ON SOLUTIONS TO COURNOT-NASH EQUILIBRIA
EQUATIONS ON THE SPHERE

MICAH WARREN

1. INTRODUCTION

In this note, we discuss equations associated to Cournot-Nash Equilibria as put
forward by Blanchet and Carlier [1]. These equations are related to an optimal
transport problem in which the source measure is known but the target measure
is to be determined. A Cournot-Nash Equilibrium is a special type of optimal
transport: Each individual z is transported to a point T'(x) in a way that not only
minimizes the total cost of transportation, but minimizes a cost to the indivual x
(transportation plus other). This latter cost may depend on the target distribution,
and may involve congestion, isolation and geographical terms.

Blanchet and Carlier demonstrated how CNE are related to nonlinear elliptic
PDEs, explicitly deriving a Euclidean version of the equation [1, eq 4.6] and show-
ing [1, Theorem 3.8] that this problem has some very nice properties. The fully
nonlinear Monge-Ampeére equation differs from ‘standard’ optimal transport equa-
tions in that the potential itself occurs on the right hand side, along with possibly
some nonlocal terms. Here we study the problem on the sphere. Immediately one
can conclude from [1, Theorem 3.8] and Loeper’s [8] results that optimal maps are
continuous with control on the Holder norm. We move this a step further and show
that all derivative norms can be controlled in terms of the data, when the solution
is smooth. When the solution is known to be differentiable enough, then one can
easily adapt Ma-Trudinger-Wang’s [9] estimates. To make the conclusion a priori,
we must use the continuity method. Closedness follows from Ma-Trudinger-Wang’s
estimates, but openness is not immediate and requires some conditions. In The-
orem 6 we give some conditions on the data so that the problem can be solved
smoothly.

2. BACKGROUND AND SETUP

In this section we briefly recap the setup in [1]. Given a space of player types
X, endowed with a probability measure u, an action space Y, and a cost function

®: X XY xP(Y)—R,

x-type agents pay cost ®(x,y,v) to take action y. Here v € P(Y) is the probability
measure in the action space which is the push forward of y via by the map of actions
from X to Y. Supposing that z-type agents know the distribution v, they can choose
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the best action y. A Cournot-Nash Equilibrium is a joint probability distribution
measure v € P(X x Y) with first marginal g such that

z€Y

(2.1) fy{(x,y) EXxY:@(x,y,u)—min@(:c,z,v)} =1

where v is the second marginal.
We will be interested in a particular type of cost

(D(x,y,y) = C(mvy) + V[V](y)

where c is the transportation cost. Blanchet and Carlier show [1, Lemma 2.2] that
a CNE will necessarily be an optimal transport pairing for the cost ¢ between the
measures p and v. They further show that if V[v] is the differential of a functional
E[v], then at a minimizer for £[v]+ W, (u,v), the optimal transport will necessarily
be a CNE. (Here, W,(u, v) is Wasserstein distance.) In particular, if the cost V,,[v]
is of the form

(2.2) Vll() = £ ( <y>) + [ oty vt + V()

where m is a ‘background’ measure and the function ¢(y, z) is symmetricon ¥ x Y,
then V,, is a differential and solution to the optimal transport is a CNE. (We will
be licentious with notation, letting v denote not only the measure, but also the
density with respect to the background m.) From here on out we suppose we are
working with a solution to an optimal transport with cost ¢ between measures p
and v which is also a CNE for a total cost ®. We also assume that the manifolds
X and Y are compact without boundary.
One can consider the pair (u,u*) which maximizes the Kantorovich functional

J(u,v) :/fudu+/vdz/

over all —u(z) + v(y) < ®(z,y). The pair (u,u*) will satisfy
(2:3) —u(z) +u’(y) = ®(z,y)

~- almost everywhere, where - is the optimal measure for the Kantorovich problem.
If the cost satisfies the standard Spence-Mirrlees condition (in the mathematics
literature, the “twist” or (Al) condition (c.f. [9, section 2])), we have p-almost
everywhere

(2.4) —u(@) + u* (T(z)) = ®(z, T(z)).

v
dm

The twist condition says that T'(z) is uniquely determined by
(2.5) T(x) = {y : Du(x) + De(z,y) = 0},
which gives the identity
(2.6) Du(x) + Dc(x, T(z)) = 0.
Note that fixing an z, the quantity

®(z,y) —u’(y)
must have a minimum at T'(z), we conclude that

Dy®(z,T(x)) = Du*(T(z)).
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But then we bring in the condition (2.1) that, fixing x,
®(z, T(x)) < ®(x,y)
which implies that
Dy®(z,T(z)) =0
from which we conclude that
Du*(y) = 0.
Now the pair (u,u*) is determined up to a constant. One can choose the constant
in u or w* but not both. At this point we simply choose u* = 0. Having fixed this

choice allows us to read information about w and the measure v, using (2.2) and
(2.4)

—u(z) = oz, T(x)) + f(v /¢ v(2) + V(T(2)).

In particular, the density v(y) must be determined by
(2.7)

(1) = 1 { o) = e, T@) - [T TN - VT |

having used the change of integration variables T between p and v. The optimal
transportation equation (c.f. [9]) becomes

det(uij(z) + cij(z, T(x))) _ plx)

det (—cis(z, T(x))) Q=)
Here and in the sequel, we use i, 7,k to denote derivatives in the source X, and
P, S,t to denote derivatives in the target Y. It will convenient to assume that c;,
is negative definite, which follows if we are assuming the A2 condition (see [9]) and
have chosen an appropriate coordinate system). We will use b;s(z) = —c;s(z, T(z)).
Also (to keep equations within one line) we abbreviate

Q(z,u) = —u(x) — c(z, Tx l/¢ dp(z) - V(T(x))

with T'(z) being determined by (2.5).
Before we say how this fully nonlinear equation is vulnerable, we mention the
“Inada-like” conditions [1, Section 3.3] :

(2.8)

(2.9) ylirél+ f(v)=—0c0 and I/EToof(y) =400
(2.10) f'>0 and fe C*R").

If f satisfies these conditions, then several observations are in order. First as
noted in [1, Theorem 3.8] on a compact manifold we get bounds away from zero
and infinity for the density v. In the spherical distance squared transportation
cost case, this immediately gives C“ continuity of the map by results of Loeper.
Secondly, the right hand side of the equation (2.8) is strictly monotone in the zeroth
order term - this is crucial in obtaining existence and uniqueness results, as it will
allow us to invert the linearized operator.  Finally, as we will show below, the
first derivatives of this density will be bounded in terms of an a priori constant
(depending on smoothness of f) and the second derivatives will be bounded by
a constant times second derivatives of u. These estimates will allow us to take
advantage of the Ma-Trudinger-Wang estimates.
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We will show an estimate on smooth solutions: If a solution to (2.8) is C*, then
it enjoys estimates of all orders subject to universal bounds. In order to show that
arbitrary solutions are C* and hence smooth, we must use a continuity method.
This method relies on a linearization which requires some discussion, given the
integral terms in the equation.

The problem here, on a compact manifold, with cost function satisfying the Ma-
Trudinger-Wang condition, is quite a bit simpler than the more delicate boundary
value problem mentioned in [1]. With or without the nonlocal terms, such a problem
may be approached as in [7]. We leave this problem aside for now.

3. LINEARIZATION
We take the natural log of (2.8) and then consider the functional

(3.1)  F(x,u, Du, D*u) = Indet((uij(x) + cij(z, T(x))) — Indet (bis(z, T(z)))

(@) + In 7 (Q(x,w)))
and the equation we want to solve is
(3.2) F(z,u, Du, D*u) = 0.
Preparing for linearization, consider (2.6) applied to u + tv :

Du(x) + tDn(x) + De(z, Ti(x)) = 0.

Differentiate with respect to ¢t and get that

drs
Dn(x) = bis(z, T(x)) i

Linearizing,

(3.3)

d g S ,
Ln= %F(U + 1) = wIn;; + weij b + b cispbPFny,
(3.4)
(ffl(Q))/ —cs(x, T(2))b%*n — n — Vib*Fny

) { —b"*ni(x) [ ¢s(T(2), T(2))dp(z) — [ ¢s(T(@), T(2))b"* (2)m(2)dpu(2)

Here we are using
wij () = uij(x) + cij(z, T(x)).
We note also that differentiating (2.6) shows
or*
B ox;
Splitting (3.3) and (3.4) for convenience we write, respectively,

Ln= L%+ L.

(3.5) T2 (z,T(x)) = bSk(:E,T(m))wki(m,T(x)).

We take g;;(xz) = w;j(z) to define a metric (one can check that it transforms as
such), then write

(3.6) du(z) = e~ dVy ()
where )
—a(z) =lnp(z) — 5 In det w;;(z).

b
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From the definition of F' (3.1) we have
1
—a(x) = 3 Indetw;; —Indetb+Inv — F'
having introduced
v(z) =Inf~1(Q(z,u))).
First, we compute the weighted Laplace
Agn=Agn—Va-Vn.

We begin with Ayn differentiating in some coordinate system (see very similar
computations preceding 4.1):
1

vdetw

( det ww”nj) =wn; + iwabaiwabw”nj — wwwb]&-wabnj
1

y g 1 3
= w"n;; + w®y (0swap — Opwia) M; — iw“bﬁiwabw”m
y , g 1
=wn; + (wb“cabsb‘” — w ;g b° ) n; — §w (ln det w), n;

. 3 1
= L% — b ci by — w' cpib™n; — iw” (Indet w), n;.

Thus
0 is k i sk L i
Agn = L1 — b cispb? ny — w ciisb® n; — W 7 (Indet w); n;
+ iw” (Indetw), n; —w" (Indetb); n; + (Inv), w’n; — Fw"n;
= L% + (Inv), wn; — Fuw'n;,
and hence

Ln=.Ngn+Ln— (In l/)iwijnj + Fiwijnj.

Next, we compute

, ( Q) z) — i@, T(x)) — cs(@, T(x))b™*wp
(o) = < ) {—bskwmm T (2))dp(z) — Vab*F g, }

Noting that —u,(x ) —¢i(x,T(x)) =0, and the expression (3.4) we have

L'n — (Inv)wn; =

(;_ { / 64 (T(), T(2))b(2) k<z>du<z>} :

Next, we compute the integral term in the previous expression: Notice

/W‘b(y’T(z))’Vn) e By, (z /¢s Y, T(2)bFwpimwe=**)dy,

/ 64 (T(), T(2))b i (2) dp(2).

Now, integrating by parts, we have that

- [T @, TV ) = [HT@).TE) BanEe Od, ()
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Combining, we have

(3.7) Ln=Aan— h(z) / T 2 1(2)du(z) + (VF, V),

using the shorthand
(@)

Q)
Note here that if f :satisfies (2.9),(2.10) then h(z,w) will be a positive differentiable
quantity. In particular, if f(7) = In(7) then h will be identically 1. When F' = 0
we have the following.

h(z,u) =

Proposition 1. At a solution of (3.2), the linearized operator takes the form

(38)  Ln=Aum- b)) - hiz) [T o 0(2)dp(2).
Lemma 2. Suppose that

3.9 h(x, )| < 1.

(3.9) e (@, u)|p(z, y)|

Then the operator (3.8) has trivial kernel.

Proof. To make use of some functional analytic formality, we define operators A, J, h
and I on the space
B = L*(X,du)

via

Then
L=A-h—hJA=(I—-hJ)A—h=(I—hJ) (A—(I—hJ)’lh)'

First we have the pointwise estimate

(] ( / Iz T(y))n(y)duy)

< | [ o). T

1/2
1/2
<
< |,z Yh<x>|¢<m,y>|} < Il

1/2

||77||

using (3.9). Integrating this quantity over p yields that
|hJ|| <1

as an operator on B. It then makes sense to talk about (I — hJ) ™" . Thus

Ker(L) = Ker (A — (I —hJ)" h) .
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Now suppose for purposes of contradiction, that we have nontrivial n € Ker(L).
Then
An=(I—hJ) " hy
thus
(1= hy ™ ) = Ay = = [ 190 du <0,

But as (I — hJ) is invertible we can let

(I —hJ)w=hn
that is
(w, k™ (I = hJ)w) = <(I ) hn,n> <0
that is
0> (w70 ) = {w,Jw) = —— [lll® = 7] el = (== — 1711} P
“ hw W JU ~ maxh w wi = max h w
which is clearly a contradiction if 1 > maxh ||J]| . O

4. ESTIMATES ON THE SPHERE

From here out we specialize to the round unit sphere, with cost function half of
distance squared. Note that this sphere has Riemannian volume nwy,.

Oscillation estimates. The following estimates are a version of [1, Lemma 3.7].
On a compact manifold, the cost function will be bounded. Since the solution
u 18 c-convex, at the maximum point X, of w, u is supported below by cost
support function ¢(z, T (zg)) + A. Hence, at the minimum point Z,,;, we have that
W(Tmin) Z(Tmin, T (Tmaz)) + A, which in turn tells us that
2
oscu < oscc = %

Next we observe that, because integration of the density v against m gives a proba-
bility measure, the density v must be larger than 1/nw,, at some point yq. It follows
that, at the point o = T~ *(yo) using (2.7)

—c(0,90) — u(xo) — /¢(y07T(Z))dN(Z) - Vi(yo) > f(

and similarly at the point where the density v is smallest, =1

—c(z1,y1) —w(z1) — /¢(y17T(2))du(z) = V(y) = f(v(z1))

1

nw,

)

Hence,
—C(ﬂ?o,y0)+0(3317yl)—u($0)+u($1)—/ ((yo, T'(2)) + (y1, T'(2))) du(2) =V (yo)+V (y1)

L)~ f(a))

> f(

that is
1

nwn,

flv(a1)) = f(

By Inada’s condition,

v>f (f(

NWn,

) — 20scc — 20sc ¢ — osc V > —o0.

)77220ch250ch) > 0.
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Similarly, an upper bound can be derived
1
v< ft (f(nw) + 7%+ 20sc¢—|—0ch> < 00

4.1. Stayaway. Now that v is under control, it follows from the stayaway estimates
of Delanoé and Loeper [2] that the map T'(x) must satisfy

distsn (z, T (2)) <7 —e(f, 11,V 9)

In particular the map stays clear of the cut locus. All derivatives of the cost function
are now controlled.

MTW estimates.

Lemma 3. If the map T is differentiable and locally invertible, then the target
measure density

UT(@) = 7 (e, 7)) i) — [ 6T TG du(z) - V(TW) )

has first derivatives bounded by a universal constant and has second derivatives
bounded as

Vspr = C(1 + C2k (T_l)k

r

where the constants are within a controlled range.

Proof. Differentiate in the zj direction

v Ty (x) =

(rw{ﬂMaﬂm—%@Tmﬂﬁw%4@/@@@Juwwa—nm}

= (1) 2 { e, 70) ~ [ 6,00, TEute) V(@) ).

As this is true for all k and DT is invertible, we can conclude that

%@wnzu*w{uxT — [ 6.0 TC ) - vw@ﬁ,

which is a bounded quantity. For second derivatives, differentiate this equation in
T again

P _
veply, =

(f~1) TP (z)x

{mete ) - [ 000, 7@t - iz}
e /% dn(z) = V(1) |

+(f Y {—csk(x,T(x)) — csp(@, T ()T} (z) — T,f(x)/d)ps(T(x),T(z))du(z) — T,f(x)Vsp(T(m))}
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that is

ver = (f71) 1x

{—cs(w,T(a:)) - /¢5(T($)»T(2))dﬂ(z) - VS(T(x))}

< 1w~ [ 60T Taute) - vp<T<x>>}
() mente. @) (T} = el T@) ~ [ 0(T@). TN - Vil |

Now all the terms, with the exception of the (T‘l)iC term, are in given by controlled
constants, independent of u. We are done. (]

Before we state the main a priori estimate, we recall the Ma-Trudinger-Wang
tensor [9, pg. 154]. For each y in the target, one can define Ma-Trudinger-Wang
(MTW) tensor as a (2,2) tensor on T, M via

MTWf;(w, y) = {(fcijpr + ¢ijsC M Crrp) c”kcrl} (z,9).
It is by now a well known fact that, on the sphere
MTWe&ir'r? > 6, ] 7]
for a positive d,, and all vector-covector pairs such that
&(r)=0.

(For a more discussion of the geometry of this tensor, see also [5].)

Given a solution, we define an operator on (2,0) tensors as follows. Let h be a
(2,0) tensor. Given vector fields X7, X5, we define

1

L,h) (X , X2) =
( ) (X1, X2) det w

V; (VdetwwVih) - wVa¥ih(X1, Xe)
where
—a(z) = % Indet w(z) — Indet b(x) + Inv(z, T(x))

and covariant differentiation is taken with respect to the round metric.

Proposition 4. Let u be a solution of (2.8). If e is a unit direction in a local
chart on S™ then

Lyw(e,e) > wij(—cijpr + cijsckrpcSk)cpmc”wmewle
-C (1 + Zw”ijj + Zw” + Zw?i)

Proof. This was proven by Ma Trudinger and Wang in [9], in the case where
densities are known ahead of time.  Adapting their proof requires only a small
modification somewhere in the middle, but for completeness (and mostly for fun),
we will present the calculation.
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First, we note that
0 ( det ww® )

\/ det Wi

» 1 1 3 g
—wYa; | = 0w + iw” (Indetw); + w”§ (Indetw); —w" (Indetb); + w* (Inv) T}

S

= 7wmwbj8jwab + w¥ (In det w)j — w" (bSkbskj + bSkbsktT;) + % (Inv)

= —w' (0jwap — OgWip;) — wmwbjaawbj + wh (Indet w)j — wiijkbskj — bbby + b (Inv),

(4.1) = —wiawbj(cabsTJ‘»g — cysTy) — wiijkbskj — bbbt 4+ 1% (In v),
(4.2) = b ey — b by + 0% (Inw),
using (among others) the relations
(ajwab - 8aU)l)_j) = CabsT; - ijsTaS
w Ty = b*7.

Now
1

vdetw
= w”vjviw(el, 61) + (bSiwbjcbjS — btibSkbskt + bSi (hl V)S) Viw(el, 61)

N &-ajw(el, 81) — Vjé)iw(el, 61) —+ Qw(ijaiel, 61)
= w" 28iw(Vjel, 61) - 28jw(Viel, 61)
+2w(VjViel, 61) + 2’LU(VZ‘61, Vjel)

+ (bSiwbjcbjS — bk by + b5 (In 1/)8) (Qyw(er,e1) —2w(Vier,e1)).

Lyw(er,er) = V; ( det wwijviw) (e1,e1) — wijVjaViw(el,el)

At this point, we choose a normal coordinate system (in the round metric), and we
have

Lyw(er,er) = (05w cyjs — b0 bgyy + b° (Inv),) dyw(er, e1) + w (9;0;w(er, e1) + 2w(V;Vier, e1))
= (0w epjs — bbby + b (Inv),) djwin
+ w (0;0jw11 — O101w;j) + w' (0101w;; + 2w(V,;Vier,er1))
Again harking back to [9], we let
K = CZwiiijj —l—CZw“ +CZwi2i +C
and note that terms of the following form are K
K = w"Ty
K = (0w — Opw;j)
K = wij2w(VjV¢el,el)
K = wYwy,
so that
Lyw(er,er) = —K + (bSiwbjcbjs — bbby + b° (In 1/)3) O;wi1
+ w¥ (0;0;w11 — O101w;;5) + wijal(?lwij.
Now differentiating

(4.3) Indet w;; = Indet bjs +Inp —Inv
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we have
(4.4) w70 wi; = b* (bis1 + biseT}) + (Inp), — (Inv), T}
and again
w O 1w + Ow i oywi; = K + b5 T + (Inv),, T7TE — (Inv), T4,
Now recall Lemma 3,

Chor + Cour (T-1)"
(Inv),, T{T; = — oo )TTfo—anu)s (nv), T{T;

v
=K

thus
(45) wijanwi]‘ = wmwbj@lwabﬁlwij + K + bSibistTfl — (11’1 V)S Tlsl.

Note that differentiating
zwis _ b““kwki
yields
(4.6) Ty = b 0;wri — b** b wii (baps + bapg T}
in particular

15, = b 01wi1 — b b wpy (bapr + bapgTY) -
Now it follows that
Tfl — bSkak’wll
(47) = bk (81wk1 — 6kw11) — bsabpk’wkl (bapl + baqulq)
(4.8) =K.

Bringing in concavity of the Monge-Ampéere (4.5) and (4.8) we can eliminate some
terms to see

Lyw(er,er) > —K + biswbjcbjsaiwu
+w (8;0;w11 — 0101w5) .
Then using
0101w = wijin + ciji1 + 2¢i1 15 + cijs iy + Cijpr T TT
0;0jw11 = w1145 + c11ij + c11si Ly + c11s 17 + sy + C11prﬂijT
we have
Lyw(e,er) > —K + (biswbjcbjs) O; w11
+w" (11T + ciipe TV — cijs Ty — CijpeTTTT) -
From (4.6)
wijTiSj = w (bSkajwki — b* bR wy, (bapj + baqug))

J
= wiijk (@-wki - 8kwij -+ 8kww) - bsabpj (bapj -+ baqu;)

= K + b°%9y, (In det w)
=K
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by (4.4). Using (4.7) we conclude
Lyw(er,e1) > —K — w ey b b w1 bapg T}
—wejp, TPTY .
which is the desired result after reindexing. O
Corollary 5. Second derivatives of u are uniformly bounded.

Proof. Given the maximum principle estimate, this proof is standard following [9].

For some more details in the setting of Riemannian manifolds see [6, Theorem

3.5]. O
5. MAIN THEOREM

In order to make a precise statement, we define

_ 1
thoner = 17 (£ = 2osce = 2], — oscV )

1
Vapper = 1 (f(nw) + 20sce + 2 ||¢]] o, —|—OSCV) .

Similarly, an upper bound can be defined

!/

(/1)
hmax - 5 T 1 /AN
QE[VLG:?TI,)Vuppe7~] f_l (Q)

Theorem 6. Suppose that [ satisfies the Inada-like conditions (2.9) (2.10), u and
m are smooth, and ¢ and V' are lipschitz. If

(5.1) max (2, y)] <

hmax

then there exists a smooth solution to (3.2).

For existence, we proceed by continuity [4, Theorem 17.6] on the equation (3.2),
letting

(5.2) F(t,z,u, Du, D*u) =
Indet((D*u+ D?*c¢(z,T(z))) — In det(—DDc(z, T(x)))
—In(tu(z) + (1 = )ym(@)) +In f7 (Q(t, 2, T(x)))

where
Q(t,xz, T(x

Qb 2. T(2)) = —u(x) — e(z, Tz fg/¢ dp(z) — 1V (T(x)}.

At time t = 0, a solution is given by v = 0 : This maps the measure m to
itself via the identity mapping. The interval Z of ¢ for which a solution exists is
nonempty. Notice that the form of the equation (5.2) is the same form as (3.2) up
to a scale of the functions ¢ and V and a change of measure, so the estimates from
the previous section all hold. From the theory of Krylov and Evans one can obtain
C?%% estimates. Thus 7 is closed. Lemma 2 with these conditions gives openess,
noting that on the sphere, a Laplacian has index zero, and that the linearized
operator which has the same principal symbol has index zero as well.
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Remark. For uniqueness, the standard PDE trick does not work immediately, even
under assumptions such as those in the theorem. One may be tempted by the
standard argument [4, Theorem 17.1] to obtain a contradiction. However, the
intermediate linearized operator will have the additional VF' term that arises in
(3.7) because combinations of u and v are not solutions. Our proof of invertibility
fails for these, so we have no reason to expect the proof would hold after being
integrated. Uniqueness may be more easily obtained from geometric consideration
as in [1, section 4], see also [10, Chapters 15, 16].

However, if the integral term is not present, we can use the argument [4, Theorem
17.1], making the important note that on the sphere, the set of c-convex function is
convex [3, Theorem 3.2]. In this case invertibililty of the linearized operator follows
easily from standard maximum principle arguments.
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