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Abstract
We give a sufficient condition on initial and target measures supported
on the sphere S™ to ensure the solution to the optimal transport problem

2
with the cost ‘Z_le is a diffeomorphism.

1 Introduction

In this paper, we will show the following theorem.

Theorem 1.1. Suppose that we have two probability measures p == efdVol and
v:=e9dVol on S” CR"™, with f and g smooth functions. If
n—1

2T

IDfIl + [ Dgll < (1.1)
then the optimal pairing of 1 and v under the optimal transport problem with
cost given by the Fuclidean distance squared is a diffeomorphism.

For the case when the cost is given by the geodesic distance squared on
S™, regularity was shown by Loeper in [4]. The cost given by the Euclidean
distance squared was first investigated by Gangbo and McCann in [2], where
the authors show examples of measures given by smooth densities where the
optimal pairing is not given by a map. Thus there is a need for some condition
on the two measures.

In [section 2] we give the setup of the problem. Since our cost does not satisfy
the twist condition, we take one of the branches of the cost exponential function,
then use that to define the elliptic equation . In we calculate the
Ma-Trudinger-Wang tensor in a specific coordinate system. In we

prove a gradient estimate for solutions of (2.3)), while in we show that
the contact set for such solutions can only consist of one point, both under
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appropriate conditions on f and g. Finally, in we use the continuity
method to prove our main theorem.
We provide here a reference table for the notation used in this paper.

Notation Definition Location

|- Euclidean norm on R™*1

{-,) Euclidean inner product on R™*1

a(e,-) Canonical metric on S™

||sn Length of vectors and covectors on S”

1Dyl Sup,cor [ Du(w)]e

Clij’,kl(x’y) ete. gz ijﬁ—ylc(m,y) etc.

c inverse matrix of ¢; ;

e ig@.8) + o352, T (@) 1
Y+ (z,p) Inverse of a branch of the map y — D, c(z,y) =p  (2.6)
TH(z), T,f(x) YT (x, Du(z)) befor
Y~ (x,p) Inverse of a branch of the map y — D c(x,y) =p  (5.2)
T, (2) Y~ (2, Du(x)) 1)

2 Set up of problem

2.1 Monge and Kantorovich problems

For probability measure spaces (X, u) and (Y, v), let II(, ) be the set of prob-
ability measures v on X x ) such that

Y(E xY) = u(E)
V(X x E) = v(E)

forall EC X and E C Y measurable. The cost is a measurable function
c: X xY— R,
Definition 2.1. A probability measure vy € II(u,v) is a Kantorovich solution

to the optimal transportation problem between p and v with cost ¢ if

YE(p,v)

/ c(x,y)dyo(x,y) = inf / c(x,y)dy(x,y).
AxY XY

Definition 2.2. A measurable map T : X — Y is a Monge solution to the
optimal transportation problem between p and v with cost c if

/ o(e, T(2))dp(z) = inf / oz, S(x))du(x).
X X

Sy u=v



Definition 2.3. A real valued function u defined on X is c-convex if for each
xg € X, there exists a A\g € R and yg € )Y such that

u(zo) = —c(zo,y0) + Ao
u(z) > —c(z,y0) + Ao, Yz € X.

If the second inequality is strict for x # xg, we say the function is strictly c-
convex. We call such a function —c(-,yo) + Ao a c-support function to u at
xo-

Definition 2.4. For a c-convex function u, we define its c-transform u® by

u(y) := sup (—c(z,y) — u(x)).
reX

Remark 2.5. If u is c-convex, then at any fized xo where u and c are differen-
tiable, we can see that for some yy € Y,

u;(o) = —ci(o,Yo0)
wij(zo) > —cij(xo, yo) (2.1)

where the second inequality is in the sense of matrices.

2.1.1 Twisted case

Now suppose that for each ¢ the map D,c(xo,-) : Y — T, X is defined and
injective. In this case we can implicitly define T'(z) from a c-convex function u
as

() = cilar, T(@)).

Differentiating this and taking the determinant, one obtains

det (uij(x) + cij(z, T'(x))) = |det ¢; j(z, T'(x))| det (gij (m))

and from this we can write down the elliptic optimal transport equation:

det, (us; () + x5, T(x))) = |det ci,m,mmm, (2.2)

here p(z) and v(y) are densities with respect to da!---dx™ and dy' - - - dy™ for
chosen coordinate systems (assuming the measures are absolutely continuous
with respect to a coordinate volume form). This equation is (degenerate) elliptic
for a c-convex solution v (see Remark 7 and is invariant under a change of
coordinates. It is a standard result that c-convex solutions of the above equation
determine uniquely the solution to the optimal transportation problem.



2.2 S"™ with Euclidean cost

For the remainder of the paper, we specialize to the case

2
c(x,y) = %

where || is the Euclidean distance on R+

In the twisted case, it is clear that each c-convex function determines a
single-valued map T'(x). This is no longer the case for this cost function on the
sphere. The main issue that we run into is the fact that for a fixed o € S™, the
map Dyc(zo,-) : S* — T, S"™ is not injective. In fact, if p € 77 S", |pls» < 1,
there are exactly two points y = y; and y = y2 such that D,c(zg,y) = —p.
With this in mind, we make the following definition.

Definition 2.6. We define the map Yt (x,p) implicitly by

Drc(:C,YJr(I,p)) =—-p
(2, YT (x,p)) >0

for p € T;S", |plsn < 1.

Now for u c-convex with ||Dul| < 1, we use Y in place of the implicit
definition of T'(x) in (2.2) to define an elliptic equation

_ p(x)
det w;;(x) = |det ci,j(x,T+(x))|W, (2.3)
where
wij(x) = wij(x) + cij(z, T (x)) (2.4)
and

Tt (x) := Y (2, Du(x))

which is well-defined as long as ||Du|| < 1. Eventually, we will show that
under appropriate conditions on the densities, solutions of this equation indeed
determine single-valued solutions to the optimal transport problem.

Remark 2.7. If u is c-convex and differentiable at xo with |Du(zg)|s» < 1, and
(20, Y0) is a pair of points satisfying , it is easy to see that either (xg,yo) > 0
or there exists another point yy1 also satisfying with (xo,y1) > 0. In the
latter case c;j(xo,y1) > cij(xo,y0). Hence, we see that:

the pair (wo, T (20)) satisfies ([2.1]),

w;j(zo) is positive semidefinite.



3 Calculation of MTW tensor

In this section, we utilize a coordinate system specialized to this problem on
the sphere to calculate various quantities involving ¢, most notably the MTW
tensor of [5].

We will define a coordinate system centered around a point zg € S™ as
follows. First, rotate zy so it is given by e, 1, then take coordinates for the
upper hemisphere by representing it as the graph (x, 3 (z)) over B;(0) C R™,

where
B(x) :=+/1-|z|%

Note that we leave ourselves the freedom to further rotate S™ as long as the
en+1 direction remains unchanged.

Definition 3.1. [3, Section 2] Given V, W € T,S™ and n, ¢ € T,;S", define
(MTW)3j (2, 9)V WG = —(ijpq = Cijrc™ Cspg) P e (@) VWi,

We will say that a cost ¢ has the property (A3s)) at (x,y) € S™ xS™ with constant
50 >0 Zf . o
(MTW); (z, )V Ve > 5oV |3n |3 (A3s)

The following is widely known, but we carry out the calculations in our
coordinate system here for later reference.

Proposition 3.2. The cost |x_2y‘2 satisfies (A3s) with a uniform constant 6y =
1 for all (x,y) € S™ x S™ such that (x,y) > 0.

Proof. We will utilize the coordinate system indicated above, and calculate var-
ious derivatives of c. First,

ofo,y) = L2 D) ~ AN
_ =yl +(B(z) - B(y)?
2
_ 2P+l -2z y) + (1 2P+ 1 |y — 26 (2) B(y))
2

=1—(z,y) — B(z)B(y).

Thus we calculate, at generic x and y,

ci = —yi — Bi (z) B (y)

—Bij () B (y)

cijr = —Bij () Br (y)

cik = —0ir — Bi () Br (y)

= —Bi (2) B (v)

Cijrt = —Bij (x) Bra (y) (3.1)



and

51" T;T
Thus we find at z = 0,
Ci = —Yi
cij = 0558 (y)
_ Yk
k= g
Cik = —0ik
i =0
Okt YUl
ikl = —0ii . 3.2
Gk 7 (6(@/) " B(y)3> (32

Now we can calculate for V € T,S™, n € T5S™,

Kl o
(MTW); V VI = —(Cijpg — CijrC"* Co pg) P F VIV Iy

_ 57;j < (5}711 + YpYq ) (_5pk)(_5ql)vivj,’7km

By By’
v Yy
= Ort + M
B (y) By)*
> |V [*[n|?
= [V Inl3.
since
Zylmkyml = (y.m)?* >0,
Kl
Bly) <1
for any y and 7. The last equality is seen from calculation of the metric in our
coordinates, shown below. O

We also make a few calculations for later use. In the above coordinates,
gij = 6ij + Bi () B; (v)
(9ij)k = Bir (z) Bj (z) + Bi (%) B ()
(9ij )k = Biwt (x) Bj () + Bir (x) Bj1 (x) + Bir () Bjw (x) + Bi () Bjm (x)



and at x = 0 we have

Gij = 0ij
(Gij)e =0
(Gij) it = 0indj1 + 0idk.

Hence at z =0,

G = 6y
(7 =0
(G = —8inj1 — k. (3.3)

Remark 3.3. Suppose we have a C', c-convex function u. Then, when written
i a coordinate system chosen as above centered at xq, using the implicit relation
in Definition [2.6 we notice that

(T*(20))" = wi(xo).

4 Gradient estimate

In this section, we will prove an a priori gradient estimate for a solution u of our
elliptic equation (2.3)). A gradient bound of the form ||Du|| < 1 — ¢ will ensure
that Propositionis applicable at (z,T7(x)), hence we can use the MTW
theory to to obtain a priori second derivative estimates for u. The method we
use is similar to that of Delanoé and Loeper in [I], where the cost is the geodesic
distance squared. In we will take

p(x) = e )y /det g ()
v(y) = e, [det gi; (y)-

Theorem 4.1. Let n > 2. Suppose u is a C? solution to equation (2.3)) such
that

| Dul| < 1.

Then,

min e9d

max ef =
Dul < (25) (B2) ™ (0l -+ D).

Proof. Define ,
¢($) — |Du(2x)|S"

where w is a solution to the equation (2.3). Now we let 2y be the point where ¢
achieves its maximum on S, and take the coordinate system defined in [section 3|



centered at this point. We take dz! in the direction of Du, and rotate the
remaining n — 1 directions so that u;; for 1 < 7,5 < n is diagonal at zg =. Note
that at x =0,

0=9¢;
_ (épq)iupuq + 2§pqupuqi
2
= U1U14

and

bis = (9P1)ijupug + 2(gP9)iupugs + 2(gP7) jupuqi + 297 uptigij + 2" up;ug
iy —
2

2(!311)1‘]’
T Tt ) Upitlpg
p
2
—u15i15j1 + uiu15 + E Upi Upij -
p

Here we have used (3.3]). Now if u;(0) = 0, that implies that ||[Du| = 0 and u
is constant. Thus we may assume u;(0) # 0 and hence

’U,li(O) =0

for all 1 <7 < n. In particular, the whole matrix u;; is diagonal at 0.
Consider the operator N
Lv = w"v;; (4.1)
which is the second order part of the linearization of the natural logarithm
of (2.3)). Taking v = ¢ and = = 0, and applying the maximum principle we find
that

0> Le(0)
= w' ¢y
= w9 (—uibi 851 + ururij + Y upitiy;)
P

211 ij ij
= —ujw  +uwuy; +w g UpiUpj
p

u

2
3 (5u) + Z W (U Uy e + U2,). (4.2)

Here we have used (3.2)) and the fact that u;; is diagonal at 0.
By differentiating the implicit relation

ui(x) + ci(z, TT(z)) =0



we find that
uij + ciy = —ci (T
Thus from (3.2)) and Remark

(T*)5(0) = iz (0) + 6;58 (T*(0))

In particular, (T)%(0) is diagonal. Note additionally, from this we find that

1
u3;(0) + 0453 (Du(0))

w(0) = (4.3)

Also, from (3.1) we calculate

¢ij1(0,y) = —Bij1 (0) B (y) = 0.

By the calculations at the end of we have

f(=)
el @) [det §i;(x) = %
B e9(T™ ()
BT ()

We now differentiate equation (2.3)) (after taking logarithms again) in the x;
direction to obtain, at x = 0,

9T @), [det i (T ()

0= w" (uijy + ciji + cijr(THT) = 7 (e g + cijn(THY)
— Dy, (f =10g 3) + Dy, (go TT —log 3 (TT))
= Z[waa (uaal + Caa71(T+>%) + CaLa]

B (T (TH)F

B
_fl + 71+(gkOT+)(T+)]1€ B(T+)

g
= Z[waa (uocal + Caa,l(T_‘—)%) + COtLOt]

_ B (T (T7)]

B
_f1+71+(gloT+)(T+)% ,B(T+)

5

= ;[’wo‘a(uaal - Ul)] — ﬁ(D’U,)
— fi + g1(Du)B (Du) + g(ﬁu)'



Substituting into (4.2]), we obtain

2
02-3 (%u) + ) WU, +u (Z wurtfi - a(Du)f (Du)>
2
= by T2V e Dt wfy —wiga(Du) (D)
2
> u? Zwao‘ +u1 fi —u1g1(Du)B (Du) — 3 (lgu)

=u? Z w* +uy fi — urg1(Du)B (Du) .

a>1

Here we have used that w®®(0) > 0 and w'!(0) = m by (4.3). Thus we
find that

DS+ 11Dgll) = [f1] + 191 (Du)B (Du)|

1
ined \ T
>(n_1)u1<mme>

max e/

1
mined \ "1
— (1) ( ) |Dull.

max ef

Hence )

max ef \ "1
Dal < (25) (B2) ™ (0l -+ 1Dl

min ed

5 Nonsplitting
First we define the c-subdifferential of a c-convex function u at a point = by

Definition 5.1.
Ocu(z) :={y € S"| —¢(-,y) + A is a c-support function to u at x for some X € R}.
We also define
T, () ==Y (x, Du(z)) (5.1)

10



where Y~ is characterized by

ch(;p,yf(gj’p)) =—-p
(, Y™ (z,p)) <0 (5.2)

for p € TS™, |p|s» < 1 (compare Definition . We add the subscript u to
emphasize the dependency on the potential function wu.

Now we show a pointwise estimate on |Du(x)|s» if O.u(x) is more than one
point for any x.

Lemma 5.2. Suppose u is a C2%, c-convex solution u to ([2.3), and for some

Xo € Sn,
deu(zo) = {T,/ (x0), T, (z0)} -
Then,
ef(wo) n 9 nT—l
m Z 2 (]. — |DU($0) Sn)
Proof. We may assume xg = e,41 by rotation. Now, we use a coordinate

system on the lower hemisphere, where the point (y, —3 (y)) € S™ is represented
by y € B1(0) C R™, and the coordinate directions are rotated so the matrix
(u;;) is diagonal at xo = 0. Using this we calculate, letting y* = T:F(0)

i (0,y7) = —6;;8 (y~) = —6:;8 (Du(0)),

and since y~ € 0.u(0) the matrix u;;(0) + ¢;;(0,y7) is positive semidefinite.
Since u;;(0) is diagonal in these coordinates, we have

Uaa(0) + Can(0,y7) >0

or
Uaa(0) > B (Du(0))
for all 1 < o < n. However, since u satisfies (2.3]) we find at 0

’ 1), /det §;;(0
eismﬁ(Du(O)) = |det(c; ; (0, T:F (0))| —— V/det gi;(0)
eg(Tu (0)) eQ(Tj(O)) det .&” (TJ (O))

= H(uaa(O) +¢;5(0,y%))

> T 26 (Du(0))
=275 (Du(0))"

giving the desired estimate. O

11



6 Proof of Main Theorem

We will now use the continuity method to show the existence of a Monge solution
to our problem, proving our main theorem.

We will actually show a sharper theorem from which our main theorem will
follow.

Theorem 6.1. Suppose that

(DIl + 1 Dgl)? < (n— 1) ((mme">’” B 2;37;>

max ef

and

min e/ = _on
(IDf] + IDglh? < (n—1)? (( ‘ ) - 2n—1> _

max ed
Then, there exists a C?, c-convex solution u to the equation , and moreover
Ocu(x) = {T,f (x)}
for every x € S™.

Proof. Assume n > 2, as the case n = 1 is vacuous.
We will apply the continuity method to the equations

eft®) /det gi; (x)
ot (T @)\ [det g (T ()
(6.1)

det (uij(x) + cij(z, T, (x))) = |det ¢; (@, T, ()]

and
eJt (v) det gij (y)

eft (T W), /det Gij (T;r ()
(6.2)

det (vij(y) + cij (T, (y),)) = Idet ci; (T, (y). v)

where, for ¢ € [0, 1]:

Let
I:={te€]0,1] | (6.1) has a smooth solution w such that ||Du| < 1}.

Using that mine9 < max e/, by a routine calculation we find for any ¢ € [0, 1],

(DA + [Dgell)? < (n— 1 ((mme“” ) - 2) (6.3)

max el

12



and a similar inequality holds with f; and g; reversed.
Then for ¢ € I, and u a solution to (6.1)), by Theorem we have

9 1 2 /max el = 2
1Dul? < (= (ID£ill + 1 Dgll)

min e9t

2 n% 1 t n%
< 1 me.Lxef‘ ! (n— 1)2 min e9 1 _2;3{
n—1 min e9t max eft

2
_on max eft n—1
= ]_ [— 2'”71
min e9t

—2n
<1-—-2n-1.

Thus, from Proposition and by the MTW maximum principle calculation in
[5, Section 4], an a priori second derivative estimate for u follows. Higher order
estimates follow by the Evans-Krylov Theorem and standard elliptic theory,
thus I is closed.

To show openness, we set up the implicit function theorem as in [3, Theorem
17.6], by taking

G: {u € 02’“(5") : /udVg = 0} x [0,1] — {v € C’O’a(sn) : /UdV_z) = 0}
to be defined as

t(qu) d . . T‘ﬁL
det (ui; + ci; (-, T:F)) € et gi; (1)
G(u,t) = eft\/det §;; YN -1
( ) Jig det(—ci)j(~,TJ)) eft\/detéij

At a solution u(z) at some time ¢g, we have that G(u, tp) = 0. Now the linearized
operator on the first factor (whose principal part is a multiple of the operator L
in ), is an elliptic operator with no zeroth order terms. Since the linearized
operator has index zero, the maximum principle guarantees it is a bijection, and
openness follows. Since efo = e% = 1, we may take v = 0 at t = 0 and apply
the continuity method to infer the existence of smooth solutions u to for
all ¢ € [0,1]. Similarly, we obtain smooth solutions v to (6.2) for all ¢ € [0, 1].

We now prove the c-convexity of wug, solutions to t is clear that the
set I' := {t € [0,1] | uy is strictly c-convex} is relatively open and contains 0.
Now take any t € I'. By Remark Theorem Lemma and we
find that d.u(x) = {T,} (x)} for all z € S", that is, Ocuy is a single valued map.
The strict c-convexity of u; implies that d.uy, hence le; is injective. By ,
the Jacobian determinant of T, is nonzero, so by an open-closed argument we
see that T;: is surjective, and hence a bijection, in fact, a diffeomorphism. Thus
we see that for any y,

ur (1) 7)) + e((T) 7 (), y) = —(ue)“(y)

13



where (u;)¢ is the c-transform from Definition clearly differentiable by the
above relation. Differentiating this relation twice and taking determinants of
both sides, we see that (u;)¢ satisfies equation . Thus, after normalizing v
by adding an appropriate constant, we find that v; = (ug)®.

If I' # [0,1], let o := inf ([0,1]\ I’) > 0. Then uy, is c-convex but not
strictly c-convex. By the uniform convergence of u; and v; as t — tg, we can
see that vy, = uf . As above, d.uf (y) = Ocvs, (y) = {Tv"t‘0 (y)} for all y, which
implies in turn that wg, is strictly c-convex, a contradiction. Thus, I’ = [0, 1]
and w, is strictly c-convex for all ¢ € [0,1].

In particular, when ¢t = 1, u := u; satisfies , is c-convex, and J.u(x) =
{T,F(z)} for all x € S™. Thus we may apply [6, Theorem 5.10(ii) (replace u
with —u)] to conclude that the measure (I'd x T./)4p is a Kantorovich solution
to the optimal transportation problem between i and v. However, since T, is
a diffeomorphism, we see that it is actually a Monge solution. It is unique due
to the uniqueness of the Kantorovich solution proven in [2, Theorem 2.6]. [

We can now prove our main theorem, Theorem [I.1} Since p and v are prob-
ability measures, f and g each equal 0 at least once. Then, by assumption (|1.1)
on (||Df]l + ||Dygl|) we obtain that for some 0 < A <1,

ming > —A\ (n;l)
max f < (1 —A) <n1>

min e S eiA(nTil)i(li)\)(Lil) it
maxef ~

Hence,

2
mined \ »-1t —2n a1\ T —on
(n— 1) ((maxef) 2n—1> > (n—1)?2 ((e ; ) Qn_l)

> (DI + [[Dgll)*

The second to last inequality can be verified by direct calculation. A calculation
symmetric in f and g shows that we may now apply Theorem proving
Theorem [[11
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