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INSTRUCTOR: ROBERT LIPSHITZ

Problems:

(1) Suppose that 𝑑 is a metric on 𝑋, and 𝑑dis is the discrete metric on 
𝑋. Prove that the identity map Id ∶ (𝑋, 𝑑dis) → (𝑋, 𝑑), Id(𝑥) = 𝑥, is 
continuous with respect to 𝑑dis and 𝑑.

(2) Consider the standard metric 𝑑std on ℝ, 𝑑std(𝑥, 𝑦) = |𝑥 − 𝑦|, and the 
discrete metric 𝑑dis on ℝ. Prove that the identity map Id ∶ (ℝ, 𝑑std) →
(ℝ, 𝑑dis) is not continuous.

(3) Let (𝑋, 𝑑𝑋), (𝑌 , 𝑑𝑌 ), and (𝑍, 𝑑𝑍) be metric spaces. Give 𝑋 × 𝑌  the 
product metric. Suppose that 𝑓 ∶ 𝑍 → 𝑋 and 𝑔 ∶ 𝑍 → 𝑌  are contin-
uous functions. Prove that ℎ∶ 𝑍 → 𝑋 × 𝑌 , ℎ(𝑧) = (𝑓(𝑧), 𝑔(𝑧)) is a 
continuous function.

(4) Suppose that (𝑋, 𝑑𝑋) and (𝑌 , 𝑑𝑌 ) are metric spaces, and let 𝑦 ∈ 𝑌 . 
Prove that the constant function 𝑓 ∶ 𝑋 → 𝑌  given by 𝑓(𝑥) = 𝑦 for all 
𝑥 ∈ 𝑋 is continuous.

(5) In this problem, continuous always means with respect to the standard 
metric on ℝ𝑛.
(a) Prove that the map 𝑎∶ ℝ2 → ℝ given by 𝑎(𝑥, 𝑦) = 𝑥 + 𝑦 is contin-

uous.
(b) Prove that the map 𝑚∶ ℝ2 → ℝ given by 𝑚(𝑥, 𝑦) = 𝑥𝑦 is contin-

uous.
(c) Prove that the function 𝑓(𝑥) ∶ ℝ → ℝ given by 𝑓(𝑥) = 13𝑥2+5𝑥+7

is continuous. Hint: use the previous two parts and the previous 
two problems.

Challenge problems (required for Math 531, optional for 431):

(6) Generalizing Problem (5c), prove that if 𝑝(𝑥) is any polynomial, viewed 
as a map ℝ → ℝ, then 𝑝(𝑥) is continuous.

(7) Consider the standard metric 𝑑std on ℝ2 and also the metric 𝑑 on ℝ2

given by 𝑑((𝑥, 𝑦), (𝑥′, 𝑦′)) = max{|𝑥 − 𝑥′|, |𝑦 − 𝑦′|}.
(a) Prove that 𝑑 is a metric.
(b) Describe in words 𝐵𝑟(𝑝; 𝑑) = {𝑞 ∈ ℝ2 ∣ 𝑑(𝑝, 𝑞) < 𝑟}, the ball of 

radius 𝑟 centered at 𝑝 with respect to 𝑑.
(c) Let 𝐵𝑟(𝑝; 𝑑std) = {𝑞 ∈ ℝ2 ∣ 𝑑std(𝑝, 𝑞) < 𝑟}. Prove that 𝐵𝑟(𝑝; 𝑑std)

is open with respect to 𝑑.
(d) Prove that 𝐵𝑟(𝑝; 𝑑) is open with respect to 𝑑std .
(e) Prove that a set 𝑈  in ℝ2 is open with respect to 𝑑std if and only 

if 𝑈  is open with respect to 𝑑.
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(f) Suppose that (𝑋, 𝑑𝑋) is a metric space and 𝑓 ∶ ℝ2 → 𝑋 is a func-
tion. Prove that 𝑓 is continuous with respect to 𝑑 if and only if 𝑓
is continuous with respect to 𝑑std . (Hint: use the previous part.)
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