
MATH 431/531 FALL 2016
HOMEWORK 8

DUE NOVEMBER 16, 2016.
INSTRUCTOR: ROBERT LIPSHITZ

Problems:
(1) Use the fact that ℝ is connected to prove that ℝ has the least upper bound property.
(2) Lee, Exercise 4.38.
(3) Lee, Problem 4-1.
(4) Lee, Problem 4-2.
(5) Lee, Problem 4-3.
(6) Lee, Problem 4-4.
(7) Lee, Problem 4-12.

Challenge problems (required for Math 531, optional for 431):
(8) Given 𝑎0, … , 𝑎𝑛, 𝑏0, … , 𝑏𝑛 ∈ ℝ with 0 = 𝑎0 < 𝑎1 < ⋯ < 𝑎𝑛 = 1, let 𝑔𝑎0,…,𝑎𝑛;𝑏0,…,𝑏𝑛

be the piecewise-linear function defined on [𝑎𝑖, 𝑎𝑖+1] by

𝑔(𝑡) = 𝑏𝑖 +
𝑏𝑖+1 − 𝑏𝑖
𝑎𝑖+1 − 𝑎𝑖

(𝑡 − 𝑎𝑖).

That is, for all 𝑖, 𝑔(𝑎𝑖) = 𝑏𝑖 and 𝑔 is linear on [𝑎𝑖, 𝑎𝑖+1]. (I have changed notation 
slightly from Homework 5: I think this notation is less confusing.)

Prove: Given 𝑓 ∈ 𝐶0[0, 1] and 𝜖 > 0 there is 𝑛 ∈ ℕ and 𝑎0, … , 𝑎𝑛, 𝑏0, … , 𝑏𝑛 ∈ ℚ
(with 0 = 𝑎0 < 𝑎1 < ⋯ < 𝑎𝑛 = 1) so that 𝑑0(𝑓, 𝑔𝑎0,…,𝑎𝑛;𝑏0,…,𝑏𝑛

) < 𝜖. Here,
𝑑0(𝑓, 𝑔) = sup{|𝑓(𝑥) − 𝑔(𝑥)| ∣ 𝑥 ∈ [0, 1]}.

(9) Lee, Problem 4-21.
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