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University of Washington 

Abstract 

Special Lagrangian Equations 

Micah Warren 

Chair of the Supervisory Committee: 
Professor Yu Yuan 

Department of Mathematics 

In joint work with Yu Yuan, we prove a priori interior estimates for special Lagrangian 

equations. In particular, we show interior a priori Hessian estimates for solutions of the 

^-equation in dimension three 

G2(D2u) — A1A2 + A2A3 + A3A1 = 1. 

We show Hessian estimates for large phase special Lagrangian equations in dimension three, 

and give sharper estimates for dimension two. We also show gradient estimates for large 

phase special Lagrangian equations. In joint work with Jingyi Chen and Yu Yuan, we show 

Hessian estimates for convex solutions in arbitrary dimension. In chapter two, we discuss 

Monge-Ampere equations in the context of calibrated Lagrangian geometry. 
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0.1 Introduction 

In this thesis, we discuss two fully nonlinear elliptic equations, both of which arise in minimal 

surface theory and Lagrangian geometry. The special Lagrangian equation (1.1) was given 

in the groundbreaking work of Harvey and Lawson in 1982. Solutions to (1.1) describe 

calibrated minimal Lagrangian surfaces in complex space. Such special Lagrangian surfaces 

have importance in the study of string theory. The first chapter introduces the special 

Lagrangian equation, and then describes work of the author and Yuan, giving a priori 

interior Hessian estimates for various classes of solutions to (1.1). 

In the first section of Chapter 1, the equation (1.1) is introduced and given geometric 

context. We then state our estimates and a Liouville type theorem, and give these estimates 

historical context and an heuristic outline of proof. We then discuss some more preliminaries 

on our way to proving each result. 

Much of Chapter 1 draws from papers by the author and Yuan. In [51] we prove 

estimates for the sigma-2 equation; [50] contains estimates for large phase equations in 

three dimensions, and also the gradient estimates; [49] gives estimates for special Lagrangian 

equations in two dimensions; the Liouville result is contained in [52]. The section on convex 

solutions is from the paper with Chen and Yuan [10]. We have attempted to unify the 

presentation of the above papers by identifying common arguments and also by adding 

introductory material at the beginning of Chapter 1. 

The Monge-Ampere equation (2.1), though much older, has in the last eight years been 

implicated in the study of minimal surfaces, calibrated geometry, and string theory. The 

main contribution of the second chapter is that (2.1) describes calibrated Lagrangian volume 

maximizing surfaces in a pseudo-Euclidean space. It makes sense then, to think of the 

equation (2.1) as a special Lagrangian equation. In fact, (2.1) can be connected to the 

equation (1.1) by looking at a family of metrics, each accompanying an elliptic equation 

which describes calibrated submanifolds. Chapter 2 is a version of [48]. 
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Chapter 1 

T H E SPECIAL L A G R A N G I A N E Q U A T I O N 

1.1 Introduction 

The main focus of this thesis is the special Lagrangian equation 
n 

y ^ arctan Xj — 9 (1.1) 

where Aj are the eigenvalues of the Hessian D2u. This fully nonlinear elliptic equation stems 

from the special Lagrangian geometry [19]. The Lagrangian graph (x,Du(x)) c P x f 

is called special when the argument of the complex number (l + \/^TAi) • • • ( ! + -v/^TAn) 

is constant 0 . Such a graph is special if and only if (x,Du(x)) is a (volume minimizing) 

minimal surface in W1 x W1 ([19], Theorem 2.3, Proposition 2.17.) 

Equation (1.1) may be rewritten as 

cos6 Yl (-l)k°2k+i(D2u) + Sme Y, (-l)k+1<T2k(D2u) = 0 (1.2) 
l<2fe+l<n 0<2fe<n 

where <Jk(D2u) is the fe-th elementary symmetric polynomial on the eigenvalues of D2u. In 

particular, we see that equation (1.1) with n = 3 and | 6 | = TT/2 also takes the form 

CT2 {D2u) = AiA2 + A2A3 + X3X1 = 1. (1.3) 

Also when n = 3, and | 6 | = it or 0 = 0, (1.1) takes the form 

A« = detD2u. (1.4) 

1.2 The Special Lagrangian Calibration 

In this section we offer a derivation of the special Lagrangian equation (1.1). To this end, 

we will discuss the notions of calibrations, Lagrangian submanifolds, and Lagrangian phase. 

The following discussion is abbreviated and tailored for the purpose of deriving (1.1). A 

more thorough and more general geometric discussion is available in the seminal paper of 

Harvey and Lawson [19], or other more recent works such as [26]. 
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1.2.1 Calibrations 

Let (Xn,g) be a Riemannian manifold of dimension n. A closed p-form ip is called a 

calibration if <p has the property that 

(p(Elt...,Ep)<l 

for any (local) orthonormal set Eit...,Ep of sections olTX. An oriented p-submanifold M 

is said to be calibrated by <p (also called a y-submanifold) if <p is a calibration such that 

<p(Elr..,Ep) = l 

for all oriented orthonormal frames Eir..,Ep for TM. Equivalently, the restriction of cp to 

M equals the volume form induced on M, that is 

<P\M = VolM-

We may conclude that any calibrated submanifold is homologically volume minimizing 

through the following argument. Let M be a ^-submanifold, and let M' be a homologous 

submanifold. There exists a (p + l)-current N such that ON = M U M', with appropriate 

orientation. By Stokes' Theorem 

0 = I dtp= <p~ <P 
JN JM JM' 

Vol(M) = f VolM = f ip= [ <p< f VolM' = Vol{M'). 
JM JM JM' JM' 

1.2.2 Lagrangian Manifolds 

Let J : C" -> C" be the map defined by multiplication by y/— 1. This C"-linear map 

induces an M-linear map J : R™ x W1 —> R" x W1. The Kahler form LJ is the two form 

defined by 

u>(V,W) = g(JV,W), 

where g is the standard metric on W1 xff1. An n-plane P in Rn x W1 is called Lagrangian 

if any of the following equivalent conditions hold: 

thus 
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• u(V, W)=0 for all V, W which lie in P 

• JP is perpendicular to P 

• If {e;} is an orthonormal basis for P, then {e;, Je;} is an orthonormal basis for H" x 1" 

• Viewed as vectors in C™, any orthonormal basis {ej} for P is a unitary basis for C . 

Given an oriented orthonormal basis {e^}, we can associate a unitary matrix using this 

last condition. It can be shown that the determinant of this matrix does not depend on 

choice of basis. We then define the Lagrangian phase 9 (P) to be the argument of this 

S1 -valued determinant. 

An n-submanifold M C C™ is Lagrangian if the tangent space TXM is Lagrangian for 

each x G M. We can locally define the phase 0(a;) along a Lagrangian submanifold M by 

taking Q(TXM) . We note that this phase function is unique modulo 2nk once we choose 

complex coordinates for C1 . 

Lemma 1.2.1. Any C2 Lagrangian submanifold is locally represented by a gradient graph 

(x,Du (x)) over its tangent plane. 

Proof. Locally, we may represent M as a graph of an n-valued function over its tangent 

plane, which we identify with IT, that is M = (x + V^F(x)) C En x Rn. 

Taking coordinates x, the tangent space is spanned by the vectors 

01 = (1,0,...,0) +Vz:l(diF1,d1F
2,...,dlF

n), 

62 = (0,1,..., 0) + V=l(d2F\ d2F
2,..., d2F

n), etc. 

The Lagrangian condition implies that Jdi-Ldj, that is, the innner product satisfies 

{{-diF\ -diF2,..., -diFn) + V=I(0,..., 1,...), 

(0,.., 1,...) + V=i{djF\ djF2,..., djFn)) = 0, 

and thus 

-diFJ + djF1 = 0. 
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It follows that the 1-form YA=I Fidxi is closed, so locally there exists some u such that 

£?=i Fidxi = du, that is, F = Du. • 

Conversely, it is easy to see that any gradient graph (x, Du (x)) is a Lagrangian subman-

ifold of W1 x f f . Given such a graph we compute the phase @(x) via the following. The 

tangent space is spanned by the vectors 

<h = (1) 0,..., 0) + •/-T(«ii , «12, -i uin), 

d2 = (0,1,...,0) + V/zT(n2i,W22,-,W2n), etc. 

(1.5) 

At any point x, we may diagonalize D2u (x). This orthogonalizes the tangent vectors {di}, 

which we can then normalize to get the following orthonormal basis: 

a2 = 

( l , 0 , - , 0 ) + y^T(A 1 , - ,0 ) 

|l + V=TAi| 

(0,1,...,0) + V=T(0,A2,...,0) 

(1.6) 

etc. 
\l + y/-\\2\ 

The unitary matrix corresponding to this orthonormal basis is given by 

\ |l+V=TAi| 

|l+x/=TA2| 

V 
Defining 04 e (-TT/2,?r/2) by 

l+y/^TAn I 
ll+V^Anl / 

9V=T»i _ l + ^ l A j 

or equivalently, 0j = arctan Aj, the determinant of this unitary matrix is given by 

eV=T0i+...+\/=T0n _ ev/^Te 

where 

© = 2_. a r c t an Aj. 

The connection between this phase and minimal surfaces was given by Harvey and 

Lawson: 
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Theorem (Harvey-Lawson [19]). A Lagrangian graph x + -/^lDu (x) C C™ is calibrated 

by the form 

9.0 = Re{e~^=Iedz1 A ... A dzn} 

if and only if the phase is constant 6. 

The proof of this fact consists of the verification of two algebraic facts: First that the 

complex valued form dz\l\...t\dzn evaluates to e v ^ e on any oriented orthonormal basis for 

the tangent space to the Lagrangian graph, with 0 defined as above. Secondly, dz\l\...f\dzn 

evaluates to a value c, with |c| < 1 on any orthonormal basis for an n-plane which is not 

Lagrangian. See Chapter 2 for more details, as well as a pseudo-Euclidean analogue of this 

result. 

It follows then that the gradient graph determines a volume minimizing surface in C1 , 

if and only if u satisfies the special Lagrangian equation 
n 

22 arctan Aj = 0 . 
j = i 

Examining the above derivation, we see that we took an orthogonal frame, normalized 

it to get (1.5), and then took its complex determinant, which lies in S1. It is clear however, 

that we only are concerned with the argument of this determinant, so it isn't necessary to 

normalize the vectors in order to check the phase. The special Lagrangian condition also 

takes the form 

arg det (I + \ / zLD 2u) = 0 . (1.7) 

We may compute directly 
n 

det (I + V^lD2u) = Y[ (1 + V^lAj) = (1 - CT2 + <74...) + V^T(ai - a3 + a5...) (1.8) 
i=l 

where <rfc are the elementary symmetric polynomials on the eigenvalues of D2u. Thus 

0 = arctan — :^-
(1 -CT2+cr4...) 

and (1.7) can be reduced to 

tan0= (,7"CT3 + tT5-") (1.9) 

which is equivalent to (1.2). 
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2.3 Summary of Results 

Our main results concern a priori estimates for this equation. We list these in the following. 

Theorem 1 (Warren-Yuan [51]). Let u be a smooth solution to (1.3) on Bft(0) C M3. 

Then we have 

\D2u(ty\ < C(3)exp C(3) max \Du\3/R3 

By Trudinger's [43] gradient estimates for o~k equations, we can bound D2u in terms of 

the solution u. in B^R (0) as 

\D2u{0)\<C(3)exp 

Also in dimension three, 

C(3) max \uf/Re 

B2R(oy 

Theorem 2 (Warren-Yuan [50] ). Let u be a smooth solution to (1.1) with | 6 | > 7r/2 

and n = 3 on BR(0) C K3. Then we have 

2 

\D2u(Q)\ <C(3)exp C(3) fcot | Q |
 0 *t2 ) max\Du\7/R7 

V 3 / BR(0) 

and a/so 

|£>2n(0)| < C(3) exp <̂  C(3) exp C(3) max |Dw|3/-R3 \ • 
BR(0) J J 

One immediate consequence of the above estimates is a Liouville type result for global 

solutions with quadratic growth to (1.3), namely any such a solution must be quadratic (cf. 

[56], [58]. Another consequence is the regularity (analyticity) of the C° viscosity solutions 

to (1.3) or (1.1) with n = 3 and | 6 | > TT/2. 

In order to link the dependence of Hessian estimates in the above theorems to the 

potential u itself, we have the following gradient estimate which holds in general dimensions. 

Theorem 3 (Warren-Yuan [50]). Let u be a smooth solution to (1.1) with | 6 | > (n - 2) | 

on Bm(0) C W1. Then we have 

max \Du\ < C (n) 
BR(0) ~ 

. osc — + 1 
[B3R(O) R 

(1.10) 



In two dimensions, the following estimates are sharper than previously known estimates. 

Theorem 4 (Warren-Yuan[49]). Let u be a smooth solution to (1.1) with n = 2 on 

BR(0) C R2. Then the following both hold 

\D2u(0)\ <C(2)exp I 2 / E . 2 (7(2) max \Du\2/R" 
. BB(O) 1 

or 

\D2u{0)\ <C(2)exp C(2)- max |Du|/i? 

(1.11) 

(1.12) 
|s in0|3 / 2 B«(o) 

In arbitrary dimension, for convex solutions, we have 

Theorem 5 (Chen-Warren-Yuan [10]). Let u be a smooth convex solution to (1.1) on 

a ball BR{0) C W1. Then we have 

\D\(0)\ <C(n)exp{C{n) osc w 
BR(0) 

3n-2 in i6n-4 

}• 
where C(n) is some uniform dimensional constant. 

Observe that all eigenvalues Aj are positive if the phase 0 is very large 

n 

y^arctanAj = 9 > (n — l)7r/2. 
»=I 

Then a direct consequence of Theorem 5 is 

Corollary 1. Let u be a smooth solution to (1.1) with | 0 | > (n — l)7r/2 on BR(0) C W1. 

Then we have 

\D2u(0)\ < C(n) exp \ C(n) {' osc u 
BR(0) 

3n-2 /R^-A 

As an application of our a priori estimates in Corollary 1, we have the following regularity 

result 

Theorem 6. Any C° viscosity solution to (1.1) with | 0 | > (n — l)ir/2 is analytic inside 

the domain of the solution. 

We also have the following Liouville type result. 
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Theorem 7 (Warren-Yuan[52]). Let u be a smooth solution to the special Lagrangian 

equation 
n 

]ParctanAj = c on Mw, (1.13) 

where A,s are the eigenvalues of the Hessian D2u (x). Suppose that 

3 + (1 - e)\2 (x) + 2Aj (x) \j (x) > 0 (1.14) 

for all i, j , x and any small fixed e > 0; and the gradient Vu(x) satisfies 

\Vu(x)\<6{n)\x\ (1.15) 

for large \x\ and any fixed 5 (n) < l/V™ — 1. Then u must be a quadratic polynomial. 

1.3.1 Discussion of Results 

Estimates 

In the 1950's, Heinz [21] derived a Hessian bound for the two dimensional Monge-Ampere 

equation, G2{D2U) = A1A2 = det(D2u) = 1, which is equivalent to (1.1) with n = 2 and 0 = 

±7r/2, see also Pogorelov [36] for Hessian estimates for these equations including (1.1) with 

| 0 | > 7r/2 and n = 2. Hessian estimates for solutions with certain strict convexity constraints 

to Monge-Ampere equations and ak equations (k > 2) were derived by Pogorelov [38] 

and Chou-Wang [11] respectively using the Pogorelov technique. Urbas [44] [45] obtained 

(pointwise) Hessian estimates in terms of certain integrals of the Hessian, for a^ equations. 

Also, the estimates of Bao and Chen [2] for special Lagrangian equation (1.1) with n = 3 

and 0 = 7r, are in terms of integrals of the Hessian. 

A Hessian bound for (1.1) with n = 2 also follows from an earlier work by Gregori 

[17], where Heinz's Jacobian estimate was extended to get a gradient bound in terms of 

the heights of the two dimensional minimal surfaces with any codimension. (Observe that 

gradient estimates for the minimal Lagrangian surfaces are then Hessian estimates for the 

special Lagrangian equation (1.1)). Using an integral method developed for codimension 

one minimal graphs, a gradient estimate for general dimensional and codimensional minimal 

graphs with certain constraints on the gradients themselves was obtained by Wang [47], 
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applying to the special Lagrangian equation when pairs of eigenvalues satisfy \\i\j\ < 1. 

Although it is not clear whether the exponential dependence in our estimates (1.11) and 

(1.12) is sharp, still it is sharper than the double exponential dependence on Du by Heinz 

([21], Theorem 2), ([20], p.263, p.255) and Gregori ([17], Theorem 1), when applied to the 

special Lagrangian equation of dimension two. On the other hand, like our nonuniform 

estimate (1.12), Heinz's estimate deteriorates as 0 goes to 0. Estimates in [47] only apply 

to (1.1) with | 0 | = 7r/2 and n — 2, that is, A1A2 = 1, but give the same order of dependence 

as (1.12). The gradient estimate for the codimension one minimal surface equation of 

Bombieri-De Giorgi-Miranda [4] (see also [41] [5] [27]) is by now classic. 

In the 1970's Pogorelov [38] constructed his famous counterexamples, namely irregular 

solutions to three dimensional Monge-Ampere equations a%(D2u) — A1A2A3 = det(_D2u) = 

1; those irregular solutions also serve as counterexamples for cubic and higher order symmet­

ric <7fc equations (cf. [46]). We see that while the regularity for quadratic special Lagrangian 

equations (those involving only o\ and 02) has been established, it is unclear what to expect 

when 03 becomes involved. We first found estimates for the cr2 equation in dimension three, 

and then used some related but different methods to obtain Theorem 2. So while regularity 

does not hold for convex solutions of 03 = 1, we have regularity for convex solutions of 

equations such as (73 = a\, in dimension three. Whether or not regularity holds for phase 0 

solutions is an important open question. 

We note that using the method of Pogorelov [38], one can construct a solution of the 

equation 02 = 1, which, like the counterexamples for Monge-Ampere equations, fails to be 

C2 along an axis. This function u = \x2 + y2| cosh 2 is a subsolution along \x\ = \y\ = 0, 

but fails to be a viscosity supersolution. One can check this by noting that this solution 

can be "touched from below" by quadratics satisfying ]T}arctanAj > TT/2. 

A well-known result (cf. Corollary 3 in [30]) states that all W2'n strong solutions to 

any (possibly degenerate) elliptic equation are also C° viscosity solutions. From this and 

Theorem 6 we see that all W2,n strong solutions to (1.1) with | 0 | > [n — 1) n/2 are regular. 

Previously in [2], the regularity was shown for any PF2'3+ convex strong solution to An = 

det D2u, which is (1.1) with 0 = TT and n = 3. 

There are several ways by now to establish the existence and uniqueness of C° viscosity 

file:////i/j/
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solutions to the Dirichlet problem of special Lagrangian equation (1.1); see the remarks in 

the end of the section on convex solutions. 

Liouville Results 

By Pu's classification result [15], any global solution to (1.1) on M2 is either quadratic or 

harmonic; a harmonic function with any linear growth condition on the gradient is certainly 

quadratic. In fact, global solutions to any strictly large phase ( |0| > (n - 2) f) equation 

are quadratic by the uniqueness result of Yuan [58]. Note that given any phase strictly less 

than large (|@| < (n — 2) | ) we can create a global solution which is not quadratic, namely 

the sum of a global harmonic function in two variables and quadratic polynomials in the 

remaining variables. The resulting special Lagrangian graph then splits into a product of 

planes and the graph of a phase 0 two-dimensional graph. It is unclear whether or not there 

exist global solutions which do not decompose in this way. A global solution with critical 

phase | 0 | = (n — 2) | which is not a polynomial cannot decompose in this way, so we would 

be very interested to find or construct one. 

In the case n = 3, other Liouville-Bernstein type results hold true for (1.1) under the 

following conditions respectively: Aj > —K [56]; XiXj > —K [54]; or c = ir and the solution 

is strictly convex with quadratic growth [3]. In the general case (n > 4), Liouville-Bernstein 

type results are valid for (1.1) with the assumptions that c — kn and the solution is convex 

with linear growth [6]; with the almost convex assumption Aj > —e(n) [56]; with the 

semi-convex assumption Aj > — 4= + 7 everywhere, or with the ("equivalent") assumption 

\W < V3 — 7' everywhere [54]; or with the assumption AjAj > — 1 — e (n) [54]. (It is 

straightforward that any convex solution with a bounded Hessian to (1.1) is a quadratic 

polynomial, by the well-known Ca Hessian estimate of Evans-Krylov-Safanov for now the 

convex elliptic equation (1.1); see also ([53], p. 217-218) for a different approach via the 

iteration argument of [22].) 

The more general "convexity" condition (1.14) does not alone lead to any Hessian bound 

for the solutions to (1.1), but does guarantee a Jacobi inequality for the volume element V, 

as is discussed in the following section. 
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Once a Hessian bound for solutions to (1.1) is available, the "standard" blow-down 

process from the geometric measure theory will show that the global solution is a quadratic 

polynomial, provided certain convexity conditions like (1.14) or others are available in the 

whole process (for n > 4). (Unlike [25], we could not generalize the iteration argument in 

[22] to get a Liouville type result for now the larger image set (1.14) of the corresponding 

harmonic Gauss map to the Lagrangian Grassmanian.) The simple constraints |Aj| < K 

like |Aj| < 1 or |Aj| < -y/3 — 7 are easily shown to be available in the blow-down process. 

An extra effort is needed to justify that the constraints (1.14) or others like \\j > const 

are preserved under the Cl,a convergence of the scaling process u^ (x) = u (kx) /k2. Taking 

advantage of the single elliptic equation (1.1), we apply the W2's estimates for solutions in 

terms the supremum norm of the solution to extract a W2,d sub-convergent sequence, as in 

[55]. Then we extract another subsequence with the Hessians converging almost everywhere. 

This justifies that the constraints (1.14) are preserved in the above blow-down process. 

Actually, Theorem 7 holds true for n — 3 without any growth condition like (1.15). 

The condition (1.14) implies AjAj > —K, so as in [54] we can find a bound on the Hessian 

(possibly for a new potential), and then draw the conclusion. Note that the boundedness 

on the Hessian alone for n = 3 is enough for one to run the blow-down process to obtain a 

Liouville type result; see ([13], Theorem 5.4) of Fischer-Colbrie. In general dimension n > 4, 

we derive yet another Liouville-Bernstein type result for the solutions to (1.1) with the 

bounded Hessian satisfying weaker constraints (1.103); see Theorem 9 (given in the section 

on cones). One consequence of Theorem 9 coupled with the De Giorgi-Allard e-regularity 

theory is an improvement of the above mentioned Liouville-Bernstein type result in [54], 

namely, any global solution to (1.1) with \ > — 4= — e (n) everywhere or |Aj| < V3 + e' (n) 

everywhere is a quadratic polynomial (for n > 4). The argument is identical to the one in 

[56] with Proposition 2.1 there replaced by Proposition 1.11.1 here. 

1.3.2 Heuristics for the Estimates 

Heuristically, our proofs draw inspiration from the gradient estimate for the codimension one 

minimal surface equation. In particular, the outline of the proof of Theorem 1 is reminiscent 
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of Trudinger's [41] (see also [16], chapter 16) proof of the gradient estimate for the minimal 

surface equation. Our proofs of estimates for the large phase, convex and dimension two 

special Lagrangian equations require an isoperimetric argument that was used in Bombieri-

De Giorgi-Miranda's [4] proof. The technique used to obtain the key estimates for the 

Liouville Theorem is inspired by Korevaar's [27] proof of the gradient estimate. 

The heuristic ideas for Hessian estimates are as follows. First we find a function b which 

is subharmonic, so that b at any point is bounded by its integral over a ball around the point 

on the minimal surface by Michael-Simon's mean value inequality [32]. This special choice 

of b needs to be not only subharmonic, but even stronger, to satisfy a Jacobi inequality of 

the form 

A 9 6 > e | V e 6 | 2 

with (preferably) e = ^, but any e > 0 will do. Coupled with Sobolev inequalities for 

functions both with and without compact support, this Jacobi inequality leads to a bound 

on the integral of b by the volume of the ball on the minimal surface. Taking advantage of 

the divergence form of the volume element of the minimal Lagrangian graph, we bound the 

volume in terms of the height of the special Lagrangian graph, which is the gradient of the 

solution to equation (1.1). 

A standard choice (cf. [41]) for the function b is the volume element InV. However, for 

the <72 equation, we find that In V does not appear to satisfy any type of Jacobi inequality. 

Instead we are led to the function b = In ^J\ + A^ax. There is obviously the need for some 

extra work to deal with the somewhat strange choice of function, which is not expected 

to be more regular than Lipschitz. Once this wrangling is accomplished, some fortunate 

algebraic structure in the equation allows us to take advantage of the divergence form of 

the volume element of the minimal Lagrangian graph. 

For three dimensional large phase equations, we use this non-smooth function b as well, 

but we find that the cubic structure of generic three dimensional special Lagrangian equa­

tions does not lend itself to the same sort of integral bounds we were able to use for the 

critical case 6 — n/2. Instead we must build Sobolev inequalities for noncompactly supported 

functions. The rotation down to the critical case allows us to obtain the isoperimetric in-
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equalities necessary to do this. (See the sections on Lewy-Yuan rotations and large phase 

equations.) Combining with the estimate for the critical case, it turns out we can make 

estimates in a uniform way. 

While we can use the volume element in two dimensions, we find that the Jacobi type 

inequality deteriorates as B becomes small. Fortunately, the 9 = 0 equation is just the 

classical Laplace equation, which is well understood. For very small theta, we can rotate to 

this equation and interpolate a uniform estimate. 

The choice b — \nV works for the estimates in the Liouville result [52], but only with the 

unpleasant technical assumption S (n) < 1/^/n — 1. This assumption reflects the limitation 

of our pointwise arguments; the assumption is necessary for us to push the Bernstein-

Pogorelov-Korevaar technique to obtain a Hessian estimate for special Lagrangian equations; 

see Lemma 1.11.2. 

Lewy-Yuan rotation is also used along with a relative isoperimetric inequality to get 

another key ingredient in our proof of the Hessian estimates, namely a Sobolev inequality 

for functions without compact support. This works whenever there is a lower bound on the 

Hessian, in particular if the potential is convex or when the phase is super critical. 

What Theorem 5 says is that the geometry of the special Lagrangian graph with convex 

potential is simple, namely the induced metric is quasi-isometric to the flat one up to 

a factor of the height (or the oscillation of the potential). The idea of our arguments 

is thus to retrieve this simple geometry. By a Lewy type rotation, the geometry of the 

Lagrangian graph is already simple in the rotated coordinate system. Consequently, the 

subharmonic volume element, in the original coordinates, of the special Lagrangian graph 

with convex potential is actually a subsolution to a uniformly elliptic equation. Therefore 

the volume element is bounded pointwise by its integral on the minimal graph. (Here one 

avoids the "harder" mean value inequality for the non-uniformly elliptic Laplace-Beltrami 

operator on minimal surfaces.) Using a relative isoperimetric inequality on the rotated 

coordinate plane, we derive a Sobolev inequality for functions without compact support on 

the Lagrangian graph. The Lewy rotation also leads to a bound of the volume by the height 

of the Lagrangian graph, or the gradient of the potential. Lastly, the gradient of any convex 

function is dominated by it oscillation. 
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As for the gradient estimates, we adapt Trudinger's method [T2] for o^ equations to 

(1.1) with the critical phase 6 = (n — 2) TT/2. Gradient estimates for (1.1) with larger phase 

© > (n — 2) 7r/2 are straightforward consequences of the observation that the Hessians of 

solutions have lower bound depending on the phase 9 . In order to obtain the uniform 

gradient estimates independent of the phase 6 , we make use of the Lewy-Yuan rotation, 

which links the corresponding estimates to the ones in the case of the critical phase. 

Now only some technical obstacles remain for Hessian estimates for (1.1) with large 

phase |@| > (n — 2) TT/2 and n > 4. Yet further new ideas are lacking for us to handle 

the special Lagrangian equation (1.1) with general phases in dimension three and higher, 

including (1.4) corresponding to 0 = 0 and n = 3. The challenging regularity problem for 

sigma-2 equations in dimension four and higher also still remains open to us. 
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1.4 More about the Special Lagrangian Equations 

1.4-1 Induced Metric 

Given a Lagrangian graph x + y/^lDu (x) C C1, we can compute the induced metric on 

the coordinate frame (1.5) given above 

9ij = "ij i / j uikukj 

or 

When D2u is diagonalized, 

g = I + D2u (D2u)T -

1 + A? 

(1.16) 

i + A ^ y 

The Second Fundamental Form 

We compute the second fundamental form on the induced graph. Taking (1.5) as a frame 

for our tangent space, we define a frame for the normal space by 

m - Jdi - ( -uu , - U12,..., -« in , l , 0,..., 0), etc. 

The second fundamental form iT is a two tensor with values in the normal bundle. By 

using the metric on Rn x Rn, we can also think of this as a tensor which takes two tangent 

vectors and one normal vector, with components 

hijk = (H(di,dj),nk) = - (Vfif,. nk,di) 

using the Weingarten equation. This is easy to compute 

-(V^.nfcjdi) - -(-Ukji, -Ukj2, —, -Ukjnfi, -0 ) • di - ukji. 

It will be convenient to diagonalize D2u and normalize these components at a point p, 

dividing by the length of di, dj, and ra/., that is 
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Volume Element 

It is easy to compute the volume element 
n n 

y=v/det^=nvi+A?=nii+^/riA* n (i+^^TA,) 
«=I 

(1.17) 

= \det (I + \^lD2u)\ = |(1 - a2 + cr4...) + V ^ T I C T I - a 3 +o-5...)| • 

Thus the complex number det (/ + \f^lD2u) is given by Ve^^&, or equivalently 

lndet(l + ^D2u)=\nV + V::ie. (1.18) 

Using (1.9) one can also see that the volume element takes a somewhat nicer form, by 

continuing with (1.17): 

V = V( l - °i + CT4...)
2 + (^i - CT3 + ab...y = 

^(cot2 6 + 1)(CTI - as + a5...)
2 = 

= |csc©||(ai -cr3+cr5 . . . ) | 

= |secG| |(1 -cr2 + cr4„.)|. 

By differentiating the minimal surface equation (1.21) and performing a long computa­

tion, one gets the standard formula for Ag InF; see for example the computation by Yuan 

in Lemma 2.1 in [56]. (The general formula for minimal submanifolds of any dimension 

or codimension originates in Simons [40], pg. 90.) The Laplace-Beltrami for the volume 

element will be a central piece of our Hessian estimates. 

Lemma 1.4.1 (Yuan [56]). Let (x,Du(x)) C f x l " be a minimal surface. Suppose that 

the Hessian D2u is diagonalized at p. Then 
n 

Ag\nV= Y, h2
abc(l + XbXc). (1-19) 

a,b,c=l 

Linearized Operators and Relation to Sigma Equations 

Since (1.1) is a minimal surface equation it follows that the coordinates (x, Du) are harmonic 

with respect to the Laplace Beltrami operator on the surface 

A» = ^ £ a < ( ^ ^ ) > 
li3 
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which reduces to 
n 

Afl = 5 > % (1.20) 
i,j 

because the surface is minimal (cf [35]). It follows that for each k 
n 

5 > % u f c = 0. (1.21) 

To see ellipticity, differentiate with respect to the eigenvalues 

n 1 ^ 

^ g a r c t a n A i = (iTAf'-'rTA|)-

and we have that (1.1) is an elliptic equation. We also observe that the inverse of the 

induced metric g is the linearized operator to (1.1). 

Differentiating (1.18) in A-space, considering (1.8), we get 

DX [(1 - q2 + g 4 - ) + y/=l(<n - <73 + a s - ) ] DXV / - T n 

VZF& = — + V~1D^-
Multiplying by V and setting imaginary parts equal, and recalling that 6 = Y^=i arctan Aj, 

we have 

VDXQ = - sin 6 I>A(1 - o2 + a4...) + cos B i ^ i - a3 + a5...). (1.22) 

Examining the relation (1.22) between the minimal surface form of the special La-

grangian equation (1.1) and the sigma form of the equation (1.2) shows the following "con-

formality" equality. 

Lemma 1.4.2. The linearized operator to (1.2) is equal to the volume element V times the 

linearized operator to (LI). 

Geometrically, the linearized operator lies normal to the level set determined by the 

equations. When level sets of two different equations coincide, the normals are then parallel 

up to a "conformal" factor. Note that each of the equations (1.1) corresponds to one 

equation of the form (1.2), whereas the equation (1.2) generally arises as n disconnected level 

sets, each corresponding to a different phase. For example, the equation (1.4) corresponds 

to three different phases, n, 0, and —7r. As we will see below, the phase ir gives the level set 



19 

corresponding to convex solutions and the phase -7r the level set corresponding to concave 

solutions. The middle phase 0 gives a level set of "saddle" solutions. 

We see that the signs of the real and imaginary parts of (1.8) are determined by the 

phase ©. For example, when n — 3, suppose 0 € (7r/2,37r/2). Then the complex number 

(1.8) with argument 0 lies in the left half plane, so has negative real part, and it follows 

that 1 — <r2 < 0, or 

a2 > 1. 

We also note that for large phase equations 0 > (n — 2)TT/2, we must have crn_i > 0, 

by the following calculation. To begin 

I l l S 

crn_i = an{— + ... + — j . 

Only one eigenvalue may be negative (see next subsection on large phase), assume that 

An is negative (otherwise the observation is trivial). Then an is negative, and we must 

show that the sum of the reciprocals is also negative. Taking 0i = arctanAj, we have for 

some S > 0, 

n 

<=i l 

n-l 

0n + £ 0 i = ( „ _ l ) | _ | + * 
i=l 

n - l 

(i+«0-E(S-*)+* 
i = l 

Now tan(7r/2 + 9n) = —1/A„, and tan(7r/2 — 0j) = cot#j = 1/Aj, Using properties of the 

tangent function, we have 

(n-l \ n-l 
tan (TT/2 + 0n) = tan I ^ ( | - <?;) + S I > ^ tan (^ - 0^\ + tan 5, 

\i=l / i=l 

- — > ^ _ + tan<J, 
i=l 

n 
1 

o > 5 Z T + tan s-
« = ! * 
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Large Phase and Very Large Phase 

We define large phase, and very large phase, to be the values 0 such that, respectively 

e > | ( n - 2 ) , . 

6 > | ( n - l ) . 

Equations with large phase have several properties which make them vulnerable to our 

attacks. A special Lagrangian equation is convex if and only if it is large phase , as is 

demonstrated by Yuan [58]. Also, strictly large phase puts the condition of a lower bound 

on the Hessian of any solution, as follows. Suppose 

n 

y j arctan Aj = — (n — 2) + 6. 
Li 

Since 
n - l 

y j arctan Aj < — (n — 1) 
i=i 2 

it follows that arctan An > S — | , or An > tan(<5 — §)• Taking S = § we see that very 

large phase equations admit only convex solutions. A similar argument also shows that a 

solution to a large phase equation is 2-convex, that is, the sum of any two eigenvalues is 

nonnegative. Finally, any solution with Hessian bounded below by a fixed lower bound 

can be rotated to a solution with controlled Hessian [58], as we will see in our section on 

rotations. This means geometrically that the rotated solution satisfies a uniformly elliptic 

equation. 

We note that the equation (1.1) is odd symmetric, which follows from the simple fact 

that arctan is an odd function. So the study of any equation of negative phase can be 

reduced to studying equations of positive phase. For this reason we will treat large and very 

large negative phases simply as large and very large phases. 
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1.5 More Geometric Preliminaries 

1.5.1 Lewy-Yuan Rotation 

Geometrically, a given Lagrangian surface SPt in U1 = W1 x Rn can be parametrized as a 

gradient graph over a large number of Lagrangian planes. There is nothing special about 

which plane we choose. Choosing a different Lagrangian plane may change the phase of the 

graph by a constant along the whole graph. We can use this to our advantage. The easiest 

way to change the phase is to rotate by the same angle in each complex plane, as in the 

following proposition. 

The Lewy rotation was a transformation first used in 1937 [28], to rotate convex solutions 

of Monge-Ampere equations to functions with bounded Hessians. (See also [34] for its use 

in a proof of the classical Bernstein Theorem.) In our terminology, Lewy's transformation 

amounts to a phase change of —nir/2. Yuan [58] then showed that this transformation can 

be used for a continuum of phases to obtain solutions of special Lagrangian equations with 

bounded Hessian. The following proposition is essentially given in ([58] p. 1356, see also. 

[56]. ) 

Proposition 1.5.1. Let u be a smooth solution to (1.1) with © = (n — 2)ir/2 + 5 on 

BR(0) C W1. Then the special Lagrangian surface 9JI = (x,Du(x)) can be represented as 

a gradient graph 9Jt = (x,Du(x)) of the new potential u satisfying (1.1) with phase 0 = 

(n — 2) 7r/2 in a domain containing a ball of radius 

2 cos(6/n)' 

Proof. To obtain the new representation, take a U (n) rotation of C1 = W1 x W1 : z = 

e~v~is/nz with z = x + ^f-\.y and z — x 4- \f—Ty. Because U (n) rotation preserves 

the length and complex structure, VJl is still a special Lagrangian submanifold with the 

parametrization 

x = x cos ^ + Du (x) sin ^ 

Du = —x sin £ + Du (x) cos £ 

In order to show that this parametrization is that of a gradient graph over x , we must first 
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show that x(x) is a diffeomorphism onto its image. This is accomplished by showing that 

1 
x(xa) - x{xp) > xa -x? (1.23) 

2 cos 8/n 

for any xa, x&. We assume by translation that x@ = 0 and Du (x@) = 0. Now 0 < S < n, 

and d{ > 6 — §, so it + 5 cot 5|rc|2 is convex, and we have 

x (xa) - x (xP) |2 = |x (xa)\2 = xa cos - + Du (xa) sin -
\ / I TO TO 

( r r \ r 

cos cot 8 sin — ] + \Du (xa) + x a cot 8] sin — 
n nj TO 

„ai 2 sin 
(rt-l)S 

sin£ 
+ \Du (xa) + xa cot S\2 sin2 -

n 
. (n-l)cJ • ,5 

ciTi *• '— s i n 

+ 2 ? - ; 2- (xa, Du (xa) + x cot 8) 
sin 6 

> \x a|2 

2cos£ 

It follows that 3Dt is a special Lagrangian graph over x. The Lagrangian graph is the 

gradient graph of a potential function u (cf. [19], Lemma 2.2), that is, 9ft = (x,Du(x)). 

The eigenvalues A; of the Hessian D2u are determined by 

x T . 8 ( 7r (n — 1) 8 IT 8' 
0i = arctanA* = 0j 6 - - + ,77 , . 

TO \ 2 n 2 TO/ 
(1.24) 

Then 

5> (TO - 2 ) 7T 

1=1 

that is, u satisfies the special Lagrangian equation (1.1) of phase (TO — 2) n/2. The lower 

bound on R follows immediately from (1.23). • 

1.5.2 Relative Isoperimetric Inequality 

This relative isoperimetric inequality is needed in the proof of Theorems 2 and 5 to prove 

a key ingredient, namely a Sobolev inequality for functions without compact support. The 

proposition is proved from the following classical relative isoperimetric inequality for balls. 
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Lemma 1.5.1. Let A and Ac be disjoint measurable sets such that A u 4 c = B\(0) C W1. 

Then 

mm{\A\, \AC\} < C(n) \dA n & 4 c | n / n _ 1 . (1.25) 

Proof. See for example ([29], Theorem 5.3.2.). • 

Proposition 1.5.2. Let Cl\ C CI2 C Bp cRn. Suppose that dist(Cli,d£l2) > 2, also A and 

Ac are disjoint measurable sets such that A U Ac = 0,2- Suppose that 

14 n fii| < ( l - e ) | f i i | , 

for e 6 (0,1/2], then 

lAnfiil < <=^P
n\dAndAcnn2\^ • 

e 

Proof. Define a continuous function on Q.\ 

4 ( x ) >!An|M 
l-Dll 

Case 1. £(aj*) = 1 - e for some £* e fix. From the classical relative isoperimetric 

inequality for balls above, we have 

e|Bi| = min{|AnBi(x)|, |AcnBi(x)| < C(n) \0AndAcnB1 ( z * ) | ^ < C(n)\dAndAc\^. 

It then follows 

| A n S i | < |fii| < \BP\ = C(n)pn |Si | < - C ( n ) p n | d A n S A c | ^ . 

Case 2 .1 . £(z) < 1 - e for all a; e fii. Cover fix by C(n)pn unit balls 5i(a;j) for some 

uniform constant C(n). Note that all these balls are inside 0,2- By the classical relative 

isoperimetric inequality for balls again, 

\A n Bx[xi)\ < ^—^ min{|A n £i(a*)|, \AC 0 Bx{xi)\} < ^—^C{n)\dA n dAc\^. 

Summing this inequality over this cover, we get 

C(n)pn 

| A n f i i | < V \Af]Bi{xi)\ < -C{n)pn\dAndAc\^ , 
i=x 
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then the conclusion of the proposition follows. 

Case 2.2. £(x) > 1 - e for all x 6 fij.. Again cover fix by C(n)pn unit balls Bi(a;,), 

lying inside f̂ - As before, 

|AC n Bi(xi)\ = mm{\A n Bi(xi)|, I^c n £i(x;)|} < C(n)|04 n dAe\^. 

Summing this inequality over the cover, we get 

C(n)pn 

| 4 c nf i i |< J2 \AcnBi(Xi)\ <C(n)pn\dAndAc\^. 
t = l 

By the hypothesis, 

\Ansii\ < —-infill, 

e 

thus 
14n Oil < ^ V | & i n dA c | ^ . 

• 

Remark. Considering dumbbell type regions, we see that the order of dependence on 

p is sharp in Proposition 1.5.2. 

We note that in the two dimensional case, the analogous isoperimetric inequality is 

stronger, see the proof of Theorem 4 for details. 
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1.6 Proof of Theorem 1: The Sigma-2 Equation in Dimension Three 

In this section, we derive an interior a priori Hessian estimate for the <72 equation 

a2 (D2u) = AiA2 + A2A3 + A3A1 = 1 

in dimension three, where A; are the eigenvalues of the Hessian D2u. We attack (1.3) via 

its special Lagrangian equation form 

y arctan Aj = 0 
i=l 

with n — 3 and © = 7r/2. 

1.6.1 Jacobi Inequality 

Lemma 1.6.1. Let u be a smooth solution to (1.1). Suppose that the Hessian D2u is 

diagonalized and the eigenvalue X\ is distinct from all other eigenvalues of D2u at point p. 

Set 61 = In sjl + Af near p. Then we have at p 

|V96i|2 = E A i ^ (1.26) 

fc=i 

and 

AQh 

a + A M l l + E ( ^ + fM),i t l 

+E 

+ E 2A* 
k>j>l 

l | 2Ax | Af(A1 + Afc) 

Ai - Afc Ai - Afe 
h2 

life 

1 + AJ 1 + A? 
4-

Ai — Afc Ai — A 
+ (Ai + Afc) h2 

nkji-

(1.27) 

(1.28) 

(1.29) 

Proof. We first compute the derivatives of the smooth function b\ near p. We may implicitly 

differentiate the characteristic equation 

det(D2u - Ai/) = 0 
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near any point where Ai is distinct from the other eigenvalues. Then we get at p 

de\i = deun, 

<9eeAi = deeuu + ^2 2 
k> 

(deuik)
2 

with arbitrary unit vector e G 

Thus we have (1.26) at p 

fc=i \ i / f.=i 

where we used the notation h^ — y/g"\fg"V'gkkU(jk-

Prom 
AT 

deeh = #ee In A / 1 + A? = / ^ d e e ^ i + 1 ^ 2 ^ X ) \ 

we conclude that at p 

deeh 
Ai 

l + A? 
deeun + £ 2 

fe>l 
Ai - Afc 

1 - A 

(l + A?) 
^ o (^eMll)2 

and 

A<A = ] C d^d-ryh 

Next we substitute the fourth order derivative terms d77Un in the above by lower order 

derivative terms. Differentiating the minimal surface equation (1.21) J^a B=\ 9a^ujap = 0, 

we obtain 

n n n 
A9UiJ = Yl ^Ujiap = ^ -di9a0Uja/3 = ] T ga^d^sg^Uj^ 

Q,/3,7,I5=1 a,/3=l 
n 

a,B=l 

where we used 

= Y2 9aa9^{^a + ^)ua^uaM, 
a,/3=l 

di9l5 = 9i{87s + 22 ul£ue8) = W7<5j(A7 + XS) 
e=l 

(1.31) 
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with diagonalized D2u. Plugging (1.31) with i = j = 1 in (1.30), we have at p 

Agh 
Ai 

1 + A? 

n n 2 

a,/?=l 7 = 1 * > 1 

+E 
1 — A 1 .,_, 2 

^ ( 1 + A?) 

2Ai (1 + XI) 
= ̂  E (A« + A,)^x + E E V-A ft*1 + ^ (1 " A?) *"?' 

a „ 8 = l Jfe>l T = 1 X k 7 -1 

where we used the notation h^ = \ / ^ \ / ^ V p ^ u i j f c - Regrouping those terms /iwi, /in<?, 

and /I<?JH in the last expression, we have 

Agbl = (1 - A?) ft?u + E 2A1Aa/iLx + E 2X\{l\Xl)htk 

+ E 2Ai (Afc + A ^ n + E (1 ~ A?) *?» + E 2A1 (1_+
A

A|) * 
fe>i fc>i *;>i * fe 

+ E 2A1(Ai + A,)/ iJM+ E 2 A
A

( 1 - +
A

A 2 ) ^ -Ai — At-
k>j>l j,k>l, 1 * 

J * * 

After simplifying the above expression, we have the second formula in Lemma 1.6.1 • 

Lemma 1.6.2. Let u be a smooth solution to (1.1) with n = 3 and 0 > rc/2. Suppose that 

the ordered eigenvalues Ai > A2 > A3 of the Hessian D2u satisfy Ai > A2 at point p. Set 

&1 = lnv/ITA2^==lnv/TTA2. 

Then we have at p 

Aff6i > i|Vs6i|2. (1.32) 

Proof . We assume that the Hessian D2u is diagonalized at point p. 

Step 1. Recall Q\ = arctan Aj € (—7r/2,7r/2) and 61 + O2 + O3 = Q > n/2. It is easy to see 

that 9\ > 02 > 0 and #j + 0j > 0 for any pair. Consequently Ai > A2 > 0 and Aj + Aj > 0 for 

any pair of distinct eigenvalues. It follows that (1.29) in the formula for Agb\ is positive, 

then from (1.27) and (1.28) we have the inequality 

\ fc>l X " / k>l X 1 « 

/>2 

" l i f t - (1.33) 
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Combining (1.33) and (1.26) gives 

A , & i - g | V , 6 i | J > 

n^s^^Hs^ 2 V ^2(Ax + 2Afc) 

A*) 
h2 

"life- (1.34) 

Step 2. We show that the last term in (1.34) is nonnegative. Note that Ai + 2Afc > 

Ai + 2A3. We only need to show that Ai 4- 2A3 > 0 in the case that A3 < 0 or equivalently 

6»3 < 0. Prom 0i + 02 + #3 = 6 > TT/2, we have 

§>* + § = (§-«0 + ( ! -«0+e- f 2 S ( f - * , ) . 

It follows that 

then 

1 = tan (*, + ! ) > 2 t a n ( £ - * ) = £ , 

Ai + 2A3 > 0. (1.35) 

Step 3. We show that the first term in (1.34) is nonnegative by proving 

j.2 , 2A2 , 2 , 2A3 2 
^111 + T ^ 2 2 1 + 7 ^ 3 3 1 > 0. Ai — A2 Ai — A3 

We only need to show it for A3 < 0. Directly from the minimal surface equation (1.21) 

(1.36) 

^111 + h221 + ^331 = 0, 

we bound 

/&l = (*Hl+tol)2 <(!*?!!+ ""' ^ 
2A2 u2 \ (3 Ai - A2 

A T ^ A T 2 2 1 ) 1 2 + "IXr 

It follows that 

2 / , 2 1 2 A s h2 1 2 A g h2 > 
a " i l l + 7 T T " 2 2 1 + 7 ^ " 3 3 1 <L 
6 Ai — A2 Ai — A3 

3 Ai — A2 

2A2 2 
"221 1 + 

2A3 /3 Ai — A2 

Ai - A3 V2 2A2 
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The last term becomes 

1 +
 2^3 / 3 Ai - A2 

Ai — A3 \ 2 2A2 

The above inequality is from the observation 

<72 

(Ai - A3) A2 
>0. 

Re Yl (1 + ^/ZlAi) = 1 - a2 < 0 
i = l 

for 3TT/2 > 6>i + 02 + 03 = 6 > TT/2. Therefore (1.36) holds. 

We have proved the pointwise Jacobi inequality (1.32) in Lemma 1.6.2. • 

Lemma 1.6.3. Let u be a smooth solution to (1.1) with n = 3 and 0 > n/2. Suppose that 

the ordered eigenvalues Ai > A2 > A3 of the Hessian D2u satisfy A2 > A3 at point p. Set 

b2 = ± ( l n ^ / l + Af + m ^ l + A!) 

Then 62 satisfies at p 

Agb2 > 0. 

Further, suppose that Ai = A2 in a neighborhood of p. Then 62 satisfies at p 

Agfe2 > 3 \V9b2\
2 • 

(1.37) 

(1.38) 

Proof. We assume that Hessian D2u is diagonalized at point p. We may use Lemma 1.6.1 

to obtain expressions for both Ag In \ / l + Af and Ag In \/l + A2,, whenever the eigenvalues 

of D\ are distinct. Prom (1.27), (1.28), and (1.29), we have 

Ag In y/l + Xl + Ag In y l + A§ = 

d+A?K11+E2Aiii!yfc)^i+E 
+2AX 

(1.39) 

Ai - Afc 
A:>1 

1 + ̂ < X ^ ^ l l f c 

1 + A| , 1 + Â  
+ Ai — A3 Ai — A2 

+ (A3 + A2) h1 
"321 

k±2 

+2A2 
I + Aj , 1 + A? 

+ A2 — A3 A2 — A 

fc#2 

+ (A3 + Ai) 

+(1 + ̂  + gHM1±^),L2 + g t+Ai+«. (1±^)] ft2 

"22fc 

h2 
" 3 2 1 -
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The function b2 is symmetric in Ax and A2, thus 62 is smooth even when Ai = A2, provided 

that A2 > A3. We simplify (1.39) to the following, which holds by continuity wherever 

Ai > A2 > A3. 

2 Ag 62 = 

(1 + X\)h\u + (3 + Ai + 2A1A2)^21 + ( j - ^ L - + 3 ^ - ) A; 

+ (3 + Af + 2\1\2)hll2 + (1 + A|)/»l22 + 

331 

2A2 2A|A3 

+ 

A2 — A3 A2 — A3 

3Ai - A3 + A?(Ai + A3)] u2 , [3A2 - A3 + A|(A2 + A3) 

h2 
332 

Ai - A3 
h2 
"113 

A2 — A3 
h2 

"223 

+ 2 1 + Al,2 + A2 ,3 + AsAl + Ml±^|)+Mi±M 
Ai — A3 A2 — A3 

h2 

"123-

(1.40) 

(1.41) 

(1.42) 

(1.43) 

Using the relations Ai > A2 > 0, Aj+Aj > 0, and a2 > 1 derived in the proof of Lemma 1.6.2, 

we see that (1.43) and (1-42) are nonnegative. We only need to justify the nonnegativity of 

(1.40) and (1.41) for A3 < 0. Prom the minimal surface equation (1.21), we know 

4$2 = (>H12 + h222)
2 < [(Af + 2Xl\2)h\l2 + A|/*|22] 

It follows that 

(1.41) > (Xi + 2AiA2)/»jf12 + \\h\22 + 

1 J_ 
Af + 2AiA2

 + A| 

v2 , o \ \ . M . 2 , \2u2 , 2 A 2 ^ 3 , 2 
n 332 

> [(Af + 2AiA2)/»?i2 + A|^2 2] 

The last term becomes 

1 + 

A3 

2A2A3 

A2-A3 VAf + 2AiA2 ' \\)_ * + 

1\2X, 2A3 A3 
+ + A2 - A3 V 2A2A3 Af + 2AiA2 \\ 

A2 
A2 — A3 

02 A3 >0. .AiA2 (Ai + 2A2). 

Thus (1.41) is nonnegative. Similarly (1.40) is nonnegative. We have proved (1.37). 

Next we prove (1.38), still assuming D2u is diagonalized at point p. Plugging in Ai = A2 

into (1.40), (1.41), and (1.42), we get 

2 A 9 i 2 > 
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A?Uiii + 34ii + 
2Aa 

A T ^
 331 

A1.-A3*332 + Ax I 3/l112 + /l222 + 

Differentiating the eigenvector equations in the neighborhood where Ai = A2 

(£,2U) u = hl±hu, (£,2U) y = ^i + ̂ v ; and {D\) W = \3W, 

we see that U\\e = M22e f° r a n y e G M3 at point p. Using the minimal surface equation (1.21), 

we then have 

at point p. Thus 

Agb2 > A? 

hllk = h>22k = ~2^33fc 

2 , * + **) /l?n + 2 f A±±V) fc?u + f Ai±A.) ,?i3 
Ai — A3 Ai — A3 Ai — Ag 

The gradient |VS&2|2 has the expression at p 

|V962|
2 = Y,9kk ( 5 1 ^ ^ 1 1 + IjTM9^)2 = ^ A ? / l ? U ' 

Thus at p 

*{[<£$-{ h2
in + 

Ap62 - ^|V562 |2 > 

Ai + A3\ 1" 
Ai - A3 

> 0 , 

Mn + 
A1 + A3 
Ai - A3 3 | )M U } 

where we again used Ai + 2A3 > 0 from (1.35). We have proved (1.38) of Lemma 1.6.3. • 

The following is the main ingredient of the proof of Theorem 1, and is also useful in the 

next section on large phase equations. 

Proposition 1.6.1. Let u be a smooth solution to the special Lagrangian equation (1.1) 

with n = 3 andB> TT/2 on B4 (0) C R3. Set 

6 = max | l nV ' l + A2
nax, Kj 
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with K = 1 + In J\ + tan2 ( j ) . Then b satisfies the integral Jacobi inequality 

f - (Vg<p, V96) dvg>\ [ ip \V9b\2 dv9 (1-44) 

for all non-negative ip 6 CQ° (B4). 

Proof. If b\ = In -^/l + A 2 ^ is smooth everywhere, then the pointwise Jacobi inequality 

(1.32) in Lemma 1.6.2 already implies the integral Jacobi (1.44). It is known that Amax is 

always a Lipschitz function of the entries of the Hessian D2u. Now u is smooth in x, so 

bi — In ^/l + Alj^ is Lipschitz in terms of a\ If 61 (or equivalently Amax) is not smooth, then 

the first two largest eigenvalues Ai (x) and A2 (x) coincide, and bi (x) = 62 (#), where 62 (x) 

is the average 62 = (in x/T+^f + In VTTAf) /2. We prove the integral Jacobi inequality 

(1.44) for a possibly singular 61 (x) in two cases. Set 

S = {x\ Ai (x) = A2 (x)} . 

Case 1. S has measure zero. For small r > 0, let 

fi = B 4 \ {re| 61 (a) < i f} = S 4 \ {x\ b (x) = i f} 

fii (r) = {x| & (x) = 61 (s) > h (x) + T} n n 

n2 (T) = {rc| 62 (re) < & (a?) = 61 (a:) < b2 {x) + r } n f l . 

Now 6(3;) = h(x) is smooth in fii (T). We claim that 62 (#) is smooth in ^ ( T ) . We 

know 62 (a;) is smooth wherever A2 (a;) > A3 (x). If (the Lipschitz) &2 {%) is not smooth at 

cc* € ^2 (T), then 

In ^/ l + A| = In y/l + Xj > In ^ 1 + A? - 2r 

> l n ^ / l + tan2 ( | ] + 1 - 2r, 

by the choice of K. For small enough T, we have A2 = A3 > tan ( j ) and a contradiction 

(01 + 02 + 03) (z*) > 6. 
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Note that 

= lim 
T-+0+ 

/ ~ (Vg^, Vgb) dVg= - {Vg<f, VSfe) dVg 
JBi JO. 

f - ( V ^ , Vgb) dVg+ f - {Vg<f, Vg (b2 + T)> dVg 

By the smoothness of b in Qi (r) and 62 in CI2 ( r ) , and also inequalities (1.32) and (1.37), 

we have 

/ - {Vgtf, Vgb) dVg+ f - ( V ^ , Vg (b2 + T)) dVg 

= / — ip cLifr dAg + / i/)A9 bidvg 
JdQi{r) 9 JSliir) 

+ / -tpd~a (62 + r)dAg+ ip Ag (62 + r) efo9 

JdU2(r) g
 JU2(T) 

> / -<pd~ibdAg+ -(pdj2 (62 + T) dAg + - / v? jVs6ij2dt;^, 
Jdili(T) 9 Jdn2(r) s O ^n i ( r ) 

where 7* and 7^ are the outward co-normals of dQ,\ (T) and dQ,2 (T) with respect to the 

metric g. 

Observe that if b\ is not smooth on any part of dCl\dB4, which is the if-level set of 

6i) then on this portion dil\dB^ is also the if-level set of 62, which is smooth near this 

portion. Applying Sard's theorem, we can perturb K so that Oil is piecewise C1. Applying 

Sard's theorem again, we find a subsequence of positive r going to 0, so that the boundaries 

dtt\ (r) and dCl2 (T) are piecewise C1. 

Then, we show the above boundary integrals are non-negative. The boundary inte­

gral portion along dQ is easily seen non-negative, because either ip = 0, or —d^ib > 

0, — d72 (62 + T) > 0 there. The boundary integral portion in the interior of 0 is also 

non-negative, because there we have 

b = 62 + T (and 6 > 62 + T in fii (T) ) 

-d7i& - d72 (62 + T) = <972& - dj2 (62 + r) > 0. 

Taking the limit along the (Sard) sequence of r going to 0, we obtain fii (r) -4 O up to a 
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set of measure zero, and 

/ -(Vg^,V96} dvg 
JBA 

= J - (V9y, V56)s dvg>^j \Vgb\2 dvg 

= \j Wgb\2dvg. 

Case 2. S has positive measure. The discriminant 

P = (Ai - A2)
2 (A2 - A3)2 (A3 - AO2 

is an analytic function in B4, because the smooth u is actually analytic (cf. [33], p. 203). 

So V must vanish identically. Then we have either Ai (x) = A2 {x) or A2 (x) — A3 (x) at any 

point s G B4. In turn, we know that Ai (x) = A2 (x) = A3 (x) = tan (®) and b = K > bi (x) 

at every "boundary" point of S inside B4, x G dS f) B4. If the "boundary" set dS has 

positive measure, then Ai (x) = A2 (x) — A3 (x) = tan ( j ) everywhere by the analyticity 

of u, and (1.44) is trivially true. In the case that dS has zero measure, b = b\ > K is 

smooth up to the boundary of every component of {x\ b (x) > K} . By the pointwise Jacobi 

inequality (1.38), the integral inequality (1.44) is also valid in case 2. • 

1.6.2 Proof of Theorem 1 

We assume that R = 4 and u is a solution on B4 C M3 for simplicity of notation. By 

scaling v (x) = U(JX)/(J) , we still get the estimate in Theorem 1. Without loss 

of generality, we assume that the continuous Hessian D2u sits on the convex branch of 

{(Ai, A2, A3) I A1A2 + A2A3 + A3A1 = 1} containing (1,1,1) / \ / 3 , then u satisfies (1.1) with 

n = 3 and 0 = ir/2. By symmetry this also covers the concave branch corresponding to 

0 = -TT/2. 

Step 1. By the integral Jacobi inequality (1.44) in Proposition 1.6.1, b is subharmonic in 

the integral sense, then 63 is also subharmonic in the integral sense on the minimal surface 
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m = (x, Du) : 

J - (VgV, Vfl6
3)s dvg = J - <V9 {Zb2<p) - Qb^gb, Vgb)g dvg (1.45) 

> / ( ^ W + 6 M V f l > | > 9 > 0 (1.46) 

for all non-negative ip £ CQ°, approximating b by smooth functions if necessary. 

Applying Michael-Simon's mean value inequality ([32], Theorem 3.4) to the Lipschitz 

subharmonic function 63, we obtain 

6(0) <C(3)(f b3dvg] < C(3) ( / b3dvg 

1/3 

inarc / \JBI 

where Q5r is the ball with radius r and center (0, Du (0)) in R3 x K3, and Br is the ball with 

radius r and center 0 in R3. Choose a cut-off function <p € CQ° (Bj) such that <p > 0, <p = 1 

on B\, and \D<p\ < 1.1, we then have 

.6 \ V3 
dVn 

Applying the Sobolev inequality on the minimal surface 371 ([32], Theorem 2.1) or ([1], 

Theorem 7.3) to (pb1'2, which we may assume to be Cl by approximation, we obtain 

{L2 i^Y*"')13 -c{3)IB2 \Vg i^112) fdvg-
Splitting the integrand as follows 

| V f l ( ^ / 2 ) | 2 

,1/2 26V2 
<^V 2 |V f f 6| 2 + 26|V^|2 

<2</>2|Vs&|2 + 2&|V9</>|2, 

where we used b > 1, we get 

& (0) < C (3) f \vg (<pb1/2) I2 dvg 
JB2I

 X n 

< C ( 3 ) ( Y <p2\Vgb\2dVg+ [ b\Vg<p\2dVg\ 
\JB2 JB2 / 

< C (3) ||£>u||LOO(Ba) + C (3) f||£>«||ico(B8) + ||I>«|lico(fl4)l • 

Step 2 step 3 
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Step 2. By (1.44) in Proposition 1.6.1, b satisfies the Jacobi inequality in the integral 

sense: 

3 A S 6 > |V96|2 . 

Multiplying both sides by the above non-negative cut-off function <p € CQ° (B2) , then 

integrating, we obtain 

/ <P2 \Vgb\2 dVg < 3 / (P2 Ag bdVg 
JB2 JB2 

= - 3 7 (2<pT7g<p, Wgb) dvg 
JB2 

<\f <fi2 \Vgb\2dVg + 18 [ \Vg<p\2dVg. 
1 J Bo J Bo 

It follows that 

f cp2 \Vgb\2 dvg < 36 f \Vgip\2dvg. (1.47) 
JBo JBO IB2 JB2 

Observe the ("conformality") identity (Lemma 1.4.2): 

( I T A ! ' i h v I T A | ) V = {ai~Al' ai"A2' ai"A3) 

where we used the identity V = JTv/( l + A?) — °\ ~ °3 with °2 = 1. We then have 
j = i 

CM 

< 2.42 A u dx. 

IV3H
2 dvg = £ Y^jVdx = J2 (Diipf (ffl - A;) dx (1.48) 

Thus 

f <p2 \Vgb\2 dvg < C (3) f Au dx 
JB2 JB2 

<C(3)\\Du\\Loom. 

Step 3. By (1.48), we get 

/ b\Vg<p\2dvg < C ( 3 ) / bAudx. 
JB2 JBI 
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Choose another cut-off function ip £ CQ° (B3) such that ij) > 0, tp = 1 on S 2 , and \Dip\ < 1.1. 

We have 

/ b A uefe < ipb A udx = - {bDip + ^£>b, -Dtt) ete 
^B2 >/B3 ^B3 

<P«l l ioo ( B 8 ) / (b\Di!>\+fl>\Db\)dx 

< C (3) \\Du\\Lao(B3) f (b+ \Db\) dx. 
J B3 

Now 

6 = max {in y/l + A ^ , K } < Amax + K < Ai + A2 + A3 + K = Au + K, 

where A2 + A3 > 0 follows from arctan A2 + arctan A3 = § - arctan Ai > 0. Hence 

f bdx<C(Z)(l + \\Du\\LOO(B3)). 
J B3 

And we have left to estimate fB \Db\ dx : 

= f \Vgb\Vdx 
JBs 

Repeating the "Jacobi" argument from Step 2, we see 

I \Vgb\2Vdx<C{3)\\Du\\Laa{Bi). 
J B3 

Then by the Sobolev inequality on the minimal surface Wl, we have 

f Vdx= f dvg< [ 4Pd»g<C(S)( f \Va</>\2dVg) , 
JB3 JB3 JB4 KJBi J 

where the non-negative cut-off function <f> € CQ° (£4) satisfies <j> = 1 on S3, and \D<j>\ < 1.1. 

Applying the conformality equality (1-48) again, we obtain 

f \Vg(t>\2 dvg < C (3) f Audx<C (3) ||Du||j 
JB4 JBA 

HL°°(B4) 

file:///Vgb/Vdx
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Thus we get 

and 

f VdxKCWWDuWl^gj 
J B3 

f \Db\dx<C{Z)\\Du\\2
LOO{Bi) 

In turn, we obtain 

/ b \Vgif\
2 dvg < C (3) \K \\DU\\LOO{BS) + \\Du\\2

Laom + WDuWl^^ 
J B2 

Finally collecting all the estimates in the above three steps, we arrive at 

Amax(0) < exp [(7(3) (||i?«||Lcc(B4) + \\Du\\2
LOO{Bi) + WDuf^^)] 

<C(3)exp[c(3)||I>«||i00(jBA 

This completes the proof of Theorem 1. 
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1.7 Proof of Theorem 2: Large Phase Special Lagrangian Equations in Dimen­
sion Three 

1.7.1 Proof of Theorem 2 

As in the proof of Theorem 1, we assume that R — 8 and u is a solution on B& C M3 

for simplicity of notation. By scaling v (x) = u (jx) / ( f ) , we still get the estimate in 

Theorem 2. We consider the cases when 0 = n/2 + S for <5 e (0,7r). The cases 0 < —7r/2 

follow by symmetry. 

1.7.£ Proof of Phase Dependent Estimate 

Step 1. As preparation for the proof of Theorem 2, we take the phase 7r/2 represen­

tation 9Jt = (x,Du(x)) in Proposition 1.5.1 for the original special Lagrangian graph 

?JJl = (x, Du (x)) with x G B%. The "critical" representation is 

x = x cos I + Du (x) sin | 

Du = —x sin | + Du (x) cos | 

Define 

Clr = x(Br(0)). 

Then we have from (1.23) 

(1.49) 

dist(Qi, dn5) > 4 > 2. (1.50) 
2cosd/d 

We see from (1.49) that \x\ < p for x £ Cl$ with 

p = 8cos - + ||Du||LOO(B8)sin- (1.51) 

and that \Du (x)\ < K (for x € Hg) with 

« = 8 s i n - + | |i?«|| I (00(B8)cos-. (1.52) 

The eigenvalues of the new potential u satisfy (1.24) and the interior Hessian bound by 

Theorem 1 

\D2u(x)\ < C (3)exp [C(3) K3] 
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for x e CI5. It follows that the induced metric on 971 — (x, Du(x)) in x coordinates is bounded 

on ^5 by 

dx2 < g (x) < H(K, 5)dx2, (1.53) 

where 

H(K, 6) = min \ l + C(3) exp [C(3)K 3] 1 + cot (1.54) 

Step 2. Relying on the above set-up and the relative isoperimetric inequality in Proposi­

tion 1.5.1, we proceed with the following Sobolev inequality for functions without compact 

support. 

Proposition 1.7.1. Let u be a smooth solution to (1.1) with 0 = n/2 + 6 on B$(0) C 

K3. Let f be a smooth positive function on the special Lagrangian surface 971 = (x,Du(x)). 

Then 

7j( /- 0 
+ ,3/2 

dvc 

2/3 

<C(3)p 4 / i (M) [ \Vg(f-i)+\dvg, 
JB5 

•where p, K, and \x were defined in (1.51), (1.52), and (1.54); a^so L — JB (0) f^x. 

Proof. Step 2.1. Let M = H/IILCX.^). We may assume 1 < M. By Sard's theorem, the level 

set {x\ f(x) — t} is C1 for almost all t. We first show that for all such t € [L, M], 

\{x\ f(x) >t}f}Bl\g< C(3)p6 H « , 6)\{x\ f(x) = t} n B5\9f
2 . (1.55) 

(Here | | and | |§ denote the area or volume with respect to the induced metric; | | denotes 

the same with respect to the Euclidean metric as in Lemma 1.5.1 and Proposition 1.5.2 .) 

From t > fB fdx, it follows that \{x\ f(x) > t} fl B\\ < 1 and consequently 

| { a ; | / ( a ; ) < t } n 5 i | > | 5 i | - l > l . (1.56) 

Now we use instead the coordinates for 97t = (x, Du(x)) given by the Lewy-Yuan rotation 

(1.49). Let 

At = {x\ f(x) >t}n H5, 

where we are treating / as a function on the special Lagrangian surface 971. From (1.56) 

we see that | Af n fii | > c(3) > 0, and thus 

\At\ < ( l - c ( 3 ) / 0 - 3 ) | n i | . 
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Applying Proposition 1.5.2 (see section 1.5) with (1.50) and (1.51), we see that 

\At n fii| < C(3)/96 \dA n dAc n fi5|* • 

Then we have from (1.53) 

| A t n f i i | . < [ M K , ( 5 ) ] 3 / 2 | ^ n O i | 

<c(3)P
6 [/«(«, 5)]3/2|a^na^c|3/2 

<c(3)p6[fi(K,6)f"\dAtndAc
t\l

/2. 

We have the desired isoperimetric inequality (now given in the new coordinates for 2Jt ) 

which holds for t < t < M 

13/2 
| A t n % < c(3)P« [/,(«, 5) \dAtndA$\s] , 

or equivalently (1.81) in the original coordinates. 

Step 2.2. With this isoperimetric inequality in hand, the following proof is standard 

(cf. [29] Theorem 5.3.1). 

12/3 / rM-i \ 2 / 3 

f K/-0-
JBi 

13/2 
ofon 

fM 

< C(3)PV(«, *) y |{*l fix) = *} n s5|fl 

<C(3)p 4 / i (M) / | V 9 ( / - t ) + | ^ f l , 

where the last inequality followed from the the coarea formula; the second inequality from 

(1.55); and the first inequality from the Hardy-Littlewood-Polya inequality for any nonneg-

ative, nonincreasing integrand r/ (t) : 

rp _ l/<7 T 

f V(t)9dt" < f V(t) 
Jo J Jo 

dt. (1.57) 

This H-L-P inequality (with q > 1) is proved by noting that sr) (s) < /Q
s r) {t) dt and inte­

grating the inequality 

q[sr1(s)}'1-1T,(s)<q f r,(t)dt : 
Uo 

v(a) = -h Jo 
dt 



42 

The proposition is thus proved. • 
Step 3. We continue the proof of Theorem 2. As in the proof of Theorem 1, we take 

b = max < Iny/l + A 2 ^ , KQ > with KQ = l + lnWl + tan2 I — I. 

Based on Proposition 1.6.1, a calculation similar to (1.46) shows that the Lipschitz function 

[(b — t)+] ' is weakly subharmonic, where i — fB ,0% bdx. We apply Michael and Simon's 

mean value inequality ([32] Theorem 3.4) to obtain 

[ f 1 2 / 3 

(b-o)+(0)<C(3) / \(b-o)+\3/2dvg 

JBx 

<C(3)P
4(I(K,6) [ \Vg(b-t)+\dvg, 

JBr, 

where the second inequality follows from Proposition 1.7.1, approximating (6—1)+ by smooth 

functions if necessary. Thus 

b(0)<C(3)p4n(K,S) f \Vgb\dvg+ [ bdx 
JB5 J Br, 

C(3)P4IX(K,8)( f \Vgb\2dvg) (f Vdx] +[ Vdx 

C(3)P4H(K,8) f Vdx (1.58) 
JBR 

< 

< 

where we have used the Jacobi inequality in Proposition 1.6.1, and a similar calculation 

leading to (1.47 ) in the proof of Theorem 1. 

Step 4. We finish the proof of Theorem 2 by bounding fB Vdx. Observe 

We control the integral of 02 in the following. 

02 - 1 

IcosQI 

dx 

>0. 

/ a2dx = / 5 ( A u ) 2 ~ \°2u\ 

= - I div [(Aul - D2u) Du] dx 
2 JBT 

= - ((Aul - D2u) Du, v) dA, 
2 JdBr 
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where v is the outward normal of Br. Diagonalizing D2u, we see easily that 

A2 + A3 

Aul - D2u = A3 + Ai > 0 

Ai + A2 _ 

as 9i + 6j > 0 with 0i + 02 + 63 > TT/2. Then 

/ a2dx < \\Du\\LOO(dBr) / AudA. 

Integrating the boundary integral from r = 6 to r = 7, we get 

/ aodx < \\Du\\TOOfo \ min / AudA 
J Be ~ [Br)re[e,7]JdBr 

< \\Du\\Loo<g7) / Audx 
J By 

<C(3)\\Du\\2
LOO(B7). 

It follows that for 0 > TT/2 

/ Vdx = -. rrr / (<T2 - 1) dx < -r-r / a2dx 

J B6 | cos0 |y B e \cosS\JB6 

C(3) < lcoseil |jDu|1^^) 

or 

JB, 
Vdx< C(3) 

|cos0t||D«r ll-Dulli<»(B8) • (1.59) 
'B6 F u b C , l l l^ '" l lL°°(£J 8) * "" 

In order to get ©-independent control on the volume, we estimate the volume in another 

way. By the Sobolev inequality on the minimal surface 2Jt ([32], Theorem 2.1) or ([1], 

Theorem 7.3), we have 

f Vdx= f dvg < [ <f>6dvg < C (3) f |V9<£|2 dvg , 
JB6 JB6 JB7 UBT 

where the nonnegative cut-off function (f> G C§° (B7) satisfies <6 — 1 on B6 and \D(f>\ < 1.1. 

Observe Lemma 1.4.2 ("conformality" ) for large phase 

TTA!' '" 'TTA!JF = 

(sin© (<Ti - Ai) + cos © (1 - y J , • • • , sin© (ffl - A3) + cos 0 M - y J J . 
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We then have 

JB-! JB7~[ i- + \ 

< 1.21 / [2 sin 0cri + cos © (3 - a2)] dx 

< C(3) [|sin©| P « | | L 0 0 ( B 8 ) + |cos6| ||I>u||£oo(B8 

for 0 > 7r/2, where we used the argument leading to (1.59). Thus we get 

f Vdx < C(3) [|sin0| ||Du||LOO(B8) + |cos6| | |JD«| |L O O ( B 8 ) I|£>«IIL°°(B8)]3 (1-60) 

Now either |cos0| ||-DM||L«>(B8) < 1 or - cos© ||-Dw||LOO(BgN > 1; combining (1.59) and (1.60), 

we have in either case 

/ Vcfa< 07(3)11^11100^). 
JB& 

Finally from the above inequality and (1.58), we conclude 

6(0) < C(3)pV(M) \\DufLoo{Bs) 

< C(3)p4 \\DufLoom min J 1 + C(3) exp [C(3)K 3] , 1 + (cot Q 1 . 

Exponentiating, and recalling (1.51), (1.52) and (1.54), we have the 6-independent bound 

|-D2«(0)| < C(3)exp{c(3)exp [c(3) ||^||3Loo(Bg)] } 

and the ©-dependent bound 

|£>2«(0)| < C(3) exp I C(3) 1 + cot 
T 4 

l + \\Du\\LOO{B8)sm'- \\Du\\ L°°(B8) ( • 

Simplifying the above expressions, we arrive at the conclusion of Theorem 2. 
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1.8 Proof of Theorem 4: Estimates in Dimension Two 

In this section we prove uniform estimates for special Lagrangian equations in dimension 

two. When n — 2, equation (1.2) reduces to the simpler 

cos 9 A u + sinG (det(D2u) - l) = 0. (1.61) 

1.8.1 Jacobi Inequality 

Lemma 1.8.1. Let u be a smooth solution to (1-1), with phase 0 > 0, and n = 1. Set 

b = In V = In ^det(I + D2uD2u). Then b satisfies 

Agb >s in0 |V 9 6 | 2 (1.62) 

and for 0 > TC/2, 

As& > |VS6|2. (1.63) 

Proof. Assume that D2u is diagonalized at a point p. The calculation 

Ag In ^ ( l + AfXl + A2) = [4 + (Ax + A2)
2] {hjn + h\12) (1.64) 

follows from Lemma 1.4.1, again using the notation h,jk = \f^\/g^y^Uijk. Similarly, 

2 2 

= £** \\ E 9abdi9ab) = j y ( E ^ V J 
»=1 \ 0,6=1 / t=l \ i = l 

= g11 [glluxll (Ax - A2)]2 + g22 [gnu112 (Ai - A2)]2 

= (^in + ^ i i2) (Ai-A 2 ) 2 , (1.65) 

where we used the minimal surface equation (1.21) 

9nuin +922U22i = 9Uuii2+922U222 = 0. 
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cos 0 
ax ~ 2 ( l - s i n 0 ) 

With (1.61) in mind, we compute 

4 + (Ai + A2)
2 - sin6(Ai - A2)

2 = 4 + a\ - s in0 (a2 - 4<r2) 

= 4 + a\ - s in0 (of - 4 + 4cot 0crx) 

= ( l - s i n 0 ) 

> 0 . 

Accordingly, 

Agb - sinO|V96|2 - [4 + (Ai + A2)
2 - sin0(Ai - A2)

2] (h\u + h\12) > 0. 

The Jacobi inequality (1.62) is proved. 

For large phase, 0 > n/2, the equation (1.1) dictates that both eigenvalues are positive, 

and one can see easily from (1.64) and (1.65) that (1.63) holds. • 

In two dimensions, we take advantage of a certain "super" isoperimetric inequality on 

the level sets of "subharmonic" functions. The resulting Poincare type inequality will be 

used in the proof of Theorem 4. Note that this takes the place of the mean value inequality 

of Michael and Simon, as it was used in the proof of Theorem 1. 

Proposition 1.8.1. Let f be a smooth, positive function on £2(0) C R2. Suppose that 

f satisfies the weak maximum principle: f attains its maximum on the boundary of any 

subdomain of £?2. Then 

| / | |L~(B I )< / \Df\dx+ [ fda IX. 
'B2 JB2 " 

Proof. Set a = fB fdx. We may assume M = \\f\\L°°(Bi) > a- By Sard's theorem, the level 

set {x\ f (x) = t} n B-2 is C1 for almost all t with a < t < | | / | | L « ( B 1 ) . F° r such (almost 

all) t, we show that {x\ f (x) = t} n B<i has length at least 1 in the following. The set 

{a; I / (x) < t} fl B\ is nonempty and satisfies 

\{x\f{x)<t}nBx\>\Bx\-l, (1.66) 

otherwise we have a contradiction: 

a > / fdx>t \{x\ f (x) > t} n Bi\ > a. 
JBi 
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If any component of {x\ f (x) = t} f)B2 stretches from the interior B\ to the boundary dB2, 

then the length \{x\ f (x) = £} D B2\ > 1. Otherwise, each component of {x\ f (x) = t}C\B2 

which intersects B\ must be a closed curve in B2, as we are using the fact that t is not a 

critical value for / . From the maximum principle for / , it follows that f <t inside any such 

closed curve. By (1.66) and the usual isoperimetric inequality for each of these (finitely 

many) C1 regions where / < t, we have 

\{x\ f (x) =t}f] B2\ > ^\{x\ f(x) < i } f l S i | > 1. (1.67) 

Now we proceed as follows. For any q > 1, 

1/9 r rM-a 

[ |(/-«) 
.JBi 

+ l« dx = I I \{x\ }{x)-a>t}f}B1\dti 

< / \{x\ f (x) - a > t} n Bi\1/g dt 
Jo 

pM—a 

<\BX\1/" / \{x\f(x)-a = t}nB2 
Jo 

< l-Sxl1^ [ \D[f(x)-a]\dx, 
JBi 

dt 

IB2 

where the last inequality followed from the coarea formula; the second inequality followed 

from (1.67); and the first inequality followed from the Hardy-Littlewood-Polya inequality 

(just as in Step 2.2 in the proof of Theorem 2, see also ([4], p.258). 

Letting q go to 00, we have 

Thus 

| ( / - « ) + I L o o ( B l ) < / \D(f-a)\dx. 

( B l )< / \Df\dx+ f fdx. 
JB2 JB2 

U 

1.8.2 Proof of Uniform Estimate 

We combine two estimates to obtain a uniform Hessian estimate for any given height bound. 

The first estimate, which uses the Jacobi inequality, deteriorates as 6 -> 0. The second 

estimate holds for small 0 with constrained height, and follows easily from a standard 
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technique for harmonic functions, combined with a Lewy-Yuan rotation of coordinates. For 

simplicity, we assume that R = 4 and u is a solution on B 4 C I 2 . By scaling u (jx) / (j) , 

we still get the estimate in Theorem 4. 

Case with 0-dependence. By the symmetry of the equation (1.1), we assume 0 > 0. 

From inequality (1.62) in Lemma 1.8.1, b — \nV is subharmonic with respect to the induced 

metric on B2; hence b satisfies the weak maximum principle. We apply Proposition 1.8.1 

H&IIL~(BI) < / \Db\dx+ f bdx 
JBi JB2 

< / \Vgb\dvg+ / bdx 
JB2 JB2 

<( [ l v ^ | 2 Vdx) ([ Vdx) + f Vdx- (1-68) 
\JBi ) \JBi ) JB2 

Multiplying both sides of the Jacobi equation (1.62) by a non-negative cut-off function 

ip € CQ° (S3) with ip = 1 on B2 and \Dip\ < 1.1, then integrating, we obtain 

f ^\Vgb\2dvg<-±-[ V 2 A 9 6 
JBa s i n u y B 3 Bi 

" " i i r T e X ^V^^gb)gdvg 

< -
~ 2 U/'^^Gsie)21*™2** 

It follows that 

/ \Vgb\2Vdx< [ i>2\Vgb\2dvg<4csc2e [ \Vgip\2dvg. (1.69) 
JB2 JB3 JB3 

Observe that by equation (1.1) or (1.61) the volume element takes a simple form 

V = y ^ l + A?) (1 + A|) = |(1 + *Ai) (1 + *A2)| = \1 - a2 + i*i\ 

= esc © A u. 
sin 6 

Hence, 

and 
/ , 

C(2) 
Vdx < . ^ \\Du\\TX>{D^ 

B2 ~ s in0 " "L ^ 

*<***(?$ + %$)*-»*( 
2 / 2 + A2 + Xi 

V 

= \Dip\2 [2(1 - <J2) + v2] S-^ = \DiP\2 (2cos0 + ax s in9 ) , 
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where we used the equation (1.61). We then have from (1.69) 

/ |Vg&|2Fcfc<C(2)csc2@ / (2cos@ + a1sme)dx 
JBi JB3 

< C{2) (esc2 0 + esc 6 ||I>ti||LOo(B,)) • 

Thus from (1.68), 

I|6|IL«.(BI) < C(2) 

that is 

1 + sin©||.Du| L°°(BS) y 
sin0 

IIDull L°°(B2) 
sin0 + C(2)IWy = 

sin© 

\L-{BI)<C(2) s . n 0 ^ + s . n l / 2 Q | | i : 
\\Du\\]/2 

(1.70) 

The estimate (1.12) follows by exponentiating (1.70). 

Next, for very large phase, 0 > 37r/4, we adapt the proof of (1.70) to obtain a bound 

that does not deteriorate as 0 ->• -K . First we note that from the Jacobi inequality (1.63) 

the ©-dependence in (1.69) is no longer needed, and we have 

/ \Vgb\dvg<4[ [ \Vgip\2dvg) If Vdx) <C(2) [ Vdx. (1.71) 
JB2 \JB3 J \JB2(O) J JB3(,O) 

Using another expression for the volume form 

V — |1 - (72 +«Orl| = |seC0| (CT2 - 1) 

for 0 > TT/2, 

/ Vdx = / |sec 0 | (a-2 — 1) dx < |sec0| / a^dx 
JBr{0) JBr(0) JBr{0) 

— |sec©| / div(wit*22 — uiU2i)dx 
J Br (0) 

<|sec©|||Z>M||LOO(Br) / \D2u\ds. 
V ' JdBr{0) 

By the convexity of u for large phase 0 > TT/2, we know Aw > \D2u\, so 

/ Vdx < |sec©| ||JD«||X,OO/B \ / Auds. 
JBr(0) V r> J8BJ0) 
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Integrating the right hand side from r = 3 to r = 4, we deduce 

/ Vdx < Isec0| ||£M|rocR.I min / Auds 
JB3(O) ~ L {B4)re[3A]JdBr{0) 

< |sec0| ||-Dw||Loo(B4) / Audx < |sec6| ||-EHt|||oo(£4) • 
J i?4(0) 

In light of (1.68) and (1.71), we then have for 0 > TT/2, 

I I ^ B O ^ ^ I s e c e i P ^ I I ^ ) , 

and finally 

| | # 2 H U ( B l ) < exp [C(2) |sec0| \\DufLOO{B4)] • (1.72) 

This finishes the estimates with 0-dependence in Theorem 4. 

Case without 9-dependence. In order to prove the Hessian bound (1.11) that does 

not deteriorate for small 6 , we need the following. 

Proposition 1.8.2. Let u be a smooth solution to (1.1) with n — 2 and 0 6 [0,7r/4] on 

Bi(0) C M2. Suppose that 

\\DU\\T00rn.\ < l L O W " 8sin©• 

Then we have 

\D2u(0)\<C(2)(\\Du\\Loa{Bl) + l). 

Proof. We first find a harmonic representation of 9Jt = (x, Du) via Lewy-Yuan rotation as 

in Proposition 1.5.1: 

x = x cos § + Du (x) sin § 
2_ . 2_ . (1.73) 

y = —x sin ® + Du (x) cos ® 

We see that 9Jt is a (special Lagrangian) graph over x space: 3Jt = (x,Du (x)), where 

u is a smooth function. Let A» be the eigenvalues of the Hessian D2u. Prom (1.1) we have 

that arctan A; > 0 - ir/2. (When n — 2, all phases are considered large.) Then 

. x , , 0 / 7T 0 7T 0 \ 

arctanAj = arctan A, - — € [~2+~2 >2 ~ ~2 J ' ^ ' 

It follows that 

arctan A\ + arctan A2 = 0 or 

Aw = 0. 
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Moreover, the domain of u, x (J5i) contains a ball in x space with radius R at least 

R> Krr-
~ 2 cos 0/2 

around x(0). 

For the harmonic function uss with e being an arbitrary unit vector in x space, the mean 

value formula implies 
s«(S) = i / , . Uee dx < - ^ \\Du\\Laa^^ < 4COS - | | £>u | | L oo(B f i ) 

Prom the above harmonic parametrization (1.73) of 971, we know 

0 9 
\\DUWL°°(BR) ^ s i n 2" + c o s 2" HJDUIILOO(BI) • 

Thus we get 

Prom (1.74), we see that 

Ai(0)<4cos-1 ' • 6 0 l l n II 

sin— + cos — \\Du\\Loo(Bi) 

Xi (0) = 
A; (0) + tan f 

1 - Xi (0) tan f 

Note that Amax (0) > |A* (0)| for 0 > 0. It follows that 

| ^ 2 " ( 0 ) | < A m a x ( 0 ) 

< 
tan f- +4cos ® sin® + cos ® ||-£MILOO(BI) 

2 cos 0 - 1 - 2 sin 9 \\DU\\LOO^BI) 

<C(2) .Pulli<»(Bi) + 1 

provided that, say, 2 cos 0 - 1 - 2 sin 0 ||-D«||i0o(Bl> 

assumption. 

> 0.15, which is available under our 

• 

We finish the proof of Theorem 4 without 0-dependence. By symmetry, we only consider 

the cases 0 < 0 < ir. 

We first consider the small phase 0 < 0 < 7r/4. 

If ||-D«||L0O(B3) > gginQ, then from the first estimate (1.70) we have 

l ^ ^ i L o o ^ ) <C(2)exp^ C(2) 
\\Du\\ L°°(B3) 

sin© 

<C(2)exp[c(2)\\DufLoom]. 

1 + 
sin1/* 0 WDuf/Z 

L°°(B3) 
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If ||£>^HL°°(B2) ^ 8sin0' * n e n P r o P o s i t i o n 1-8-2 (applied at any point in B{) implies 

<C(2)exP[c(2)||^||^(B4)]. 

For phases 7r/4 < 9 < 37r/4, sinO is bounded away from 0 and (1.70) gives 

\\D2U\\LOO{BI) ^ C(2)exp (^(2) II^«IIL~(B8)) 

<C(2)exp(c(2)||JDtt||ioc (B4))-

For large phase 6 > 37r/4, sec0 is bounded and we have from (1.72) 

\\D2U\\L^BI) ^ C'C2) exP (C(2) P«IIL<»(B4)) • 

The proof of estimate (1.11) without 0-dependence in Theorem 4 is complete after a scaling. 
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1.9 Proof of Theorem 5: Estimates for Convex Solutions 

In this section we prove estimates for convex solutions of (1.1). 

1.9.1 A Jacobi Inequality for the Volume Element 

We now derive a Jacobi inequality for the volume element 

n 

i-X 

Proposition 1.9.1. Suppose that u is a smooth convex solution to (1.1) in BR C Mn. Then 

AglnF > - I V , In VI" 
n 

Consequently 

I \V9lnV?dvg<^-f dv9. 
J Br K-TJBR 

Proof. At any fixed point, we assume that D2u is diagonalized, then using (1.4.1) 

n 

A 9 l n V = J^ (1 + AiA,-)^*, 
i,j,k=l 

where hijk = \/g~™ \fgti \/gkkUijk are the components of the second fundamental form of 

the graph. Gathering all terms containing h2L- • = /& • = hj ^ for a fixed i, we have 

(1 + Af)/4 + ^ ( 1 + \))h2
jt + 2 ( 1 + XiXj)hlj + 2 ( 1 + AjAi)^; 

jfr i& ifr 

= (1 + A 2 ) / ^ + 2 ( 3 + Af + 2XiXj)h: 

'3*3 

\2-

Thus 

A slnF = 2 (1 + A?)>& + 2 ( 3 + A2 + 2\iXj)h
2
jji 

J¥» 

+ 2 2 (3 + AiAj + Aj-Afc + \k\)h%, ijk-
i<j<k 

To bound the gradient, we compute (still at the same fixed point with D2u diagonalized) 

n 

dilnV = ^2gJ3\jUjji, 
3=1 

file:///fgti
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then 

vs \nV\l 
n I n i 

= £5" X> i iA« 
n 1 n \ 

= E E A ^ 
n 

< n ̂  V%-

2 

I 

From convexity of u, we have 

A 0 m F - - | V 0 l n V | 2 

n 
n 

For any smooth cut-off function <p € CQ° (BR) , 

/ y>2 | V s In V\2 dvg<n ip2 Ag In Vdvg 
JBR JBR 

=-n (2<pVg<p,VglnV) dvg 
JBR

 y 

<\ I <p2\VglnV\2dvg + 2n2 f \VgV>\2 dvg. 1 JBR JBR 

In particular, choosing <p to be 1 on Br and have gradient bounded by 2/ (R — r) in BR, we 

have 

/ |V«,lnF|2<fo9< f <p2\Vg\nV\2dvg 
JBr JBR 

' [ |V„¥>| 

/ 

This completes the proof of Proposition 1.9.1. • 

'J9 
'BR 

< An2 I |V0vl2 dv„ 
BR 

R-r JBR 

1.9.2 Proof of Theorem 5 

We assume that R = 7 and u is a solution on Bj C K™ for simplicity of notation. By scaling 

v (x) — u (jx) I (y) , we still get the estimate in Theorem 5. The proof of Theorem 5 

consists of five steps. 

file:///nV/l
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Step 1. We take a new representation Tl = (x,Du (x)) for the original (special) Lagrangian 

graph 2Jt = (x,Du(x)) in new coordinate system of R™ x W1 = C \ z = e~v~^*l4'z with 

z = a; + \[—\.y and z = a; + \f—\y : 

S = # a : + # D w (a;) 
V r (1-75) 

y = Du = ~Yx + Y-Du (x) 

The following instance of Proposition 1.5.1 is contained in [56], p. 122. 

Proposition 1.9.2. 1.5.1 Let u be a smooth convex function BR(0) C Kn. Then the La­

grangian submanifold QJt = (x,Du(x)) C P x l " can be represented as a gradient graph 

SCTt = (x, Du (x)) of the new potential u in a domain containing a ball of radius 

R > ^ (1-T6) 

such that in these coordinates the new Hessian satisfies 

-I <D2u<I. (1.77) 

Define 

Clr = x(Br(0)). 

Then we have from (1.76) 

^/2 
dist(fti,0fi5) > -= > 2. (1.78) 

We see from (1.75) that \x\ < p for x € Qe with 

P = 6 ^ + p u | | ^ ( B B ) ^ . (1.79) 

Prom (1.77), it follows that the induced metric on DDT = (x, Du(x)) in x coordinates is 

bounded by 

dx2 <g(x) <2dx2, (1.80) 

Step 2. As in the proof of Theorem 2, we need a Sobolev type inequality. This following 

Sobolev inequality is proved similar to the one in the proof of Theorem 2. 
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Proposition 1.9.3. Let u be a smooth convex function on BK,(0) C W1. Let f/ be a smooth 

positive function on the Lagrangian surface SDT = {x,Du(x)). Then 

\ !k=1 

\ L l ( / - t )+l s ! iT<fo') " ^c(n)p2{n~1)JB | v g ( / - 0 + | ^ s , 
where p was defined in (1.79) and i = -rj-r fB ,QN fdx 

Proof. Let M = \\f\\L°°(Bl)- We may assume t < M since otherwise the desired result holds 

trivially. By Sard's theorem, the level set {x\ f(x) — t} is C1 for almost all t. We first show 

that for all such t e [L, M], 

\{x\ f(x) > t} n Bx\g < C{n)p2n \{x\ f{x) = t} n B^f1. (1.81) 

Here | | denotes the area or volume with respect to the induced metric; | | denotes the 

same with respect to the Euclidean metric. 

Prom t > yjn- fg5/0\ fdx, it follows that |{a;| f(x) > t} D B\\ < \Bi\ /2 and consequently 

\{x\f(x)<t}nB1\>^-. (1.82) 

Now we use instead the coordinates for 971 = (x,Du(x)) given by the Lewy rotation (1.75). 

Let 

At = {x\ f(x) > t} n n5, 

where we are treating / as a function on the special Lagrangian surface SOT. Prom (1.82) we 

see that \A$ D fii| > c(n) > 0, and thus 

| i 4 t | < ( l - c ( n ) p - B ) | J i 1 | . 

Applying Proposition 1.5.2 (see section 1.5) with (1.78) and (1.79), we see that 

| A t n J i i | <C{n)p2n\dAndAcnCl5\^ . 

Then we have from (1.80) 

|^4tnfii | . < 2t | ^ t n f i i | 

<C{n)p2n\dAtr)dAc
t\^ 

<C(n)p2n\dAtndAc
t\^}y 
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We have the desired isoperimetric inequality (now given in the new coordinates for 971 ) 

which holds for i < t < M 

\Atnri! \g{x) < c{n)P
2n \dAt n OAfi^, 

or equivalently (1.81) in the original coordinates. 

We then proceed to prove the Sobolev inequality via the Federer-Fleming argument, as 

before. We have 

< / |{<r| f(x)-L>t}nB1}\g
n dt 

Jo 
pM 

< C(n)p2(n-V I \{x\ f(x) = *} n Bs\Bdt 

<C(n)p*n-V [ \Vg(f-o)+\dvg, 
JBf, 

by (1.57), (1.81) and the coarea formula for the above three inequalities, respectively. The 

proposition is thus proved. • 

Step 3. We consider the function / — \aV on the special Lagrangian manifold 971, where 

V is the volume element with respect to the original ^-coordinate system. Observe that 

In V (x) in the rotated ^-coordinate system satisfies 

E u ,_. d2 InV (x) . . T , , _ s ^ n 
9 {X) dxdx- A^lnV{x)-° 

i,j-l l 3 

because of (1.20) and Proposition 1.9.1. Note that the above non-divergence and divergence 

elliptic operator are both uniformly elliptic by (1.80). 

file:///Atnri
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Via the De Giorgi-Moser iteration (cf. Theorem 8.17 in [16]), we have 

( l n F - t ) + ( 0 ) = ( l n V - 0 + ( 0 ) 

<C(n)( f UlnV - o)+(x)\^ dx) 

<C(n)l[ \(lnV - c)+(x)\^ dvg(s)) 

<C(n)( [ \QnV - 0 + (x)\^ dvg{x)) " 

where 

i — , „ ,„,, / In Vdx. 
JBn(O) 

2_ 

\BI(0)\JBS(O) 

Using the non-divergence structure of the Laplace-Beltrami operator, one may also get 

the above mean value inequality by a local maximum principle (Theorem 9.20 in [16]). 

Thus by Proposition 1.9.3 and Proposition 1.9.1, we obtain 

In7(0) <C{n)p2(n-V f \Vg(\nV-i)+\dvg + C{n) f kiVdx 
JB5 JB5 

< C(n)/o
2("-1> ( f \VglnV\2dvgY (f VdxY +C{n) f Vdx 

< C{n)p2(~n-V [ Vdx. (1.83) 

JB6 

Step 4- We finish the proof of Theorem 5 by bounding j B Vdx. Returning to our rotated 

coordinates, from (1.80) we see 

V<2*. 

Since £l6 = x(B6(0)), 

f Vdx = f Vdx < T [ dx< C(n)pn, 
JB6 Jue Jtte 

then (1.79) 
V2 y/2..n ., 

p = 6 COS — + — | |I?«| |Loo ( B 6) 

leads to 

f Vdx<C(n)(l + \\Du\\n
LOO{B6)). 

J BQ 
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Finally, from the above and (1.83) we conclude 

]nV(0)<C(n)f?(n-1)(l + \\Du\\loo(Bt)) 

or 

\D\(0) | < C(n) exp {C(n) \\Du\\^B(i) } . 

Step 5. Now the gradient of the convex function u is bounded by its oscillation 

\\DU\\L°°(B6) ^°^u-

By scaling, we arrive at the conclusion of Theorem 5. 

1.9.3 Interior Regularity for Special Lagrangian Equations with Very Large Phase 

In this section, we apply our a priori interior estimates of Corollary 1 to show Theorem 

6 which asserts that any C° viscosity solution to special Lagrangian equation (1.1) with 

very large phase | 0 | > (n — 1) TT/2 is regular, that is, analytic inside the domain of the C° 

viscosity solution. 

Proof. By symmetry, we assume 6 > (n — 1) 7r/2. By scaling, we assume that the C° 

viscosity solution u satisfies (1.1) in the unit ball around any interior point of the domain 

of u. We approximate the C° boundary data u\dB = ip by smooth ipe. Notice that the level 

set of F(D2u) — arctanAi + • • • + arctanAn in the A-space, corresponding to the elliptic 

equation (1.1), 

S = {(Ai,--• , An) | arctanAi H harctanAra = 0 } (1-84) 

is convex for 0 > (n — 1) TT/2. By Theorem 4 of [7] (see also a simplification [42]), we obtain 

a smooth solution us to (1.1) with smooth boundary data cps in B\. 

Applying the (easy) comparison theorem to the C° viscosity solution u and the C2 

solution ue, 

| |u-u£ | |L O O ( B l ) < | |u-u e | |Loo( a B l)-)• 0 as e -> 0. (1.85) 

In fact, one can deduce (1.85) from the definition of viscosity solution as follows. Suppose 

M = max (u — ue) > max (u — ue) — Ma, 
Bi K ' dBi K ' 
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then the function u — (u s — *—g—— \x\ J achieves its maximum at an interior point XQ. By 

the definition of viscosity solution, 

at XQ. But F(D2u) is strictly elliptic, 

0 = F (D2u£) > F (D2u (so) - (M - Md) I) > 6 . 

This contradiction shows max^ (u—u£) < m a x ^ (u — u£). Similarly, one proves min^ (u— 

ue) > min^B^u — ue). Therefore, (1.85) holds. 

Prom our Corollary 1 combined with the Evans-Krylov-Safonov theory (cf. Theorem 

17.15 in [16]), we have 

lluellc2>a(n) ^ C (^> IMILOOCBOJ 

for any subdomain fic5i. Thus u is C2'a inside B\. Now by the classical elliptic theory 

(cf. Theorem 17.16 in [16] and [33] p. 203), u is smooth, even analytic inside B\. • 

In closing, we make some remarks on the existence and uniqueness of C° viscosity 

solution for the Dirichlet problem of special Lagrangian equation (1.1). As we see in the 

above, the approximation and the existence of smooth solutions with smooth boundary data 

to (1.1) with | 0 | > (n — 1) 7r/2 in any (strongly) convex domain already lead to the existence 

and uniqueness of C° viscosity solution to the Dirichlet problem with C° boundary data. 

Notice that (1.1) is strictly elliptic in the sense 

FUij (D2u) > 0. 

The existence and uniqueness of C° viscosity solution for the Dirichlet problem of (1.1) 

then follow from those for general strictly elliptic equation. This general result is known. 

It follows from the comparison principle for C° viscosity solutions to strictly elliptic equa­

tions. In fact, strict ellipticity (rather than uniform ellipticity) is enough for the proof of 

the uniqueness of solution (also comparison principle) for fully nonlinear elliptic equation 

presented in [8], p.43-46. For details, see for example [57]. 

Recently, there is a new approach toward the existence and uniqueness of C° viscosity 

solution to the special Lagrangian equation (1.1), as stated in [18], p.46. Actually, the result 
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on the Dirichlet problem for general fully nonlinear elliptic equations with starlike/convex 

level set (Theorem 6.2 in [18]) already applies to (1.1) with | 6 | > (n - 1) 7r/2, even | 6 | > 

(n - 2) 7r/2. This is because the level set (1.84) S is convex for | 0 | > (n - 2) 7r/2; see Lemma 

2.1 in [58]. 

We point out that the above two conditions on the fully nonlinear elliptic equations, 

strict ellipticity and starlike/convex level set are independent. 
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1.9.4 Convex Solutions with Variable Phase 

We note that in the proof of Theorem 5 we do not use any special structure coming from the 

minimality of the Lagrangian surface, we use only the equation itself with the convexity of 

u. In particular, we may easily adapt the proof to when 9{x) varies. In principle, estimates 

for variable right hand side nonlinear elliptic equations can be deduced from those with 

constant right hand side, by the work of Caffarelli and Safanov. However, it is not a simple 

matter to make this deduction explicit. We need not rely on any other arguments to obtain 

the following. 

Consider 
n 

F (D2u) = ^2 arctan A; = ®(x) (1.86) 

where Aj are the eigenvalues of the Hessian D2u . 

Theorem 8. Let u be a convex solution to (1.86) on BQ(0). Then 

\DM^<C(n,De,D29)e*v{c{n)\\Du\\f-*B6)}. 

It is well known [19] that 

Ag(x,Du(x)) = H = JV9 

= 'Y^9%3dj9{-^2lukiek + J a). 
i,j k 

Using this fact, a long and straightforward computation, which we omit, will show the 

following Jacobi inequality for hiV. 

Proposition 1.9.4. Suppose that u is a smooth convex solution to (1.86) in BR C Mn. 

Then 

Ag\xxV{x) > ^\VglnV\2{x) - C{\D0(x)\2 + \D29{x)\). 

Consequently 

f \Vg\nV\2dvg< ( ^ i + C(D0,D29)\ f dvg. 
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We can proceed as in the proof of the estimate for convex functions. Taking a Lewy rota­

tion, applying the Sobolev inequality ( Proposition 1.9.3) and the DeGiorgi-Moser estimate 

in Step 3, we have 

( l n V - t ) + ( 0 ) = ( l n V - t ) + ( 0 ) 

<C(n) [ U _ \(lnV - t)+(x)\^ dxj +\C(n,De,D29)\Ln(Bi/^) 

The same considerations as in the proof of Theorem 5 then lead to Theorem 8. 
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1.10 Proof of Theorem 3: Gradient Estimates 

We assume that R — 1 by scaling u (Rx) /R2, and 0 > (n - 2) 7r/2 by symmetry. 

Case 0 = (n - 2) 7r/2. Set M — osc^tt. We may assume M > 0. By replacing u with 

w — min^ u + M, we have M < u < 2M in £?i. Let 

w = r) \Du\ + Au2 

with ?7 = 1 — \x\ and >1 = n/M. We assume that u; attains its maximum at an interior point 

a;* £ 5 i , otherwise w would take its maximum on the boundary dBi and the conclusion 

would be straightforward. Choose a coordinate system so that D2u is diagonalized at x*. 

We assume, say un > ^ - (> 0) at x*. For alH = 1, • • • , n, we have at x* 

0 = Wi = r] \Du\{ + T]i \Du\ + 2AuUi, 

then 
UiUu 7]i \Du\ + 2Auui 

W\ = ' li = v • (L87) 

In particular, we have unn < 0 by the choice of A. Since the phase 9 > (n — 2) n/2, it 

follows that An = Amin, |An| < A ,̂ and 

for k = 1, • • • , n — 1 at x*. 

Next, we show 

Agu > 0. 

When D2u is diagonalized, 
n n •. . n 

Let S C En be the hypersurface (with boundary) given by 

s = { e \ e 1 + e2 + --- + en = ^(n-2),\ei\<^}, 

where 0 = (#i,--- ,9n) • Set r(0) = |Z l "= i s m (2^ ) - Suppose that T obtains a negative 

minimum on the interior of S at 6*. At this point DT vanishes on Tg*S, thus we have 

cos(20j) = cos (20j), then 0j = ±6>j. 
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The only two possible configurations for 0 are 

_ ( n - 2 ) 7 r 

* i - - - * » - — f r T " or 

7T 
01 = • • • = 0n-2 = 7T) 0ra-l = — Qn-

In either case, V is nonnegative. This contradiction allows us to verify the nonnegativity of 

T along the boundary dS. It follows easily that T > 0 there by induction on dimension n, 

as 

ds=\j{e\91 + --- + ek + --- + en = ^(n-3),\ei\<^} 

and r (0i, 02) = 0 for 0i + 02 = 0. 

Further, we show 

Ag \Du\ > 0. 

We calculate 

Q,J8=1 a,/3,i=l \ - ? = 1 

l * . is diagonal f . ( W 2 ~ ^ ) A« 

where we used the minimality equation (1.21). 

Combining the subharmonicity of u and \Du\ with (1.88) and (1.87), we have at x* 

0 > Agw = \Du\ A9 r) + 2 ] T pQa?7Q |Du|a + r) Ag \Du\ + 2AuAgu + 2A ^ gaau\ 
a=l V " ' 

> |£>u| A9 77 + 2 £ g a VlJ>< + 2A J2 9aau2
a 

>0 

a = l a = l 

>-2n^ | J D W | - 2^5 Q vf 
ria\Du\ + 2Auua\ + 2A 2 

V ) n 

> -2ngnn \Du\ - 4gnn^ - %gnnAu^ + —gnn \Du\2 ; 
r? r) n 



It follows that 
2A 

0 > -2nq - 4 - 8Au + —r) \Du\. 

Then by the assumption M <u<2M and A = n/M 

r]\Du\{x*) < (n + 2 + 8n)M. 

So we obtain 

\Du(0)\ <w(x*) < IbnM. (1.89) 

Case 0 > (n — 2) 7r/2. Let 0 = 8 + (n — 2) n/2. Prom our special Lagrangian equation 

(1.1), we know 

0i + ( n - l ) | > ( n - 2 ) | + < J or 0 i > - | + & 

We can control the gradient of the convex function u (x) + \ max {cot 8,0} \x\2 by its oscil­

lation, thus 

\Du(0)\ <osc+-max{cot(J ,0}. (1.90) 

B\ L 

In order to get rid of the ^-dependence in the gradient estimate, we need the following. 

Proposition 1.10.1. Let smooth u satisfy (1.1) with © —(n — 1) | = 8 € (0,7r/4) on £2(0). 

Suppose that 
1 o s c u < — — - . (1.91) 

Then 

|L>u(0)| < C(n) oscii + l 
V &2 

Proof. We take the Lewy-Yuan rotation in the proof of Proposition 1.5.1, to obtain a 

"critical" representation 9JT = (x, Du (x)) for the original special Lagrangian graph 971 = 

(x,Du(x)) with x £ B2. Recentering the new coordinates, we take 

x = x cos £ + Du (x) sin £ — Du (0) sin -
n " " . (1.92) 

Du (S) = —x sin ^ + Du (x) cos ^ 

By (1.23) we see that the potential u is defined on a ball in ic-space around the origin of 

radius 

2cos(f) 
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Erom (1.92) and the estimate (1.89) for the critical potential, we have 

|D«(0)| = | r > " ( ^* < C(n) oscu. 
cos(6/n) BX 

Next, we estimate the oscillation of u in terms of u. We may assume that u(0) = 0. 

Without loss of generality we assume the maximum of \u\ on -E?i(0) happens along the 

positive rEi-axis, and even on the boundary dB\. Thus we have 

oscu < 2 
Si 

l>xi=i 

Jxi=0 

uSldxi 
>X\-

In the following, we convert the integral of n£ l to one in terms of uXl, then recover the 

oscillation of u from that of u. 

We work on the x\-y\ plane in the remaining of the proof. Under our above assumption, 

the xi-axis is given by the line 

j/i = tan f - J x\ 

and the curve 7 : (#i,ui(a;i)) with \x\\ < 2 forms a graph over the a^-axis. Let Zo D e the 

line perpendicular to the ici-axis and intersecting the curve 7 at (0, u\ (0)) along the yi-axis. 

The intersection of IQ and the ^i-axis (which is also the origin of the recentered the xi-y-i 

plane) has distance to the origin of the x^-yi plane given by 

| u i ( 0 ) | s i n ( - J < (oscu+^cotSjsint- J < 1 (1.93) 

by the rough bound (1.90) and the condition (1.91). Now let l\ be the line parallel to lo 

passing through the point x\ = 1 along the Si-axis. 

The integral 
/ • X l = l 

/ uSldxi 
Jxi=0 

is the signed area between the Si-axis and the curve 7, and lying between the lines IQ and 

l\. We convert this to an integral over x\, 

p£i=i pP(hr\xi-<ixis) 

oOSi-axis) 

where P denotes projection to the rzi-axis, and KQ as well as K\ denotes the signed areas 

to the left or right of the desired region, forming the difference. 

/ u^dxi = I 
Jxi=o JP(l0r 

ui{%i) — tan ( — ) xi dxi + KQ + K\, 
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It is important to note the following for j = 1,2 : 

(i) P(lj flail-axis) is in the Xi-domain of U\ by (1.93), 

\P(IQ n a;i-axis)| < 1 • cos I - 1 < 1, 

|P(/iDxi-axis)| < (1 + 1)-cos f - J < 2 ; 

(ii) P(lj fl 7) is also in the o?i-domain of u\ as the whole Lagrangian surface 971 is a graph 

over B2, 

TO D 7)| < 2; 

(iii) the region Kj is bounded by the line lj, the vertical line x\ = P(lj f~l 5i-axis), and the 

curve 7, also each region Kj is on one side of the xi-axis. 

Thus from (i) 

/\P((inxi-axis) 

J P{lonxi-axis) 
^i(^i) — tan ( — ) x\ dx\ < oscw + Cin) 

~ B2 

and from (ii) (iii) 

\Kj\< 
pfcn7] 

JPILnx! P(lj rkEi-axis) 
wi(zi) — tan(—)x\ 

n 
dx\ < oscu + C(n). 

~ B2 

It follows that we have t h e conclusion of Proposition 1.10.1 

\Du(0)\ < C(n)oscu < C(n) OSCM + 1 
B I \B2 

D 

We finish the proof of Theorem 3. For 6 > 7r/4, the bound (1.90) gives 

\Du{0)\ <oscu + - <C{n) 
B\ Z 

OSC U + 1 
# 2 

For 8 < 7r/4, if OSCB2 U < 1/ (2sind), then Proposition 1.10.1 gives 

\Du(0)\ < C{n) 

Otherwise, osc#2 u > 1/ (2 sin S), and from (1.90) 

osc u + 1 
B2 

\Du (0) I < osc u + osc u < C(n) 
B\ B2 

OSC U + 1 
£2 

Applying this estimate on B^ix) for any x G -Bi(O), we arrive at the conclusion of Theorem 

3. 
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1.11 A Liouville Type Theorem 

In this section, we prove Theorem 7. 

1.11.1 Proof of Liouville Theorem 

We begin by demonstrating a Jacobi inequality for the volume element 

n 

L e m m a 1.11.1. Suppose that u is a smooth solution to (1.1) satisfying (1.14). Then 

A9lnV >-\V9\nV\2
g 

or equivalently 

£\gVn > 2-
| V 0 7 f|2 

9 v " \g 

Vn 
(1.94) 

Proof. At any fixed point, we assume that D2u is diagonalized, then using (1.4.1) 

n 

A9 lnF= 2 (1 + A i A ^ , 
i,j,k=l 

where h^ = sfg^\/g^yg^Uij^. Gathering all terms containing /if„- = /&,• = hj^ for a 

fixed «', we have 

(1 + A?)/& + £ ( 1 + A?)^, + £ ( 1 + A ^ ) / ^ + J^(l + XjX^K 
3& O^i 3+i 

= (1 + A?)/& + 2 ( 3 + Aj + 2AiAj)%-

' M 

Thus 

AfflnV = 2 (l + A?)/»?« + 2 ( 3 + A? + 2A<Ai)/»; 
J& 

(1.95) 

+ 2 2 (3 + XiXi + AJ'Afc + A*Aj)/»; ijfe-

Condition (1.14) gives that 

3 + (1 - e) A? + AjAj + AiAj + \k(Xj + A,) - A* (A, + A<) > 0 
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that is 

Sijk — 3 + AjAj + XjXk + A&A; > (Afe - A;)(A; + Xj) + eA8-. 

Switching Aj and Aj, we also have 

Sijk = £;«£ > (Afc - Aj)(Aj + Aj) + eA .̂ 

By symmetry of S^k, we may assume 

Aj ^ Afc > A j , (1.96) 

then either (A^ — A,)(Aj + Aj) or (A& — Xj)(Xj + Aj) has to be non-negative, thus 

^ j f c >emin{A?,Af} . (1.97) 

We conclude that 

A 9 lnF>£ (l + A?)4 i + ^ ( 3 + AJ
2 + 2AiAj)/l; (1.98) 

To bound the gradient, we compute, (still at the same fixed point with D2u diagonalized,) 

n 
dilnV = ^^XjUjji, 

3=1 

then 

n In 

%=i \j=i 

n I n \ n 

= E E % <™EAAV (i-99) 

Combining (1.14) with (1.98) and (1.99) we have 

A „ m F - - | V 9 l n V | 2 
y n 

n 
> £ ( [1 + (1 " e) A-] /& + S ( [ 3 + (1 - e)Aj + 2A.A,] % > 0. (1.100) 

i= i 

The proof of Lemma 1.11.1 is complete. n 



71 

Lemma 1.11.2. Suppose that u is a smooth solution to (1.1) on £?i(0) satisfying condition 

(1.14) and 

|Vu| < S < 
Vn~=l 

Then 

Proof. Set 

v — u + a 
1 

|V«(0)| 

|£»2«*(0)| <C(n,8,e). 

(V« (0) ,x) or u + a n if V« (0) = 0, 

where a = /2. Now v satisfies in B\ the following 

D2v = D \ |Vw(0) |>a , and | V v | < a + <5< 
y/n^l 

Set b = V n, and consider the function 

2 I l2 w — rjb = \Vu\ — (a + 8) \x b>0. 

A positive maximum for w will be attained at a point p on the interior, since w (0) > 0 and 

w (x) vanishes on the boundary dBi. At this point p, 

Vg(r)b)=0 or V9r/ = - | v s 6 , 

0 > Ag (Vb) = T? A s 6 + 2<Vffr/, Vs6)9 + 6 A f l r, 

,V„&I2\ 
r/ I Agb - 2- fl^ +6A f lr? 

by the inequality (1.94) in Lemma 1.11.1. This last inequality implies a bound on \D2v(p)\ 

as the following. We have 

0 > Agr] = Ag [\Vv\2 - (a + <5)2 |af] 

= £ 9* 
M = l 

2 £ (w*»wfcj + vkdijVk) - (a + <5)2 5jj|x|' 
fc=i 

2 , A ? - ( a + *)s 

+ A? 
> 2 

Aj - (a + 3)s 

1 + Af 
( n - l ) ( a + <5)2 
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using the minimal surface equation (1.21) and assuming |Ai| > |A;| for all i. It follows that 

1 + {a + Sf 
I + \HP)< 

l-(n-l)(a + 8) 2
-

We get 

c?b (0) < |V« (0) |2 b (0) < n (p) b (p) <(a + S) 
1 + (a + 8f 

then 

1 + Xf (0) < 1 + 
v 4n 

8_\~ 
a 

l-(n-l)(a + 8)2 

1 + (a + 8f 

l - ( n - l ) ( o + *)" 

Therefore, we conclude the estimate |Z?2u(0)| < C(n, 8, e) in Lemma 1.11.2. 

(1.101) 

• 

Lemma 1.11.3. Letu G C°° (K™\ {0}) be a solution to the specialLagrangian equation (1.1) 

and homogeneous of order 2; that is, u (x) = \x\ u (x/ \x\). Suppose that the eigenvalues Aj 

of the Hessian D2u(x) satisfy (1.14)- Then u must be quadratic. 

Proof. Lemma 1.11.3 follows from Proposition 1.11.1; nonetheless we give a direct proof in 

the following. Considering (1.14), (1.96), and (1.97), we observe that the coefficients of /i2-fc 

in (1.95) are strictly positive. Accordingly, 

AglnV>c(X) £ h2
ijk 

i,j,k=l 

(1.102) 

with c (A) > 0. 

Since u is homogeneous of order 2, the homogeneous order 0 function In V attains its 

maximum along a ray. We infer from the strong maximum principle that In V = const. It 

follows from (1.102) that D3u = 0. Therefore, u must be quadratic, as claimed in Lemma 

1.11.3. • 

Proof of Theorem 7. Now the Hessian bound is available by Lemma 1.11.2. We run the 

"routine" blow-down procedure "in detail" to finish the proof of Theorem 7, as in [56]. 

Step 1. Prom the assumption that |Vu(a;)| < 8\x\ for large x, we have on the ball BR (p) 

with any fixed p GW1 

|Vti(aoi<*(|p| + * ) = (* + ^ ) a . 
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A rescaled version of Lemma 1.11.2 with R going to oo then leads to a Hessian bound, 

\D2u(p)\ < C(n,S,e) = K, which must hold at each point p € Rn. 

Step 2. Repeating verbatim the argument in ([55], p.263-264), we show that we can find 

a tangent cone of the special Lagrangian graph (x,Vu(x)) at oo whose potential function 

is C1 '1, homogenous order 2, and still satisfies the "convexity" condition (1.14). 

Without loss of generality, we assume u (0) = 0, S/u (0) = 0. We "blow down" u at oo. 

Set 
u(kx) 

Uk(x> =
 k2 ' * = 1,2,3,--- . 

We see that 

IKIIc1.1^) < C(K,R), 

so there exists a subsequence, still denoted by {uk} and a function UR e C1 '1 (BR) such that 

Uk —* UR in Cl,a
 (BR) as k —>• oo, and |£>2U.R| < K. By the fact that the family of viscosity 

solution is closed under C° uniform limit, we know that UR is also a viscosity solution of 

F (D u) — \ J arctan Aj = c on BR. 
i=l 

Applying the W2's estimate (cf. [8], Proposition 7.4) to the difference u^ — UR, we have 

||D2ufc - D2UR\\L6(BR^ < C (K,R) \\uk - Ufl||Loo(Bfl) -> 0 as k -4 oo. 

Note that \D2uk\ , \D2uR\ < K, so also 

\\D2Uk-D2UR\\T„(D \ -> 0 as k ->• oo. 

By a standard fact from real analysis, there exists another subsequence and C1 '1 function 

on BR, still denoted by {«&} and UR/2 such that D2uk —>• D2UR/2 almost everywhere as 

A; -> oo. So Z>2uj? still satisfies (1.14) almost everywhere on BR/2-

The diagonalizing process yields yet another subsequence, again denoted by {uk} and 

v e C1'1 (W1) such that uk -> v in W^'" (Rn) as A; -> oo; v is a viscosity solution of (1.1) on 

W1; \D2v\ < K; and D2v still satisfies (1.14) almost everywhere on Rn. 

The surfaces (x, Vu^ (x)) are minimal in W1 x Mn and their potentials uk converge to v 

in Wf£ (W), so by the monotonicity formula (cf. [39], p.84, Theorem 19.3), we conclude 

that Mv •= (x, Vv (x)) is a cone. 
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Step 3. We claim that Mv is smooth away from the vertex. Suppose Mv is singular 

at P away from the vertex. We blow up Mv at P to get a tangent cone, which is a lower 

dimensional special Lagrangian cone crossing a line; repeat the procedure if the resulting 

cone is still singular away from the vertex. Finally we get a special Lagrangian cone which 

is smooth away from the vertex, and the bounded eigenvalues of the Hessian of the potential 

function satisfies (1.14), by a similar W2,s argument as in Step 2. By Lemma 1.11.3, the 

cone is flat. This is a contradiction to Allard's regularity result (cf. [39], Theorem 24.2). 

Applying Lemma 1.11.3 to Mv, we see that Mv is flat. 

Step 4. Now with the flatness of Mv, a final application of the monotonicity formula 

yields that the original gradient graph (x, \7u(x)) is also a plane (cf. [56], p.123). Therefore, 

u is a quadratic polynomial. • 

1.11.2 More on Cones 

We include here a uniqueness result for global solutions to the special Lagrangian equa­

tion (1.1) with bounded Hessian satisfying certain "convexity" constraints (1.103). The 

constraints are only needed for n > 4. 

Theorem 9. Let u be a smooth solution to the special Lagrangian equation (1.1). Suppose 

that the eigenvalues \ of the Hessian D2u (x) are bounded |Aj (x)\ < K and satisfy 

Z + \2{x) + 2\i(x)\j{x)>Q (1.103) 

for all i, j , and x. Then u must be a quadratic polynomial. 

Proof. The proof is identical to the one of Theorem 7 with Lemma 1.11.3 replaced by the 

following proposition. • 

Proposition 1.11.1. Let u G C°° (Wl\ {0}) be a solution to the special Lagrangian equation 

(1.1) and homogeneous of order 2, that is u (x) — \x\ u (x/ \x\). Suppose that the eigenvalues 

Xi of the Hessian D2u (x) satisfy (1.103) for all i, j , and x ^ 0. Then u must be quadratic. 
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Proof. By (1.103), we certainly have (1.100) with e = 0 in Lemma 1.11.1, that is 

n 

Ag ]nV > £ (1 + A2) h^ + £ (3 + A2 + 2AiAi) ^ , 

» 1 f 3 + A? + 2AA-) 

i = 1 (l + A?) j # i ( l + A|) (1 + A?) 

Since u is homogeneous of order 2, the Hessian D2u (x) is homogeneous of order 0, hence 

In V must attain its maximum along a ray. The strong maximum principle yields that In V 

is constant, so in fact 

0 = Ag\nV. (1.105) 

We claim now that 

AM = const (1.106) 

on Mn\ {0} . At any point p compute the derivative 

di{Au) = Y,ujji (1.107) 
3 

for all i. Still assuming that D2u is diagonalized at p, an inspection of (1.104), together 

with (1.105) shows that for all j with Ujji ^ 0, 

3 + X2
j+2XiXj - 0 . (1.108) 

From 3 + A? + 2\i\j > 0, we see that A? > A?. Solving (1.108) for Xj we get 

Xj = -Xi - ^X2 - 3, if Xi < 0 

Xj = -A; + ^/A2 - 3, if Xi > 0 . 

The minimal surface equation (1.21) at p then reads 

3 1 + X> l+(-Xi±^xJ^3) J 

Hence di(Au) = 0 and Au is constant. 

Differentiating (1.106), we see that each Uij satisfies 

Auij — 0. 
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Applying the strong maximum principle once again to each (homogeneous order 0) function 

Uij, we have immediately 

mj — const; 

that is, u is quadratic. • 
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Chapter 2 

T H E M O N G E - A M P E R E E Q U A T I O N 

In this chapter we turn to calibrations on M" x l " , with respect to the pseudo-Euclidean 

metric dxdy. The metric dxdy can be expressed explicitly as the indefinite form 

dxdy = - Y^(dxi ® dyt + dyi ®dxi). 

Hitchin showed how the metric arises naturally in the study of the moduli space of calibrated 

submanifolds [23]. This metric also has been of interest recently to physicists who study 

what are called "para-complex" structures. Essentially, by replacing the complex structure 

J with an involution / , keeping the same Kahler form, while requiring that the Kahler form 

satisfy 

u(X,Y) = g(IX,Y) 

we arrive at the metric g = dxdy. For further discussion of para-complex manifolds and 

their relevance in string theory, see [12]. Our main result is the following. 

Theorem 10. Let F = (x, V«(i)) C f f x l f be the gradient graph of a convex function 

u € C2(fi), for 0, a bounded, simply connected region with Cl connected boundary. If u 

satisfies the Monge-Ampere equation 

det(D2u) = c, (2.1) 

or equivalently, 

^J lnAj — lnc, 

where Aj are the eigenvalues of D2u, then F is volume maximizing in the pseudo-Euclidean 

space (W£ x W]:,dxdy). Precisely, «/S is any space-like, oriented n-surface, with dT, = 

dF = F n {x £ dtt}, homologous to F in (Mn x Rn,dxdy), then 

FoZ(S) < Vol(F), 



78 

with equality only ifH — T. 

A Lagrangian submanifold of W x W1 is one that can be described locally as a gradient 

graph, (a;, Vu(ic)) (see section 1.2). Hitchin ([23], §5) introduced a definition of "special 

Lagrangian" for Lagrangian submanifolds of (W1 x Wl,dxdy), and demonstrated that a 

gradient graph (x,Vu(x)) is special precisely when the potential u(x) satisfies (2.1). Jost 

and Xin ([25], §4) then showed that such a submanifold has mean curvature H = 0. Yu 

Yuan suggested that it is possible to find a calibration associated to (2.1), and that is what 

we do now. Specifically, we show that if u(x) is a solution to (2.1), then the gradient 

graph (x, Vu(x)) is a calibrated submanifold of (Mn x Rn,dxdy), and consequently volume 

maximizing. In fact, any submanifold which is locally described by gradient graphs of 

functions satisfying (2.1) is calibrated, and therefore volume maximizing. Theorem 10 can 

be stated to allow a slightly larger class of n-surfaces, as we shall see in section 3. 

The study of calibrated Lagrangian submanifolds of W1 x W1 began with the work of 

Harvey and Lawson ([19], §3), who studied Lagrangian submanifolds of C™ = W1 x W1 

with the Euclidean metric do, and showed that a Lagrangian submanifold is calibrated, and 

therefore volume minimizing, if and only if the potential u(x) is a solution to the special 

Lagrangian equation 

J J arctan \ = c. (2.2) 
i 

McLean ([31], Theorem 3.6, 3.10) showed that given E C M a compact special La­

grangian submanifold, the moduli space X of special Lagrangian manifolds near E in M 

is itself a manifold which carries a natural Riemannian metric. Hitchin ([23], Proposition 

2), showed that this metric can be obtained locally by embedding the moduli space X into 

(V 6 V*,g0), where V = H1^,^). Hitchin then showed ([23], Proposition 3) that X is a 

special Lagrangian submanifold of (V ®V*,go), and that special Lagrangian submanifolds 

arise as solutions to the Monge-Ampere equation, det(D2u) = c. 
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2.1 Preliminaries 

For T the graph of F over a bounded region 0 C W1, the volume of T is given by the 

functional 

Vol{T) = f ^Jdet(I + (DF)(DF)T)dx 

when the metric on W1 x K" is the Euclidean metric 6Q. When the ambient metric is the 

pseudo-Euclidean metric go, the volume functional is given by 

Vol(T) = ( ^det(DF + (DF)T)dx. 

When F = Vu, then the Euler-Lagrange equations for the above functional at F become 

(1.1) and (2.1), respectively. 

We may use the idea of a calibration to detect maximal surface in the pseudo-Riemannian 

setting, provided we pay careful attention to orientation as it arises. Given an oriented k-

plane £ and a fc-form ip, we will say that £ is oriented with respect to cp whenever <p(£) > 0. 

Let M be a pseudo-Riemannian manifold with index n—k, and suppose (p is a closed exterior 

k-iorm. on M with the property that on all oriented space-like fc-planes, which are oriented 

with respect to </?, 

V(0 > Vol®. 

Let E be any compact, oriented, fc-dimensional, space-like submanifold with the property 

that ¥?|E(£) = Vol\z(£), for all oriented (with respect to the orientation on S) tangent 

/c-planes £. If S is homologous to S', then S' has a prescribed orientation, and it is with 

respect to this orientation that we apply Stokes's Theorem and obtain 

/ V = / ¥>• 

It is possible, however, for the orientation of £ ' to produce tangent planes which are not 

oriented with respect to ip. If this disagreement occurs, the calibrating inequality is reversed, 

and we are unable to make the volume comparison. This can happen if £ ' is disconnected, 

or is singular along a significant subset. The conditions in Theorem 10 are sufficient to 

preclude any such pathology, as we will see in section 3. 
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For the Euclidean case, Harvey and Lawson ([19], §3) define the 51-family of forms 

ag = Reie-^^z), 

where dz = dz\ A... A dzn, and show that these are calibrations on €P. We briefly recall the 

idea. 

For any real n-plane f in W1 x l f = C™, we may choose an oriented orthonormal basis 

fi) •••?£«> with & e C™. Define a complex-linear map A : C™ -> C by 

-A(ea;j) = Si) 

^(e2/i) — </£i) 

which is represented by a complex-valued matrix A € M(n,C), namely the complex n x n 

matrix with columns £i, ...,£n. This also defines a real-linear map i : Rffi x f -> f1 x 1" , 

which is represented by a real-valued matrix A € M(2n, K). Now 

|£ A J£| = de t M i - |detc.4|2 = \dz{()\2 = a2(0 + f32(0, 

where a(£) = Re(dz(£)), and 0(£) = Im(dz(t)). By Hadamard's Inequality, |£|2 > |£ A J£|, 

with equality if and only if £ is Lagrangian. So now we have 

| £ | 2 > K A J e | = a 2 ( £ ) + / ? 2 ( 0 > a 2 ( a 

with equality if and only if £ is Lagrangian and /3(£) = 0. 

If £ is Lagrangian, then £i, ...,£ra is an orthonormal basis for O1, so A G U(n). With the 

action of SO(n) on f7(n) given by n x n matrix multiplication, choosing an orthonormal 

basis associates to each £ G L an A G t/(n) which is unique up to a factor of SO(n). With 

this association, we have a transitive action of U(n) on L. The isotropy group of £o = K? is 

SO(n), so L is a homogeneous space and the complex determinant descends to a map 

6 : L « U(n)/SO{n) d 4 € S1. 

For any £ <E L, dz(£) = e ^ ® ^ . Taking 

ae = Reie-^^dz), 
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we see that ag(£) = 1 if and only if 6(£) = 9, thus the a'gs are calibrations for C . 

The special Lagrangian equations may then be deduced from the condition 

arg(det(J + yf^lD2u)) = arg((l + V^lAi) . . .^ + V^l\n)) = c 

for some fixed c. This equation is satisfied precisely when 0 is constant along the graph of 

Vtt. 

2.2 Calibrations for Pseudo-Euclidean Space 

In the pseudo-Euclidean setting, a Lagrangian submanifold S is called special ([23], p. 510) 

if a linear combination of the volume forms dx\ A ... A dxn and dy\ A ... A dyn vanish along 

E. 

Proposition 2.2.1. For c > 0, 

1 1 
$c = T:\cdxi A ... A dxn + -dy\ A ... A dyn] 

I c 

is a calibration for (W x W,dxdy). Suppose £ is an oriented space-like n-plane in W1 x W1, 

with $c(f) > 0. Then 

<M£) > Vol(Q 

with equality if and only £ is special Lagrangian, that is, if 

dyi A ... A dyn(£) = c2dx1 A ... A dxn(£). 

In the development of the special Lagrangian calibrations, Harvey and Lawson used 

Hadamard's Inequality to compare Lagrangian planes to non-Lagrangian planes. In order 

to prove the Proposition 2.2.1, we need a result which serves this purpose in the pseudo-

Euclidean case. The following lemma is from linear algebra. 

Lemma 2.2.1. Suppose Q e GL(n,R) satisfies QijXlx:> > 0, for all 0 ^ x G Rn. Then 

det(Q) > d e t ( ^ i ^ ) 

with equality if and only if Q = QT. 

file://T:/cdxi
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Proof of Lemma. The matrix Q can be written Q — S + A, with 5 symmetric, and A 

antisymmetric. Choose a basis so that S is a diagonal matrix. With respect to this basis, 

/ 

Q = 

Ai ai2 ... a\n 

-ai2 A2 ... a,2n 

\—0>ln —&2n ••• \ i / 

Expand the determinant of Q, and group the terms according to the number of Aj's each 

terms contains. For all k < n define 

Pfc = sum of all terms containing exactly k X\s. 

We see that Pn consists of one term, namely Ai...An = crn(S), and that there are no terms 

with (n — 1) Aj's, so Pn-i = 0. For Pn-k, k > 2, we fix i\,..., in-k, and look at the terms con­

taining A^ ... Ajn_fc. These occur as the determinant of a matrix, which after an orthogonal 

change of basis, looks like 

(x. \ 

a; •JU2 

xnn 

V J 
with ji,...,jk £ {hi---lin-k]- This determinant is the product of the determinants of a 

positive diagonal matrix and an antisymmetric matrix. It follows that Pn-k > 0. We also 

see that 

E n A / , 

a-ij Ai...AjAj...An 

which is strictly positive unless a^ = 0, for all i,j. We conclude 

det(Q) = Pn + Pn-2 + -. + Po > Pn = det(5) = d e t ( 9 +
0 ^ ) 

with equality if and only if Q — Q . D 
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Proof of Proposition. If £ is a space-like tangent plane, the projection onto K£ is full 

rank, and we can take a basis for £ of the form 

£i = dXi+wi
3dVj, i = l,...,n. 

Let Q be the matrix given by Qij = w/. If g is the induced metric, then with respect to 

this frame, the tensor g^ — g(£i, £,•) becomes (Q + Q T ) i . /2, so 

V r o/(£ 1 A.. .A&J=4/det ' Q + QT 

Now 

$c(& A ... A £n) = -[c + - det(Q)] > ^ d e t Q 
2 c 

with equality if and only if det(Q) = c , so 

$c (£ iA. -A£n)> \ /de t (Q) . 

Prom the above lemma 

/ /n-t-DT\ 
hA.. .A£„) v/deTM > Wdet ( ^ y ^ ) = ™(6 

with equality only if Q is symmetric, that is, if £ is Lagrangian. Hence 

$ c (£iA. . .A£ n )>FoZ(£ 1A.. .A£ n ) 

with equality if and only if det(Q) = c2 and Q = QT. D 

We prove a more general result than Theorem 10. 

Theorem 11. Suppose f l c f 1 is a bounded region, and u G C2(fl) is a convex solution 

to the Monge-Ampere equation 

det(Z?2u) = <?. 

Then in the pseudo-Euclidean space (K£ x W£,dxdy), the gradient graph of u(x), F — 

(x,Vu(x)), is volume maximizing in the following sense: 

Let S be an oriented n-surface which is homologous to F in W1 x W1, with <9E = dF — 

r n { r £ dQ,}. If any of the following hold 
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• dti is connected and E is C and space-like, 

• E is connected, C1 and space-like, or 

• E is C1 and space-like except on a set So, which has n-dimensional Hausdorff measure 

zero, such that E\Eo is connected, 

then Vol(T) > Vol(E). If Q. is simply connected with Cl connected boundary, and E is C1, 

then equality holds only i/ E — V. 

Proof of Theorem 11, Theorem 10. Suppose u 6 C2{9) with det(D2u) = c2 on SI. Then 

$c(a1A...A9„) = -[c + -c2] = c, 
2, c 

Vol(di A ... A dn) = y/det(D2u) = c. 

So 

Vol\r = $c |r , 

and r is a calibrated submanifold. For any homologous n-surface E, we know that 

J $c = J $c = Vol(T), 

so our task is to show that each of the listed conditions imply that the oriented planes for 

E are oriented with respect to $ c , giving 

$ds > "Ms-

We begin by showing that the first condition implies the second condition. Regarded as 

a linear map, go € GL(2n,R) has two eigenvalues, +1 and —1, so we can decompose M2n 

into the eigenspaces corresponding to these two eigenvalues. Let P+ be the the projection of 

Rn x W onto the eigenspace corresponding to the eigenvalue +1. If E is C1 and space-like, 

the projection P + | s -> R" must be full rank, so must be an open map. It follows that each 

component of E must have non-empty boundary. Since dE = 90, dE must be connected. 

Each component of E intersects <9E, so E consists of a single component. 
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It is clear that the second condition implies the third. So now assume £ is C and 

space-like except on a set So, which has n-dimensional Hausdorff measure zero, and £ \£o 

is connected. The integral / E <3>c is positive, so for the induced orientation on £, 3>c(£) is 

positive for some oriented tangent plane £s = T s£, at some point s € £. Since Vol does 

not vanish on £ \E 0 , it follows from the C1 assumption that $c(£s) > Vol(£s) > 0 for all 

s G £\£o- Hence 

Vol(£) = f dVol < f $ c = Vol(T). 

• 
Uniqueness. It is clear by Proposition 2.2.1 that equality will only occur if £ is a special 

Lagrangian surface, locally described by gradient graphs of detD2u = c2. In order to use 

the comparison principle, we first show that £ is globally described by a single graph over 

a 
Let Px be the the projection of W1 x Mn onto B£, and let fi0 = PX(Z). We observe 

that, due to the space-like condition, the projection Px is open on the interior of £, so 

dsi0 c Px(dE) = an. 
Let p = (a;o, Vu(so)) G dd = 3E, for XQ an extreme point of Q,. Prom the open condition 

on the map Px on £, it follows that XQ is also an extreme point for QQ, and that the 

inward pointing normals for dQ and OCIQ must agree at xo. The regions fio &nd Q then must 

intersect on a non-trivial open set near XQ. Using the openness of Px, together with the 

boundary condition dQo C d£l, it is then easy to check that fio H fi is relatively closed and 

relatively open as a subset of f2, hence Ocf io-

Take a cover of £° by open sets £;, (open with respect to £) where each is a gradient 

graph Ej = {(x, Vvi)\x e U{}, for v% solutions to detD2Vi = c2 on Ui. Let I7i = J7i, then 

recursively define Ui — Ui\Ui-i, and define Ej = {(x, Vvi)\x € t)j}. The disjoint union Ui U 

is then an open set that contains Q, and the disjoint union (Ji £« is a subset of E. 

Suppose that (J^ Ej ^ E°. Then there exists an open subset E/jj. C UjOUk, with j < k, 

such that Ej and E^ are both graphs over t/jfc, but are disjoint. Then E must contain the 

disjoint union 

E' = \J{(x,Vvi)\x G Ui}[j{(x,Vvk)\x G Ujk}. 
i 
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However, integrating over E gives 

f dVol > f dVol > I cdx+ [ cdx > c\ft\ = Vol(T) 

contradicting the inequality in the conclusion of Theorem 11. We conclude that S° = IJ^ Ej 

and P(E°) = ft. The gradients WVJ and Vvk must agree on all overlaps Uj DUk, so we can 

extend any of the W1 -valued functions Vu? to an K™-valued function F on all of ft. We have 

assumed that ft is simply connected, so F = Vv, for some v satisfying detD2v = c2, on all 

of ft. To compare u with v, we note that Vu = Vi> is already fixed around the boundary 

of Q, which is connected, so we may integrate u and v around the boundary and conclude 

that u and v differ by a constant. Applying the comparison principle for nonlinear elliptic 

equations (cf. [16], Theorem 17.1) gives uniqueness. • 

Counterexamples. We give some examples to show that the inequality in Theorem 11 

fails, if we do not assume any of the conditions on S. For small e, let ft, C K2 be the annulus 

{x = (£1,012) I \x\2 € [1,1 + e]} 

and 

r = {(xi,x2,xi,x2)\x e f J J c i 4 

the gradient graph of |x|2/2. Let S = Si U S2, where 

Si = {{xi,x2,xi,x2)\x€ Ih} 

and 

S2 = {(xi,X2,xi + r]{x),x2 + v{x)) I x 6 Bi+e} 

where T](x) is a small function which is positive on the interior of Bi+e, and vanishes on 

dB\+e. With a suitable orientation, the disconnected set S is homologous to Y. We see that 

Vol(H) is very close to 2-K, whereas Vol(T) is very close to 0, as we have chosen e and 77 

small. 

To obtain a connected E for which Theorem 11 fails, we alter the previous example 

slightly. With ft as above, define a small "bridge" region 

ft' = ft n {xx > 0} n {x2 G [-e, e]}. 
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Let T be the gradient graph of \x\2/2 over fi\fi', let Si be the gradient graph of \x\2/2 over 

B\ U W, and let S2 be as above. Then S = Si U S2 is connected and homologous to T, and 

is space-like except on a singular set which is one-dimensional, but nonetheless disconnects 

S. Again we have VoZ(S) close to 2n and VoliT) close to 0, so the inequality in Theorem 

11 does not hold. 

2.3 From the Viewpoint of Lie Groups 

One can also approach the theory of special Lagrangian calibrations for pseudo-Eulidean 

space on the level of homogeneous spaces, following the approach of Harvey and Lawson. 

We use some notation and terminology of [12]. First, noting that U(n) — 0(2n) D Sp(2n), 

we consider the "para-unitary" group U* = Ogo(n,n) n Sp(2n), where 

Ogo{n,n) = {A£ M{2n,R)\{Au, Av)go = {u,v)go, Vu,u £ l " x IT} . 

Some standard Lie algebra computations will show that (Proposition 4 of [12] ) 

(A O \ „ 
U71 = { \ABT = 1 £ M(n, R)}. 

V° B) 
Next, consider the space L+ of all space-like Lagrangian planes. Given £ € L+, choose an 

oriented basis, £1, ...,£„, with each ^ G f x f , which is orthonormal with respect to go, 

and let {A, B) be the n x 2n matrix with rows &. Then associate to each £ € L+ the element 

which is unique up to a factor of SO(ri), where the SO(n) action on Uw is defined by 

A o \ [SA 0 

0 SB/ 

This gives the set of space-like Lagrangian planes L+ the structure of a homogeneous space 

L+ ss C77r/50(n). The homomorphism 6+ : IT* -> Ogo(l, 1) given by 

'A (A fdet{A) 0 

0 5 / \ 0 det(B) 



descends to a map L+ —>• 0go(l, 1) sa H1 where H1 is the pseudo-circle {(s,i)| t > 0, st = 1}. 

A special Lagrangian submanifold is one whose tangent planes lie in a single fiber of G+ . 

We can see then that the calibrations are 

$c(£) = I ( c detA+ -detB) > Vol{£) 
Zi C 

and the special Lagrangian equations are detZ?2u — c2 > 0, where the value c2 is the 

pseudo-phase analogous to the phase c in section 2.1. 

2.4 A Family of Nonlinear Equations 

By taking linear combinations of the metrics do and go = 2dxdy, we obtain a family of 

metrics on W1 x Rn 

gt = cos t go + sin t <5o (2.3) 

We find that the extremal Lagrangian surfaces in (W1 x W'^gt) arise as solutions to a family 

of special Lagrangian equations 

For t = 0 ] P In A* = c (2.4) 
i 

Fort€(0,^) yin(X' + a~bJ = c (2.5) 

i 

For t = — ^ arctan A, = c (2.8) 
i 

where a = cott and b = \ / | co t 2 t - 1|. Further, we have the following extremal volume 

property of special Lagrangian graphs in (Rn x ]Rn, (ft) 

Theorem 12. i) Suppose u € C2(J1), fl C 1" , Js a solution to (2.5). If the metric gt 

restricts to a positive definite metric on Y = (x,Vu(x)), then F is volume maximizing 

among homologous, C1, space-like n-surfaces in (W1 x M",^), as in Theorem 10. 
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ii) Suppose u 6 C2(to), to C R™, M a solution to (2.6). Then the volume of T — 

(x, Vw(x)) is equal to the volume of any homologous, C1, space-like n-surface in (R™ x W,gz). 

Hi) Suppose u e C2(to), to C Rn, is a solution to (2.7). Then F — (x,Vu(x)) is 

absolutely volume minimizing among all homologous n-surfaces in (Rn x Kn,gt). 

Using a change of variables, we may restate the following Bernstein-type results of 

Jorgens-Calabi-Pogorelov, Flanders, and Yuan. 

Bernstein Theorem. ^(Jorgens [24], Calabi [9], Pogorelov [37]) Suppose u e C2(Mn), 

D2u > — cott, and T = (x, Wu(x)) is a maximal space-like surface in (Rn x Rn,(ft). Then 

u(x) is a quadratic polynomial. 

ii)'(Flanders [14]) Suppose u G C2(W) is a convex solution to (2.6). Then u(x) is a 

quadratic polynomial. 

mJ(Yuan [56] [58]) There is a value Ct such that if u G C2(Mn) is a solution to (2.7), 

with either 

a) D2u > -cott or 

b)c>Ct + ^ ^ , 

then u(x) is a quadratic polynomial. 

For t e [0, f] , let Mt = (Rn x Rn,gt), with gt as denned in (2.3). For t < f, Mt is 

a pseudo-Euclidean space of index n. For t > j , Mt is a Euclidean space. For t — \ , 

Mt carries a degenerate metric of rank n. In any case, an extremal (minimal or maximal) 

submanifold S satisfies H = 0 along S, where H is the mean curvature vector along S. 

Lemma 2.4.1. Suppose u £ C3(fi) and T = (x,Vu(x)) defines an extremal surface in Mt, 

17^ 7r/4 . If D2u is diagonalized at a point p = (xo, V(xo)), the mean curvature satisfies 

TT _ n P. V-V Ukii fs \N 

Tk shi*(l + A?) + 2co8*A* ^ " 

where N denotes orthogonal projection onto N(T), the normal bundle ofT. 

Proof. For an embedded submanifold of Rn x R" given by 

/ : Q -*• r -> Mu 
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we can compute the mean curvature vector H by 

H = (9
ijfij)N 

where g is the induced metric on T, and g1^ — (g - 1 )^ . In this case, 

f(x) = (xi, ...,xn,ui(x), ...un(x)), 

so 

H = {gi3{0,0,...0,ulij,...Unij))rf. 

When D2u — diag(Ai,..., Xn), 

^ l s i n t ( l + A?) + 2cosU i
 Vk) ' i,k — " V ' Xi> 

and {dyk)
N is a linear combination of dXk and dyk. For k = l,...,ra the vectors (dyk)

N are 

independent and form a basis for the normal space at p. It follows that 

V~~^ ukii _ « 

2-r1 sint(l + A?) + 2 cos U* ~ 

for all jfe. D 

We now define the nonlinear operators Ft(D2u) by the equations (2.5) - (2.7). 

At a point p = (XQ, VU(XO)), we may diagonalize D2u and differentiate Ft(D2u). If the 

eigenvalues Aj are all distinct, then each is differentiable, and we have 

JL\ 2. JL -
OXk dxk 

and 

— F \ D 2 u ( x ) ) = J2 sint(l + \f) + 2coStXidx~k
Xi 

g V — (2 91 

^ s i i i « ( l + \?) + 2costAi" V " ' 

If the eigenvalues are not distinct, then one can use an eigenspace projection argument to 

verify that 
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where Ij — {i e 1, ...,n|Aj = A-,}, so that (2.9) holds in this case as well. It follows that the 

mean curvature H vanishes if and only if VFt(D2u) = 0, that is, if and only if Ft(D2u) is 

constant. 

For this family of nonlinear equations, 

9Fl
 u 

so we see that solutions are elliptic precisely when the Lagrangian submanifold is space-like. 

If we differentiate a second time with respect to Aj, we see that the equation is convex when 

all Xi < —a, and concave when all Aj > —a. We note that as t —)• | , equation (2.5) with 

c = nln(a — 6) becomes (2.6) with c = §. Equation (2.6) has been studied by Flanders [14], 

who obtained Bernstein Theorem ii). 

2.4-1 Calibrations for Mt 

Gradient graphs for solutions to (2.5) and (2.7) give rise to calibrated submanifolds of Mt, 

that are in fact isometric to calibrated submanifolds of Mo and Ms.. The calibrations for 

Mt may be obtained by pulling back the calibrations on M$ and ME. via an isometry. 

Throughout this section we will again be using the constants a = cot t and b = \ / |cot2£ — 1|, 

for t € [0, | ] , as well as the constants defined by 

Vcos t + sin t + y/| cosi — sini| 
2 

Vcost + sint — y/\ cost — sinf| 
T = 2 • 

We start with the pseudo-Euclidean metrics. For t < \ , the map (ft : Mt ->• Mo, 

represented by the In x 2n matrix 

is an isometry (up to a constant factor). The Lagrangian condition is preserved under 

ipt, so this isometry maps Lagrangian n-surfaces to Lagrangian n-surfaces. Pulling back 

the calibrations on Mo described in section 2.2, Mt becomes a calibrated manifold. The 
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isometry gives an equivalence between the homogeneous space structure for the space-like 

Lagrangian planes of Mt and the homogeneous space structure for the space-like Lagrangian 

planes of MQ presented in section 3. 

Proof of Theorem 12 i). Suppose u(x) is a solution to (2.5). Let T = (x, Vu(x)) C Mt 

be the graph of Vu. Our goal is to show that T is isometric to a special Lagrangian graph 

f C MQ. Take f = <pt(Y) C Mo. At a point p = (a;o, V(£o)) £ I \ the tangent space of T can 

be described by the span of the vectors 

3 

Take D2u to be diagonalized at p, and push forward. The tangent space TVt^r = 

(<pt)t.(Tpr) is the span of 

di — (vt)*di — (cr + r\i)dXi + (r + aXi)dVi. 

The space-like condition on Y imposes restrictions on the values of Aj, particularly, \ ^ 

—CT/T, SO we may multiply each di by l/(er + rA;) and see that TVt^T is spanned by 

8T -I 3i,.. 
Xl a + r\i v% 

The image V is a Lagrangian submanifold of Mo, so arises locally as gradient graph T = 

(x, Vu(x)). Prom the above expression, the eigenvalues of D2u are given by 

~ _ r + aXj _ {Xj + r/cr) (a) 
Ai-a + TXi-(Xi + a/r)(T)- ( 2 J 0 ) 

The Aj's satisfy (2.5), so noting that a + b = l/(a — b) = G/T, we have 

"Xi + T/a 
J ^ + a/r > 0 ' 

and may conclude that u(x) satisfies 

n 

Y[xi = [i]n<?>o, 
i=l 

that is, u(x) satisfies the Monge-Ampere equation (2.1). It follows that f is a calibrated 

submanifold. The property of being calibrated is local and is preserved under isometries of 



93 

the ambient manifolds, so T is calibrated. Theorem 12 i) then follows by the same reasoning 

as in the proof of Theorem 11. D 

The function u obtained above is only local. In order to study solutions to (2.5) further, 

in particular to obtain uniqueness for Theorem 12 i) and the Bernstein-type result, we 

transform u into a solution to (2.1) which describes f globally, when possible. 

The isometry tpt acts via 

<Pt(x,v) = {crx + Ty,TX + ay) = (p(x,y),q(x,y)) 

so the image f = <pt(F) lies in the set p(T) x q(T) c f x W1. As T is parameterized by fl, 

the isometry r —>• F locally amounts to a change of coordinates Cl —> p(F), wherever Dp is 

invertible. If p\r is a bijection, then F is globally parameterized by p(F). In the case where 

p\r is a bijection, T is a graph over p(F) of the function 

r ^qop-1 :p(F) ->Rn . 

Using fi as coordinates for T 

p(x) = ax + TWU(X) 

q(x) = TX + aVu(x) 

hence 

Dp-al + TD2U 

Dq = rl + aD2u 

sopis locally invertible if and only if no eigenvalues of D2u attain the value —er/r = —(a+b), 

which is precluded by the space-like condition. Diagonalizing D2u, we see that Dr is 

symmetric, so r = Vu for some u, and the eigenvalues of D2u become 

- T + a\ 

as in (2.10). Now if D2u > — a > -(a + 6), then Dp > 0 and p is injective on £1. The 

function u is then a solution to the Monge-Ampere equation defined on all of p(F). Further, 

the inequality is uniform, Dp > e > 0. Thus if fi = H", p is a bijection on W1, so u will then 

be a convex solution to (2.1) on all of R". Bernstein Theorem i) follows from the famous 

result 



94 

Theorem (Jorgens [24], Calabi [9], Pogorelov [37]). Any convex solution to (2.1) on 

all of W1 is a quadratic polynomial. 

Using a recent, more general result, we see that we may drop the restriction that D2 > 

—a. 

Theorem (Jost-Xin, ([25] Theorem 4.2)). Let M be a space-like extremal m-surface 

in M^+m. If M is closed with respect to the Euclidean topology, then M must be a linear 

subspace. 

Uniqueness. Prom the above discussion, if we assume that D2u > —a, the surface T can 

be described globally as the gradient graph of a solution to the Monge-Ampere equation. In 

this case, that T is the unique surface with this volume follows from Theorem 11. The proof 

of Theorem 11 relied heavily on the fact that the space-like condition forced the projection 

r —>• W}: to be an open map. This is not the case for gradient graphs of solutions to equation 

(2.5), so the corresponding proof of uniqueness will not work. We do not have a proof of 

uniqueness for equation (2.5) with no restrictions on D2u, nor for the analogous result for 

solutions to (2.7). As in ([19], Theorem 5.8), we do have uniqueness for solutions to (2.5) and 

(2.7) whenever the boundary data is analytic, as an application of the Cauchy-Kowaleswki 

Theorem. 

Proof of Theorem 12 ii) Let P : 1" x Rn -> W1 be the map 

Given the degenerate metric g* on W1 xW1, this map is an "isometry" in the sense that 

g-s. = P*SQ . The graph F = (x, F(x)) is isometric to P(F) for any F(x) such that DF avoids 

the eigenvalue Aj = — 1. Let S be any space-like surface with boundary $£ = F n {a; e fi}. 

Then if LJ = xndx\ A ... A dxn-i, so that dw = dVol o n f 1 , 

VoJ(E) = f dVol = I P*dVol = f P*dw = 
J 2-i •/ ZJ J ZJ 

/ dP*w = / P*w 

which depends only on the boundary dF — dT,. • 
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Proof of Theorem 12 in). As in the pseudo-Euclidean case, for t > j , the map <pt : 

Mt -> M i , is an isometry. For a given n-plane £, 

Vol2
gt(0 = Vol2

So(ipO > Vol(<pti A Jtf) 

= detA = ||det A||2 = a 2 ( 0 +/?2(£) > a2(£), 
IK C 

where A € M(n, C) C M(2n,R) is the map sending dXi •->• y£i, extended by complex 

linearity as before. By Hadamard's Inequality, we have equality if and only if £ is Lagrangian 

and /3(£) = 0. 

If £ is Lagrangian, then (p£i,..., y>£„ is an orthonormal basis for C™, so A € C/(n). Using 

the map 

6 : L » U{n)/SO(n) %c S1. 

the special Lagrangian equations (2.7) can be deduced from 

arg det(cr + TD2U + V~1(T + aD2u)) = ^ arctan( -1) = c. 

If follows that any gradient graph T = (x, Vu(x)) for u(x) satisfying this equation is cali­

brated, and therefore an absolutely volume minimizing submanifold. • 

By differentiating with respect to A, one can verify the identity 

E arctan —l— \- Ct= y^arctan( ^-) 

where 

^ i T \ a 

Ct = arctan(—) - arctan - . 
a o 

It follows that a solution to (2.7) also satisfies 

and the function 

y ] arctan —l—— = c - Ct, 

. , u(x) a . ,o 

is a solution to (1.1). If v(x) is convex, which is the case if D2u > —a, we may conclude 

that v(x) is a quadratic polynomial by applying the following result. 
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Theorem (Yuan [56]). Suppose u € C2(Rn) is a convex solution to (1.1). Then u(x) is 

a quadratic polynomial. 

Similarly, any solution to (2.7) with c> (n- 2)7r/2 + Ct is a quadratic polynomial, by 

the theorem 

Theorem (Yuan[58]). Suppose u 6 C2(Rn) is a solution to (1.1) with c > (w"2
2^. Then 

u{x) is a quadratic polynomial. 

24.2 Example 

The equations (2.5)-(2.7) can be manipulated to take the form 

/(Ai,...,An) = 0, 

where / is a polynomial of degree no higher than n. For the equation (2.5) with c — 0, the 

polynomial / has degree n — 1. When n = 2, (2.5) with c = 0 becomes a linear equation, 

taking the form Au = —2a. We exploit this degeneracy in order to write down an explicit 

solution to (2.5). 

Fix some t G (0, | ) , and define u{xi,X2) on O = {x\ > 0 C K2} 

u{xi,X2) — —n(xl + x\) + keXl cos£2, 

for k some large constant, and a = cot t. The eigenvalues of D2u are 

Ai = -a- keXl, 

A2 = -a + keXl, 

Clearly, u is a solution to (2.5) with c = 0, that is, Au = -2a, and one can check that 

the resulting surface T = (x, Vu(x)) is space-like in (M2 x M2,<ft)- We transform this to a 

maximal submanifold of (W1 xRn,go), using <pt. This isometry acts via 

<Pt(z, y) = (o-x + ry, TX + ay) 



97 

so the image y>t(r) = f C (K 4 ,^) lies m P ( r ) xR2 , wherep(x,y) = ax + ry. Parameterizing 

T by fi, the map p|r takes the form 

p(xi,X2) =a-(xi,X2)+T- Vu(xi,x2), 

or p(z) = (a — ra)z + rkez, 

where z = x\ +ix<2. For very large k, a simple volume computation over a vertical strip shows 

that p can not be injective on T, so T will not be described globally as a graph over p(r) . 

This surface t is a maximal Lagrangian surface which is globally described as a solution 

to (2.5) and locally described as a solution to (2.1), but which is not globally described as 

a solution to (2.1). This surface is not complete, as we have restricted the domain to a 

half-plane, but by the result of Jost and Xin ([25] Theorem 4.1) one would not expect to 

find a complete surface with this property. 
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