EVANS-KRYLOV ESTIMATES FOR A NONCONVEX MONGE AMPERE
EQUATION

JEFFREY STREETS AND MICAH WARREN

ABSTRACT. We establish Evans-Krylov estimates for certain nonconvex fully nonlinear elliptic and
parabolic equations by exploiting partial Legendre transformations. The equations under consider-
ation arise in part from the study of the “pluriclosed flow” introduced by the first author and Tian
[28].

1. INTRODUCTION

1.1. Statement of Main Estimate. Consider U C R¥ x R! with coordinates {z;}*_; and {y;}}_,,
and let u € C*°(U) be convex in the x variables and concave in the y variables. We will consider
two equations in this setting. First, we have the real twisted Monge-Ampeére equation

(1.1) F(u) := log det ug,,; — log det(—uy,,,) = 0.
Next we consider the parabolic real twisted Monge-Ampére equation

0
(1.2) H(u) = Frily F(u) = 0.

We also consider similar equations using complex variables. In particular, consider U c CF x C!
with coordinates {z;}X_; and {w;}\_;, and let u € C°°(U) be plurisubharmonic in the z variables
and plurisuperharmonic in the w variables. We have the complez twisted Monge-Ampeére equation

(1.3) Fe(u) = logdet u,,z, — log det(—uy,z;) = 0.
Lastly we have the parabolic complex twisted Monge-Ampére equation,
(1.4) Hc(u) == gtu — Fe(u) =0.

With uniform convexity assumptions made (see Definition , equations and are uni-
formly elliptic, whilst and are uniformly parabolic. However, these equations are neither
convez nor concave, and as such the Evans-Krylov theory does not apply to these equations.

The celebrated result of Evans and Krylov states that for uniformly elliptic (or parabolic) equa-
tions, one can conclude interior Holder estimates on the second derivatives from C! estimates,
provided the equation is convex or concave. There are a few more general cases where such a
statement can be made: Caffarelli and Cabre [3] showed results in the case where the functional F
is a minimum of convex and concave functions. Caffarelli and Yuan [5] demonstrate the estimates
under a partial convexity condition. Yuan [31] has proved such estimates in the specific case of the
3-dimensional special Lagrangian equations. In full generality these estimates are known to fail for
nonconvex equations : Nadirashvilli and Vladut [22] exhibit a 2-homogeneous function satisfying a
uniformly elliptic equation, which is C'! and not C? at the origin.

The main purpose of this paper is to establish a C%>® estimate for solutions of twisted Monge
Ampere equations from uniform bounds on the Hessian.
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Theorem 1.1. Given k,l € N and A\, A > 0 there exists C = C(k,l,\,A) and o = a(k,l[,\,A) >0
such that
o Ifuc ngzﬂiA is a solution to then |Jul| 2.0,y < C.
o)
then HEUHCO‘(Ql) + HUHCQ,a(Ql) S C.

1.4) then H%uHCQ(Ql) + ||U||027a(Q1) <C.

o Ifue Sg’;’ﬂflx 18 a solution to

o Ifuc Eg’;’SA is a solution to then |Jul| 2.0,y < C.

o Ifue Sg’rj’SA 15 a solution to

The key insight to establish these estimates comes from applying a partial Legendre transforma-
tion in the real case. More specifically, as the functions in question are mixed concave/convex, we
can apply a Legendre transformation to the concave variables to obtain a strictly convex function.
This transformation was described by Darboux [7], who observed how it has the effect of lineariz-
ing the two-dimensional real Monge-Ampere equation. This was exploited to establish regularity
properties for the 2-dimensional Monge Ampeére equation by many authors, and later in general
dimension [24]. For the classical theory, see [12] 13}, 14} 15], 25] [26] and for more recent applications
see [II]. In Proposition below we show that more generally one can transform solutions to
into the real elliptic Monge-Ampere equation. This observation alone suffices to establish
an analogue of the rigidity result of Calabi-Jorgens-Pogorelov ([6, 17, 23]) for uniformly concave
solutions of

This result can be used in conjunction with a blowup argument to establish the first two claims
of Theorem However, even with the natural hypotheses for equations and of
plurisub/superharmonicity, there is no well-defined version of a complex Legendre transforma-
tion. Thus this method alone cannot establish Theorem in these cases. Nonetheless, we use
the transformation law to take quantities which are subsolutions to parabolic equations associ-
ated to the complex parabolic Monge-Ampere equation, and express them in terms of the inverse
Legendre-transformed coordinates, assuming this transformation were defined. As it turns out,
these quantities in the original coordinates are always defined (irrespective of whether the Le-
gendre transformation is defined), and still are subsolutions of certain parabolic equations. This
key observation can be exploited to adapt the usual proof of the Evans-Krylov estimate for convex
equations to our setting, establishing Theorem

1.2. Consequences for pluriclosed flow. In [27, 28, 29, B0] the second author and Tian in-
troduced and developed a geometric flow of pluriclosed metrics on complex manifolds. Briefly,
given (M?", gg, J) a Hermitian manifold such that the associated Kihler form wy is pluriclosed, i.e.
00wy = 0, we say that a one-parameter family g; of metrics metrics is a solution to pluriclosed flow
if the associated Kéhler forms satisfy

5, V-1

(1.5) 5 = D0 w + DD, w + %8510{; det g.

This evolution equation is strictly parabolic and preserves the pluriclosed condition. Moreover, in
[30] it was discovered that pluriclosed flow preserves generalized Kéhler geometry in an appropriate
sense. Recall that a generalized Kihler manifold is a quadruple (M?",g,.J4, Jg) consisting of a
smooth manifold with two integrable complex structures J4, Jp, a metric g which is compatible
with both, and moreover satisfies the conditions

‘wa = —dpwp, dd4wa = 0.

If we impose the further condition that [J4, Jg] = 0, one obtains an integrable splitting of Tc M,
and moreover the pluriclosed flow in this setting reduces (up to background terms) to the parabolic
complex twisted Monge Ampere equation ([27] Theorem 1.1). This is expounded upon in §5|
Combining Theorem with a blowup argument yields higher order regularity of the flow in the

presence of uniform metric estimates. This result plays a key role in establishing new long time
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existence and convergence results for the pluriclosed flow, and these will be described in a future
work.

Theorem 1.2. Let (M?", gg, Ja, Jg) be a compact generalized Kihler manifold satisfying [J 4, Jg] =
0. Let g; be the solution to pluriclosed flow with initial condition gg. Suppose the solution exists on
[0,7), T < T*(g) (see Definition[5.6), and there exists constants A\, A such that

Ago < g¢ < Ago.
Given k € N, a € [0,1) there exists a constant C = C(k, o, go, A, A, T) such that
l9¢llcra < C.

1.3. Outline. In §2| we recall the partial Legendre transformation and determine transformation
laws for the PDEs in question. Inspired by these transformation laws, in §3| we state monotonicity
formulas for certain combinations of second derivatives along solutions to , . As the proofs
consist of lengthy, tedious calculations we relegate them to an appendix, Using this key input
we establish Theorem in §4] In g5 we recall how to reduce solutions to the pluriclosed flow on
commuting generalized Kahler manifolds to solutions of a scalar PDE which reduces to on
flat space, and then use Theorem to establish Theorem

2. BACKGROUND ON LEGENDRE TRANSFORMATION

2.1. Real Legendre Transformation. We briefly recall the Legendre transformation and one of
its key properties for us. For a smooth convex function v : R® — R, the Legendre transformation
is defined first by the change of variables

(@) = (@)

then by declaring
ou
Soe(a) = u(z).

Observe that the Jacobian of the coordinate change takes the form

dyi 0?u(x)
al‘j N al'il'j '

w(y) = x;

On the other hand, the Legendre transformation is involutive, so it follows that
dx;  D*w(y)
dy;  Oyidy;

Thus we see that the Legendre transformation “inverts the Monge Ampere operator” in the sense

that
0w ?u \
det ——— = ( det .
¢ Byﬁyj < ¢ Bl‘laxj>

This basic fact lies at the heart of our constructions below.

2.2. Transformation Laws for PDE and Rigidity Results. In this subsection we build on
the observation in of the transformation law for the Monge Ampere operator under Legendre
transformation to define a partial Legendre transformation which can convert the twisted Monge
Ampere equation into the usual Monge Ampere equation. To begin we define a class of functions
with certain convexity hypotheses.
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Definition 2.1. Given U C R* x R! and constants A\, A > 0 we set
ES’Z’R ={ueC>®U)| DQU‘Rk >0, DQU‘Rl < 0},
ENN = {u e &V | M, < DPuly, < ALy, AL < (— D?uly,) < AL}
Similarly, given U € CF x C!
M = {ue C®(U) | V=100u|y, >0, +/~198uly < 0},
&85 = {u e &5 | ALy < V100u| < ALy, A < (- V—100u|w) < AL}
Definition 2.2. Given u € Eé’l’R, the partial Legendre transformation is the map
CoklR n,0,R
/Pﬁk’l : SQ — SQ y

defined as follows. Let (z,y) denote coordinates on the domain Q C R* x R! where the function is
originally defined. Let (x, z) denote coordinates of the set €2 that is the image of  under the map

1) @) (e
Now on £, define

(22) o) = {ul Ghea) =<},

Then we have PLy;(u) = w(z, z), where

w(x,z) = u(xvy(xwz)) - (y(m,z),z} :

Proposition 2.3. (Transformation law for twisted Monge Ampére) Given u € EFHR, one has
_ -1 -1

(23) D*PLy s = <“ ey Uy “ﬁyg) >0,

yy YT vy
Moreover,

det D2u| A

2.4 det D*PLyju = — .
24) B et (—D?ulg)

Proof. Let ®(x,y) = (z,z) denote the coordinate transformation defined by (2.2). The defining
equation ([2.2)) can be rewritten as y = Dyu(x, z). Differentiating this yields

y 0z
I= 3y = DyDyu(x’Z)%v
thus g—z = (D,Dyu)"". Also
oy 0z
0= et D, Dyu + DyDyu%,
thus 92 = —(D,Dyu)~'D,Dyu. Thus
B I 0
(2.5) De = (—(DyDyu)_leDyu (DyDyu)_1> '

Using this, a further direct calculation shows

Vw = (ug,—=z).
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Thus

.0z 9z _ -1
(26) DQw _ Ugra + Uy:c oz uxy dy _ Uy ’I;Lmyuyy Uym nyu I,q
oz oz U luyx
vy yy

establishing (2.3). The formula ([2.4)) follows from the block determinant formula

C D
To conclude the matrix is nonnegative, write it symbolically as
(A + BCBT —BC)

—CTBT C
Then one can easily check that

(e C)( ) (&)

= Av -7+ C (W — BT%) - (w — B'%) > 0.

det <A B> = det Ddet (A— BD™'C).

g

0

Corollary 2.4. Given A, A > 0, let u € gkt AA be a solution to . Then u is a quadratic
polynomial.

Proof. Given a lower bound on the concavity in the second variable, we conclude the coordinate
z is global, for each x. Directly using ([2.3) we see that PLj; is an entire convex function. Also,

using (2.4) and (1.1)) we conclude that
det D277£k,lu = 1.

It follows from ([6), 17 23]) that PLyu is a quadratic polynomial, and its Hessian is constant.
Comparing against , we conclude that uyy is constant, thus u,, is constant, and then finally
Ugzs 18 constant. Thus u 18 a quadratic polynomial. O

Remark 2.5. The direct Legendre transformation method of Corollary gives a Liouville-
Bernstein type property for solutions to which are uniformly concave in the second variable.
We will give a second proof of Evans-Krylov type regularity in §3H4] which does not actually re-
quire direct use of the Legendre transformation, but rather makes estimates directly on the matrix
, which is always defined in the original coordinates, and has the crucial subsolution property
necessary in the proof of the Evans-Krylov estimate. This has the key advantage of extending
to the complex settings, where plurisubharmonicity does not suffice to define a genuine Legendre
transform.

2.3. Complex Legendre Transformation. While convexity hypotheses are natural for under-
standing the real Monge Ampere equation, the natural hypothesis to impose for complex Monge-
Ampere type equations is plurisubharmonicity. Many Legendre-type transformations have been
proposed for functions on C" satisfying conditions weaker than convexity, see for instance ([8, 16,
18,20]). More recently there is a proposal ([1]) to define a Legendre transform for plurisubharmonic
functions asymptotically, using Bergman kernels.

Now by direct analogy, if a complex Legendre transform where defined, the complex Hessian of
the transform would be the inverse of the complex Hessian of the function, and we could argue as
above to apply known results about the complex Monge-Ampére equation to the twisted equation.
While we cannot find such a function, we operate directly on the partially transformed complex
Hessian, proceeding obliviously as if the transform where defined. This yields a number of nontrivial
maximum principles for and , which would otherwise be difficult to discover or motivate.
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3. EVOLUTION EQUATIONS

3.1. Real Case. As explained in §2| we will now derive a priori estimates for — without
the explicit use of the Legendre transformation. The basic idea is to think of the Legendre trans-
formation “infinitesimally” and use it as a change of variables on the tangent space which helps us
identify the right quantities/linearized operators which have favorable maximum principles. The
first step is to recall that, in the context of the “pure” Monge Ampere equation for a function w,
the linearized operator is

62
Or*dxP’
We now rewrite this operator using the partial Legendre transformation.

L=w

Lemma 3.1. Let u € X!, and w = PLyu. Furthermore let T = D® denote the change of basis
matriz for the Legendre transformation as in .

L% = w*PTIT,.

L— (“a?xl 01>.
0 —Uyy

Proof. We emphasize that this formula is describing the matrix L in terms of the basis vectors
8%, %}. First note that a direct calculation shows that

wl — Upy U Uy
Uy U™ —u;yl + Uy U Uy )
We now directly compute L block by block. First:

%% — waﬁTszTﬁJ — kamsz:.E;Txl] — urkmz(SlZ&lJ — it

Then

Next we have
LY = w T3 Ty

= wHITIT + w™ T Ty + w S T Ty + w/ T T,
_ uxkxl(sli (_uyjypuypml) + ul‘k$puxpyl 5liuyjyl +04+0
=0.

A similar calculation shows that L*% = 0. Lastly we have

7% = waﬂTéiT;j
= WIS T + w™ T Ty + w5 T+ wYs T Ty
= U (Yo, ) (B Yy g ) U U (—uY Yy, g YUl
+ uykzpuxpwzuyiyk(_uyjypuypxl) + (_uykyl + Uyk:ppuzpzququz) wYiYk g Yiw

—_ uyiyj .

Proposition 3.2. Let u € EFLR be a solution to . Let W = szﬁmu. Then

0 ou
(m—ﬁ)at—@

0
(2 c)weo

Proof. See Lemma [6.3 0
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3.2. Complex Case. As discussed in §2| there is as yet not a clear Legendre transformation defined
for plurisubharmonic functions. Nonetheless, we draw inspiration from and obtain maximum
principle estimates which correspond to usual maximum principle estimates for the complex Monge
Ampere equation, assuming the Legendre transformation were defined. In particular, assume u €
ERL and set

- 0? — 0?
3.1 L=y ——— — qWoWa __ —
( ) 02,0% ow, 0wy,
Also, define
(3.2) w = [ %=z~ Uiy W Uz Uz
. uwj W uwkzi _uwj w; .

The form of this matrix is of course derived from the corresponding quantity in (2.3)). By a direct
calculation one observes that equation (1.4) is equivalent to

0
. —u=1 .
(3.3) 5l = log det W.

As in the real case, the crucial input in obtaining Evans-Krylov type estimates for (1.4)) and (1.3)) is
a subsolution property for the matrix W. The proposition below is simply a long calculation which
follows by elementary applications of the Cauchy-Schwarz inequality, and is carried out in

Proposition 3.3. Let u € E54C be a solution to . Then
0 ou
ANy ey
<6t ) ot ’
0
——L|WLO.
(Gi-2)w =
Proof. This follows directly from Lemmas [6.1] and O

4. EvANS-KRYLOV TYPE ESTIMATES

In this section we establish a general oscillation estimate (Theorem below) of Evans-Krylov
type which replaces the convexity hypothesis with its main implication in the original proofs of
Evans-Krylov: that the elliptic operator acts on a matrix of second partials that is itself a sub-
solution of a uniformly elliptic equation in the matrix sense. In conjunction with the subsolution
properties arising from the partial Legendre transformation (Propositions and , we obtain
Theorem [1.1| as an immediate corollary. The proof is closely modeled after ([2I] Lemma 14.6). We
also refer the reader to the original works ([9], [I9]) as well as more recent versions of the proof
([21, [4]). To begin we recall some standard notation and results.

Definition 4.1. Given (w,s) € C" x R, let
Q((w,s),R):={(z,t) e C" xR| t < s, max{|z —w]|,|t — 8|%} < R},
O(R) := Q((w,s — 4R?), R).
Theorem 4.2. ([21] Theorem 7.37) Let u be a nonnegative function on Q(4R) such that
—Uus + aijuij <0,
where

(4.1) A7 < a¥ < AGY.
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There are positive constants C,p > 1 depending only on n, A\, A such that
1

p
(4.2) R"Q/ uP | < C inf wu.
O(R) QR)

Theorem 4.3. Suppose that u € gg(lR)JvA NC*YQ(R)) satisfies

%u = F(W(D?u))
for F a (X, A)-elliptic functional and suppose that the Hermitian matriz W satisfies
0
——L)|W<O0
(i=r)w=

for some (A, A)-elliptic operator L. Then there are positive constants a, C' depending only on n, A\, A
such that for all p < R,

0SCQ(p) Ut +0scg(py W < C(n, A, A) (%) (0sco(r) ut + oscory W) -
Proof. We are assuming that F' is (A, A)-elliptic on a convex set containing the range of W. Thus

for any two points (z,t1), (y,t2) € Q(4R) there exists a matrix a* satisfying (4.1 such that

(13) (0, 10) (0, 12)) (Wi 1) = Wiy, 1) = G t) = 200, 2),

Now by ([2I] Lemma 14.5) we can choose a finite set of unit vectors v, such that

Z] = Zfav Ua

for f, depending on (z,t1), (y,t2) yet always satlsfylng

fa € A A,
for some constants A4, A, depending only on A, A. Now let fy =1, and let
ou
ot

W = Wy, vz

wo ‘= —

In this notation (4.3) reads
N
Z fa (wa(:z:, tl) - wa(ya t2)) = 0.

It follows that for every pair (z,t1), (y,t2) € Q(4R), we have

fo (Wa(y, t2) — walz,t1)) = Y f5 (wa(z, t1) — w(y, t2)) .
B
Now let
Mgy = QS(L;E) Wey, Mg = Ql(rg{) Wy, P(sR) = ZMSQ — M-
As each quantity w,, is a subsolution to a uniformly parabolic equation, it follows that My, — wq
is a supersolution to a uniformly parabolic equation, and hence by Theorem we obtain

P
R_n_Q/ (M4a - wa)p < (Cp inf (M4CY - ’LUa) = Cl(M4a N Mla)-
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Summing these inequalities and applying Minkowski’s inequality yields, for any fixed £,

T

a;ﬁﬁ a#p
(4.4) Sclem—Mla
oy
<Cy Z Mo — myq — (M1o — mia)
otB

< C1[P(4R) — P(R)].
Now choose (z,t) € Q(4R) such that
Wpg (z,t1) = mag.
We have

M (W (yst) = mag) < fo (y,t) (Wa (y:t) = mag) = Y fa (y,1) (walz,t1) — wa(y,1)) -

aFp
Thus for all (y,t) € Q(4R)

(W (o) = m45) < 3= 3 o (0:) (i, 12) = (1)
T ap
< fa 1) (Mia = wa(y,1)
" a#p
< 553 (Mia = waly1).

Q
LS
iy

Hence, using convexity of s — sP we have

(W5 (y, 1) — mag)? < [1;* > (Mio — waly, t))]
*a#pB

AN
< <A) NP1 (Mg — waly, )7
*
B
Integrating in the (y,t) variables and applying (4.4) we have

(R—”—2 /. e <y,t>—m4ﬁ>f’)p < 2Nt (Rn : / 3 (o = )
< thl [P(4R) — P(R)] .
Summing over 3 we have
(45 Y (R /. oy W) - mw)p) T LNCLPUR) — PR).
B

)

3=
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Also, a direct application of Theorem yields

(4.6) > <R"2 /@ " (Mag — Wi (y, t))”) < C1 (Myg — M)

8 8
< C1[P(4R) — P(R)]

Applying Minkowski’s inequality, followed by (4.5]), (4.6) gives

P(AR) =Y " Myz — muyg
8

1/p
ST

B

3 =

Zg: (R”2 / (Myg — Wg (y,t) + Wg (y,t) — m45)p> 1/p

IN

—n—2 . p v —n—2 - m P %
> (R /@(R) (Myp = Wg (y,1)) ) +; (R /@(R) (Wp (y,t) — mag) >

B
A
< <(N +1) /\—N + 1) Cy[P(4R) — P(R)].
Rearranging this yields
A, Ay
((N +1) )\—N + 1> C1P(R) < [((N +1) )\—N + 1) Cy — 1] P(4R),
or in other words
P(R) < uP(4R)
for appropriately chosen p. A standard iteration argument ([I0, Theorem 8.23]) now yields

(4.7) Pp) < (£)" P(R),
for
1 log 5
“= 21og(4)

Now observe that in our application of ([2I], Lemma 14.5) we can choose the set of vectors to contain
all vectors of the form e;, (e; £ ey) /v2 and (ej £ v/—1eg) /v/2 for any particular coordinate basis.
Trivially we observe

ZOSCQ(p) W < P(p),
J

and then using polarization and the triangle inequality we may similarly bound the oscillation of
any of the components of W.
We also note that clearly

(4.8) P(R) < Noscg(,y W.
Thus N
oscq(p W < Ca(N) (%) oscq(ry W,

which is the conclusion of the theorem. O
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Proof of Theorem[1.1]. Let us give the argument for (1.4), the other cases being similar. Let u €
k.l

EQ A e a solution to . Observe that uniform estimates on the complex Hessian of u imply
uniform upper and lower bounds on the corresponding matrix W. By and Proposition
we see that u satisfies the hyotheses of Theorem and therefore we conclude a C% estimate
for gtu and W. Examining (3 , we see that the lower right block —u™i%i has a C® estimate,
which implies that w,,; does as well, using the uniform lower bounds on the matrix. Combining
this estimate with the estlmate on the upper right and lower left blocks we see that the derivatives
Uzm; and Uy,z; also enjoy C* estimates. Finally, these estimates together with the estimates for
the upper left block of W imply a C'* estimate for u,,z;. O

Corollary 4.4. Let u; be a solution to on (—00,0] x C" such that u; € Ek;f’)\vA for all
t € (—00,0]. Then VOOu; = t2 =0 for all t.

Proof. Suppose there exists a point such that ‘V65u| # 0. By translating in space and time we
can assume without loss of generality this point is (0,0). Fix some p > 0 and consider

v(@,t) = p~ 2up, it)

By direct calculation one verifies that v is a solution to (1.4) on (—o0,0] x C™ and moreover
v € Sé;f aa forall t € (—oo,0]. Also observe that |Vodv| (0,0) = 1 |VOOu|(0,0). However, we
know by Theoremthat there is a uniform C, « > 0 so that ‘881}‘ Co(Q(0.0)1) =

v by a time-independent affine function we can ensure a uniform C° estimate for v on Q((0,0),1)
as well. At this point we may apply Schauder estimates on Q((0,0), 1) to obtain an a priori bound
for ‘V@@v‘ (0,0). For u chosen sufficiently large this is a contradiction, finishing the proof. O

< C. By modifying

5. EVANS-KRYLOV REGULARITY FOR PLURICLOSED FLOW

5.1. Commuting Generalized Kéhler manifolds. In this section we exploit the estimates of
to establish a priori regularity results for the pluriclosed flow. We briefly recall here the discussion
n ([27]) wherein the pluriclosed flow in the setting of generalized Kéahler geometry with commuting
complex structures is reduced to a parabolic flow of the kind .

Let (M?",g,Ja,Jg) be a generalized Kihler manifold satisfying [J4, Jg] = 0. Define

Il := J4Jg € End(TM).

It follows that IT2 = Id, and II is g-orthogonal, hence II defines a g-orthogonal decomposition into
its 1 eigenspaces, which we denote

TM =T, M & T_M.

Moreover, on the complex manifold (M?",.J4) we can similarly decompose the complexified tangent
bundle Té’o. For notational simplicity we will denote

T = ker (ITF 1) : T2 (M, Ja) — T (M, J4).

We use similar notation to denote the pieces of the complex cotangent bundle. Other tensor bundles
inherit similar decompositions. The one of most importance to us is

ALY (M, J4) = (Aio ® AEO) A (A&l @ A‘ll)
= [A0n A% e [0 A A @ [AM A AY @ A0 A A%,
Given p € Aéj’l(M ,J4) we will denote this decomposition as
(5.1) po=pt 4 T
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Definition 5.1. Let (M?", J4, Jg) be a bicomplex manifold such that [J4, Jg] = 0. Let
x(Ja, Jg) = e (T17) = e (T2°) + ¢ (T2°) = f (T2°).

The meaning of this formula is the following: fix Hermitian metrics A4+ on the holomorphic line
bundles det Ti’o, and use these to define elements of ¢ (let’o), and then project according to the
decomposition . In particular, given such metrics hy we let p(hy) denote the associated
representatives of ¢ (T'+°), and then let

X(he) = p*(hy) = p~(hy) + p~ (ho) — p*(ho).

This definition yields a well-defined class in a certain cohomology group, defined in [27], which we
now describe.

Definition 5.2. Let (M?",.J4, Jg) be a bihermitian manifold with [J4, Jg] = 0. Given ¢4 € A},’j’R,
let pp = —pa(Il-,-) € A(lj’;’R. We say that ¢4 is formally generalized Kéhler if

9,04 = —dj . oB

5.2
(5:2) ddS, d4 = 0.

Definition 5.3. Let (M?", g, J4, ) denote a generalized Kihler manifold such that [J4, Jg] = 0.
Let

{¢A € AbjR | ¢4 satisfies 1)
{6405 f —6_5° f} |

With this kind of cohomology space, we can define the analogous notion to the “Kéahler cone,”
which we refer to as P, the “positive cone.”

Definition 5.4. Let (M?", g, J4, Jg) denote a generalized Kihler manifold such that [Ja, Jg] = 0.
Let

P:={[p] e H | w € [¢],w > 0}.
Definition 5.5. Let (M?", g, J4, Jg) be a generalized Kihler manifold such that [J4, Jg] = 0. We
say that x = x(Ja,Jg) >0, (resp. (x <0, x =0) if x € P, (resp. —x € P,x =0).

5.2. Scalar reduction and Evans-Krylov estimate. In this subsection we describe how to
reduce to a scalar PDE in the setting of commuting generalized Kéhler manifolds. This is
then used in conjunction with Theorem to establish Corollary

First we recall that it follows from (|27] Proposition 3.2, Lemma 3.4) that the pluriclosed flow
in this setting reduces to

0

(5.3) @ = —xlgz)-

From the discussion in §5.1| we see that a solution to (5.3)) induces a solution to an ODE in P,
namely

[we] = [wo] — tx.
This suggests the following definition.
Definition 5.6. Given (M?",g,.J4, Jp) a generalized Kéhler manifold, let
7(g) := sup {t > 0|[w] — tx € P}.
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Now fix 7 < 7%, so that by hypothesis if we fix arbitrary metrics %i on Tj:’o, there exists
a € C*°(M) such that

wo — Tx(he) + (6405 —6-0%)a > 0.
Now set hy = eT2- hy. Thus wo — 7x(h+) > 0, and by convexity it follows that
W = wo — tx(hs)
is a smooth one-parameter family of metrics. Furthermore, given a function f € C*°(M), let
wp =0+ ((5+(5§r — 5_53) fs
with ¢/ the associated Hermitian metric. Now suppose that u; satisfies
u
(5.4) %u = log m.
An elementary calculation using the transgression formula for the first Chern class ([27] Lemma

3.4) yields that w, solves (5.3).

Proof of Theorem[1.3. Since by hypothesis 7 < 7* we can adopt the discussion above and reduce
our solution to the scalar flow (5.4). We recall the quantity T = Y(g, h) defined by the difference
of the Chern connections associated to g and h. In particular, we have

Th = (v - vh)k = ggq . — hkhy
ij e

For a reduced solution to pluriclosed flow as above, there exists some background tensor A =
A(g, h,T) such that

15 = g™ [(0405 — 6-6%)u] 7, + Al

By a standard argument using Schauder estimates, to prove the theorem it suffices to show that
there exists a uniform constant C' such that

sup |T(g,h)* < C.
M x[0,7)

If this were not the case, choose a sequence (z;,t;) such that ¢; — 7 and

A= |Y)? (@5, t:) = sup |T|*.
M x[0,t;]
We now construct a blowup sequence of solutions centered at these points. Furthermore we can
choose a small constant R > 0 and a normal coordinate chart for gy centered at z;, covering
Br(zi,go). Using such charts for each ¢ and translating in time we obtain a solution to on
Q((0,0), p) for some small uniform constant p > 0 such that |T;|? (0,0) = \;.
Now fix some constant B > 0, let «; := B\; and let

u; = of (ui(oy 'z, a; %) — u;(0,0))

i
w; = w (ai_lx, a;Qt)
7Li =h (ai_lx, ai_Qt) .
A direct calculation shows that for each i the function w; is a solution of

d det g det h—
ot det by det gt

For sufficiently large ¢ we may assume this solution exists on Q((0,0),3). Moreover, we claim that

for every j € N we have Hﬂi||Cj(Q((0 0),3) < C(j, B). By the choice of scaling parameters we have
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2
that ‘TL < CB. This corresponds to a uniform C? estimate for u;, which after the application of
g

Schauder estimates implies uniform C7 bounds for all j. Given this, using standard compactness
theorems we obtain a subsequence of (u;,@;, h;) converging to a limit (o, Weo, heo) on Q((0,0), 2).
As the background metrics w, h were uniformly controlled before the blowup it follows that wae, Aso
are flat, and moreover uniformly equivalent to the standard flat metric with a bound depending
only on the background data w, h. By a rescaling in space and time and adding a function of time

only, we can assume that u is a solution to ((1.4)), which moreover by construction satisfies
k,l 3 -1
Uso € EV') 0((0,0),2)° |VPuso| (0,0) = ¢(A, A, w, h) B~

However, as a solution to ([1.4]), by Theorem and Schauder estimates there is an a priori interior
C? estimate for us,. For B chosen sufficiently small this is a contradiction, finishing the proof. [

6. APPENDIX: EVOLUTION EQUATIONS

In this section we prove the crucial subsolution properties for the matrix W along the real and
complex twisted Monge-Ampere equations. The results are contained in Lemmas and
We directly prove the case of complex variables first, which consists of lengthy calculations and
applications of the Cauchy-Schwarz inequality. Again we note that these monotonicity properties
are suggested by the discussion of Legendre transformations in A similar direct calculation
can yield the case of real variables, but we suppress this as it is lengthy and nearly identical to
the complex case. Instead we show that the real case follows by formally extending variables and
appealing to the complex setting.

Lemma 6.1. Let u; be a solution to such that us € 55’1 for allt. Then

0 ou
o (2 )y
Also,

0

(F-g)w=-e

where
(6.2)
Qaa, = — WU Uz z 0, Uz 25, + UTU Uz 0, U 2w, W UE,

o _ Wi Wp, ZqZr, ZsZp _ _ o Wqw o __ o, WEwWy, ZqZr,,ZsZp _ o
Ua 7w, W U U uzpzquuzrzswqu U, + U, w,, U U U uzpzqwluzrzsaz

Ebza o ﬁkw o w, wy _ o Ekwl _
+u [*uazwkzau puwpqubu T Uy, + Ua, w2, U Uwya,z

W W WswW

o Wi w o WqwW; o o o o WqW; o
U, w7z, W puwpquau T Uy, + Ua,w, U Uw,wszp W puwpquau T Uy,

L WRwW, o WqWr L wswy . L WRwW o wy o
+ Ua,w, U puwpquau T Uy, 70,7, U Uwja, — Ua,w, U puwpquau T U7

g WEwy _ _ o WEwr __ g Wswy _
U, w7, U Uwazqg — Ua,w, W U, wszZp U uwlazza]
WpWa [

wWrw
— U kWr

o L wpw o Wqw; _ o L, Wsw o WqWy o
U, ww, U puwpwqwau 1 Uw;ar, +uazwku U, wswy W puwpwqwau a Uy,

W W

__ WRw _ _ _ L Wswy _
+uazwkwbu uwlazwa - uazwku uwrwswbu uwlazwa]

(6.3)
Qawaw = —Uu

Elzk aw’u}' o Ekw o
+u U Juijkzku puwpqulu

QW ), WOy »,2qRr,, 2% _ o Z1%k ,, QW _ Wqwj o WO
U WU P UL 7w, Wz 2w +u U PU,w,z U7 T Uy, 23, U

w, Wy Oy

Wq w4
qQw qWy —
uijrwku bl

o WIWE , Oy W _
U U ”uwpwqwlu
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(6.4)
Qazaw = —u

ZbZa [__ _ Wi w _
—u [ uozzwkzau puwpqubu

ZbZa 5, ZdZc

ZdZRc _ _
(3 (3 Uz Zgw, Uz Zpwyp

ZbZa WEwW uﬁpaw

W
U Uz g0, Uz zyw, U 0 T Uawy, U

Wqo Wi W Wqo
qCw __ — kWp _ qQw
U, w7z, W Uwpwgze U
L WEWy __ ,,Wswp o WqQy _ L, WrwWp o WqWy L WsOy
"’uazwku U, wszZp U Uwpwgze U + U, w, U UwpwWgze W Uw, wszp W
Wi Wr w,

o sWp o WqQay
Uw,wswp, U Uwpwewe U

WpW, L wpw o Wq o o
+u “ [_Uazwkwbu PU,wawa W + Uq 75, U ,

(6.5) Qa.a = Qa.a,,

Proof. First we prove ([6.1)).

9 <8u> = gt (logdet uq,a, — logdet(—ua,a,))

t \ Ot
- ou — ou
— ZpZa - _ o, WpWqa _
b < ot ) o < ot ) -

ou
= Ea.

Next we establish (6.3). We start by computing partial derivatives

_ _ ZqZp _ __ 2,2q%p _ _ 2,2qRr,,ZsZp _ _
(logdetuzz)uﬁ = (u uzpzqa)ﬂ = u*PU, z ap — WU UL 20U 8,

Wqwy

Wqw . Waw WsW
(logdet(_uyy))@ﬁ = (u e puwpﬁqoc)wg =U TP U, waf — U U P Uy, 0, 0 Uw, s B

Using this we compute

guawoéw - _ uawwk <6u> uﬁlaw
ot ")

(6.7) = —u™" (logdet u,z — log det(—uwyw))

WOy
wiw, ¥
QW , W] Ay Wqw, _ __ ,, WqWy, WsW _ o
u U (U TP Uy, wewpwy; — W 0T U TP Uy, 15wy, U, W0,
ZqZ _ o ZqZRr,,ZsZ _ o
—UIPUL ey, WU puzpzqwkuzrzswl) .

Also we compute the partial derivatives

uggaw = — (u™™ uijkauﬁkaw)’ﬁ
(6.8) — uawwp Uwpwqb’quwj ijﬁkauwkaw o uaw w; uijk aﬁuwkaw
+ U™ Uy 0 U Uy 5, U
Thus we have
L(u®wow)
= uzl 2k (uaw Qo )721@51 _ uﬁsz (uawaw ),wkﬁl

217k ( awwp o Eq’w]‘ o Wy
(6 9) =u U uwpqulu uw]-wkzku
: T W; L Wray Qo W; - Wrw L WqOu
U Juijkzkzlu +u Juijkzku puwpqulu
wiw Qi W, WqW;j Wro
— TR (U 5 U U 50, U —

QWi o WOy QWi o Wrwp WOy
u Juijrwkwlu +u Juijrwku Uwpwew; W .
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Putting together (6.7)) and yields

0
a—ﬁ Wa

waw

QW Wy () WqWy ) WsW o o Zq2r,,2s? _ o
- u u ( WU TP U g wy, Yw,e ey, WU ”uzpzqwkumswl)

Z12k Qg W o Wqwj o W Oy QW o W W, L WqOy
+u (u PUwpwgzi U 17 U w2, U +u T U g, 2, U PU,w,z U7 )

L WWg QW L Wawy o Wi QW o Werw WOy
U (U PUw,wew U T U0y, U +u ? U ;75 wy, U PUw,w,w U ! )

_ AWk, , WOy »,2qRr,,2s” _ o Z1Rk 5, O W _ Wqwy o W Ol
= —u U Uty puzpzqwkuzrzswl +u U puwpqulu 1 Juijkzku

Z12k ,, O W o Wrwp Wy Wiy
+ wFRUTT Uy 2, U U 47, U

o, WWg aw’wp o @qw]' o
U u Uwpwgw, U Uw;wrwy, W )

finishing the proof of .

Next we establish (6.2]). First we compute using
0

p Ua.a, = (logdet uy.z, — logdet(—ua,a,))

QL0

Z

— a%p _ . _ g ZqEr
=Uu UzpzZgo, oz u

ZsZp _ _ o, Wqwp o o WqWy ) WsWp o o
u Uzpzgo Uzrzsa, u Uwpwga.a, +u u Uwpwga, Yw,wsas -
Also

_ — g,%d%p _ g Wqwp _ _
£uazaz =u Ua, o 2pzqg — U U, o, wpwg -
Thus

_ ZqZr, Zs?
(6.10) = L) Uam, = —UTTUT ULz 0 Uz, T U

ot

WqWy , WsWp o o
u Uwpwga, Yw,wsa, -

To compute the next term we first differentiate using

(6.11)
0

ot

(uazmk umkwl uwlaz )

0

- %“ . U Uwia, — Ua, Wy TR au _ U Uwpa, + Ua.my, e auwlaz
QW WpWq
= (qu'z” UzpZgo Wy — uPaFryFer UzpZgo, Wz 25y, — Umbwauwawbazmk + Umdwcumwauwamdaz Uwcmwk) Umkwluwlaz
— U, WP (WP U 2w, — WU U 5, Uz
—ute U, Wywpwg + ydteq Mot U Wawp uwcﬁbﬁq) e Uwya,

ZqZr

L WRWwy ZgR _ 7 ZsZ _ o WpWeq . WaWe, , WpWq o o
+ U, w, W (u a puzpzqwlaz —Uu u puzpzqwluzrzsaz —u Uw,wyw o, +u u uwawdwluwcwbaz) .

Next we compute the partial derivatives

L WRwy o _ o W W] _ _ L, WiwWp o wWqw; o L WRwy o )
(Uazwku uwlaz)’aﬂ = (uazwkau Uwja, — Uo,w, U Uwpwgalh Uya, T Ua,w, U Uwa, o B

— _ Wrwy _ _ Wi w 0 WqWi _ _ Wi wy _
= Ua,wopU Uy, Ua,wial puwpwqﬂu 1 Uw; o, + U, wyoW Uye, B

_ Wrw _ Wqwy _ _ o, Wgwr _ Wsw, _ Wqwy _
— Ua,w,BU PUw,Teat T Uyya, + Ua,w, U Uy, BU P Uwpwaal * Uwja,

WqW WsW
qWr _ sWy —
U, ws U Uwya,

_ L, Wpw o WqwW; _ L, Ww o
Uq,wy, W puwpwqa,ﬂu 1 Uw;a, + Ua,wy, W puwpwqau
_ g WRW _ Wqwy _
— Ua,w, W puwpwqau T Uy, B

Wi W] o o WRpwW WsW] o L, WEw
+ Yo, w, U Uwja,a — Ua,w, W " Uy, w, U Unyao T Ua,w, U Uy, aB-
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Thus we have

(6.12)
£(u0¢zwk uwkwl uwlaz )

__ ,ZbZ L, WEwW _ wyw L, WEwy _
= u~"® (uazwku leaz) —Uu @ (uazwku leaz)

yZaZh ,WaWp

— ,,7bZa o WRwy _ _ Wi w __ _ o, Wqwy _ _ Wi wy _
=u [uazwkzazbu leocz uazwkzau puwpqubu 1 leaz +uazwkzau uwlazzb

L wpw o Wqwy 7 L WWwy L Wsw o Wqwy _
— Ua,wyz, U puwpquau T Uy, + U, w, U Uy, wszZ, U puwpquau T Uy,
_ L, Ww o o, Wqwy _ L, Wpw o WqWr L Wswy _
U wy, W PUwyazaz 0 T Uwa, + Yo, w, U PUwpaza W 1 Uw, w7z, U Uy,
_ Ekw o w, wy o
— U, w, U puwpquau T Uy, 7
W W

_ _  Wrw _ _ _ o Wswy _ _ L WEwW _
TUa,wyz, U Uwjazzq — Uow, U Uw,wsz, U Uwja,z, T Uawy, U Uwzozzzazb}

_ Ebwa o o Ekwl . o Ekw o w, wy _ o Ekwl o
U [uazwkwawbu Uwya, — Yo, wrwe U puwpwqwbu T Uyya, + Ua, wWwe W U, o, wy,

_ L WRWp _ Wwqwy _ _ o WEWwr ___ , WsWp _ WqwWy,,
U, ww, U Uwpwewe W Uya, T Ui, U U, wswy, W Uwpwawa U Uw;a,
wWqW
q s

_ L, Wpw o _  Wqwy o o WpwW o o Wswy o
U, wy, W puwpwqwawbu T Uy, + Ua,w, U puwpwqwau U, wswy, U Uw;ar,

_ o WEw _ Wqwy _
— U, w, U puwpwqwau a Uy ee,wy

Wi Wr w,

g WEwW) _ _ _ _ sWy _ g WEW) _
+uazwkwbu uwlazwa uazwku uwrwswbu uwlaz'wa + U‘Oézwku uwlazwawb] :

Putting together (6.10]), (6.11) and (6.12)) yields

0
i LW, a,

Zqzr

_ ZsZp _ o WqWy , WsWp o o
= U U Uzpzgo, Uz, Zsa, +u u Uwpwga, Yw,wsas

(., Rq%r,,Zs2 _ _ WyWe ,, WpWq _ _ Wiw _
( Uty puzpzqazuzrzswk +u U uwawdazuwcwbwk) u Uwar,

_ , Wpw ZqZr, Zs? _ _ Wywe ,, WpWq, _ _ Wqwy _
+ Ua, 1w, U P (_u TTUTE P U 7w, Uz, 2w, T U U uwawdwpuwcwbwq) uw T Uy,

_ _ Wrwy () Zq%r, ZsZ _ _ WqWe,,, WpWq _ _
U, wy, W ( Uiy puzpzqwluzrzsaz +u u uwawdwluwcwbaz)

Zp2 o Wpw L Wqwy 7 o Wiw; o
+ u™e [_uazwkzau puwpqubu T Uy, + Ua,wy, 2 U Uwia,zy

o __ Wpw o Wqwy _ L WWyr L Wsw o Wqwy _
uazwkzbu puwpquau a leoez + uazwku uwrwszbu puwpquau a uwlaz
Wqwy uﬁkw

o WEW _ __ o, Wswy _ _ _ Wqwy __
+ U, w), W puwpquau Uw,wszp U Uwya, — Ua,wy, puwpquau a Uw;a,zy

_ _ o WEwW _ _ __ W Wr
+uozzwkzbu uwlazza uozzwku

WpWa [

L, Wswy _
uwrwszbu uwlazza]

_ Wrw _ o Wqwp _ _ Wrw _
—Uu —Ua,ww, U puwpwqwbu 4 U, + U, wWiwe W U, o, wy

Wi Wr w,

_ o Wgwp o wqw; o o o sWp o Wqw; o
Ua,ww, U UwpwWawe U Uwya, T Yo, w, U Uw,wswp, U Uwpwawe U Uw;a,

L WRw o WqWy o wswy . L WRwW, o Wqw; o
+uazwku puwpwqwau 4 U, wswy, W Uw;a, U, w, U puwpwqwau 1 U, o, wy,

L WEwWy _ __ W Wr __ Wswy _
+uazwkwbu uwlazwa - uazwku u’wrwswbu uwlazwa]

24
i=1
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We observe that As + A1g = Ay + A7 = Ag + Ao = Ag + Ao = 0, and hence

0
T LN\Wq. &,

ZqZr,,ZsZ, ZqZr,,ZsZ W W,

— q~r S<p _ _ q~cr S<~p _ _ kW[ _

= U U Uzpzgo, U2y Zsa, +u U Uzpzgo, Uz zwy, U Uy,

_ L, WEWyp,,Zq2r,,ZsZp _ _ o, Wqwy _ _ WRwy, ZqZr
U, w), U u U UzpzZqwp WzrZswg W Uwya, T Ua,w, U U

ZpZa [ o Wiw __ Wawy _ o Wi W] o
+u [ Ua,wyze U puwpqubu 1 Uw;ar, +uo¢zwkzau Uwia,zy

__ Wpw o wqwy 7 L WEWy
— Ua,wz, U puwpquau a Uw;a, + U, wy, W

__ ,Wswp o wqw; o
Uy, wszZ, U Uwpwgze U Uw;ar,
WqwW Wi W

qWr U k

_ ,,Wrwp _ __ ,Wswy _ _ P _ Wqwy — —
+ Ua,w, U Uwpwgze U Uw, wezp U Uw;a, U, wy, UwpwWgze U Uw;a,z

W Wr L Wswy _
uwv‘wszbu uwlazza}

Wi W w,

__ g WEwy _ _
+uazwkzbu Uwja,zq — Ua,wy, W
o WpWa [__ __ Wpw o WqW; o o

u [ U wiw, U puwpwqwau ! Uwya, + Uor,wy, U
Wi W Wr w,

_ wy _ _ _ _ __ a,WswWy _
TLuazwkwbu Uwa, we U, w), W Uy, wswy W uwlazwa] s

completing the proof of (6.2]). Next we establish (6.4). Using we compute
0

o WEQw
—Ug,m, U
ot
_ g Wy __ _ w2 Wp Oty
= | 3¢ u Uq, 75, U pr u
oz Wi W Wp
. _ ZbZ _ ., wpw _ _
(6 13) —_— (u auzazbazwk u auwawbazwk
o Ebza Edze _ o Ebwa Edwc o o Ekaw
u () UzgZgasUzezywy, T U U Uwewgo uwcwbwk) u
W W, Wpt Zp2, _ o wWHw o o
— Ua,w, W (N (U Uz zpwiw, — U Uy Wyw Ty
__n1ZbZa,,Zd%c _ _ WhHWa,,, WqWe _ _
u (8 UzoZqw Uz Zpwp +u u Uw,wWaw; u’wcwbwp) :

Next we compute partial derivatives

Wi _ WE o WEwW Wqo
(uazmku w) uwp (uazwk/—"u Y- Yo, wy, U puwpmq:u'u ! w) o
b 9
_ _ WOy _ Wi wp _ WqQy
(6.14) = U, Wy ppl Yo, wg,p Uwpiwgpt
’ WL W, Wqo Wrw Ws W
— U, TyppW * P Uyt 1Y F Uamw, U U, pl P Unpy gt

Ww WqQt wEw Wqw
— Ua,w, U k puwpﬁqupu T + U wy, W k puwpﬁquu 1 TUwTESpU
Using this we compute

L (Uazm yPrOw )

., ZbZa o @kaw) o, WpWq ( o Ekaw)
= U (U, w,u ez, U Uey, 7, U -
., ZbZa o o WOy o Wi W WOy
= U [Ug 5,207, U U, @y za U Uy 5,7, U™
L Wpw o Wq Oy L WrWwr L Wsw o Wq Oy
— Ua,w,z, U puwpquau 1 + U, wy, W Uy, wsz, U puwpquau 1

(6.15) v _ _ _ _
L Wpw L Wg L Wpw o Wqw L Wsa
—Uo,wy, U puwpquazbu T+ Ua 7w, W puwpquau 1 Tuwrwszbu ° w]

Wi Ol Wq Oy

WpWa _ _
— ™" (o, mpw,m, U

Wiw
— Ua,ww, U puwpwqﬁbu

WEWr w,

o sWp o Wq Oy
U, wswy, U Uwpwawe U

__ Wpw _ WqQyy _
— Ua,wiw, W P U, Waw, W ? + U, 7w, U

WqWr

W gy
U, wswy W ] .

o L WRw o L WeQey L WRwW, o
U, w), W puwpwqwawbu a +uazwku puwpwqwau

ZsZp _ o
u Uzpzqw UzrZsar,

. sWp _ Wqwy —
U, wswy, W Uwpwgwe W Uw; o,

WqQy

Ws Oy
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Combining (6.13) and (6.15)) yields
0
——L| W,
ot

_ ZbRa,,2dR _ o WHw
= (—u WU, 20, Uszyw, + U U

zQw
WaWe

_ . W 0w
u'wawdaz uwcwbwk ) u

4 WbWa g WaWe

L, WEW, Wp ZbZa,,2d” _ o o o
— Ua,w, U (O (—u U U, Z gy Uz 2y Ty uwawdwluwcwbwp)
Zb2 W W Wqo WEw Wqo
— U [~y 20 U U2, U — Uz, U Uy, U
L, Wpw L, Wsw o Wqo L WRpw o wWqwW . Wsk
+uo¢zwku Tuwrwszbu # puwpquau = +ua2wku puwpquau 4 Tuwrwszbu 8 w]
WpwW WEw Wqo WEw Wqo
+ U [t w0 W Uy, N — Uy, U Uy g U1
L, Wpw L, Wsw o Wqo L, WpwW o WqWw . Wsa
+uazwku TU’LUT'LUS’LUbu ° pu’l,Up’U]q'LUau e +u()éz’u)ku pUprqwau K ruwrwswbu ? w]
12
i=1
Observing that W is Hermitian, and that the operator % — L is Hermitian we obtain 1} O

Lemma 6.2. With the setup above,
Q <0.
Proof. Using Lemma [6.1] we compute

Q(O{,a) = Qazaz + Qazaw + Qawaz + Qawaw

Zqzr

_ ZsZ _ o ZqZr,,2sZ _ S WRpwy o
= u u puzpzqazuzrzsaz +ury puzpzqazuszswku Uw;a,

o _ o, WEWyp, Zq2r,,ZsZp _ _ o, Wqwy o _ L WEwy, Zq2r,, ZsZp _ o
U, w, U u u UzpZqwp UzpZswg W Uwar, + U, w), W u u Uzpzqw Uz Zsa0,

ZbZa o WiWw L Wqwy 7 o W W o
+u [_uazwkzau puwpqubu T Uy, + Ua,wy, 2 U Uw;a,zy

Wi Wr

o __ Wpw o Wqw o o L, Wsw o WqwWy o
Ua w7z, W puwpquau a Uw;a, +uazwku Uy, wszp U puwpquau a Uwya,

WqwWy L Wswy _ _ L, WrWp o w,
Uw,wszp U Uw,ar, U, w, W Uwpwgze W

L WRwW o wy _ _
+ U, w, W puwpquau a Uw;a,zp

___ WEwy _ _ o WEWr __ o Wswy _
o, w7z, U Uwiaza — Yo, w, U U, wszp U uwzoczza]
WpWaq L Wpw o Wqw; o L WEWr L Wsw o WqwW; _
—u [_Uazwkwbu puwpwqwau 1 Uw;a, + U, w, U U, wswy, U puwpwqwau a Uw;a,

__ __ g Wrwy _ _ —
+uazwkwbu U, we U, w,, W

Wi Wy __ ,,Wswy _
uwrwswbu uwlazwa]

QWi ) , WO, ZqRr R % _ o 212k 5,0 W o, Wqwj o Wi Oy
—Uu U u"rry Puzpzqwkuzrzswl +u U puwpqulu q Juijkzku

2Rk, O Wi o WhW. L WqOy WIWg , , Oy W L, Wqwj o Wy Olyy
+u u T Uy 2, U PU,w,z U7 —u U P U, w,m U ! T Uy 0w, U

ZbRa,,2dRc Ekwluﬁpaw ZbZa,,2dRc

Wi Oy
—u U uzafdoczuchbwku + Uazwku U U uzaEdwl chEbﬁp
ZpZ o WrWw o We W o W
—ur [_uazwkzau PUw,m,z U 7Y — Yoz, ¥ 7 P Uwpgze W 07
_ o, WiwWr WqWyr
FUa,w, U q

L, Wsw o Wq O L, Wpw o Ws Olay
U, wszp W puwpquau B + U, wy, W puwpquau ]

Uy, wszp U
WrWr w. uﬁq Qo ]

WpWq L Wpw o Wq Oty o o sW o
+u [_uazwkwbu puwpwqwau a + U, wy, W Uw,wswp, U puwpwqwa

Ay Wp , , WqWi _ ,,2bRa,,ZdRc _ _ 0y Wg,,ZbZa,,2d%c _ o
+u Py Uy, U U uzazdwpuzczbwq U U U Uz, zZgwi, Uz Zpa,

WqwWr

ZbZa Ol Wy w o WsWg _
—Uu [’LL Uw,wszp, W Uy,

o sWp o WqWp o Qi Wp o
Uy, wszp, U Uwpwgze U Uwya, +u Uwpwgze U
_ ., QwWp o WqWp _ . _ ,Qupwp o Wqwg _
U UwpwWgze U Uwyo,z, — U Uwpwyz, W Ui 2

WpWq QW _  Wsw o WqWi 0w L WqWg o
+u [U U, w sy, U puwpwqw,lu T ¥ U, — U puwpwqwbu K uwkazwa]

36
=: ZAi'
i=1
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We observe:
Aoy + Agg + Agg + Ago =R [ u™% 1w (2,5, 0" ) (Uz 200, 0" o m, — Vo, za74) |
< —(A1+ Ay + A3+ Ay + Aiq).
using Cauchy-Schwarz. Next
Agsz + Agg + Az + Azz =R [ uFbFaq rp (uwp@nguﬁqa”) (anzzaﬁk — uzawpmkuﬁquuazm)]
< — (A5 + Ag+ Ag+ Ajp + Ags) .
Next
Aoy + Ags + Azt + Azg =R [ 020U " (U 5,2, u”1") (Vo wiz, — Uasw, W Uz, wy )]
< — (A7 +Ag+ A+ A+ Av).
Next
Agr + Agg + Ags + Aszg =R [ u™" u™ P (w0, ") (Vo u" " U, w5, — Uoswyw, ) |

< —(Aiz+ A+ Ais + Agg + A) .
Lemma 6.3. Let u; be a solution to such that uy € € for all t. Then

0 ou
(2 5y

0
R W <0.
<8t E) =0

Proof. Let us be as in the statement. Define v; : C" — R, by

Also,

ve(z1,. .., 2n) = ug(Rez1,...,Re z).

Elementary calculations show that v; € £ and that v, is a solution to (1.4]). Moreover the matrix W
associated to v; via (3.2) agrees with the matrix V2w as in (2.6). The result follows from Lemmas
and O
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