u)| ) < €@ [1Dul oy + 1]

< C@)exp [C(2) [ Dul2 e ] -
For phases 7/4 < © < 37/4, sin®© is bounded away from 0 and (1.70) gives

102 e ) < C(2) 3D (C(2) 1Dt o3,

< C(2)exp (0(2) HDUIlzoo(m)) :

For large phase © > 3m/4, sec© is bounded and we have from (1.72)

10| a3y < C(2) 30 (CQ) [ Dulos,y) -

The proof of estimate (1.11) without ©-dependence in Theorem 4 is complete after a scaling.
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1.9 Proof of Theorem 5: Estimates for Convex Solutions

In this section we prove estimates for convex solutions of (1.1).

1.9.1 A Jacobi Inequality for the Volume Element

We now derive a Jacobi inequality for the volume element

V = y/detg = [](1+23)3.

i=1

Proposition 1.9.1. Suppose that u is a smooth convez solution to (1.1) in Br C R*. Then

1
AglnV > =|V,In V|2
n
Consequently v
C(n)
InV|*dv, <
/;,. |Vg n ] Ug — R—'f'

Proof. At any fixed point, we assume that D?u is diagonalized, then using (1.4.1)

dvg
Bgr

n

DglnV = Y (1+ X))k,
i,5.k=1

where h;jr = /g% \/9971/g**u;;; are the components of the second fundamental form of

the graph. Gathering all terms containing h” ;= h?zj = h?ﬂ for a fixed ¢, we have

(L+2D)h% + D1+ 2D)R2 + 3 1+ 2)y) m+21+,\A 2
J# J# J#i

= (1+2Dh% + Y3+ AF +2x)))h;;.
J#

Thus

AginV =" 1A+ X%+ ) 3+ A2 +200)h2;,
i J#

+2 ) (B4 Xidj + Ak + Aedi)hdy.
1<j<k

To bound the gradient, we compute (still at the same fixed point with D?u diagonalized)

31; InV = Z gjj)\jujji,
j=1
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then

n

n
\Z an|§ = Zg" Zg“)\ju]'ﬁ
=1 j=1

2
n n

=3 | 20 M

i=1 \ j=1
n
S n Z >‘j2h?ji'
1,j=1

From convexity of u, we have

1
AglnV — ~|V, InV|?

n
> B+ ) [3+2x) ]R3, > 0.
i=1 i

For any smooth cut-off function ¢ € C§° (Bg),

/ @*|VyIn V[ dy, < n/ ¢* Ay InVd,
Br Bp
= —n/ (2¢V49,V, an)g dvg
Br

1
< 5/ <p2|Vgan|2d'ug+2n2/ |V g0 dug.

Bpg Bpr

In particular, choosing ¢ to be 1 on B, and have gradient bounded by 2/ (R — r) in Bg, we

have
/ IV, V[ dv, < / & |V, ln V] dv,
B- "~ JBg
<an? [ [Vypl?duy
Br
< C(n) dvg.
R—r Bg

This completes the proof of Proposition 1.9.1. O

1.9.2  Proof of Theorem &

We assume that R = 7 and u is a solution on By C R* for simplicity of notation. By scaling
v(z) = u(fz)/ (?—)2, we still get the estimate in Theorem 5. The proof of Theorem 5

consists of five steps.
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Step 1. We take a new representation 901 = (Z, D% (Z)) for the original (special) Lagrangian
graph 9 = (z, Du(z)) in new coordinate system of R* x R* =2 C*, Z = e~V-In/45 with

z=z++v-lyand 2=+ /17 :

(r-tm

The following instance of Proposition 1.5.1 is contained in [56], p. 122.

+¥2p

S wl%

2 Du (z)
(1.75)
~¥2g + ¥ Du(z)

Proposition 1.9.2. 1.5.1 Let u be a smooth convez function Bg(0) C R". Then the La-
grangian submanifold M = (z, Du(z)) C R® x R can be represented as a gradient graph

M = (2, Du(Z)) of the new potential & in a domain containing a ball of radius

R > V2R (1.76)
2
such that in these coordinates the new Hessian satisfies
-1 <D< (1.77)
Define
Then we have from (1.76)
dlSt(Q1, 695) —\/—_ (1.78)
We see from (1.75) that |Z| < p for T € Qg with
V2 V2
p= 67 + || Dull poo (o) 5 (1.79)

From (1.77), it follows that the induced metric on MM = (z, Da(Z))in % coordinates is
bounded by

dz? < g (7) < 2d7?, (1.80)

Step 2. As in the proof of Theorem 2, we need a Sobolev type inequality. This following

Sobolev inequality is proved similar to the one in the proof of Theorem 2.
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Proposition 1.9.3. Let u be a smooth conver function on Bs(0) C R™. Let f be a smooth

positive function on the Lagrangian surface M = (x, Du(x)). Then

n—1

([ 1= 0t1Prde,) ™ <0 [ (9307 - 0% doy
B Bsy
where p was defined in (1.79) and + = ]B%[IBE,(O) fdz

Proof. Let M = ||f||peo(B,)- We may assume ¢ < M since otherwise the desired result holds
trivially. By Sard’s theorem, the level set {z| f(z) = t} is C" for almost all t. We first show
that for all such ¢ € [i, M],

el f(z) > N Bil, < C)o™ ol f(z) =t} N Bs] . (1.81)

Here | |, denotes the area or volume with respect to the induced metric; | | denotes the

same with respect to the Euclidean metric.

From ¢ > ]Bll[ st(O) fdz, it follows that |[{z| f(z) > ¢t} N B1| < |B1| /2 and consequently

el 7(z) <y 1| > 21 (182)

Now we use instead the coordinates for It = (z, Du(Z)) given by the Lewy rotation (1.75).

Let
4= {a| §(2) > ) N,

where we are treating f as a function on the special Lagrangian surface 9. From (1.82) we

see that |[A¢ N Q4| > ¢(n) > 0, and thus
44 < (1= clm)p™) [

Applying Proposition 1.5.2 (see section 1.5) with (1.78) and (1.79), we see that

|4: N Q1| < C(n)p™ [0AN AN Q5|77 .
Then we have from (1.80)
[Amle|§ < 2% [A4;N |
< C(n)p®™ |9 A, N BAS|m-1

< C(m)p™ |94, N DAY .
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We have the desired isoperimetric inequality (now given in the new coordinates for 9t )

which holds for t <t < M

n

1

|4 Ny |g(i) < C(n)p™ |04 N 0AZ17 %) »

or equivalently (1.81) in the original coordinates.

We then proceed to prove the Sobolev inequality via the Federer-Fleming argument, as
before. We have

(/131 (- L)ﬂn_ﬁiap"g)l’_Tl = (/OM%H-’EI flz) —¢v> 1t} ﬂBllgdtﬁ) N

M- n-1
g/ {z] fz) o> N B}or di
0

M
<C ) [ fal £(e) = 0 Belyit

< C(n)p?n~1) ; |Vo(f — o)F| dvg,
5

by (1.57), (1.81) and the coarea formula for the above three inequalities, respectively. The

proposition is thus proved. O

Step 8. We consider the function f = InV on the special Lagrangian manifold 9, where
V is the volume element with respect to the original z-coordinate system. Observe that

InV (Z) in the rotated Z-coordinate system satisfies

n
o 0?InV (% _
Z 9" (z) ﬁ—a‘;—l =Dy InV (z)>0
i.j=1 R
because of (1.20) and Proposition 1.9.1. Note that the above non-divergence and divergence

elliptic operator are both uniformly elliptic by (1.80).
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Via the De Giorgi-Moser iteration (cf. Theorem 8.17 in [16]), we have

(InV =)+ (0) = (InV — )" (0)

n n —L+ 7 ;L%I T

= )</’31/¢5(0)I(1 Voat@ld )
n n —L+ j .Tﬁ v =

<O )(/BIM(G)I(I V-t (@)|~Td g(z))

< C(n) ( /B o |0V — o) (2)|7 dvg(z))

n—1

n

n—1

n

n

where

2
L= — InVdz.
|B1(0)] J Bs(0)

Using the non-divergence structure of the Laplace-Beltrami operator, one may also get
the above mean value inequality by a local maximum principle (Theorem 9.20 in [16]).

Thus by Proposition 1.9.3 and Proposition 1.9.1, we obtain

InV(0) < C(n)p*n~1 / |Vo(InV — o) % | dvg + C(n) / InVdz
Bs Bs

1 1
< C(n)p*™1) ( ; |VgInV)? dvg> ’ (/B Vda:) oy C(n) : Vdz
5 5 5

< O(n)p*b) i Vdz. (1.83)
6

Step 4. We finish the proof of Theorem 5 by bounding [ B, Vdz. Returning to our rotated

coordinates, from (1.80) we see

of3

V<22,

Since Qs = 5(36(0)),

/ Vdz = Vdz < 2”/ dz < C(n)p",
Bs Q6 Q
then (1.79)

V2 V2

p=6cos 5= + <= [| Dull oo 5,

leads to

N Vdz < C(n)(1 + | Dull}e(5,))-
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Finally, from the above and (1.83) we conclude
I V(0) < Cm)e*™ (14 | Dullfeayy)

or

|D%u(0)] < Cn)exp {Cn) I Dul}ihy } -

Step 5. Now the gradient of the convex function u is bounded by its oscillation
[ Dull oo () < e u-

By scaling, we arrive at the conclusion of Theorem 5.

1.9.83 Interior Regularity for Special Lagrangian Equations with Very Large Phase

In this section, we apply our a priori interior estimates of Corollary 1 to show Theorem
6 which asserts that any C° viscosity solution to special Lagrangian equation (1.1) with
very large phase |©| > (n — 1) 7/2 is regular, that is, analytic inside the domain of the C?

viscosity solution.

Proof. By symmetry, we assume © > (n —1)7/2. By scaling, we assume that the C°
viscosity solution u satisfies (1.1) in the unit ball around any interior point of the domain
of u. We approximate the C° boundary data u| op, = ¢ by smooth ¢.. Notice that the level
set of F(D?u) = arctan\; + - - - + arctan A, in the \-space, corresponding to the elliptic

equation (1.1),
L ={(A1, -+, )| arctanA; + - -- + arctan A, = O} (1.84)

is convex for ©® > (n — 1) w/2. By Theorem 4 of [7] (see also a simplification [42]), we obtain
a smooth solution u, to (1.1) with smooth boundary data ¢, in By.

Applying the (easy) comparison theorem to the CO viscosity solution u and the C?

solution u,,

| — tell oo ) < [l — UellLeo(oB,) = 0 as € — 0. (1.85)

In fact, one can deduce (1.85) from the definition of viscosity solution as follows. Suppose

M def max (u — ue¢) > max (u — ug) def Mg,
B 0B,
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then the function u — (ue - gM_Z—M") |w|2) achieves its maximum at an interior point zy. By

the definition of viscosity solution,

F <D2 (u - W—‘zi‘@ W)) >0

at zo. But F(D?u) is strictly elliptic,
® = F (D*u.) > F (D*u(z0) — (M — Mp)I) > ©.

This contradiction shows maxp, (u—u.) < maxsp, (4 — uc) . Similarly, one proves ming, (u—
Ue) > Mingp, (u — ue). Therefore, (1.85) holds.
From our Corollary 1 combined with the Evans-Krylov-Safonov theory (cf. Theorem

17.15 in [16]), we have

lucllcae) < C (2l oz,
for any subdomain §2 C Bi. Thus u is C%* inside B;. Now by the classical elliptic theory
(cf. Theorem 17.16 in [16] and [33] p. 203), u is smooth, even analytic inside Bj. O

In closing, we make some remarks on the existence and uniqueness of C° viscosity
solution for the Dirichlet problem of special Lagrangian equation (1.1). As we see in the
above, the approximation and the existence of smooth solutions with smooth boundary data
to (1.1) with |®} > (n — 1) n/2 in any (strongly) convex domain already lead to the existence
and uniqueness of C? viscosity solution to the Dirichlet problem with C° boundary data.

Notice that (1.1) is strictly elliptic in the sense

Fy,; (D%u) > 0.

ij
The existence and uniqueness of C° viscosity solution for the Dirichlet problem of (1.1)
then follow from those for general strictly elliptic equation. This general result is known.
It follows from the comparison principle for C° viscosity solutions to strictly elliptic equa-
tions. In fact, strict ellipticity (rather than uniform ellipticity) is enough for the proof of
the uniqueness of solution (also comparison principle) for fully nonlinear elliptic equation
presented in [8], p.43—46. For details, see for example [57].

Recently, there is a new approach toward the existence and uniqueness of C° viscosity

solution to the special Lagrangian equation (1.1), as stated in [18], p.46. Actually, the result
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on the Dirichlet problem for general fully nonlinear ellipfic equations with starlike/convex
level set (Theorem 6.2 in [18]) already applies to (1.1) with |®] > (n — 1) 7/2, even |©| >
(n — 2) 7/2. This is because the level set (1.84) X is convex for |©| > (n — 2) 7/2; see Lemma
2.1 in [58].

We point out that the above two conditions on the fully nonlinear elliptic equations,

strict ellipticity and starlike/convex level set are independent.
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1.9.4 Convex Solutions with Variable Phase

We note that in the proof of Theorem 5 we do not use any special structure coming from the

minimality of the Lagrangian surface, we use only the equation itself with the convexity of

u. In particular, we may easily adapt the proof to when 6(z) varies. In principle, estimates

for variable right hand side nonlinear elliptic equations can be deduced from those with

constant right hand side, by the work of Caffarelli and Safanov. However, it is not a simple

matter to make this deduction explicit. We need not rely on any other arguments to obtain

the following.

Consider

n
F (D%u) = Z arctan \; = O(z)
i=1
where )\; are the eigenvalues of the Hessian D?u .

Theorem 8. Let u be a convex solution to (1.86) on Bg(0). Then

|D?u(0)| < C(n, DY, D?6) exp {C (n) ”D““%}"_fBe)} :

It is well known [19] that

ANg(z,Du(z)) = H=JVO
= Z gijaja(— Z Ugier + Jei).
1,5 k

(1.86)

Using this fact, a long and straightforward computation, which we omit, will show the

following Jacobi inequality for In V.

Proposition 1.9.4. Suppose that u is a smooth convez solution to (1.86) in B C R".

Then

A,InV(z) > %wg InV2(c) - C(ID8(z)[2 + | D6(z))).

Consequently

/ |V, nV|*dv, < (g—(_ﬂ + C(DG,D20)) dvg.
B, r Br
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We can proceed as in the proof of the estimate for convex functions. Taking a Lewy rota-

tion, applying the Sobolev inequality ( Proposition 1.9.3) and the DeGiorgi-Moser estimate
in Step 3, we have

(InV - )7 (0) = (InV - )T (D)

< o) ((fsl,ﬁ@ (nV - 1y* (@)% df) o 'C‘"’D"’Dz‘”'mm«a@)) |

The same considerations as in the proof of Theorem 5 then lead to Theorem 8.
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1.10 Proof of Theorem 3: Gradient Estimates

We assume that R = 1 by scaling u (Rz) /R?, and © > (n — 2) 7/2 by symmetry.
Case © = (n — 2)w/2. Set M = oscp,u. We may assume M > 0. By replacing u with
u — ming, u + M, we have M <u < 2M in B;. Let

w = 7| Du| + Au?

with p = 1—|z)? and A = n/M. We assume that w attains its maximum at an interior point
z* € B, otherwise w would take its maximum on the boundary 0B; and the conclusion
would be straightforward. Choose a coordinate system so that D?u is diagonalized at z*.
We assume, say u, > J%l (>0)at z*. For all i = 1,--. ,n, we have at z*

0 = w; = n|Dul|; + n; | Du| + 2Auu;,

then

i — |Du), = _ni|Du| + Auuz‘
IM n
In particular, we have un, < O by the choice of A. Since the phase © > (n —2)7/2, it

follows that A\, = Amin, |An] < Ak, and

(1.87)

nn _ 1 1 _ kk
g —1+A%21+Ai—g (1.88)

fork=1,---,n—1at z*.
Next, we show

Agu > 0.

When D?uy is diagonalized,

n

n
Agu = ;guuii = Z T /\2 = = Z sin(26;).
Let S C K" be the hypersurface (with boundary) given by
s s
= - = —(n — | < =
s {o|91+o,+ +0n=Z(n—2),16: < 7},

where 6 = (01, -+ ,60,). Set I'() = 5 z *_, sin(26;). Suppose that I obtains a negative

minimum on the interior of S at §*. At this point DI' vanishes on Ty«S, thus we have

cos(26;) = cos (20;) , then 6; = £6,.
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The only two possible configurations for 8 are

91=...=9nzw or

= =0, 0=7, Op1 = —0,.

In either case, I is nonnegative. This contradiction allows us to verify the nonnegativity of
[ along the boundary 85. It follows easily that ' > 0 there by induction on dimension n,

as

n
—~ e Vis
BS=gl{e|01+---+0k+---+0n=§(n—3), !9i|S§}

and T (6,02) =0 for 6, + 60 = 0.
Further, we show

Ay |Du| > 0.

We calculate

n

n n
BylDul= 3 gFonsDul= Y oof [ Uil | Nistip 9 it

3
af=1 a,B,i=1 [Du — |Dul £ | Dyl
= UiaUif o= UsUiUjU;
= of | Yiallip N WilhipUsUja
a’ﬂz’;___lg | Dl Jzz‘: |Du|3

2 2 2
D?u is diagonal 2”: 400 (IDul - ua) 2% .
|Duf?

a=1
where we used the minimality equation (1.21).

Combining the subharmonicity of 4 and |Du| with (1.88) and (1.87), we have at z*

0>Agw_|Du|Agn+2Zg“ana|Du| +nA |Du|+2AuA u+2AZga°‘ 2

a=1 >0 a=1

> |Dul By 1 +2 Y 0ol Duly + 24’ g0
a=1 a=1
n
Du| +24 24
> ~2ng™ [Du| 23" g% (””" U ““) + 2 gm Dy
a=1 n n
|Dy| \Dul
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It follows that
24
0> —2nn—4—8Au+7n|Du|.

Then by the assumption M < u < 2M and A =n/M
n|Dul (z*) < (n+ 2+ 8n) M.

So we obtain

[Du (0)| < w(z*) < 15nM. (1.89)

Case © > (n —2)m/2. Let © = § + (n — 2) /2. From our special Lagrangian equation
(1.1), we know

™ ™
9i+(n—1)§>(n—2)§+5 or 9,~>—g+5.

We can control the gradient of the convex function u (z) + 3 max {cot 4,0} |z|? by its oscil-
lation, thus
|Du (0)] < osc+ max {cot 4,0} (1.90)
1
In order to get rid of the é-dependence in the gradient estimate, we need the following.
Proposition 1.10.1. Let smooth u satisfy (1.1) with ©—(n — 1) L = § € (0,7/4) on B2(0).

Suppose that

oscu < —.
B, ~— 2sind

(1.91)

Then
|Du(0)| < C(n) (%scu + 1) .
2

Proof. We take the Lewy-Yuan rotation in the proof of Proposition 1.5.1, to obtain a
“critical” representation 9 = (Z, D4 (Z)) for the original special Lagrangian graph 9t =

(z, Du(z)) with 2 € B,. Recentering the new coordinates, we take

_ § . § .5
T=xzcos2+ Du(z)sins — Du(0)sin 2

Di(z) =~z sin% + Du (z) cos %
By (1.23) we see that the potential @ is defined on a ball in Z-space around the origin of

radius
2

2 cos(

R= > 1.

S|

)
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From (1.92) and the estimate (1.89) for the critical potential, we have

!DU(O)I
cos(d/n) =

Next, we estimate the oscillation of @ in terms of u. We may assume that 4(0) = 0.

|Du(0)| = < C’(n)oscu

Without loss of generality we assume the maximum of |&| on Bj(0) happens along the

positive Z;-axis, and even on the boundary dB;. Thus we have

osctt <2
B

In the following, we convert the integral of 4z, to one in terms of u;,, then recover the

oscillation of % from that of w.

We work on the z1-y; plane in the remaining of the proof. Under our above assumption,

y1 =tan | — |2

and the curve v : (z1,u;1(z1)) with |z1| < 2 forms a graph over the Z;-axis. Let [y be the

the Z;-axis is given by the line

line perpendicular to the Z;-axis and intersecting the curve 7 at (0,u; (0)) along the y;-axis.
The intersection of ly and the Z;-axis (which is also the origin of the recentered the Z:-y;

plane) has distance to the origin of the z1-y; plane given by

|u1 (0)] sin <%) < (oglcu + -;-cot 5) sin (%) <1 (1.93)

by the rough bound (1.90) and the condition (1.91). Now let I; be the line parallel to o

passing through the point z; = 1 along the Z;-axis.

F1=1
/ iz, dT
71=0

is the signed area between the Z;-axis and the curve v, and lying between the lines [y and

The integral

l1. We convert this to an integral over z1,
Z1=1 P(liNE1-axis) §
/ ﬂj;ld:fl = / [ul(ml) - tan (—-) acl] dz, + Ky + K1,
Z1=0 P(loNZE1-axis) n
where P denotes projection to the z;-axis, and Ky as well as K; denotes the signed areas

to the left or right of the desired region, forming the difference.
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It is important to note the following for j = 1,2 :

(i) P(l; N Z1-axis) is in the z;-domain of u; by (1.93),
|P(lp N Z1-axis)| <1 cos (%) <1,

|P({; N Zp-axis)| < (1 +1) - cos (%) < 2

(ii) P(I; N~y) is also in the z;-domain of u; as the whole Lagrangian surface 9 is a graph
over Bs,

PNyl <2
(iii) the region K; is bounded by the line [;, the vertical line z; = P(l; N Z;-axis), and the

curve v, also each region K; is on one side of the 7;-axis.

Thus from (i)
P(liNZ1-axis) 5
/ [ul(wl) — tan (—) 1;1] dzy
P(loNZ1-axis) n

Pli;nv] 5
/ [m(xl) - tan(g)wl] dzy

P(lj ﬂ:h-a.xis)

<oscu+C(n)
B

and from (ii) (iii)

K| <

<oscu+ C(n).
By

It follows that we have the conclusion of Proposition 1.10.1

|Du(0)| < C(n) olecﬂ <C(n) <o§,2cu+ 1) .

We finish the proof of Theorem 3. For § > /4, the bound (1.90) gives
1
< - < .
|Du (0)] < cg,lcu-l— 5 < C(n) [cgszcu-l— 1]
For § < m/4, if oscp, u < 1/(2sind), then Proposition 1.10.1 gives
|Du(0)] < C(n) [(}gcu + 1] .
2
Otherwise, oscp,u > 1/(2siné), and from (1.90)

|Du (0)| < oscu+ oscu < C(n) [0scu+ 1] .
B1 B B2

Applying this estimate on By (z) for any = € B1(0), we arrive at the conclusion of Theorem

3.
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1.11 A Liouville Type Theorem

In this section, we prove Theorem 7.

1.11.1 Proof of Liouville Theorem

We begin by demonstrating a Jacobi inequality for the volume element

n
V = detg = [[(1 + 2.
=1

Lemma 1.11.1. Suppose that u is a smooth solution to (1.1) satisfying (1.14). Then

€ 2
AglnV > ;|Vg InV|g

or equivalently

|VV |g

n

AR > ¢ (1.94)

Proof. At any fixed point, we assume that D?u is diagonalized, then using (1.4.1)

DgInV = Z (1 4+ Xsj)hZ,
1,5,k=1

where hijx = 1/g%+/g971/g**u;j);. Gathering all terms containing hm = h?%; = h2j; for a

fixed i, we have

1+ X)RZ; + > L+ AD)R%, + > (1 + Mg + > (1+ M)k

J#i J#i J#i
= 1+ X3)hZ; + > 3+ A2 +2X\)h%;,
J#i
Thus -
AgnV = Z 1+ MDh%; + > (3 + A2+ 20 \)h3; (1.95)
J#
+2 3 (B4 AN+ AAe 4 M)
i<j<k

Condition (1.14) gives that

3+ (L—e) A2 + 2 + A + (A + ) — (X + ) >0
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that is

Siik = 3+ i + Xk + e > (k= M) (Ai + Xj) + €7
Switching A; and A;, we also have
Sijk = Sjie = Ak — A1) (A5 + A) + eX2.
By symmetry of S;jx, we may assume
Ai 2 A 2 A,
then either (Mg — A;)(A; + Aj) or (Ag — A;)(A; + X;) has to be non-negative, thus
Sijk 2 € min {)\?, )\?} .

We conclude that

n
NglnV > Z [(1 +A)h2, + 2(3 + 22+ 2,\i,\j)h,§j,] :
i j#i

(1.96)

(1.97)

(1.98)

To bound the gradient, we compute, (still at the same fixed point with D?u diagonalized,)

0;InV = Z gjj)\jujji,
j=1

then

2
n n
WANGEDIE (Z g% AjUjji)
=1

j=1

n n 2 n
= Z ZAjhjji _<_ n Z ’\j2h‘?ji'
=1 \ j=1 2,7=1
Combining (1.14) with (1.98) and (1.99) we have

AyInV — %Wg IV

n
>3 (L + @ =) X] hZ+ D_([3+ (1 —)XF +20)] b > 0.
=1 J#£i

The proof of Lemma 1.11.1 is complete.

(1.99)

(1.100)
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Lemma 1.11.2. Suppose that u is a smooth solution to (1.1) on B1(0) satisfying condition
(1.14) and

1
<$é .
[Vu| <é < it
Then
|D?u(0)| < C(n,4,¢).
Proof. Set
v:'u+a|V o (Vu(0),z) or wu+az if Vu(0) =0,

where o = ( \/% ) /2. Now v satisfies in B; the following

1
D%y = D%y, |Vv(0)|>a, and |Vo|<a+d< T
Set b = V=, and consider the function
2 2.2]"
w=nb=[|Vuf? - (a+6)? o] ] b> 0.
A positive maximum for w will be attained at a point p on the interior, since w (0) > 0 and

w () vanishes on the boundary dB;. At this point p,

19,

Vy(nb)=0 or V= b

0> Ag(nb) =nlgb+2(Ven, Vgb), +blgn

( Yy |>+bAgn

ZbAgT]a

by the inequality (1.94) in Lemma 1.11.1. This last inequality implies a bound on | D?v(p)|

as the following. We have

02 Am=24, [!V'UF —(a+ 6)2 |$I2]

= Z gij [2 Z (vksvkj + vK0Oi5vk) — (00 + 5)2 aij‘a:|2:|

1,j=1 k=1

—22’\2 (a+5 ZQ[M—(n—l)(a+6)2

1+ M
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using the minimal surface equation (1.21) and assuming |A1]| > |X;| for all 5. It follows that

2 1+ (a+9)°
SR L vy sy oA

We get

a?b(0) < [Vu (0)[*b(0) < n(p)b(p) < (o +6)?

1+(a+9)? |
1-(n-1)(a+8)>*|

then

An n
3\ 1 8)?
1+23(0) < (1+~) (e +9) AR (1.101)
a 1-(n-1)(a+4)
Therefore, we conclude the estimate |D?u(0)| < C(n,d,¢) in Lemma 1.11.2. O

Lemma 1.11.3. Letu € C*™ (R*\ {0}) be a solution to the special Lagrangian equation (1.1)
and homogeneous of order 2; that is, u (z) = |z|*u (z/ |z|) . Suppose that the eigenvalues \;

of the Hessian D?u (z) satisfy (1.14). Then u must be quadratic.

Proof. Lemma 1.11.3 follows from Proposition 1.11.1; nonetheless we give a direct proof in
the following. Considering (1.14), (1.96), and (1.97), we observe that the coefficients of hfjk
in (1.95) are strictly positive. Accordingly,
n
NgInV >e(N) D by (1.102)
i,j,k=1
with ¢ () > 0.
Since u is homogeneous of order 2, the homogeneous order 0 function InV attains its
maximum along a ray. We infer from the strong maximum principle that InV = const. It
follows from (1.102) that D3y = 0. Therefore, u must be quadratic, as claimed in Lemma

1.11.3. a

Proof of Theorem 7. Now the Hessian bound is available by Lemma, 1.11.2. We run the
“routine” blow-down procedure “in detail” to finish the proof of Theorem 7, as in [56].

Step 1. From the assumption that |Vu(z)| < d|z| for large z, we have on the ball By (p)
with any fixed p € R*

Vu(e)] < 6 (p + R) = (6 ; %) R
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A rescaled version of Lemma 1.11.2 with R going to oo then leads to a Hessian bound,
|D?u(p)| < C(n,é,¢) £ K, which must hold at each point p € R”.

Step 2. Repeating verbatim the argument in ([55], p.263-264), we show that we can find
a tangent cone of the special Lagrangian graph (z,Vu(z)) at co whose potential function
is Cb, homogenous order 2, and still satisfies the “convexity” condition (1.14).

Without loss of generality, we assume u (0) = 0, Vu (0) = 0. We “blow down” u at oo.

Set

_ u(kx)

we (2) = —5=, k=1,23,.

We see that
“uk||0111(BR) S C (K7 R) )

so there exists a subsequence, still denoted by {uy} and a function up € C1* (Bg) such that
ux — ug in CY* (Bg) as k — 0o, and |D?ug| < K. By the fact that the family of viscosity
solution is closed under C°® uniform limit, we know that up is also a viscosity solution of
n
F (D%u) = Zarcta,n Ai =c on Bpg.
i=1

Applying the W% estimate (cf. [8], Proposition 7.4) to the difference uy — ug, we have

Note that |D2uk| , ]D2uR| < K, so also

||D2u;c — DZUR”Ln(BR/g) —0ask — oo

By a standard fact from real analysis, there exists another subsequence and C'! function
on Bp, still denoted by {uz} and ug/, such that D*uy — D?ug/, almost everywhere as
k — 00. So D?up still satisfies (1.14) almost everywhere on Bpg/,.

The diagonalizing process yields yet another subsequence, again denoted by {u;} and
v € CH! (R™) such that ux — v in W27 (R™) as k — oo; v is a viscosity solution of (1.1) on
R?; |D2v| < K; and D?v still satisfies (1.14) almost everywhere on R".

The surfaces (z, Vug (z)) are minimal in R* x R* and their potentials uy converge to v
in Wli’: (R™), so by the monotonicity formula (cf. [39], p.84, Theorem 19.3), we conclude
that M, = (z, Vv (z)) is a cone.
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Step 3. We claim that M, is smooth away from the vertex. Suppose M, is singular
at P away from the vertex. We blow up M, at P to get a tangent cone, which is a lower
dimensional special Lagrangian cone crossing a line; repeat the procedure if the resulting
cone is still singular away from the vertex. Finally we get a special Lagrangian cone which
is smooth away from the vertex, and the bounded eigenvalues of the Hessian of the potential
function satisfies (1.14), by a similar W29 argument as in Step 2. By Lemma 1.11.3, the
cone is flat. This is a contradiction to Allard’s regularity result (cf. [39], Theorem 24.2).

Applying Lemma 1.11.3 to M,, we see that M, is flat.

Step 4. Now with the flatness of M,, a final application of the monotonicity formula
yields that the original gradient graph (z, Vu(z)) is also a plane (cf. [56], p.123). Therefore,

u is a quadratic polynomial. O

1.11.2 More on Cones

We include here a uniqueness result for global solutions to the special Lagrangian equa-
tion (1.1) with bounded Hessian satisfying certain “convexity” constraints (1.103). The

constraints are only needed for n > 4.

Theorem 9. Let u be a smooth solution to the special Lagrangian equation (1.1). Suppose

that the eigenvalues \; of the Hessian D?u (z) are bounded |); (z)| £ K and satisfy
34+ X (z) + 20 (2) Aj (2) >0 (1.103)
for all i, j, and x. Then u must be a quadratic polynomaial.

Proof. The proof is identical to the one of Theorem 7 with Lemma 1.11.3 replaced by the

following proposition. a

Proposition 1.11.1. Letu € C* (R™\ {0}) be a solution to the special Lagrangian equation
(1.1) and homogeneous of order 2, that is u (z) = |z|>u (z/ |z|) . Suppose that the eigenvalues
X; of the Hessian D?u (x) satisfy (1.103) for all i, j, and = # 0. Then u must be quadratic.
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Proof. By (1.103), we certainly have (1.100) with € = 0 in Lemma, 1.11.1, that is

n
AglnV 2 N (14 23) hZ; + ) (3+ 22 +2))) B,
i=1 J#

(3422 +20)

0. (1.104)

n
—~ 1+,\2)2 R

U
i (1+ A§)2 (1+x)

(2

Since u is homogeneous of order 2, the Hessian D?u (x) is homogeneous of order 0, hence
In V must attain its maximum along a ray. The strong maximum principle yields that InV’
is constant, so in fact

0=A,InV. (1.105)

We claim now that

Au = const (1.106)

on R\ {0} . At any point p compute the derivative
Au) = Z’u,jji (1.107)
J

for all 4. Still assuming that D?u is diagonalized at p, an inspection of (1.104), together

with (1.105) shows that for all j with u;j;; # 0,
3+ X7 +20); =0. (1.108)

From 3 + A? + 2)\;\; > 0, we see that A7 > A%. Solving (1.108) for ); we get

Aj=—Ai—4/A2 =3, if A <0
Aj=-Ai+4/A2=3,if A >0.

The minimal surface equation (1.21) at p then reads

1 1
0=20u £ T2 Wit = 7D Uii-
J J 1 J

Differentiating (1.106), we see that each u;; satisfies

Hence 9;(Au) = 0 and Au is constant.
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Applying the strong maximum principle once again to each (homogeneous order 0) function

u;5, we have immediately

Uj; = const;

that is, u is quadratic. U
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Chapter 2
THE MONGE-AMPERE EQUATION

In this chapter we turn to calibrations on R? x R"*, with respect to the pseudo-Euclidean
metric dzdy. The metric dzdy can be expressed explicitly as the indefinite form
1
dzdy = B Z(d.’l;’z ®dy; +dy; ® de’z)

i
Hitchin showed how the metric arises naturally in the study of the moduli space of calibrated
submanifolds [23]. This metric also has been of interest recently to physicists who study
what are called “para-complex” structures. Essentially, by replacing the complex structure
J with an involution I, keeping the same Kahler form, while requiring that the Kéhler form

satisfy
w(XvY) :g(IXaY)
we arrive at the metric ¢ = dzdy. For further discussion of para-complex manifolds and

their relevance in string theory, see [12]. Our main result is the following.

Theorem 10, Let T = (z,Vu(z)) C R* x R* be the gradient graph of a convezr function
u € C%(Q), for Q a bounded, simply connected region with C* connected boundary. If u

satisfies the Monge-Ampére equation

det(D%u) = ¢, (2.1)

or equivalently,
Z InA; =1ne,

where \; are the eigenvalues of D?u, then T is volume mazimizing in the pseudo-Euclidean
space (R} x R, dzdy). Precisely, if ¥ is any C1, space-like, oriented n-surface, with 6% =
ar' =T N{z € 80}, homologous to " in (R* x R*, dzdy), then

Vol(2) < Vol(T'),
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with equality only if X =T.

A Lagrangian submanifold of R* x R" is one that can be described locally as a gradient
graph, (z,Vu(z)) (see section 1.2). Hitchin ([23], §5) introduced a definition of “special
Lagrangian” for Lagrangian submanifolds of (R® x R",dzdy), and demonstrated that a
gradient graph (z, Vu(z)) is special precisely when the potential u(z) satisfies (2.1). Jost
and Xin ([25], §4) then showed that such a submanifold has mean curvature H = 0. Yu
Yuan suggested that it is possible to find a calibration associated to (2.1), and that is what
we do now. Specifically, we show that if u(z) is a solution to (2.1), then the gradient
graph (z,Vu(z)) is a calibrated submanifold of (R* x R*,dzdy), and consequently volume
mz?,ximizing. In fact, any submanifold which is locally described by gradient graphs of
functions satisfying (2.1) is calibrated, and therefore volume maximizing. Theorem 10 can

be stated to allow a slightly larger class of n-surfaces, as we shall see in section 3.

The study of calibrated Lagrangian submanifolds of R* x R* began with the work of
Harvey and Lawson ([19], §3), who studied Lagrangian submanifolds of C* & R" x R"
with the Euclidean metric dg, and showed that a Lagrangian submanifold is calibrated, and
therefore volume minimizing, if and only if the potential u(x) is a solution to the special

Lagrangian equation

Z arctan \; = c. (2.2)

McLean ([31], Theorem 3.6, 3.10) showed that given ¥ C M a compact special La-
grangian submanifold, the moduli space X of special Lagrangian manifolds near 3 in M
is itself a manifold which carries a natural Riemannian metric. Hitchin ([23], Proposition
2), showed that this metric can be obtained locally by embedding the moduli space X into
(V& V* go), where V = H!(Z,R). Hitchin then showed ([23], Proposition 3) that X is a
special Lagrangian submanifold of (V @ V*, go), and that special Lagrangian submanifolds

arise as solutions to the Monge-Ampeére equation, det(D?u) = c.
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2.1 Preliminaries

For ' the graph of F over a bounded region 2 C R?, the volume of I" is given by the

functional

Vol(T) = / \/det(I + (DF)(DF)T)ds
Q

when the metric on R® x R" is the Euclidean metric 6. When the ambient metric is the

pseudo-Euclidean metric gg, the volume functional is given by

Vol(T) = / \/det(DF + (DF)T)dz.
Q

When F' = Vu, then the Euler-Lagrange equations for the above functionals at F' become
(1.1) and (2.1), respectively.

We may use the idea of a calibration to detect maximal surface in the pseudo-Riemannian
setting, provided we pay careful attention to orientation as it arises. Given an oriented k-
plane £ and a k-form ¢, we will say that £ is oriented with respect to ¢ whenever p(§) > 0.
Let M be a pseudo-Riemannian manifold with index n—k, and suppose ¢ is a closed exterior
k-form on M with the property that on all oriented space-like k-planes, which are oriented

with respect to ¢,
o(€) 2 Vol(¢).

Let ¥ be any compact, oriented, k-dimensional, space-like submanifold with the property
that ¢|g(¢) = Vol|s(¢), for all oriented (with respect to the orientation on I) tangent
k-planes £. If ¥ is homologous to X', then ¥’ has a prescribed orientation, and it is with

respect to this orientation that we apply Stokes’s Theorem and obtain

o= by

It is possible, however, for the orientation of £’ to produce tangent planes which are not
oriented with respect to . If this disagreement occurs, the calibrating inequality is reversed,
and we are unable to make the volume comparison. This can happen if £’ is disconnected,
or is singular along a significant subset. The conditions in Theorem 10 are sufficient to

preclude any such pathology, as we will see in section 3.
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For the Euclidean case, Harvey and Lawson ([19], §3) define the S'-family of forms
oy = Re(e“/jadz),

where dz = dz; A ... Adz,, and show that these are calibrations on C*. We briefly recall the
idea.
For any real n-plane £ in R* x R* = C*, we may choose an oriented orthonormal basis

&1, ..., &n, with & € C*. Define a complex-linear map A : C* — C* by
A(emi) =&,

A(e’yi) = Jﬁla

which is represented by a complex-valued matrix A € M(n,C), namely the complex n x n
matrix with columns &, ..., .. This also defines a real-linear map A : R* x R* — R* x R?,

which is represented by a real-valued matrix A € M (2n,R). Now
€ A JE| = detrA = [detc A* = |dz(¢) = o (€) + B(¢),

where a(¢) = Re(dz(¢)), and 8(¢) = Im(dz(¢)). By Hadamard’s Inequality, |€|? > |€ A J¢|,

with equality if and only if £ is Lagrangian. So now we have

€17 2 [ A JE| = a*(€) + () 2 *(§),

with equality if and only if ¢ is Lagrangian and 3(¢) = 0.

If ¢ is Lagrangian, then &, ...,&, is an orthonormal basis for C*, so A € U(n). With the
action of SO(n) on U(n) given by n x n matrix multiplication, choosing an orthonormal
basis associates to each £ € L an A € U(n) which is unique up to a factor of SO(n). With
this association, we have a transitive action of U(n) on L. The isotropy group of &, = RZ is

SO(n), so L is a homogeneous space and the complex determinant descends to a map
dete o1
©:L=U(n)/SO(n) = S".
For any £ € L, dz(€) = eV~19®), Taking

oy = Re(e_‘/:Tadz),
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we see that ag(€) = 1 if and only if ©(¢) = 0, thus the ajs are calibrations for C*.

The special Lagrangian equations may then be deduced from the condition
arg(det(I + v/~1D?u)) = arg((1 + vV=1A1)...(1 + vV=1)\,)) = ¢

for some fixed ¢. This equation is satisfied precisely when © is constant along the graph of

Vu.

2.2 Calibrations for Pseudo-Euclidean Space

In the pseudo-Euclidean setting, a Lagrangian submanifold ¥ is called special ([23], p. 510)

if a linear combination of the volume forms dzy A ... A dz, and dy; A ... A dy, vanish along

3.

Proposition 2.2.1. For ¢ > 0,
1 ' 1
d, = §[cdm1 A Ndz, + Zdyl A ... A dyp)

i$ a calibration for (R® x R dzdy). Suppose £ is an oriented space-like n-plane in R* x R,

with ®.(§) > 0. Then
?.(£) > Vol(€)

with equality if and only £ is special Lagrangian, that is, if
dyi A ... Ndyn(€) = Pdzy A ... Adzy(£).

In the development of the special Lagrangian calibrations, Harvey and Lawson used
Hadamard’s Inequality to compare Lagrangian planes to non-Lagrangian planes. In order

to prove the Proposition 2.2.1, we need a result which serves this purpose in the pseudo-
Euclidean case. The following lemma is from linear algebra.
Lemma 2.2.1. Suppose Q € GL(n,R) satisfies Qija:ixj > 0, for all0# =z € R*. Then

det(Q) > det(Q—”;Q—T)

with equality if and only if Q = QT.
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Proof of Lemma. The matrix @ can be written @ = S + A, with S symmetric, and A

antisymmetric. Choose a basis so that S is a diagonal matrix. With respect to this basis,

)\1 a2 o Q1n
Q= —a12 A2 .. Qo
—Q1n, —Q2p - Ap

Expand the determinant of Q, and group the terms according to the number of A;’s each

terms contains. For all £ < n define
Py, = sum of all terms containing exactly k Ajs.

We see that P, consists of one term, namely Aj...A, = 0,,(S5), and that there are no terms
with (n—1) A;’s, so P,—; = 0. For P,,_g, k > 2, we fix 41, ..., in—k, and look at the terms con-
taining A;; ... A;,_,. These occur as the determinant of a matrix, which after an orthogonal

change of basis, looks like

(’\il

in—k
0 Q1 ja

5152 0

\

with 71,...,7k ¢ {41, -, %n—k}. This determinant is the product of the determinants of a
" positive diagonal matrix and an antisymmetric matrix. It follows that P,_; > 0. We also

see that
Pn._z = Z a?j /\1--~:\i;\j---/\n
i<j
which is strictly positive unless a;; = 0, for all 4, j. We conclude

det(Q) = Py + P2 + ...+ Py > P, = det(5) = det(Q +2QT)

with equality if and only if Q@ = Q7. O
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Proof of Proposition. If € is a space-like tangent plane, the projection onto RZ is full

rank, and we can take a basis for ¢ of the form
& =0 + w8y, i=1,..n.

Let @ be the matrix given by Q;; = wij. If g is the induced metric, then with respect to
this frame, the tensor g;; = g(¢&;, ¢;) becomes (Q + QT)ij /2, so

Vol(§1 A ... NE&,) = \/det (Q EQT)

Now

Bo(br A o A &) = %[c+ %det(Q)] > /aet 0

with equality if and only if det(Q) = ¢?, so

D(EL A ... NEn) > 1/det(Q).

From the above lemma

VK@) > 4 [det (Q—i’ff) = Vol(£1 Ao A £n)

with equality only if Q is symmetric, that is, if £ is Lagrangian. Hence
O (61N NE) 2 VOl(EL N o NER)
with equality if and only if det(Q) = ¢? and Q = Q7. O

We prove a more general result than Theorem 10.

Theorem 11. Suppose ) C R® is a bounded region, and u € C%() is a convez solution
to the Monge-Ampére equation

det(D?u) = 2.
Then in the pseudo-Euclidean space (R} x Ry, dzdy), the gradient graph of u(z), I' =
(z,Vu(z)), is volume mazimizing in the following sense:

Let ¥ be an oriented n-surface which is homologous to I' in R* x R*, with 0¥ = JI' =
I'n{z € 0Q}. If any of the following hold
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o 09 is connected and X is C1 and space-like,
e X is connected, C' and space-like, or

e ¥ is C and space-like except on a set Xg, which has n-dimensional Hausdorff measure

zero, such that X\Xo is connected,

then Vol(T') > Vol(Z). If Q is simply connected with C' connected boundary, and T is Ct,
then equality holds only if ¥ =T

Proof of Theorem 11, Theorem 10. Suppose u € C?(Q) with det(D?u) = ¢2 on Q. Then
11,
<I>c(81 A /\an) = E[C‘l‘ 'EC ] =cC,

Vol(O1 A ... AOp) = v/det(D?u) = c.

So
Vollr = @],

and I' is a calibrated submanifold. For any homologous n-surface X, we know that

/E<I>c=/F<I>c:Vol(1‘),

so our task is to show that each of the listed conditions imply that the oriented planes for

3 are oriented with respect to ®., giving
@clz 2 VOllE.

We begin by showing that the first condition implies the second condition. Regarded as
a linear map, go € GL(2n,R) has two eigenvalues, +1 and —1, so we can decompose R2"
into the eigenspaces corresponding to these two eigenvalues. Let P* be the the projection of
R* x R™ onto the eigenspace corresponding to the eigenvalue +1. If & is C! and space-like,
the projection P*|5 — R must be full rank, so must be an open map. It follows that each
component of ¥ must have non-empty boundary. Since 0% = 902, 0¥ must be connected.

Each component of ¥ intersects 0%, so 2 consists of a single component.
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It is clear that the second condition implies the third. So now assume ¥ is C* and
space-like except on a set £, which has n-dimensional Hausdorff measure zero, and X\ X
is connected. The integral [5, ®. is positive, so for the induced orientation on X, ®.(¢) is
positive for some oriented tangent plane £; = T,X, at some point s € L. Since Vol does
not vanish on £\, it follows from the C! assumption that ®.(¢;) > Vol(&5) > 0 for all
s € ¥\Xo. Hence

Vol(S) = /E dVol < /E &, = Vol(I).

|

Uniqueness. It is clear by Proposition 2.2.1 that equality will only occur if ¥ is a special
Lagrangian surface, locally described by gradient graphs of det D?u = c2. In order to use
the comparison principle, we first show that X is globally described by a single graph over
Q.

Let P* be the the projection of R x R" onto R”, and let Qo = P%(X). We observe
that, due to the space-like condition, the projection P* is open on the interior of X, so
90y C P*(9%) = 9.

Let p = (zg, Vu(zg)) € 90 = 9%, for zy an extreme point of 2. From the open condition
on the map P? on X%, it follows that z¢ is also an extreme point for €}y, and that the
inward pointing normals for 9Q and 9}y must agree at zy. The regions £}y and 2 then must
intersect on a non-trivial open set near zg. Using the openness of P*, together with the
boundary condition d€}y C 89, it is then easy to check that 2y N is relatively closed and
relatively open as a subset of {2, hence 2 C €.

Take a cover of £° by open sets 3;, (open with respect to ¥) where each is a gradient
graph £; = {(z, Vuv;)|z € U;}, for v; solutions to det D?v; = ¢® on Uj. Let Uy = Uy, then
recursively define U; = Ui\U‘i_l, and define 3; = {(z, Voy)|z € Ui}. The disjoint union | J; U
is then an open set that contains €, and the disjoint union |J; 3; is a subset of I.

Suppose that |J; ¥; # X°. Then there exists an open subset Ujk C U; NUg, with j < k,
such that %; and ¥, are both graphs over Uy, but are disjoint. Then ¥ must contain the
disjoint union

Y= U{(z,vwnz € Ui} J{(z, Vi) |z € Ujz}.
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However, integrating over X gives
/ dVol > | dVol > / cdz +/ cdz > c|Q| = Vol(T')
= pod Q Uik

contradicting the inequality in the conclusion of Theorem 11. We conclude that X° = [J; 3
and P(X°) = Q. The gradients Vv; and Vv, must agree on all overlaps U; N Uy, so we can
extend any of the R”-valued functions Vv; to an R*-valued function F on all of 2. We have
assumed that Q is simply connected, so F = Vv, for some v satisfying det D?v = ¢2, on all
of . To compare u with v, we note that Vu = Vv is already fixed around the boundary
of €, which is connected, so we may integrate u and v around the boundary and conclude
that u and v differ by a constant. Applying the comparison principle for nonlinear elliptic
equations (cf. [16], Theorem 17.1) gives uniqueness. |

Counterezamples. We give some examples to show that the inequality in Theorem 11

fails, if we do not assume any of the conditions on X. For small €, let Q C R? be thé annulus
{z = (z1,22) | |2]* €[1,1+¢]}

and
I' = {(z1, 22,21, 22)|x € Q} C R?

the gradient graph of |£|?/2. Let ¥ = 3, U X, where
%1 = {(z1, 22,21, 22) | € B1}

and

Yo = {(z1, 72,71 + 1(z), T2 + N(2)) | T € B1se}

where 7n(z) is a small function which is positive on the interior of B4, and vanishes on
0B1+¢. With a suitable orientation, the disconnected set 3 is homologous to I'. We see that
Vol(X) is very close to 2w, whereas Vol(I') is very close to 0, as we have chosen € and 7
small.

To obtain a connected % for which Theorem 11 fails, we alter the previous example

slightly. With Q as above, define a small “bridge” region

Y =0an{z >0}N{z; € [—¢ €}
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Let T" be the gradient graph of |z|?/2 over Q\(Y, let ¥; be the gradient graph of |z|?/2 over
B; U, and let 39 be as above. Then ¥ = ¥; UY5 is connected and homologous to I', and
is space-like except on a singular set which is one-dimensional, but nonetheless disconnects
Z. Again we have Vol(X) close to 2m and Vol(T') close to 0, so the inequality in Theorem
11 does not hold. |

2.3 From the Viewpoint of Lie Groups

One can also approach the theory of special Lagrangian calibrations for pseudo-Eulidean
space on the level of homogeneous spaces, following the approach of Harvey and Lawson.
We use some notation and terminology of [12]. First, noting that U(n) = O(2n) N Sp(2n),

we consider the “para-unitary” group U™ = Ogy,(n,n) N Sp(2n), where
Og(n,n) = {A € M(2n,R)|(Au, Av)gy = (u,v)go, Yu,v € R* x R*}.

Some standard Lie algebra computations will show that (Proposition 4 of [12] )

U”={<A 0) |ABT =T € M(n,R)}.
0 B

Next, consider the space L of all space-like Lagrangian planes. Given ¢ € LT, choose an
oriented basis, &1, ...,&,, with each & € R® x R", which is orthonormal with respect to go,

and let (A, B) be the n x 2n matrix with rows £;. Then associate to each £ € LT the element
A0
eU™,
0 B
which is unique up to a factor of SO(n), where the SO(n) action on U™ is defined by
A 0 SA 0
S - = .
0 B 0 SB

This gives the set of space-like Lagrangian planes Lt the structure of a homogeneous space

LT = U™ /SO(n). The homomorphism ©% : U™ — O (1,1) given by

(A 0) (det(A) 0 )
>
0 B 0 det(B)



88

descends to a map Lt — Ogy(1,1) ~ H! where H! is the pseudo-circle {(s,t)|t > 0, st = 1}.
A special Lagrangian submanifold is one whose tangent planes lie in a single fiber of ©1.

We can see then that the calibrations are

(cdet A + %det B) > Vol(¢)

DN =

CI)C(f) =

and the special Lagrangian equations are det D?u = ¢®> > 0, where the value ¢ is the

pseudo-phase analogous to the phase ¢ in section 2.1.

2.4 A Family of Nonlinear Equations

By taking linear combinations of the metrics dp and go = 2dzdy, we obtain a family of
metrics on R* x R*

gt = costgg + sint iy (2.3)

We find that the extremal Lagrangian surfaces in (R” x R", g;) arise as solutions to a family

of special Lagrangian equations

Fort=0 E In);=c (2.4)
i
T M+a—-b
For t e (0, In(————) = .
rte 0y TGy =e (2.5)
T 1
Fort= - = .
ort y Ez T c (2.6)
mow Ai+a—0b
Forte(—, - ———— ) =
or 6(4,2) EZ arctan()‘i+a+b) c (2.7
T
Fort=-2— EZ arctan \; = ¢ (2.8)

where a = cott and b = /| cot?t — 1|. Further, we have the following extremal volume
property of special Lagrangian graphs in (R” x R", g¢)

Theorem 12. i) Suppose u € C?(Q), @ C R, is a solution to (2.5). If the metric g
restricts to a positive definite metric on I' = (z,Vu(x)), then I' is volume mazimizing

among homologous, C*, space-like n-surfaces in (R® x R",g;), as in Theorem 10.
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i) Suppose u € C?(Q), § C R, is a solution to (2.6). Then the volume of T =
(z, Vu(z)) is equal to the volume of any homologous, G*, space-like n-surface in (R® x R",gz‘{_).
ii1) Suppose u € C?(Q), @ C R”, is a solution to (2.7). Then T' = (x,Vu(z)) is

absolutely volume minimizing among all homologous n-surfaces in (R® x R™, g¢).

Using a change of variables, we may restate the following Bernstein-type results of

Jorgens-Calabi-Pogorelov, Flanders, and Yuan.

Bernstein Theorem. i)(Jorgens [24], Calabi [9], Pogorelov [37]) Suppose u € C2(R"),
D?y > —cott, and T' = (z,Vu(z)) is a mazimal space-like surface in (R* x R",g;). Then
u(z) 1s a quadratic polynomial.

i)(Flanders [14]) Suppose u € C%(R") is a convex solution to (2.6). Then u(z) is a
quadratic polynomial.

i45)(Yuan [56] [58]) There is a value Cy such that if u € C*(R™) is a solution to (2.7),
with either

a) D?>u > —cott or

b) ¢ > C;+ 22T

then u(x) is a quadratic polynomial.

For t € [0,%], let M; = (R* x R?,g;), with g; as defined in (2.3). For ¢ < §, M; is
a pseudo-Euclidean space of index n. For ¢ > %, M; is a Euclidean space. For ¢t = 7%,
M; carries a degenerate metric of rank n. In any case, an extremal (minimal or maximal)

submanifold X satisfies H = 0 along ¥, where H' is the mean curvature vector along X.

Lemma 2.4.1. Suppose u € C3(Q) and T' = (z, Vu(z)) defines an estremal surface in My,
t # m/4 . If D%y is diagonalized at a point p = (xg, V(xo)), the mean curvature satisfies

—n2 Ukis N
H=0= izk(sint(l +A2) + 2cost)\ia‘uk) '
where N denotes orthogonal projection onto N(T), the normal bundle of T.
Proof. For an embedded submanifold of R* x R™ given by

f: QT M,
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we can compute the mean curvature vector H by
H = (g" fij)V
where g is the induced metric on T, and g¥ = (g‘l)ij. In this case,

f(z) = (z1, .y T, u1(2), ... un (T)),

SO
H= (gz] (O, 0, 0, Uiz, ’LLm]))N

When D?u = diag(\1, ..., An),

Ukiz N
H= 1) =0
Z(smt 1+)\2 + 2cos t); ) ’

and (8,,)" is a linear combination of 8, and dy,. For k = 1,...,n the vectors (9, )" are

independent and form a basis for the normal space at p. It follows that

DI S
— sint(1 + A7) + 2cos tA;
for all k. O
We now define the nonlinear operators F*(D?u) by the equations (2.5) - (2.7).
At a point p = (29, Vu(zo)), we may diagonalize D?u and differentiate F*(D?u). If the
eigenvalues A; are all distinct, then each is differentiable, and we have

0,20, .
(9£Ek 7 = ailfk it — Witk

and
—F(D?u(z)) = . —B—A
Oy, — sint(1 + A2) + 2cost); Ozy

4 Ukig
= - . 2.9
; sint(1 + A?) + 2costh; (2.9)
If the eigenvalues are not distinct, then one can use an eigenspace projection argument to

verify that

3$k ZA = Zuuk

zEIJ zEIJ
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where I; = {i € 1,...,n|X; Z \;}, so that (2.9) holds in this case as well. It follows that the
mean curvature H vanishes if and only if VF*(D?u) = 0, that is, if and only if F*(D%u) is
constant.

For this family of nonlinear equations,

1)

oFt
o 9

so we see that solutions are elliptic precisely when the Lagrangian submanifold is space-like.
If we differentiate a second time with respect to \;, we see that the equation is convex when
all A\; < —a, and concave when all X; > —a. We note that as ¢t — T, equation (2.5) with
¢ = nln(a — b) becomes (2.6) with ¢ = 3. Equation (2.6) has been studied by Flanders [14],

who obtained Bernstein Theorem ii).

2.4.1 Calibrations for M;

Gradient graphs for solutions to (2.5) and (2.7) give rise to calibrated submanifolds of My,
that are in fact isometric to calibrated submanifolds of My and M z. The calibrations for
M; may be obtained by pulling back the calibrations on My and M z via an isometry.

Throughout this section we will again be using the constants a = cot t and b = \/m ,
for t € {0, 5], as well as the constants defined by

Vcost +sint + /| cost — sint|
o =
2

Vcost +sint — /| cost — sint|
T = .
2
We start with the pseudo-Euclidean metrics. For ¢ < 7, the map ¢: : My — Mo,
represented by the 2n x 2n matrix

ol 711
7I ol

©Yr =

is an isometry (up to a constant factor). The Lagrangian condition is preserved under
©t, 80 this isometry maps Lagrangian n-surfaces to Lagrangian n-surfaces. Pulling back

the calibrations on My described in section 2.2, M; becomes a calibrated manifold. The
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isometry gives an equivalence between the homogeneous space structure for the space-like
Lagrangian planes of M; and the homogeneous space structure for the space-like Lagrangian
planes of My presented in section 3.

Proof of Theorem 12 1i). Suppose u(z) is a solution to (2.5). Let I' = (z, Vu(z)) C M;
be the graph of Vu. Our goal is to show that I' is isometric to a special Lagrangian graph
I' ¢ My. Take I' = ¢4(T') C My. At a point p = (29, V(2o)) € T, the tangent space of ' can
be described by the span of the vectors

0y =0, + Zuijayj, 1=1,..,n.
J

Take D?u to be diagonalized at p, and push forward. The tangent space Tw(p)f‘ =
(1)« (TpT) is the span of

The space-like condition on I' imposes restrictions on the values of A;, particularly, A\; #
—0o /T, so we may multiply each di by 1/ (6 + 7A;) and see that Ttpt(p)f‘ is spanned by

A T+ oA 4
8, 8,..
‘+a—|—7')\,~ Yt

The image I is a Lagrangian submanifold of My, so arises locally as gradient graph I' =

(2, Va(2)). From the above expression, the eigenvalues of D2 are given by

S _THoh _ (Ai+17/0) (0)
To+tN (Mto/T) (1)

(2.10)

The \;’s satisfy (2.5), so noting that a + b =1/(a — b) = o/, we have
ﬁ)\i-i-’r/a —et >0,
sy Aito/T

and may conclude that 4(&) satisfies
- o
H>‘i = [—]n e’ > 0,
, T
1=1

that is, 4(&) satisfies the Monge-Ampeére equation (2.1). It follows that I' is a calibrated

submanifold. The property of being calibrated is local and is preserved under isometries of
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the ambient manifolds, so I' is calibrated. Theorem 12 i) then follows by the same reasoning
as in the proof of Theorem 11. ' O

The function 4 obtained above is only local. In order to study solutions to (2.5) further,
in particular to obtain uniqueness for Theorem 12 i) and the Bernstein-type result, we
transform v into a solution to (2.1) which describes I' globally, when possible.

The isometry ¢; acts via

ot(z,y) = (0z + 1y, 72 + 0y) = (p(7,),9(2, V)

so the image I' = ¢;(T") lies in the set p(I') x ¢(I') C R* x R*. As I is parameterized by Q,
the isometry I' — T' locally amounts to a change of coordinates  — p(T'), wherever Dp is
invertible. If p|p is a bijection, then T is globally parameterized by p(T'). In the case where
p|r is a bijection, I" is a graph over p(T") of the function
r=gqop ':p(l') = R".
Using € as coordinates for "
p(z) = oz + TVu(z)

q(z) = 177 + oVu(z)

hence
Dp=ol+ rD%u
Dq=1I+ oD%
so p is locally invertible if and only if no eigenvalues of D%« attain the value —o /T = ~(a+b),

which is precluded by the space-like condition. Diagonalizing D?u, we see that Dr is
symmetric, so r = V4 for some 4, and the eigenvalues of D?% become

s T+ o\
A=
O'+T)\i

as in (2.10). Now if D?u > —a > —(a +b), then Dp > 0 and p is injective on Q. The

function 4 is then a solution to the Monge-Ampére equation defined on all of p(T"). Further,
the inequality is uniform, Dp > € > 0. Thus if @ = R®, p is a bijection on R*, so % will then
be a convex solution to (2.1) on all of K. Bernstein Theorem i) follows from the famous

result
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Theorem (Jorgens [24], Calabi [9], Pogorelov [37]). Any convez solution to (2.1) on

all of R® is a quadratic polynomial.

Using a recent, more general result, we see that we may drop the restriction that D? >

~—a.

Theorem (Jost-Xin, ([25] Theorem 4.2)). Let M be a space-like extremal m-surface
in RMT™ . If M is closed with respect to the Euclidean topology, then M must be a linear

subspace.

Uniqueness. From the above discussion, if we assume that D?u > —a, the surface I' can
be described globally as the gradient graph of a solution to the Monge-Ampére equation. In
this case, that I' is the unique surface with this volume follows from Theorem 11. The proof
of Theorem 11 relied heavily on the fact that the space-like condition forced the projection
I' = R? to be an open map. This is not the case for gradient graphs of solutions to equation
(2.5), so the corresponding proof of uniqueness will not work. We do not have a proof of
uniqueness for equation (2.5) with no restrictions on D?u, nor for the analogous result for
solutions to (2.7). Asin ({19], Theorem 5.8), we do have uniqueness for solutions to (2.5) and
(2.7) whenever the boundary data is analytic, as an application of the Cauchy-Kowaleswki
Theorem.

Proof of Theorem 12 4i) Let P : R* x R® — R"* be the map

() » 5.

Given the degenerate metric gz on R® x R™, this map is an “isometry” in the sense that
gz = P*& . The graph I = (z, F(z)) is isometric to P(I') for any F(z) such that DF avoids
the eigenvalue A; = —1. Let X be any space-like surface with boundary 90X =T'n {z € Q}.
Then if w = z,dz1 A ... Adzy—1, so that dw = dVol on R?,

Vol(E) = / dVol = / P*dVol = / Ptdw =
b b b

/dP*'wz/ P*y
b)) oy

which depends only on the boundary dI' = 9%. O
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Proof of Theorem 12 iii). As in the pseudo-Euclidean case, for t > 7, the map ¢ :

M+ M z, is an isometry. For a given n-plane ¢,

VoIZ,(€) = VoI, (¢€) > Vol(t A Jpt)

= det 4 = || det A||” = *(¢) + 8°(¢) 2 &*(9),

where A € M(n,C) C M(2n,R) is the map sending 9;, — ¢¢;, extended by complex
linearity as before. By Hadamard’s Inequality, we have equality if and only if £ is Lagrangian
and B(£) =0.
If £ is Lagrangian, then @&y, ..., &, is an orthonormal basis for C*, so A € U(n). Using
the map ’
©: L ~U(n)/SO(n) ¢ s

the special Lagrangian equations (2.7) can be deduced from

T4+ o)
o+ TN

argdet(c + 7D*u + v/ =1(7 + 0 D%u)) = Z arctan( )=c

If follows that any gradient graph I' = (z, Vu(z)) for u(z) satisfying this equation is cali-
brated, and therefore an absolutely volume minimizing submanifold. O

By differentiating with respect to A, one can verify the identity

Z arctan Ai ;_ ° 4+ Cy = Z arctan(T

where

T a
Cy = arctan(—) — arctan —.
o b

It follows that a solution to (2.7) also satisfies

A
Zarctan ’:a =c - C},

and the function

_u()  a
v(e) = == + glal’

is a solution to (1.1). If v(z) is convex, which is the case if D?u > —a, we may conclude

that v(z) is a quadratic polynomial by applying the following result.
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Theorem (Yuan [56]). Suppose u € C2(R) is a conves solution to (1.1). Then u(z) is

a quadratic polynomial.

Similarly, any solution to (2.7) with ¢ > (n — 2)7/2 4+ C} is a quadratic polynomial, by

the theorem

Theorem (Yuan[58]). Suppose u € C*(R") is a solution to (1.1) with ¢ > ("—_;E Then
u{z) is a quadratic polynomial.
2.4.2 Ezample

The equations (2.5)-(2.7) can be manipulated to take the form
f(Ab () /\n) =0,

where f is a polynomial of degree no higher than n. For the equation (2.5) with ¢ = 0, the
polynomial f has degree n — 1. When n = 2, (2.5) with ¢ = 0 becomes a linear equation,
taking the form Au = —2a. We exploit this degeneracy in order to write down an explicit
golution to (2.5).

Fix some t € (0, %), and define u(z1,23) on Q = {z; > 0 C R?}

a
u(zy, z9) = —E(w? + 22) + ke®! cos z,,

for k some large constant, and a = cott. The eigenvalues of D?u are
AL = —a — ke™,

Ao = —a+ k:e”’l,

Clearly, u is a solution to (2.5) with ¢ = 0, that is, Au = —2a, and one can check that
the resulting surface ' = (z, Vu(z)) is space-like in (R? x R?,g;). We transform this to a

maximal submanifold of (R* x R", go), using ;. This isometry acts via

oi(z,y) = (6 + Ty, 7T + OY)
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so the image o (T') = I' (R, go) lies in p([") x R2, where p(z,y) = oz +7y. Parameterizing
I" by €2, the map p|r takes the form

p(z1,22) = 0 - (z1,22) + 7 - Vu(z1,2),

or p(z) = (0 — 7a)z + Tke?,

where z = z1+1iz9. For very large k, a simple volume computation over a vertical strip shows
that p can not be injective on T', so I' will not be described globally as a graph over p(T').
This surface [ is a maximal Lagrangian surface which is globally described as a solution
to (2.5) and locally described as a solution to (2.1), but which is not globally described as
a solution to (2.1). This surface is not complete, as we have restricted the domain to a
half-plane, but by the result of Jost and Xin ([25] Theorem 4.1) one would not expect to

find a complete surface with this property.
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