GRIM RAINDROP: A TRANSLATING SOLUTION TO CURVE
DIFFUSION FLOW

W. JACOB OGDEN AND MICAH WARREN

AssTrRACT. We show the existence of a properly immersed translating solution to
curve diffusion flow in the plane. Curve diffusion flow is a higher order version
of curve shortening flow, namely

dx\*
(E) = —KUN.

1. INTRODUCTION

In this note we present a properly immersed translating solution to the curve
diffusion flow.
In [EGBM*15] it was shown that:

e (Corollary 4) The only open, properly immersed stationary solutions to the
flow are lines;

e There are many translators that are not properly immersed (Euler spirals);
and

e (Proposition 11) If an open translator has curvature vanishing at +co and
—oo and the angle the translating vector makes with the tangent is the same
at both +co and —oo, then the translator is a stationary line.

e (Proposition 12) If X : R — R? is an open properly immersed translator
satisfying

1 1 R
lim —Zf K ds + —f KE,T) ds =0,
p=e0 p= Jx-1(B,) P IX~1(By)

where E is the translating velocity and 7' is the oriented unit tangent vector,
then X(R) is a straight line.

The authors asked whether the growth condition or properness are necessary in
Proposition 12. Our main result partially answers this question by showing that
properness by itself does not imply the translator is a line.

In [Pol96] it was shown that singularities occur for the flow. In particular, an
immersed figure 8 curve must develop singularities under the flow. It is a natural
question to consider self-similar solutions, and these may help model the formation
of singularities.
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Here we use a shooting method together with symmetry to show that a bounded
yet nontrivial solution to a certain 3rd order nonlinear ODE (2.2) exists. The solu-
tion of the ODE will describe the angle of the tangent vector of the profile curve
for the translating solution of the flow.

2. CURVE DIFFUSION FLOW

For a one dimensional manifold M a map
X(w,0): MX1—R?

which satisfies

2.1

170.¢
dt

1
) = —KgsN
is a solution to the curve diffusion flow. Here « is the curvature, which can be
defined as the derivative of the angle 6 that the unit tangent vector makes with
the x-axis. The unit normal vector N is the complex rotation of the oriented unit
tangent vector of the curve.

This flow has a long history of interest in a wide variety of fields in both pure
and applied mathematics; see [EGBM™15] and references within. As a flow of
hypersurfaces, this is generalized to the surface diffusion flow in higher dimen-
sions [EMS98], while this flow also generalizes to the gradient flow for volume of
Lagrangian submanifolds within a given Hamiltonian isotopy class [CW24].

For compact M it is easy to check using the first variational formula that this is
the gradient flow for arc length on the space of curves with the same enclosed area,
where the tangent space consists of variations of the form

dX

7 JVf
for f a function on the curve y, where J is the standard complex rotation and the
tangent space is equipped with the L? metric

A% = f fids.
Y

2.1. Translating solutions. Suppose that the unprojected flow satisfies
dX

“Z_F
dt

for some fixed unit vector £. From (2.1) we have
E-N= —Kgs.

Now, without loss of generality, let

E =(0,1) = J(1,0)
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so that
E-N=J1,0)-JT
=(1,0)-T
= cosf
and the equation becomes
CoS 0 = —Kgy
or
Ccos 0 = —BOgyy

which we write as a third order nonlinear ODE

2.2) 0,55 = —COS 0.
An arc-length parameterized path
y:R - R?

whose angle 6 satisfies (2.2) will be a the profile of a translating solution to the
curve diffusion flow. If, in addition

T
60— —ass —> o
2
n
60— ——as s > —oo.
2
then the solution will be properly immersed and have nonconstant curvature.

2.2. Strategy of construction. Our strategy is
(1) Show the existence for s > 0 of a solution #(s) with odd initial conditions
to a modified ODE (3.1), and show that this stays bounded as s — oo

(2) Show that any solution to (3.1) which stays bounded must converge to /2
as s — oo.

(3) Argue that the solution in Step 1 is a solution to the original ODE (2.2) and
can be reflected across s = 0 to get an entire solution which also converges
to —m/2 as s — —oo.

(4) Now with 6 determined as a function of arclength we may construct the
path forwards and backwards. The tangent directions will approach +m/2
so the solution must be properly immersed.

3. Proor

3.1. Step 1. We start by modifying the ODE (2.2) slightly so that the right-hand
side is monotone: Consider the ODE
(3.1) u'"” = f(u)
with
—cosu if0<u<nm
S =4-1 ifu<0
+1 ifu>mn.
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—— Grim Raindrop

Ficure 1. It’s grim because it travels upwards

It is more straightforward to apply shooting methods to monotone ODE. If we have
a solution whose values lie within the range (0, 7r) this will also be a solution of the
original ODE (2.2). Our goal is then to shoot to find a solution to the modified
ODE, and then argue that this solution satisfies the original ODE.

The following claim sets up a shooting method.

Lemma 3.1. Let u, be the solution to the ODE (3.1)

u” = fu)
with initial conditions
(3.2) u(0)=0
W) =a
u”’(0)=0.
These have the following order preservation property: If
a<b
then
uq(s) < up(s) for all s > 0.
Proof. Let
v(s) = up(s) — ua(s)
Then
v(0)=0
V(0)=b-a
v’(0)=0

V" (0) = 0.
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Sov > 0, and v/ > O for small values of s. Let sy be the first value such that
V' (s9) = 0. Then

0> f ) s dr = f ? f " (flu) — flu)) dordr
0 0 0

but this is a contradiction, because on the whole interval we had f(up) — f(u,) > 0.
There is no such sg; we may conclude v > 0 and hence up(s) > u,(s) for all postive
s. O

Lemma 3.2. Any solution of the IVP (3.1) with these initial conditions (3.2) that
reaches 0 or 7 for some s > O must escape to positive or negative infinite, never
returning to [0, rr].

This follows from Proposition 3.7 which will be proved directly in Section 3.3.

Lemma 3.3. There exists a value a such that the solution to

u” = f(u
with
u(0) = 0,
' (0) = a,
' (0)=0

is bounded for all s > 0.

Proof. Fix any m € N. It’s easy to check that there are values of a such that u,(m) >
10 and u,(m) < —10. By the order preservation property Lemma 3.1 and continuous
dependence on initial condition, there is a set I,, = [a,, b,;] such that

U, (m) = 0,
up, (m) = m.
By the order preservation property,
In={a€eR"|0<u,(m)<n}.
We claim that
Ly C Iy
This follows immediately from the Lemma 3.2: If u,(m + 1) € [0, ] then it cannot

have left the region prior to that, so u,(m) € (0, 7).
Now we conclude that
I M = ﬂ Im

m<M

A:ﬂ%

meN
which is the intersection of compact sets. Now the intersection of compact sets is
either nonempty, or must be empty at a finite stage. By the shooting, each [a,,, by,]
is nonempty. It follows that there must be at least one point a., € A. The solution
shooting from a., stays bounded for all time. O

and we can take
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3.2. Step 2. For cleaner presentation, let v = u — n1/2, and consider instead the
following ODE:

(3.3) V7= f()
with
sinv if —n/2<u<n/2
fw) =1:-1 ifu<-n/2
+1 ifu>mn/2.
Lemma 3.4. Suppose that v is a solution to (3.3). Suppose that at spmax the solution

v has a positive local maximum and at sy, the next critical point, the solution v
has a negative local minimum. Then v(Smax) > [V(Smin)| -

Proof. We know V' (smax) = 0 and v’ (smax) < 0; if v/ (smax) = 0 the equation would
send v'* and hence v back upwards. There must be a point sg € (Smax, Smin) Where
v"’'(s9) = 0. Note v(sg) > 0, as v’ can not be decreasing here. Clearly at sy, we
have v/ (Smin) = 0 as this is a local minimum.

Thus

Smin
0< V,/(smin) - V//(Smax) = f V’”(S)ds
Smax

Smin V(Smin) ds
= f sinv(s)ds = f sinv—dv
Smax V(Smax) dv
V(Smax) ds
= f sin v (— —) dv
V(*“min) dV

using a change of variables s — v(s).

Now let
ds 1
p= (_5) EZO)
Compute
4y (L) ds
dvp “ds\v(s)] dv
1 1

R v S

and strictly negative on an open set. Thus as function of v, p is decreasing and we
have for any 0 < w < min{vyqy, [Viminl}

(3.4 p(w) < p(=w).
Now for purposes of contradiction assume that

V(Smax) < [V(Smin)| -
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Then
V(Smax)
= f sinvo(v)dv =
vV

(Smin)

—V(Smax) V(Smax)
= f sinvp(v)dv + f sin vo(v)dv
4

(Smin) —V(Smax)

with the first term non-positive, so we have so

V(Smax)
0< f sin vo(v)dv

V(Smax)

V(Smax) 0
= f sinvp(v) + f sinvp (v) dv
0 v

(Smax)

V(Smax) V(Smax)
= f sinvp(v) + f sin (—v) p (—v)d(—v)
0 0

V(Smax)
= f sinv[p(v) —p(=v)]dv <0
0

with the last inequality following from (3.4). This contradicts v(smax) < [V(Smin)l
and proves the Lemma. O

Noting that an order-reversed proof holds for maximums subsequent to mini-
mums. It follows that if a solution bounces between positive local maximums and
negative local minimums, the distance between these must strictly be decreasing.
We would like to show it decreases all the way to zero.

Lemma 3.5. Suppose v is a solution of (3.3) and K > 0. Then there is &(K) >
36(K) > 0 such that if v achieves a local max value in [ K -6, K+06)] and a subsequent
local minimum if attained, the minimum is at least —K + &(K).

Proof. Solving the initial value problem for
v(sg) =k>0
V(s0) =0
Vv/(s)) =b<0
we can ask whether the solution will have a negative minimum. Let
K 3K
R=1(kb)|ke|=,—
{( ) | [ )
We claim this is compact. Certainly it is bounded: if we choose b large the solution
will escape to infinite one way or the other. So we need to show it is closed. Let
(k, b) be a value such that v does not attain a future local mininum, in which case v"’/
escapes to —oo. For some s value, then [v(sjg0)] = 100. As this v (s199) depends
continuously on initial conditions, there will be an open set of nearby (k, b) values

with [v(s100)| > 99 for all of these (k, b) . Thus R€ is open, and hence R is compact.
Because for each (k, b) € R there is a positive value (k, b) such that

V(Smin) = =V (s0) + £(k, b)

] ,b < 0 and a negative local min occurs for some s > so} .
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we can find a positive minimum & over R. Now choose § < min {’7( %} . O

Proposition 3.6. Suppose a solution v to (3.3) is bounded for s > 0. Then v(s) —
0.

Proof. Let v be abounded solution. Either there are infinitely many critical points,
or finitely many. If there are finitely many (or none), the solution must either
increase or decrease over an infinite interval, so converges to a value. This value
can’t be anything other than 0; otherwise the third derivatives will be uniformly
positive or uniformly negative.

So assume that v has infinitely many critical points. Local maxima must be
non-negative and local mins must be non-positive; if not, the equation will force
the solution to escape to +oo. By Lemma 3.4 these must have strictly decreasing
value. We claim the only value they can converge to is 0. If an infinite sequence
of local maxima has ky > 0 as a limit point, apply Lemma 3.5, and obtain a d(kg).
Once a maximum falls below kg + (ko) the subsequent minimum is larger than
—ko + 28(ko) so the subseqeunt maxima are all less than ky — 28; thus kg cannot be
a limit of maxima, a contradiction, unless ko = 0. O

3.3. Step 3. By Lemma 3.3, there exists a value a such that the solution to the I[IVP
exists and is bounded for positive time. By Lemma 3.6 (applied to the translated
ODE) the solution must converge to /2. Now the initial conditions for the ODE
given in (3.2) are odd. The third order equation is even, so we may reflect the
solution u(s) = —u (—s) for s < 0 to obtain an solution for all s.

Now we need to argue that a solution to (3.1) which is bounded must actually
be a solution to (2.2). This by a slight modification of the proof of Lemma 3.4.

Proposition 3.7. A solution to (3.1) with initial condition (3.2) that remains bounded
is also a solutin to (2.2).

Proof. Observe that if the solution to the (3.1) never leaves the region [0, ] for
positive s, then it will satisfy both equations. So suffice to show that a bounded
solution cannot leave the region [0,7]. Let u be a bounded solution with initial
condition (3.2). We claim first that # cannot reach & without achieving a critical
point: Suppose that it does. The solution cannot find an asymptote larger than x
because the third derivative will be 1 forever. So in order to stay bounded, # must
find a local max, where u”’ (smax) < 0. Now repeat the same style of argument in
proof of Lemma 3.4 (recall #”’(0) = 0 is an initial condition).

Smax

0> u" (smax) —u”(0) = fuyds
0

m d
(3.5) > f cos(u) =2 du.
0 dl/l

As before (with orders reversed) the second derivate must be non-positive on this
whole interval, so the function % must be increasing as a function of u and the

integral (3.5) must be strictly positive, a contradiction.
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This u cannot reach m without finding a local max, so the first local max is
strictly less than 7. Now as the solution is bounded, this will be followed by a
local min, which by the translated reading of Lemma 3.4 must be strictly positive.
All subsequent local extrema remain within [0, rr]. O

Corollary 3.8. There exists a solution to the ODE (2.2) for some a which is
bounded for all time and converges to /2 as s — oo and —n/2 as s — —c0.

Proof. A bounded solution exists to (3.1) by Lemma 3.3. By the above Proposition
this is a solution to (2.2). Reflecting the solution gives the same properties in the
negative direction. o

3.4. Step 4. Given a tangent direction 6(s) we are left to solve the standard ODE

%y(s) = F(s) = (cos 6(s), sin §(s))

¥(0) = (0,0)
which follows from basic ODE theory. Given that 6 solves (2.2), the result will be
a curve whose flow will result in translation.
The solution 7y is clearly an immersion, the tangent vector is non-vanishing by
construction. To see that it must be a proper immersion, note that because 6(s) —

/2 as s — oo we can find a value o such that 6(s) € (%, %”) for s > 0. Letting

v(s) = (x(s), y(s)) we have

y(s) —y(og) = sin 6(s)ds > 7(s1 — o) for s > oy.
oo
Repeating this argument for negative values of s, we see the immersion must be

proper. This proves the following.

Theorem 3.9. There exists a properly immersed translating solution to the curve
diffusion flow.
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