MATH 307 SPRING 2025
WEEK 4 HOMEWORK
DUE APRIL 28
INSTRUCTOR: ROBERT LIPSHITZ

Note on your solutions who you worked with, anyone else you got help from, and any
materials other than the textbooks that you used. FElectronic resources (Google, ChatGPT,
Chegyg, etc.) except the textbooks are mot allowed. Note: Updated slightly on April 22.

Required problems (turn these in):

(1) Copy the following onto your own paper and fill in the blanks to prove that addition
on Z/n is commutative. Here, we will let 4+ denote addition in Z, and @ addition in

Z/n.
1)  Suppose z,y € Z/n Hyp for DT
2) (z4+y=>n)V(z+y<n)
3) Suppose x+y>n
4) z@y=xz+y—n Def @ (using (3))
5) z+y=y+x Algebra (+ on Z commutative)
6) y+x>n
7 ydr=y+zxr—n
8) ydr=zx+y—n Property of equality (7), (5)
9) ydr=zxdy Property of equality (4), (8)
10) (z4+y>n)=(z0y=yd)

—_
—_

Hyp for DT
Def @ (using (11))

)
)
)
) y+tax=xz+y Algebra (4 on Z commutative)
) y+x<n

) y®r=y+x

) y®dr=z+y Property of equality (15, 13)
) rdy=ydz Property of equality (16, 12)
)

)

)

)

)

)

)

DT for Hyp (11), (11)—(17) unusabl

[(z+y=zn)V(@e+y<n)=@yoz=c8y)
(Va)(Vb)[lae ZNbeZ)= (a+b>nVa+b<n)| algebra (trichotomy)
US (20)
rQy=ydw MP (18), (21)

DT for Hyp (1)
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(Ve)(Vy)l(z e Z/nNyeZ/n) = (z@y=yS )
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(2) Fill in the blanks in the outline below to prove that (Vn)[(n € N A §n) = n? =5 1].
Also:
(b) There are three uses of the Deduction Theorem in this proof. Label the appro-
priate DT steps (both the hypotheses and where DT is applied).
(b) There are two steps at the end of the proof with the phrase “Logical rule?” in
bold. For these, label the appropriate rule from symbolic logic that is being

used.
(1) Assume
(2) n#30
(3)  Soeither n =51 or n =42
(4)  Assume n =4 1.
(5)  Then 3|
(6) Son—1=3-P for some
(7) n=
(8) n*=| = 3| +1
9 n?P-1=
(10) Gyllye Z A |
(11) 3|
(12) n? =41
(13) Son=31=n?=,1.
(14) Now assume n =4 2.
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23) Son=32=n%=;1.
(24) We therefore have (n =5 1V n =3 2) = n? =; 1 Logical rule?
(25) Son?=,1 Logical rule?
(26) (nENAIn) =n?=,1
(27)

(3) Give a proof, in the same style as the previous problem, of: (Vn)[(n € NAn =4 3) =
n? +2n + 10 =4 1].



MATH 307 SPRING 2025 WEEK 4 HOMEWORK DUE APRIL 28 3

(4) The most common way to prove a statement of the form (3x)[P(x)] is to produce an
explicit example of an z for which P(x) is true. For example, to prove

(3n)[n € N A 3|(n? + 2n)]

we can simply say “4 is a natural number, 4% + 2 - 4 = 24, and 3|24.” This is called
giving an example.

The negation of (Vx)[P(x)] is (3z)[—~P(z)]. Disproving the former statement is
the same as proving the latter statement. So applying the above principle, if we want
to disprove a “for all” statement then we should try to produce an explicit x such
that =P(x) is true. This is called giving a counterexample.

For instance: we can disprove the statement

(Vn)[n € Z = 3|n? + 2n]

simply by saying “5 is in Z, 52 +2-5 = 35, and 34 35”. (Note that we are disproving
P = @ by proving P A =Q.)
Identify each of the following statements as true or false. Where you can, prove
the statement by giving an example or disprove it by giving a counterexample.
(a) (Fz)[xr € Z/9 N 22 € {5,7}]
(b) (Va)[(a € Z Na? =, 16) = a =, 4]
(¢) (In)n € NA (3(n®+n)+2 is prime)]
(d) (Vn)[n e N= (%(nQ +mn)+2is prime)]
(e) (Ja,b)(a,b € Z N12a+ 20b = 4)
(5) Use the Euclidean algorithm to find the multiplicative inverse for 24 in Z/29.
(6) Give a three-column proof (skipping some steps if you like) that (Vn)[n € N =
n?+n+1)2+(n+2)? =2
(7) Exactly one of the following is a ring. For each which is not a ring, find an axiom
that fails and an example showing that it fails.
(a) (Z,—, x), the integers with the operations of subtraction and multiplication.
(b) {a+bvV2 € R | a,b € Z},+, x), where + and x are the usual addition and
multiplication on R.
(¢) {x € R| x> 0},+, x), where 4+ and x are the usual addition and multiplication
on R.
(d) (Q/Z,®, x) where Q/Z means the rational numbers p/q with 0 < % <1, with
the usual multiplication and with addition given by

Py ifP T
. riaale 1fq—|—s<1
—@g: Pri-1 if1<B24+{<2
! 0 f24 7=

(8) Here is an important property of prime numbers. If p is prime, then

Property (P) : (Va,y € Z)[plzy = (plz V ply)].

Using this, fill in the blanks below to give a proof of the following theorem:
Theorem: (Vy)[(y € Z A dy? =, 0) = y =, 0]

Proof:



(9)
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Assume y € Z and 4y* =, 0.
Then

7 is prime, so by property (P) we know 7|4 or
But 7 ¢ 4, so

Using Property (P) again, either 7|y or

Therefore 7|y (by using the tautology ).

(9) Give a proof that (Vn)[(n € NA3n An=53) = n?+n=; 12].
Hint: you will need Property (P) at some point of your proof.

(10) Provisionally, a rational number is a number of the form ¢ where a,b € Z and b # 0.
As you learned in elementary school, a rational number can always be written in the
form where ged(a,b) = 1. Fill in the blanks below to give a proof of the following
theorem; feel free to insert extra steps if you think it will help clarify the proof.
Theorem: /2 is not a rational number.

1)
2

(

(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10
(11
(12

(13

)
)
)
)

Assume that /2 is a rational number.

Then V2 = ¢ for some a,b € Z where b # 0 and ged(a, b) = 1.
2 =

So 2 = Z—;, and therefore a
So 2|a?.

Then by Property (P),
a = 2r for some r € Z.
2b? =
b2 =
2|b?
So using Property (P),

b = 2s for some s € Z.

This is a contradiction, because

(11) Give a similar proof that +/10 is not a rational number.

Extra Practice. Do not turn these in, but if you had trouble with some of the required
arguments, here are some more to practice, for which I will post solutions.

(EP-0) Give a proof, in the style of Problem 2, that:

(Vn)[(n € NAn = 2) = (InVn? =, 4)]
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[Hint: Remember that (X VY) < (=X = Y). Use DT twice in this proof.]
(EP-0) Identify each of the following statements as true or false. Where you can, prove the statement
by giving an example or disprove it by giving a counterexample.
(@) {z|zeZ/8Nd-gx=0}N{dgx|zeZ/8} =0
(b) (Yn)[(n e NAn=y1ANn>3)=3n?—1]
(¢) (Va,b)[(a,b € Z N12|ab) = (12|a V 12|b)]
(EP-0) Decide if the following statement is true or false. If it is true, give a three-column proof. If
it is false, give a counterexample:

(Va,b,c)[(a,b,c € ZNa>0Aa|(b—1)Aa|(c—1)) = al(bc—1)].

Email address: 1lipshitz@uoregon.edu
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