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Problems:
(1) Let 𝑀 = {(𝑥, 𝑦, 𝑧) ∈ ℝ3 ∣ 𝑥2 + 𝑦2 − 𝑧2 = 1}.

(a) Prove that 𝑀  is a smooth submanifold of ℝ3.
(b) For each 𝑝 ∈ 𝑀 , describe 𝑇𝑝𝑀  as a subspace of ℝ3.
(c) Prove that 𝑇 𝑀  is trivial, i.e., find a smooth map 𝐹 ∶ 𝑇 𝑀 →

𝑀 × ℝ2 so that for all 𝑝 ∈ 𝑀 , 𝐹(𝑇𝑝𝑀) = {𝑝} × ℝ2 and 𝐹|𝑇𝑝𝑀  is 
a vector space isomorphism.

(2) Lee, Problem 5-11.
(3) Lee, Problem 5-17.
(4) Let 𝑃2 denote the vector space of polynomials of degree ≤ 2. Define 

𝐹 ∶ 𝑃2 → 𝑃2 by
𝐹(𝑝(𝑡)) = 𝑝′(𝑡)2 − 2𝑝(𝑡)𝑝″(𝑡).

(a) Compute the total derivative of 𝐹 .
(b) Observe that 𝐹(1 + 2𝑡 + 𝑡2) = 0. Is 0 a regular value of 𝐹?

(5) Lee, Problem 15-3. (Ignore the book’s hint. Identify 𝑇𝑝𝑆𝑛 with a sub-
space of ℝ𝑛+1. If {𝑣1, … , 𝑣𝑛} is a basis for 𝑇𝑝𝑆𝑛 then {𝑝, 𝑣1, … , 𝑣𝑛}
is a basis for ℝ𝑛+1. Define [𝑣1, … , 𝑣𝑛] to be positively oriented if and 
only if [𝑝, 𝑣1, … , 𝑣𝑛] is a positively oriented basis for ℝ𝑛+1; this is the 
“outward-normal first” convention. Check that this defines an orienta-
tion for 𝑆𝑛, and then think about what the antipodal map does.)

Challenge problems (required for Math 532, optional for 432):
(6) A Lie group is a smooth manifold 𝐺 with a smooth map 𝑚∶ 𝐺×𝐺 → 𝐺

so that which makes 𝐺 into a group, i.e., which is associative and has 
an identity element and inverses.
(a) Prove that matrix multiplication makes 𝑂(𝑛) into a Lie group. 

(Hint: you did most of the work already.)
(b) Prove that 𝑂(𝑛) is compact. (Hint: use the Heine-Borel theorem.)
(c) Describe 𝑇𝐼𝑂(𝑛), the tangent space at the identity to 𝑂(𝑛), as 

explicitly as you can. (This is the Lie algebra of 𝑂(𝑛).)
(7) Prove that if 𝐺 is an 𝑛-dimensional Lie group then the tangent bundle 

to 𝐺 is trivial, i.e., there is a smooth map 𝜙∶ 𝐺 × ℝ𝑛 → 𝑇 𝐺 with the 
properties that:
(a) The map 𝜙 commutes with the projections 𝜋 ∶ 𝑇 𝐺 → 𝐺 and 𝜋′ ∶

𝐺 × ℝ𝑛 → 𝐺.
(b) The map 𝜙 respects vector addition and scalar multiplication, in 

the sense that for 𝑣, 𝑤 ∈ ℝ𝑛 and 𝜆 ∈ ℝ, 𝜙(𝑝, 𝑣 + 𝜆𝑤) = 𝜙(𝑝, 𝑣) +
𝜆𝜙(𝑝, 𝑤) ∈ 𝑇𝑝𝐺.
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(Hint: this is easier than it sounds. Use the differential of the map 
𝐿𝑔 ∶ 𝐺 → 𝐺, 𝐿𝑔(ℎ) = 𝑔ℎ to identify 𝑇𝑔𝐺 with 𝑇𝑒𝐺 (where 𝑒 is the 
identity element).)

(8) Prove that 𝑈(𝑛), the group of 𝑛 × 𝑛 unitary matrices, and 𝑆𝑈(𝑛), the 
group of 𝑛 × 𝑛 unitary matrices with determinant 1, are Lie groups.

(9) Prove that 𝑆𝑈(2) is diffeomorphic to 𝑆3, and conclude that 𝑇 𝑆3 is 
trivial. (Hint: 𝑆𝑈(2) acts on the unit sphere in ℂ2. Choose a point 
𝑣 ∈ 𝑆3 and define a map 𝑆𝑈(2) → 𝑆3 by 𝐴 ↦ 𝐴𝑣. Prove that 
this map is bijective. Check that the differential gives an isomorphism 
𝑇𝐼𝑆𝑈(2) → 𝑇𝑣𝑆3 and use the Lie group structure to deduce that the 
differential is an isomorphism at all points in 𝑆𝑈(2).)

Optional practice (not required for anyone):
(10) Lee, Problem 5-1.
(11) Lee, Problem 5-7.
(12) Lee, Problem 5-10.
(13) Lee, Problem 15-12.
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