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Preface

This is a set of lecture notes on complex variable theory. There are no exercises. Please consult
other books.

Some authors prefer to write mathematics in a logical order in which results cannot be men-
tioned until the tools are available to prove them. An advantage of this style is that the readers
always know where they stand. But there are disadvantages, best illustrated with an example.
All treatments of complex analysis extend e*, sin x, cos x, and In x to functions of a complex
variable e, sin z, cos z, and log(z). This happens early in the text but the extensions seem ar-
bitrary, made perhaps for historical reasons. Later on it is proved that a differentiable function
on R has at most one extension to a differentiable function on C. This is the crucial fact, show-
ing that the complex extensions had been present all along, waiting to be discovered. In these
notes, that later result is mentioned immediately, making these complex extensions more ex-
citing.

The extension of calculus to complex numbers is due to Euler. His techniques often did not
meet modern standards of rigor, but his results were essentially always correct. The number of
crucial discoveries due to Euler is astonishing, and in celebration of his work we describe an
example immediately. If P(z) is a polynomial, it can be completely factored over the complex
numbers in terms of its roots. Euler applied this to sin(z), which vanishes at zn, writing

sin(z)=zl°jl(1—%)(l+ﬂin) =zloj1(1— 7;,2,12)

This generalizes Wallis’ product. Who would have believed that Wallis’ product is just the
fundamental theorem of algebra in disguise? Moreover, Euler used the result to deduce the

0 1
value of Zn_l —.
- n

The deeper part of complex analysis depends on integration theory and is due to Cauchy and
others. This theory: Cauchy’s theorem, the Residue Theorem, the expansion of holomorphic
functions as power series, turns out to be a special case of several variable calculus. Many books
ignore this fact and develop the theory from scratch, perhaps because the topological portions
of several variable calculus, like Green’s theorem, aren’t proved rigorously. In these lectures,

Xi
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we develop the deeper theory twice. The first treatment starts with a review of several variable
calculus and rapidly obtains the central theorems of complex analysis as a consequence. This
is followed by a rigorous treatment using ideas of Emil Artin and Henri Cartan, where mod-
ern ideas from topology allow us to integrate over arbitrary continuous paths and prove that
integrals over homotopic paths are the same.

The second half of these lectures covers mathematical consequences of complex analysis. In a
visit to Oregon, Phillip Griffiths once observed that the nineteenth century centered on com-
plex analysis and the twentieth century centered on algebraic topology; in both cases, almost
every mathematician related their work to the central idea of the century in one way or an-
other. Complex analysis contributed to number theory, to topology, to algebraic geometry, to
non-Euclidean geometry, to modern algebra in the nineteenth century, just as cohomological
ideas have appeared in number theory, algebraic geometry, representation theory, and analysis
in the twentieth century. I wanted to push the theory far enough that these connections were
clear, rather than just hinting that they were present.

So we discuss the Riemann Zeta Function and actually prove the prime number theory. We dis-
cuss Dirichlet series and prove Dirichlet’s theorem on primes in an arithmetic progression. We
prove the Riemann Mapping Theorem. We discuss elliptic functions, theta functions, and mod-
ular functions, and prove Jacobi’s formulas for sums of two squares and sums of four squares.
We explain how these ideas generalize to arbitrary Riemann surfaces, and then to algebraic
curves and algebraic number fields.



Chapter1

Preliminaries and Examples

1.1 Review of Complex Numbers

A complex number is a point (a, b) in the plane R?. Instead of writing (a, b), we write a +ib and
add and multiply as usual, assuming that i> = —1. If we want to speak of a number in general,
we write z instead of a + ib.

Ifz = (a, b), theusual norm ||(a, b)|| = V a2 + b2isdenoted |z| and called the absolute value of
z. This absolute value has the important properties |w+z| < |w|+|z| and |wz| = |w]| |z|.

The conjugate of z = a + ib is z = a — ib. Notice that zz = |z|%.

Nonzero numbers have multiplicative inverses given by

z_z

z zz |z|2

so that dividing by z is the same thing as multiplying by z up to a real factor. In particular, the
set of complex numbers forms an extension field R C C. It is easy to see that there are just two
automorphisms of C fixing R, the identity map and conjugation.

In polar coordinates we have (a, b) = (r cos 6, r sin 6) where r is the distance of the point from
the origin and 0 is the angle of the point from the x-axis. Since r = |z|, with complex notation
this formula becomes

z = |z| (cos O + isinH)

No doubt you have seen the formula e® = cos 6 + i sin 6. We'll soon deduce it again. Thus the
above formula becomes
z = |z|e'®
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A consequence of the previous formula is that |[e®| = 1, a fact we’ll use again and again.
Ifz; = |Z1|ei61 and z, = |Zz|€i92,We have
= 61 pi6; — i(6,+6
212y = |212,|eP1e%2 = |z,2,|e!@1+62)

So multiplying complex numbers is done by multiplying their distances from the origin and
adding their angles with the x-axis.

It is a remarkable fact that complex numbers unify the theories of exponential and trigonomet-
ric functions; we’ll see more of this soon. The formula e®1e®: = ¢i®1%9) i5 a special case of
the power law ee? = e”*Z but changing the notation slightly makes it a special case of the
addition formulas in trigonometry:

(cosB; +isinB;) (cosH, +isinh,) =

= (cos 6y cos 8, — sin 6, sin 6,) + i(sin B; cos B, + cos; sin6,) =

cos(6; + 6,) +isin(6; + 6,)

1.2 Holomorphic Functions

Complex variable theory is about complex valued functions of a complex variable. Sometimes
Z3+iz+3

we denote this w = f(z). There are many examples, like f(z) = IR

Notice that the standard picture of a mountainous surface over the plane only makes sense if
the values of f are real. Otherwise, we need four dimensions for the picture. We will soon see
that real-valued f are not differentiable in the complex sense and thus not interesting.

On the other hand, old books often contain pictures of the absolute value |f(z)| for famous
functions. The next page shows three examples. The first is a plot of the absolute value of

= This function has singularities, known as poles, at z = 0, 1.
zZ(Z—

The second is a plot of the gamma function, extended to be defined for all complex numbers. In
calculus, I'(x) = jz)oo t*~let dt provided x > 0. Using integration by parts, we have I'(x + 1) =
xT'(x); also I'(1) = 1. It follows that I'(n) = (n — 1)! for all integers n. If we replace x with a
complex z, the expression t?~le~" still makes sense, as we will discover shortly. The integral
still converges if R(z) > 0 and defines a function I'(z). The extension still satisfies the formula

I'(z + 1) = zI'(z) for all such complex z.

L(z+1) _

But then we can extend I'(z) to be defined for all z as follows. By algebra, I'(z) =

Fizji = .... The second equation is defined for R(z + 1) > 0 or R(z) > —1, the third for
zZ\Z

R(z) > —2, etc., and in this way we can extend as far left as we like. Notice that poles then
appear at 0, —1, —2, ..., as shown in the graph.
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1

Figure 1.1: f(z) = g

Figure 1.3: f(z) = {(2)
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The final picture shows ¢(z) = Z:o i, which converges for R(z) > 1. This is known as
the Riemann Zeta function because Riemann proved that it can be extended to be defined
everywhere except z = 1, by an argument we will give later. Since ZT’ % = o0, the function
has a pole as z = 1. Riemann proved that this function has infinitely many zeros z, satisfying
0 < R(zy) < 1 and conjectured that these zeros all have real part é Four of these zeros

as shown in the graph. This conjecture is the most famous (and probably most important)
unsolved problem in mathematics.

We define the derivative of a complex valued function by

df _ . fe+h) -

dz h—o h

Here h is allowed to be complex, so z + h can approach z from all possible directions in the
plane; we require that all of these limits be equal. This is a powerful requirement, with beau-
tiful consequences not true in the real version of the theory.

To compute the derivative of f at z, we need to require that f is defined sufficiently near to z in
all directions. Thus the domain of f must be an open set U C C. We often need to require that
U be connected; for instance, if Z—f is identically zero, we'd like to conclude that f is constant,
and that is only true if U is conngcted. To save words, we define a domain to be a connected
open set in C.

Complex variable theory, then, is about a special class of functions called holomorphic func-
tions. There are four possible definitions, corresponding to four approaches to the elementary
theory. In the end, the four definitions turn out to be equivalent, and after that is proved, the
deeper theory opens up in many directions. In these notes, the official definition is the first
one.

Definition 1. A complex-valued function f is holomorphic on a domain U if Z—f exists at each
zZ
point of U.

Definition 2. A complex-valued function f is holomorphic on a domain U if Z—f exists at each
zZ

point of U, and the resulting function Zf

— is continuous on U.
zZ

k

Definition 3. A complex-valued function f is holomorphic on a domain U if Z—{ exists at each
z

pointof U fork =1,2,3,...

Definition 4. A complex-valued function f is holomorphic on a domain U if f is given near
each z, € U by a convergent power series

f(2) =cy+ci(z — zp) + c3(z — 2p)* + ...



CHAPTER 1. PRELIMINARIES AND EXAMPLES 5

The first of these definitions is the least restrictive, but special techniques are required at one

or two spots because we do not yet know that Z—f is continuous. These notes will follow this

approach. :

If we assume that Z—f is continuous, then the elementary theory is actually a consequence of

several variable calculus and can be developed in an hour or two. We’ll also sketch this ap-
proach.

The fourth definition is the most restrictive. It is easy to prove that a function given by a con-
vergent power series is differentiable with derivative given by the term-by-term derivative of
the power series, so the fourth definition implies all the others. In real variable theory, it is
easy to find functions which can be differentiated once, but not twice, and it is also easy to find
functions which can be differentiated infinitely often and yet do not have convergent power
series. So the fourth definition is only equivalent to the first in complex variable theory.

Weierstrass developed complex variable theory by starting with power series. This is possible,
but requires tricky proofs that are avoidable by starting with the first or second definition. For
example, if f(z) and g(z) are given by power series, then so is f + g, but it is not clear that fg
and f/g are given by power series. On the other hand, if f and g have complex derivatives, so
do fg and f/g by the ordinary calculus argument, unmodified.

Consider the series 1

z—1

l+z+z22+23+...=

The series only converges for |z| < 1, but the function is defined and differentiable everywhere
except z = 1. That’s why our fourth definition has a complicated condition requiring power
series centered at each point of the domain. But then we should really prove a theorem stating
that if a power series converges for |z| < R, then the expansion about each z, in this disk
converges to f at least near z,. This is true, but a direct proof is tricky. The result will become
easy by following our approach.

On the other hand, power series are the most natural way to get complex analogues of e*, sin x, cos x,
and In x, so we state a few elementary facts about them beginning in section 1.4, and then in
chapter two. But first

1.3 Differentiation Algorithms

The standard rules for differentiating sums, products, and quotients extend easily to the com-
plex case; we leave these proofs to the reader. The chain rule also extends easily. Therefore, the
standard calculus differentiation exercises apply in the complex case. Said another way, you
already know how to differentiate.
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In the following sections we will define eZ, aZ, sin(x), cos(z), and log(z), but each time we will
prove that the derivative is the expected one. So there is nothing to learn even if you find
yourself differentiating fancy expressions involving transcendental functions.

On the other hand, the standard pictures do not apply, so it is unclear what 4 s actually

d
dz
measuring. That will be explained in chapter 3.

1.4 Extending Functions from R to C

We are about to extend e* from a function defined on the reals to a function defined on the
complex numbers. It is reasonable to expect that this is possible in many ways, and that our
extensions are chosen for “historical reasons only.” Amazingly, this is false. It turns out that
there is at most one way to extend a function defined on a subset of R to a holomorphic exten-
sion over the complex numbers.

Most standard functions of calculus satisfy identities of various kinds. For example, sin® x +
cos?x = 1. Amazingly, these identities remain true over the complex numbers, and even
more amazingly, there is an abstract theorem which proves this without bothering to check
any special case.

Here are the two theorems in question, known as “the identity theorems.”

Theorem 1. Suppose U is a domain such that U N R # @. If f is a complex valued function
defined on U N R, then f can be extended to a holomorphic function on U in at most one way.

Theorem 2. Suppose U is a domain such that U N R # @. Suppose f(z) and g(z) are holomor-
phic on U and f(x) and g(x) satisfy an algebraic identity on U N R. Then f(z) and g(z) satisfy
the same identity on all of U.

Remark: We have to postpone the proofs until later, but a key idea can be given here. We’ll
sketch the proof of the first theorem from the power series definition of holomorphic functions.
Pick a point z, in U N R and expand f — g about z,. The coefficients of this power series are
f*(20)—8"(20)
k!
power series is identically zero. So f — g is zero in an open disk about z,.

. Since f — g is identically zero on U N R, all of these coefficients vanish and the

Consider theset V = {z; € U | f — g = 0 in an open disk about z, }. This set is trivially
open; by the previous paragraph it is not empty. We prove it closed and consequently all of
U by connectedness of U. Suppose z, € V and z, — z, € U. Then f¥(z,) — g¥(z,) = 0.
But f — g can be expanded in a power series near z,, so all derivatives of f — g exist and are
continuous near z,. It follows that all of these derivatives vanish at z,, so the coefficients of the
series expansion at z; are zero and f — g is identically zero near z,. Thus V is closed.
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1.5 Exponential Functions

We need some fundamental theorems about power series. These will be proved in chapter
two, but we state them now because we want to extend known functions on R to holomorphic
functions on C using them.

Theorem 3. Consider an arbitrary power series about the origin:

Co+cCci1z+ C2Z2 + ...
There is a constant R, 0 < R < oo, such that the series converges absolutely for |z| < R and
diverges for |z| > R. This R is called the radius of convergence.

Exercise: Find an example where R = 0 and the series converges only at z = 0. Find an example
where R = o0. Find an example where R = 1 and the series diverges at all z with |z| = 1. Also
find a similar example where the series converges at all z with |z| = 1. Finally find a similar
example where the series sometimes converges and sometimes diverges at points with absolute
value one.

Theorem 4. If the radius of convergence is R, the series converges absolutely for |z| < R, so it can
be rearranged at will. Moreover, if Ry < R, the series converges uniformly for |z| < R,,.

Theorem 5. Let the radius of convergence of the following series be R:
f(2)=cy+c1z +cz% + 323 + ...
Then the radius of convergence of the formally differentiated series is also R:
c1 + 20,z + 3¢5z + ...

Moreover, the function f has a complex derivative at each point z with |z| < R, and this derivative
is given by the formally differentiated series. Therefore, f has complex derivatives of all orders in
the convergence disk, and each is continuous.

Remark: We now use this to extend e* to e*:
Definition 5. The exponential function is the holomorphic function
2 3

Z — [ J—
e —1+z+2! +3! + ...

Remark: Every calculus course proves that this series converges for all real z. Hence the radius
of convergence must be R = oo, so the series always converges.

Theorem 6. The derivative of e? is e-.
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Proof: Power series can be differentiated term by term, so differentiate the series and notice
that this reproduces the same series.

Theorem 7.
ez+w — ezew

Remark: This follows from the identity theorem. The formula e?t% = eZe¥ is known to hold
for real z and w. Fix a real w and consider both sides as functions of z. Since the two functions
agree on the real numbers, they agree for all z. Now fix a complex z and think of both sides as
functions of w. We just proved that they agree for real w, so they must always agree.

Remark: We can also give a direct proof, but it is messier. First we proceed formally.

zk o Z+w" L
=ZEZU Z 2 A I _Zn'<z il wl>=ZO:T=e+

n=0k+Il=n k+l=n

Thus the equation e?e® = e**" isreally all possible binomial theorems wrapped up together.

Exercise 1. Make this rigorous by recalling that inside the convergence disk, power series converge
absolutely and absolutely convergent series can be rearranged.

Corollary 1. The function e® has no zeroes.
Proof: e?e™? = 1.

Remark: Euler liked to think of power series as “generalized polynomials”. If P(z) is a non-
constant polynomial, it takes all possible complex values by the fundamental theorem of alge-
bra.

We might try to generalize this result to say that a non-constant holomorphic function defined
in the entire complex plane takes all possible complex values, but e* shows that this is false.
However, we will later prove that the values of such a function are dense in the plane.

Around 1861, after everyone thought that basic complex variable theory was complete, Picard
surprised everyone by proving that a non-constant holomorphic function on the entire complex
plane can omit at most one value.

1.6 Trigonometric Functions

Let x be real and notice that

ix2  i3x3

—1+1x+T+T+

1 x2 x4 x3 X
—Eﬁ'mﬁ' +i X—?+§+
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cosx +isinx

Changing x to —x and adding and subtracting gives

eix _ e—ix
=Sinx
2i

The identity theorem says that we must then define

Definition 6. ) _
eiz 4 eiz Z2 Z4
cosz=—————=1——+——
2 21 4]
ez — e~iz Z3 ZS
sinz=———=z—— 4+ — — ...
20 31 5l

Theorem 8. The functions cos z and sin z are holomorphic in the entire complex plane and
satisfy the following equations:

d . d .
e —COSZ=-—SInZ;, —SInz = CO0SZ
dz dz

.2
e cos’z+sin“z=1
e cos(z + w) = coszcosw — sin z sin w

e sin(z + w) = sinzcosw + coszsinw

1.7 e*asaMapfromCtoC

The correct way to think of f(z) geometrically is as a map from a subset of the plane to another
subset of the plane. To picture this more accurately, draw a grid (not necessarily rectangu-
lar) on the domain and draw the corresponding mapped grid lines on the image. In the next
chapter, we will see discover the geometric restrictions that holomorphy places on these trans-

formations.
We want to draw such a picture for e?. Notice that
et = e¥(cosy +isiny)

Consequently, horizontal lines with varying x and fixed y map to radial lines with varying
distance to the origin and fixed angle; vertical lines with fixed x and varying y map to circles
with fixed radius and varying angle. The resulting picture is the following:
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T p £
S
SNONIESER € LN
e}

Figure 1.4: e? as a Mapping C — C

The shaded region on the left maps to the pie shaped shared region on the right; points far to
the left map close to the origin, and points far to the right map to points near infinity. The
region on the left covers the entire complex plane except the origin, and the map then repeats
periodically with period 27i.

1.8 log(z)

Recall that a complex z can be written in polar coordinates as z = |z|(cos 8 + i sin 8). We call
this angle the argument of z, arg(z). Rewriting slightly, z = |z|e! 2%,

We define the complex logarithm, log(z), to be is inverse to e*. So

elog(z) =z = eln|z|+iarg(z)
We conclude that by definition,
log(z) = In|z| + iarg(z)

The only problem is that arg(z) is multiple-valued; we can add any integer multiple of 27
and get another legal value for arg(z). Consequently, log(z) is multiple valued, and its possible
values differ by integer multiples of 27i. Notice that log(z) is defined for every complex number
exceptz = 0.

The main theorems about holomorphic functions require single-valued functions. So when-
ever the logarithm occurs, we need to pick a branch of the logarithm. That is, we need to
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define a continuous single-valued function 6(z) on the domain U whose value is one of the
legal values of the angle at each point, and define

log(z) = In|z| + i6(z)

for that particular choice of 6.

Often in complex variable theory, we restrict the log to the domain U formed by removing all
non-positive real numbers from the plane, and require that —7 < arg(z) < 7. Then log(z) is
single-valued on this domain. In a chapter to come, we will prove that log(z) is holomorphic
on this domain; the reader can rather easily prove that already. This particular restriction on
domain defines what is called the principal branch of the logarithm.

Many other domains U in the plane omit the origin and allow us to define a continuous value
of arg(z) throughout the domain. We can then define a branch of the logarithm on U by
log(z) = In|z| + i6 and all such functions turn out to be holomorphic. Each such choice
is called a permissible branch of the logarithm. We will later prove that such a branch exists on
U if and only if U is simply connected. But often the fancy theory is not needed and it is quite
clear how to define arg(z). The next page shows examples of simply connected domains of the
complex plane which omit the origin. Describe one possible choice of arg(z)s for each such
domain:
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)

Figure 1.5: Branches of Log(z)

H

1.9 Complex Exponentials

As in ordinary calculus, we define a? = e?"¢, Similarly if a and b are complex, we define a® =

P 108(2)  This is multiple-valued, and we make it single-valued by choosing an appropriate
branch of the logarithm for a. Common sense is often enough to make this choice. We give
three examples.

Example 1:

The Riemann Zeta function is defined as 220_1 L for Rz > 1. In this case, n is a positive
=1,z

integer, so clearly n? = e” Z and we use the ordinary calculus logarithm.
Example 2:

The Gamma function is defined as f0°° t*"le~t dt for Rz > 0. Again t is a positive real number,
so t?~1 = e"? =D and we use the ordinary calculus logarithm.

The rest of this example can be skipped, but shows how we can make use of the multiple values
of the logarithm to do interesting things.

We require Rz > 0 in the above formula because otherwise the singularity at the origin is not
integrable. On the other hand, e~ vanishes so rapidly at infinity that the integral converges
there for all z. For this reason, it is interesting to compute

I(z) = f t?~le~tdt
14

where y is the curve shown at the top of the next page. Assume the two portions of the path
on the right side are actually on the positive x-axis. Of course this uses the integration theory
from a later chapter, but let us be courageous and proceed.
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4L
W
]

i

Figure 1.6: y

The term t7~! = ¢°8®) z=1) and we assume log(t) = In t as we integrate along the first portion
of the path.

Since the limits of integration are at infinity where the integrand goes to zero, this integral exists
for all values of z. As we later prove, this and similar integrals define holomorphic functions
of z. So I(z) is globally defined.

If Rz > 0, theintegrand is small near the origin and we can ignore the integral around the circle
there. But the imaginary part of log(z) will increase from 0 to 27 around this circle. Then as
we integrate the last portion in the positive direction along the x-axis, we will be integrating
e(nt+27)(z=1) gt The real integrals along the positive x-axis define I'(z), so we conclude that
for Rz > 0,

1(z) = (=1 + ¥ D) [(2)

or
. eﬂiz _ e—m’z o
I(z) = 2ie™* — I'(z) = 2ie™ sin(7z)I'(z)
Thus for Rz > 0, we have
1 : 1
I'(z) = e I(z
@ 21 sin(7z) @)

On the other hand, I(z) is holomorphic for all z, so this formula gives a second holomorphic
continuation of the Gamma function to the entire complex plane. We already know this by an
easier argument from the identity I'(z + 1) = zI['(z).

It turns out that a similar argument analytically continues the zeta function to the entire com-
plex plane, and in that case the second argument is not available to us.

Since sin(7z) vanishes at integers, the Gamma function has poles at the non-positive integers.
There are no positive poles because I(z) = 0 at positive integers.
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Example 3:
The remaining examples are more complicated and can be skipped.

Notice that
\z = el/2 108

Although the logarithm has infinitely many values, it is easy to check that \/E defined this way
has only two values, which differ only in sign.

If we use the principal branch of the logarithm, we discover that \/E is holomorphic, defined
everywhere except the negative x-axis. If \/; > 0 for x > 0, then this branch of \/E has values
which are positive imaginary numbers just above the negative x-axis and negative imaginary
numbers just below the negative x-axis.

Another way to think of \/E is as a double-valued function which goes through all of its values
as we wrap around the origin twice. In this case, it is convenient to put the branch line along the
positive x-axis. If we start at a positive x and wind around the origin counterclockwise once,
the values of y/z move from /x to —/x. As we wind around again, the values move from —/x
back to y/x.

Example 4: The length of an ellipse is given by an integral whose integrand equals the square
root of a cubic or quartic, depending on the choice of coordinates. If we want to investigate this

integral over the complex numbers, we need to study expressions of the form Vz3 +az2+ bz +ec.
To be concrete, consider the special case

Vz3—z=4(Zz-1z(z+1)

The square root is not differentiable at the origin, so we must remove —1,0, and 1 from the
plane. Earlier, we asserted that log(z) has a single-valued branch on any simply connected
domain. There is actually a more astonishing theorem: if f(z) is holomorphic and nonzero
on a simply connected domain U, then log(f(z)) has a single-valued branch on U. We will
prove this later. It is easy to find examples where U is simply connected, but the range f(U) is
not simply connected, so we cannot start by finding a branch of the logarithm on the range of

1.
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At any rate, let us make a branch cut from —oo to 1 along the x-axis. The remaining set is

simply-connected, and thus we can define log(z—1)z(z+1) on thisset. Then/(z — 1)z(z + 1) =

1
¢80 145 branch on U. See the left side of the Figure below.

Y g
2l -1 © 4

Figure 1.7: \/(z — 1)z(z + 1)

Notice that1/(z — 1)z(z + 1) = Vz—1- \/E -V z + 1. If we traverse a very small circle centered
at 1, z and z + 1 hardly change and \/E -4/z + 1 return to their original value. But vz —1
changes sign, and thus 4/(z — 1)z(z + 1) changes sign.

A similar argument applies if we traverse a small circle about 0. But z already changes sign
on the right side, so it does not change sign on the left side. Consequently the entire square
root does not change sign on [—1,0] and we can remove that portion of the branch cut. We
conclude that our branch of 4/(z — 1)z(z + 1) is defined on the entire plane except the intervals
(—o0,—1] U [0,1]. The function consists of two copies with this domain and differing only in
sign. If we cross one of the branch cuts (—oo0, —1] U [0, 1], we must jump to the other copy of
our function, i.e., change the sign of the integrand.




Chapter 2

Series

This short chapter should be skimmed. Its purpose is to show that standard results in infinite
series and power series work for complex numbers as well as real numbers. No new exciting
ideas appear. The one advantage is that most proofs can be left to the reader, so the central
ideas perhaps stand out more clearly than when first taught.

No difficult proofs are skipped. The missing proofs could be supplied, but they would just
clutter up the text.

The last section on power series is important for these lectures; read it carefully.

2.1 Infinite Series

Definition 7. If {c,} is a sequence of complex numbers, we write L = ZZOZO ¢, and say the sum
converges if for each € > 0 there is an integer N such that whenever n > N we have

n
L— Z Ck
k=0

<e¢

Theorem 9. If ) ¢; converges, then c;, — 0.

. . 1 . .
Remark: The converse is false, since ), — grows arbitrarily large because
n

Zl—1+l+<l+l>+<l+l+l+l)+ >14i4241y
no "2 \3 4 56 7 8) "7 22 2 7

Remark: The trouble with the above definition is that it requires knowing L in advance. But we
want to use series to define new numbers. The following definition does not mention L.

16
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Definition 8. A sequence {c;} is a Cauchy sequence if for each € > 0 there is an N such that
whenever N < m < n we have
n
2.
k=m

<€

Theorem 10. Ifa sequence converges, it is a Cauchy sequence.

Remark: Calculus depends on the existence of the real numbers; it falls apart if we only believe
in rationals. The following theorem requires the real numbers and is absolutely crucial for
everything that follows.

Theorem 11. Conversely, every Cauchy sequence has a limit.

Proof: 1t suffices to prove this for sequences of real numbers, since
Z(ak +iby) = (Z Clk> +i (Z bk)

Choose N satisfying the Cauchy condition for .001 and compute ZI,LO a. Suppose, for exam-
ple, we get 13.264. Then the sum of any finite number of additional terms is smaller than .001
in absolute value, and thus an arbitrary finite sum of terms is between 13.263 and 13.265. So
every sufficiently large finite sum starts 13.26.

Choose N satisfying the Cauchy condition for .000001 and repeat the calculation. Suppose we
get 13.264552. Asbefore, any finite sum will be between 13.264551 and 13.264553 and therefore
have the form 13.26455.... Continue in this way.

We conclude that in Platonic heaven there is a unique infinite decimal, perhaps 13.2655178099936000042....,
such that any future calculation of a finite number of terms of our sequence gives this Platonic
number up to an appropriate number of places. QED.

Remark: Several objections to this proof are possible, and the most important occurs when
a term in the expansion is followed by a sequence of zeros or a sequence of nines. For ex-
ample, suppose our calculation gives 13.265000000000000000000. The next value might be
2 and in that case all of these digits are correct. But if some future value adds something
very, very slightly below zero, then almost all the digits were wrong starting with the 5, and
5000000000000 should have been 4999999999999999. The problem, of course, is that some
real numbers have two decimal expansions, one ending in all nines and the other ending in all
Zeros.

If this does not bother you, swell; proceed. But if it does, or if you don’t believe in Platonic
heaven, keep reading. The standard proof of this theorem begins with an alternate definition
of the set of real numbers. The alternate definition makes it clear that Cauchy sequences always
converge. The decimal notation of real numbers, including the ambiguity between ending in
all nines and ending in all zeros, becomes a theorem in this new approach.
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By very good fortune, the convergence of Cauchy sequences is the central idea of the new
construction. Indeed, one approach is to start with the rational numbers and then define a
real number to be an equivalence class of Cauchy sequences of rational numbers. So all of the
magic of real numbers is captured by our theorem, and we need not worry that some other
essential point about reals hasn’t been made clear.

2.2 A Big Problem

We want to use infinite sums in a relaxed way, using all the tricks we employ with finite sums.
But something can go very wrong with these infinite sums.

2 3 4
Recall that i = 1—x+x2—x>+.... Integrate both sides to obtain log(1+x) = x—x?+x?—x:+....
X

In particular

1 1 1
10g(2)—1—5+§—z+...
and ) 1 1
510g(2)20+§+0_2+'"
Adding
3 1 1 1 1 1
Zlog2)=1+s—Z+-+=—>+..
;1082 =143 —5+5+5-7+

But this is just a rearrangement of the original series, although the sum is different. So the
order of the terms matters in infinite series.

This is terrible! When Gauss was six years old, his genius was recognized because he added
the numbers from 1 to 100 by rearranging the sum as (1 + 100) + (2 +99) + (3 +98) + ... =
101 + 101 + 101 + ... = 5050. Tricks like this fail for infinite series.

Definition 9. A rearrangement of a series {c,.} is a one-to-one and onto map f : N — N, where
N is the set of non-negative natural numbers. This produces a new series {c)}-

Definition 10. Let a; be a series of real numbers. We say that Y, a; = oo if for each bound B
there is an N such that whenever n > N we have ZZ:O > B.

Theorem 12. Let {a,} be a series of real numbers and suppose a, > 0. Either there is a unique L
[o0] (0] .
such that ), k—o W = L orelse >, K=o Wk = 0. Any rearrangement of the series has the same sum.

Remark: This is the first ray of light. Our problem does not occur if every term in the sequence
is a positive real number. Incidentally, the proofis very easy and can be left to the reader.

Remark: Now suppose {a,} is an arbitrary sequence of real numbers. We could form the sum
of all the positive terms P, change the signs of all the negative terms and form their sum N, and
define the sum of all the numbers to be P — N. This would work for any sequence whatever,
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and give an answer which is either L or co or —co (except in one case). The sum would be
independent of the arrangement of the terms. Nirvana!

The bad case is when P = oo and N = o0. Then the subtraction makes no sense.

Definition 11. Suppose {a;} is a sequence of real numbers. We say this sequenceisin L' if P and
N are both finite. In that case, it is easy to prove that P— N gives Y, ko Ak according to our original
definition. Moreover, any rearrangement of the series gives the same sum. Finally, it is clear that
{a;}isin L' exactly when ) |ay| converges.

Remark: We say a sequence converges absolutely if ) |a;| converges. This is the terminology
we will use from now on. Our L! is commonly used in real analysis, for both series and inte-
grals.

Corollary 2. Suppose {c;} is a series of complex numbers. We say this series is absolutely conver-
gent if Y. |ci| converges. Write ¢, = ay + iby. Since |ai| < |ci| and |by| < |ckl, the real and
imaginary series converge absolutely to the real and imaginary components of the limit, and a
rearrangement of such a series gives the same sum.

Remark: Finally, suppose {a,} is a series of real numbers which does not converge absolutely.
Let us assume that a; — 0, since otherwise the series certainly does not converge. Then either
P is infinite and N is not and the sum is oo, or P is finite and N is not and the sum is —oco or
P = N = co. In the first two cases, any rearrangement gives the same sum. So the only unusual
case is the third one, and for it we have the following spectacular result:

Theorem 13. Suppose {a,} is a sequence of real numbers, a;, — 0, and the sum of all positive
terms P and the sum of minus all negative terms Q are both infinite. Then for any L € R, some
rearrangement of the series converges to L.

Proof: Start adding positive terms until the sum is larger than L. Then add negative terms until
the sum is less than L. Then add more positive terms until the sum is greater than L. Etc.
QED.

2.3 An Alternate Approach

There is a research area called “the theory of divergent series” about alternate definitions of
sequence convergence. These new methods gives the original result for convergent series, but
also give values to certain divergent series. For example, Cesaro’s summation method calcu-

lates the partial sums s, = ZZ:O ay, and then defines the sum of the series to be the limit of

o1+0,+...4+0, . o s .
——2" " asn — oo. The Cesaro sum of a convergent series is its ordinary sum, and the
n

Cesarosumof1 —1+1—1+...1s l. The Fourier series of a continuous function need not

2
converge to the function, but according to a beautiful theorem of Fejer, the Fourier series of a
continuous function does converge to f if we use the Cesaro method.
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It is possible to imagine an alternate history of mathematics in which the standard definition
of summing a series would be to sum the positive elements, sum the negative elements, re-
quire that both sums be finite, and subtract the sums. In this alternate world, all infinite sums
could be rearranged. Our current definition of convergence would become a “divergent series
method,” in which a value is squeezed out of a divergent series by arranging the terms in a
particular order.

This alternate approach would not, however, avoid using a deep property of real numbers.
Suppose a; are positive numbers. Notice that as we add more and more terms, the partial
sums increase. If these partial sums are unbounded, we say the limit is co. Otherwise we
define the limit of the series to be the least upper bound of the partial sums. Here we use
another deep property of real numbers: every set of reals which is bounded above has a least
upper bound.

Thus the reals are in some sense defined by two properties; every Cauchy sequence con-
verges and every subset bounded above has a least upper bound. It is easy to prove that
these two properties are equivalent.

There are essentially two approaches to construct the real numbers. Each approach starts with
the rational numbers. In one approach, we add additional numbers to make Cauchy sequences
converge, and in the other we add additional numbers to create least upper bounds for bounded
sets. The two approaches give the same set of real numbers in the end.

2.4 Uniform Convergence of Functions

Definition 12. Suppose f(p) are complex-valued functions defined on some set M. We say
> fr(p) converges pointwise to f(p) if for each p € M, Y, f1.(p) converges to f(p).

Remark: Here M might be an interval [a, b] in R, or an open subset of C, or any other set.

Remark: When we add series, the basic idea is that finite sums )] ¢; look more and more like
L. Here the intuition is that finite sums ). f;(p) look more and more like f(p). However, this
intuition is tricky, as the following example shows.

Fourier and Cauchy were contemporaries. Fourier led an interesting life. He was the sec-
retary of the academic side of the army when France invaded Egypt, so while the army was
doing its thing, he and his workers were making careful traces of hieroglyphics. French sol-
diers also discovered the Rosetta Stone, but that was taken to England by the British when
they arrived and defeated the French army. These events eventually led to the decipherment
of hieroglyphics, and although partial progress was made by a British amateur named Thomas
Young, the main decipherment was done by Jean-Francois Champollion in France. It turned
out that hieroglyphics are partly phonetic and similar to the Coptic language, which Champol-
lion learned.
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Fourier invented what we now call Fourier series. According to Fourier, any reasonable peri-
odic function on R with period 27 can be written

(x)= o + ), (aicoskx + by sinkx)
> k k
k=1

where . .
a, = % f f(x)coskxdx and by = % / f(x)sinkx dx
- -

For example, if f(x) is a square wave with f(x) = —1 on (—7x,0) and f(x) = 1 on (0, ), then
an easy calculation gives a; = 0 always, and b, = ﬁ for k odd and zero otherwise. Thus the

square wave equals

3 5 7

4 ( . sin3x sin5x sin7x )
— | S1In + ...

When Cauchy heard of this result, he told Fourier not to publish immediately because his
manuscript had mistakes. For example, Cauchy had published a book proving that the sum of
continuous functions is continuous, and yet the equation just displayed claims to represent a
discontinuous function as a sum of continuous functions.

Below is a Mathematica plot of the sum of the first ten terms of this series. It is clear that the
sum is converging to the square wave and in the limit will jump from a value of —1 to a value
of 1 at multiples of 7.

Eventually Cauchy revised his book, and later Dirichlet rigorously proved that this and most
Fourier series converge pointwise to f(x). Just before the jump, notice that the sum rises about
10% above the function. This is called the Gibb’s phenomenon, happens generally at jumps,
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and was discovered when mechanical calculators actually computed Fourier series in the late
1800’s.

To rescue his theorem, Cauchy made the following definition:

Definition 13. Let f)(p) be complex valued functions on a set M. We say ), fi(x) = f(x)
uniformly on this set if for each € > 0, there is an N such that when n > N we have forall p € M
simultaneously

<€

fO) = fr(x)
k=0

Remark: In short, if convergence is uniform then our intuition that finite sums of the f(x)
look more and more like f(x) is actually true.

Theorem 14 (The Weierstrass M-Test). Suppose there are real constants my such that for all p

| (P < my

and such that ), my converges. Then ), fi(p) has a uniform limit f(p).

Theorem 15. Suppose M is a subset of R or C. If f(p) are continuous functions on M and
Y. fr(p) converges uniformly to f(p), then f(p) is continuous.

Theorem 16. Suppose f.(x) are continuous real-valued functions on [a,b] and Y, fi.(x) con-
verges uniformly to f(x). Then

b b
D f Fo(x) dx = f £ dx

2.5 Power Series

A power series is a series ZZOZO c,z*. The lesson of this short final section is that power series
are nice in every possible way. They converge uniformly, they converge absolutely, and their
convergence domain is easily described. They can be differentiated term by term. See below
for the precise results.

Theorem 17. Given a power series, there is a constant R called the radius of convergence such
that the series converges for |z| < R and diverges for |z| > R. Behavior on the circle |z| = R is
varied. The series converges absolutely when |z| < R, and it converges uniformly on |z| < R, for
any Ry < R.
Remark: The constant R can be infinite, as for

2

A
Z —
e —1+z+—2! + ...
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it can be finite as for 1
—— =14z+2z%+..
1—-2z

and it can be zero, as for

1+ 1z 42122 +3123 + ..

When R is finite, the series may diverge everywhere on the boundary, as for — =1+z+2z%+..
and the series can converge at some boundary points and diverge at others as for

2 3

z¢  z
logl—-2z)=——z+—=——5+..
g(1—2z) z+ 3 +
which converges at z = 1 and diverges at z = —1. The series can converge on all boundary
points, as for example
ZVL
n2

Proof: Let R be the least upper bound of the set of all r such that {|ck|rk} is a bounded set. If
|z| > R, then the ¢, z* are not bounded, so Y, ¢, z* diverges.

If Ry < R, we can find R, such that the |ck|R’1‘ are bounded by, say, M and Ry < R; < R. Then
when |z| £ R, we have

R k k
K| < k _ Ro) g < ( )
jozt] < laelRE = leel (22) RS <M (3

. R . . .
Since R—O < 1, the series of constants on the right converges, and thus the series on the left

convergtles absolutely and uniformly. QED.
Corollary 3. The function f(z) = Y. ¢,z on |z| < R is continuous

Theorem 18. Suppose f(z) = Y. c;z* on |z| < R. Then the radius of convergence of the term by
term derivative
Z kaZk_1

: df . :
is also R and d—f exists and equals this sum.
z

Corollary 4. Suppose f(z) is given by a convergent power serieson |z| < R. Then f(z) has deriva-
tives of all orders, and these derivatives are given by term-by-term differentiation of the power series
on|z| <R

Proof of theorem: If we multiply a convergent series by a constant, the new series converges
as well. So we can multiply Y. kc,z¥~! by z and it suffices to study Y. kc,z¥. If the radius of
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convergence of the original series is R and R, < R, choose Ry < R; < R and note that the |c; |R’1‘
are bounded by, say, M, So

k k
R R
ke, |R* = k <—°> Rk<k<—0> M
|Ck| 0 |ck| R1 1 = Rl
k

&> are bounded. If so, then the radius of convergence of )} kckzk is

We claim that the k (R

1
at least Ry, and since R, is arbitrarily close to R, the radius of convergence of Y kc,zX must

be R. To show our claim, note that % > 1 and thus equals 1 + « for a positive . Then
0
k

(%) >(1+a)f=1+ka+..>ka,andso

0
R\ 1 1
k(R_1> <ka—a

Next we differentiate. If f(z) = >, ¢;.z*, then

fz+h)-f(z) _ (z + h)k — z*
h ‘Z"’"T

((z +h) - z) ((z + )+ z+ W2z 4+ (z+ W) 322+ .+ zk_l)

Ck A =

D ck((z +R T+ 22+ (z+ R 322+ + z"‘l)

Fix z and think of both sides as functions of 4. On the right side we have a sum of continuous
functions of h. This sum converges uniformly by the Weierstrass M-Test, because we can re-
strict to |z + h| < Ry and |z| < Ry and then the kth term is bounded by |ck|kR’1‘_1 < |cy |kRK1
and the initial part of the proof shows that by shrinking R we can make this bounded.

Therefore the left side of the equation is continuous at & = 0, or in other words, has a limit as
h — 0. Moreover, this limiting value is the value of the sum when & = 0 and so Y, c;kz*!.
QED.
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The Cauchy-Riemann Equations and
Consequences

The Cauchy-Riemann equations were discovered by Cauchy around 1820. They were later
used extensively by Riemann in his thesis and subsequent paper on Riemann surfaces. Hence
the equations are named after both men.

3.1 Differentiation Rules

Theorem 19. The standard differentiation techniques work for Z—f. These include the rules for
zZ
sums, products, and quotients, and the chain rule.

Remark: Most proofs work exactly as before. The chain rule requires slightly more work.

3.1.1 The Product Rule
3.1.2 The Chain Rule

3.1.3 The Inverse Function Rule
3.2 Complex Functions as Maps from the Plane to the Plane

Advanced calculus is partly about maps R™ — R". In the special case m = n = 2, such a map
is often written (x, y) — (u,v) = (u(x,y), v(x,y)). Each function of a complex variable defines
such a map. Rather than writing u and v, we almost always call the components f; and f,. So

f(Z) . (an’) - (u9 U) = (fl(xay)a fZ(xay))'

25
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Example 1: Since e? = e¥*? = ¢*(cosy + isiny), we have f,(x,y) = e*cosy and f,(x,y) =
e*siny.
Example 2: Since Log(z) = |z|+i6, wehave f1(x,y) = 4/x2 + y2and f,(x,y) = arctan 2,

X
Example 3: If f(z) = z?, we have f,(x,y) = x> — y? and f,(x,y) = 2xy.

Example 4: If f(z) = sinz = sin(x, y) = sin x cosiy+cos x siniy = sin x cosh y—i cos x sinh y.
So f1(x,y) = sinxcoshy and f,(x,y) = —cos x sinh y.

3.3 The Cauchy-Riemann Equations

Theorem 20. Suppose f(z) = f1(x,y) +if,(x,y). If‘;—f exists at a point, then the four partial
zZ
afi of1 9fs afa

derivatives —, —, == and == all exist at the point and
ox  Jdy Ox dy
31 _ 9
o0x dy
o __9fs
dy ox
af

Proof: Recall that = requires that limits be equal as we approach the limit from any direction.
z
In particular, the horizontal and vertical limits must be equal. So

af _ li (f1(x + h,y) +if2(x + h, ) = (f1(x, y) + if2(x, )
— = lim
dz h—0 h
i Six+hh) = f1(x,y) ... folx+h,y)— fr(x,y)
= lim +ilim
h—) h h—0 h
_0f1, .0f>
~ax ox

The vertical limit is formed by replacing & by ih for a real h:

af li ([1Ge,y + h) +if,(x,y + h) — (f1(x,y) +if>(x,¥))
— = lim -
dz h-0 ih
i F1O6h+h) = fi(x,y) ... [y +h) = fi(x,y)
= lim . +ilim -
h—) ih h=0 ih

dy dy
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Example: If f(z) = e = e* cosy + ie* siny then

0 o}
—aj;l =e*cosy = —aj;z
o _ _prginy =92
dy dx

Exercise: Show that a real-valued holomorphic function f(z) on a domain U is constant.

3.4 The Converse of the Cauchy-Riemann Equations

Theorem 21. Let f(z) = f1(x,y) + if,(x,y) on a domain U. Suppose a—fl aai, aa—fz % exist
y ~ 6x  dy

and are continuous on U, and suppose f; and f, satisfy the Cauchy-Rlemann equations on U.

df . ; . ;
Then d—f exists at each point of U and is continuous on U.
z

Remark: Notice that this is not an exact converse of the previous theorem. We will eventually
fill the gap between these theorems by proving that is Z—f exists at each point of U, then this
z

derivative is continuous on U and thus all four partials are continuous on U.

Sketch of Proof: We want to apply the mean value theorem, which asserts that there is an in-
termediate value 6 between x and x + h with

F(x+h)—F(x) = hd—F(e)
dx

We’ll use this to approximate
Je+hy+k)—f(x,y)
h + ik
The idea is to move from (x + h, y + k) to (x, y) on variable at a time, and apply the mean value
theorem to each move. If we move f,(x + h,y + k) to f1(x + h,y) and then move f,(x + h,y)
to f1(x,y), we obtain
f 1 af1

(x +h,01) + h (Gz,y)

Ifwemoveif,(x+h,y+k)to lfz(x+h, y)and then move if,(x+h,y)to f,(x,y), we get

kﬁ(x +h,0;) + lh 0/> (94 y)

If each of these expressions were evaluated at x, y, we could apply the Cauchy-Riemann equa-

tions to obtain
h+ik af 1

h+ik ox

ih—kof,
h +ik ox

)+

X,y)
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which would equal

O, O 4

ox dx dz
So our expression is this last result plus a sum of differences, each difference being a partial
evaluated one place minus the same partial evaluated somewhere else. This difference goes to

(x+h,y+k)—f(x.y)

zero in the limit by continuity of the partials, so lim ! T exists.
1

Remark: This theorem gives an alternate way to extend functions to the complex plane and
prove the extension holomorphic. For example, Log(z) = |z| + i arg z is holomorphic because
f1(x,¥) = /x2 + yZand f,(x,y) = arctan 2 satisfy the Cauchy-Riemann equations.

X

3.5 Linear Approximation of Maps R> — R

Next we want to discover the geometric meaning of the Cauchy-Riemann equations. This re-
quires a brief revisit to second year calculus.

Theorem 22. Let F(x,y) = (u(x,y),v(x,y)) : U — R? be a map given by functions with con-
tinuous partial derivatives on U. Let p = (a,b) € U. Then F has a unique linear approximation
near p.

Indeed, each linear transformation A : R*> — R? defines a map
€:U—>R?

such that

F(x,y)=F(a,b)+A( ;C:Z )+<—:(x,y)

There is exactly one linear transformation A such that

i e(x,y) _
1m ==
(xy)—=(ab) ||(x —a,y — b)||

Proof: First we prove uniqueness. If two matrices A and B both work, then subtraction gives

(A—B)( b ) = &2(x,y) — (%)

X—a
)

[I(x —a,y = b)l|

Then

-0
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Select a positive real 4 and multiply the vector (x—a, y—b) by 1. Notice that A cancels out of the

expression on the left, and yetasA — 0, A(x—a, y—b) — 0. We conclude that (A—B) ( ; : g )
is identically zero, and thus that A = B.

Existence is proved using the mean-value theorem techniques introduced earlier. Namely,
u(x,y) = u(a, b) = u(x,y) = ulx, b) + u(x,b) = u(@,b) = (¢ = H)3(x.6:) + (x = @) (61, b).

This can be rewritten as the expression we really want, plus €,
u(x,y) = u(a, b) + 22(a, b)x — a) + 22(a, b)(y — b) +¢(x. )
d0x dy
where
du du du Ju
(x.9) = (5020 - 32(@.0)) =)+ (550,00 - S b)) 0 = b)

and a similar result holds for v. Since partial derivatives are continuous, an easy argument
concludes the proof.

3.6 The Local Geometry of Holomorphic Maps

Next we apply the previous theorem to a holomorphic map f(z) = (f1(x,y), f2(x,y)). The
theorem states that this map has a unique linear approximation at z, = a + ib, given by the
matrix

o oh
0x dy
of2 9f2
0x dy

evaluated at (a, b).

By the Cauchy-Riemann equations, this equals

af _of
ox dx
3 oh
dx ox
Note that d 5 3 d
_f — L + ﬁ = '—f (cos® +isinf)

dz  Ox lax T ldz
where 6 = arg (Z—i).
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cosf@ —sinb
sin 6 cosf

Theorem 23. Suppose f(z) is holomorphic and Z—f is continuous. Then near zy = a+ib, the map
zZ

The above matrix is then
af
dz

f : R* - R? magnifies by ’Z—f’ and rotates by arg (Z—f). In particular, maps given by holomorphic
z zZ
f are conformal; that is, they preserve angles.

Remark: This theorem is not very informative at zeroes of Z—f because the linear approxima-

z
tion at such points is zero. We later find more precise geometrical information near such
points.

Remark: Notice that the determinant of these linear approximations of holomorphic f are
greater than or equal to zero. It follows that holomorphic maps preserve orientation and thus
cannot be reflections. The reader should directly show, from the Cauchy-Riemann equations
and again directly from the definition, that f(z) = z is not holomorphic.
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Integration

4.1 Definition of the Complex Integral

We now begin integration theory. It is a remarkable fact that the deep features of complex anal-
ysis depend on integration theory. When I was a graduate student, I met a mathematician from
Florida who was able to prove these deep results while avoiding integration. Unfortunately, his
proofs were much harder than the canonical proofs which follow.

If f(z) is continuous on a domain U, we want to define

f f(z)dz

The ordinary calculus integral f° f(x)dx should appear as a special case of this complex in-
tegral, so the complex integral must be a line integral over paths in U rather than a double
integral of some sort. Below is a picture of three possible paths.

b F

Figure 4.1: Various Integration Paths
We do not require that f be holomorphic. It is complex valued, but in special cases f may be

real and form a sort of “curtain” over the path. In these cases, it is easy to guess that [ f(z) dz
gives the area of this curtain, but this is false. Leibniz knew what he was doing when he invented

31
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the modern notation of integration. The “dz” is important. The notation tells us that dz will
be real when we integrate horizontally, but imaginary when we integrate vertically.

We could, of course, define integration so that it always give the area of the curtain, but then the
fundamental theorem of calculus would be false — and we definitely need that theorem.

Definition 14. A parameterized path is a piecewise continuously differentiable path z(t) =
x(t) + iy(t) defined on an interval a <t < b.

Remark: Instead of z(t), we often write y(t). Too many z’s lead to confusion.

Remark: Thus there is a finite decomposition a = ¢, < t; < .. < t, = b such that x(¢)
and y(t) have continuous derivatives on [t;_;, ¢;]. This includes one-sided derivatives at the ¢;.
Notice that the derivatives at the t; from the left and right need not agree, i.e., the path can
have corners.

Definition 15. Let f(z) be a continuous complex valued function on a domain U, and z(t) be a
parameterized path in U. Then

b d'}/
[s@dz= [ o ar
y a

Example: Let f(z) = z? and let y be the counterclockwise semicircle with radius 1 starting at
z = 1 and ending at z = —1. Thus z(t) = cost + isint,0 < t < 7. Then we get the following;
all details are given because we want to make a point:

T
fzz dz = f (cos(t) + isin(f))*>(—sint +icost) dt =
)4 0
T
f ((cos2 —sin® t)(—sint) — 2 cos(t) sin(t) cos t) dt
0
T
+i f (—2 costsintsint + (cos®t — sin” t)cos t) dt =
0
T T
/ (—3 cos?tsint + sin’ t) dt+i f (—3 sin®f cos ¢ + cos t) dt =
0 0
Vs /9
/ (—3cos?tsint + sint(1 — cos?t)) dt + i/ (—3 sin® t cost + cos £(1 — sin’ t)) dt =
0 0

Ve T
f (—4cos®tsint +sint) dt +i f (—4 sin’ t cos ¢ + cos t) dt =
0 0
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w T
cos®t . sin®t 4 4 2
(4 3 —cost) +l(—4T+Sll’lt —<—§+1—§+1>+0——§
0 0
Example Continued: Or [, z’dz = 27112
P ) Y T3l 3 33
Theorem 24. Suppose the continuous f(z) is the complex derivative of a holomorphic function
% Then
dz
| @1 dz = stend ofy) - gtveginning ofy)
¥
Proof:

_ agl 02\ (dx .dy
/f(Z)dz /—dt f +i ax><dt dt)dt

0gidx 98 dy) <6g2 dx 9 dy)
fa (6x a " oxad)t) Gxvaw taxa)™

Apply the Cauchy-Riemann equations to get

dg,dx 0dgy dy) / <5g2 dx 0g dy)
+ = dt + + == dt =
_/a <6x dt ~ dy dt , \0x dt dy dt
b d b d b
f Egl(x(t),y(t))dtﬂ' f Egz(x(t),y(t))dt = (g1 +ig»)|, = g(end of y)—g(beginning of y)
a a

Remark: Notice that the complex integral is just a special case of the line integral studied in
advanced calculus. Indeed if (Ey, E,) is a vector field and y is a piecewise continuously differ-
entiable path, we defined

b

dx dy
E-dy = f E(x(), y(1)) - dt
| (&%)

Thus our integral is given by two line integrals

b d b 4
/ (f1+if2)<(ji—);+id—);>dt=f (fl,_fz).<(ji dt+zf (Fa 1) - (cci;tc df)dt

Remark: Summarizing, the complex integral of an f = % s calculated by the fundamental

theorem, exactly as in ordinary calculus. The integral can be calculated more generally for
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any continuous f, and then the calculation requires the calculation of two line integrals from
advanced calculus.

Consequently, it is not necessary to discuss in detail the many special cases and peripheral
matters already discussed in advanced calculus. We simply list them so the reader can check
them off as known:

« We always assume that the parameter of integration is a single interval [a, b]. But in
practice we integrate over, say, rectangles by integrating separately over each side, and
do not bother to adjust parameterizations to be portions of a single interval. Thus each
side could be parameterized by [0, 1]

« Suppose t € [a, b] is actually ¢t(u) for u € [c,d], where t(c) = a and t(d) = b. Then by
the chain rule, the integral over [a, b] equals the integral over [c, d]. In short, equivalent
parameterizations give the same integral.

+ The line from (a, b) to (¢, d) can be parameterized as (a + tc,b + td) where 0 < t < 1.
 The circle of radius r centered at (a, b) is (a + rcost,b + rsint) where 0 <t < 27.

« The graph of the function y = h(x) can be made into a parameterized path by t —
(¢, h(1))

Important Remark: Let us integrate z" around a complete circle of any radius about the origin
+1

Here the power n can be any integer, positive or negative. Since z" is the derivative of 2 — and
since the path begins and ends at the same point, all of these integrals are zero, except one. If
n = —1, it does not make sense to divide by n + 1, so we must integrate - d1rect1y.

z

We will do this calculation two different ways. Parameterize the circle as re' for 0 < t < 27.

Then
2
/ dz —f —rle”dt = l/ dt = 27i
reit o

dL
f ldz / Og(z)dz = Log(z)|0
’ y dz

Recall that the logarithm is a multiple valued function. At z moves around the circle counter-
clockwise, the argument of z increases by 2zz. Recall that Log(z) = In|z| + iargz. Thus the

integral is
1
f —dz = 2mi
z
¥

Remark: Curiously, the point made in the previous example already occurred in the first public
paper Newton wrote about the calculus. Newton integrated by expanding functions in series

Alternately,
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and integrating term by term. Some of his expansions had both positive and negative powers
of x. In one example, Newton was faced with integrating such a series, and he integrated

each term except the L term by using the fundamental theorem of calculus. Newton put a box
X

around l, meaning that he would have to integrate that using numerical methods.
X

The Newton paper was placed in the Royal Society’s offices in London, and there Leibniz read
the paper sometime before 1672. Leibniz’ notes survive. When he came to the above spot, he
1 . 1
wrote [ - rather than putting a box around -.
X X

Remark: At this spot, I recommend taking time to compute several integral, both using the line
integral approach and using the fundamental theorem of calculus, just to make sure that the
ideas become straightforward and natural.

4.2 A Useful Inequality

Theorem 25. Let f(z) be a continuous complex valued function and y a piecewise continuously
differentiable path. Then
f f(z)dz
Y

Proof: Ultimately the integral is fab f (z(t))%dt. This is an ordinary integral of a (complex-

< (max |f (Z)I) (length of y)
Y

valued) function of a real variable, so

b
ff(z)dz s/
y a

and a brief calculation shows that the remaining integral gives the length of y.

f(z(t))d—z dt < max |f(z)|/b dz dt
dt oy ; dt

4.3 Consequences of the Inequality

Corollary 5. Let f,(z) and f(z) be continuous complex-valued functions defined on the range of
a piece-wise differentiable curve y(t),a < t < b. Suppose f,(z) — f(z) uniformly on this image.
Then fyfn(z) dz — fy f(z)dz.

Corollary 6. Let f,,(z) and f(z) be continuous complex-valued functions defined on the range
of a piece-wise differentiable curve y(t),a < t < b. Suppose Z:;l fn(2) = f(2) uniformly on this

image. Then Z;o:l S, fn(2)dz = [, f(z) dz.



Chapter 5

Review of Advanced Calculus

5.1 Differentiation

Two dimensional calculus is about functionslike f(x, y) and vector fields like (E (X, ), By (x, y)).

There is a map, grad : {functions} — {vector fields}, given by

and a second map, curl : {vector fields} — {functions}, given by

0E, OE
1E= 2 - —X
cur Ep 3y

We usually think of these maps as forming a sequence

_ grad curl .
{functions} — {vector fields} — {functions}

. . . 92 92
The composition of these maps is identically zero because L _ o7
0xdy d0yox

5.2 Geometry of Subsets

In the plane, there are certain special subsets called signed 0-dimension sets, signed 1-dimensional
sets, and signed 2-dimensional sets. A signed 0-dimensional set is a finite set of points, each with
an attached plus or minus sign. A signed 1-dimensional subset is a finite set of parameterized
curves with an arrow on each indicating a direction to trace the curve. A signed 2-dimensional

36
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subset is a region R with the usual orientation, T x-first and y-second. There are maps 9, called
boundary maps:

d 9
{signed 0-dimensional sets} «— {signed 1-dimensional sets} «— {signed 2-dimensional sets}

+ s

¢

/

I A\{Jf ') QJZ/D

Figure 5.1: k-dimensional Sets

The boundary of a parameterized curve is a set with two points: the end point with a plus sign
and the beginning point with a minus sign.

The boundary of a region R is the boundary curve of this region, traced with a direction so
that R on the left side. This rule for the boundary of a region gives, for instance, the following
picture:

/ -

E(/

=

Figure 5.2: k-dimensional Sets

Notice that the composition of these maps is also zero.

5.3 Integration
Consider the sequences introduced in the two previous sections:

grad curl
_)

{functions} {vector fields} — {functions}

G 9
{signed 0-dimensional sets} «— {signed 1-dimensional sets} «— {signed 2-dimensional sets}
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Objects on the top line can be integrated over the corresponding sets on the bottom line. For
instance, in the first column,

Z +f(p)

where the plus or minus indicates the sign attached to p;. The integral in the second column
is the sum of line integrals over the paths in question:

/(Ex’Ey) : d)/
14

/ f f(x,y)dxdy
R

5.4 Fundamental Theorem of Calculus

The integral in the third column is

At each arrow, there is a theorem relating the integral left of the arrow to the integral right of
the arrow. The first of these results is the generalized fundamental theorem of calculus:

f gradf - dy = f(end of y) — f(beginning of y)
4

The second result is called Green’s theorem:

oE x
/f(—y—ai)dxdy=f E-dy
2 \ 0X dy —aR

5.5 Differential Forms

This entire theory generalizes to n-dimensions. The main difficulty is defining the objects
which play the roles of the functions and vector fields in two dimensions. In the general case,
these are called k-forms, where 0 < k < n. A single general theorem generalizes the Funda-
mental Theorem, Green’s theorem, and their analogues in three dimensions: the Fundamen-
tal Theorem, Stoke’s Formula, and the Divergence Theorem. This generalization is known as
Stoke’s formula.

But for complex variable theory, we only need the two dimensional theory sketched above.
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5.6 Solving gradf =E for f

In coordinates, the equation gradf = E becomes

of
I E.(x,y)
af

3y =E,(x,y)

These equations are the 2-dimensional analogue of

ax =8
in one variable calculus, where a solution f is called an indefinite integral of g.
In several-variable calculus, the following results are proved about this equation:

Theorem 26. IfE is a continuous vector field defined on a domain U, and f and f, are differen-
tiable functions on U satisfying grad f, = gradf, = g, then there is a constant c with f, = f,+c.

Theorem 27. The equation cannot be solved unless curl E = 0.
Theorem 28. If curl E = 0, the equation can be solved locally.

That is, every p € U has an open neighborhood V C U on which a continuously differentiable f

exists with grad f = E.

Remark: This subset can be taken to be an open rectangle. We sketch the proof. Solve Z—f =E,,
X

getting

flx,y) = f E(t,y)dt + C(y)

Then determine C(y) making Z_f = E,. Be sure to understand where the hypothesis that
y

curl E = 0is used in the proof, and how this proof requires a rectangle as domain of E.

Remark: For a general domain U, and an E with curl E = 0, there may not exist an f globally
defined on all of U with grad f = E.

X

For example, let & = R? — {0} and define E = ( - X
x2+y2 x2+y2

grad f = E. Indeed, the appropriate f is arg z, but this is not globally defined on U.

). Then no f exists on all of U with

Theorem 29. Let E be continuous on the domain U and fix p € U. Define a function f on
U as follows: for q € U, find a piecewise differentiable path y from p to q and define f(q) =
fy E - dy. Suppose this function is independent of the particular path chosen. Or equivalently,
suppose fy E - dy = 0 for all closed curves in U. Then f is well-defined and grad f = E.
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Figure 5.3: Defining f

Remark: 1t is useful to know the rough idea of the proof. To prove that Z—f = 0, we find a path

from p to the right height for g, and follow that by a horizontal path to g. The initial path
is independent of g, so its derivative is zero. An easy calculation shows that the derivative of

the integral along the horizontal path is E,.. A similar argument using a different path gives
o _

dy Y

Figure 5.4: Defining f

Theorem 30 (Crucial Result). If U has no holes and E is a continuous vector field on U with
curl E = 0 there is a global f on U with grad f = E.

Remark: This is proved by showing that the line integral of E does not depend on the path, or
equivalently that the line integral of E around closed curves is zero. This follows from Green’s
theorem since fy E -dy = [ [ curl E over the counterclockwise boundary.

Remark: 1t is at this point that some readers become concerned about rigor. Have we ever
defined the “inside” of a curve? If a curve can twist arbitrarily, what does it mean to say it is
“counterclockwise?” How precisely was Green’s theorem proved?

Readers with these questions should carefully read the more rigorous treatment of these points
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Figure 5.5: Defining f

two chapters ahead. For now, it is helpful to recall the proof of Green’s theorem. We want
J S curl E. This requires computing two integrals:

aEydd

e
OE,

ff 3y dy dx

In the proof, we integrate these pieces in different orders so we can use the the one-variable
fact that the integral of a derivative is the original function. The region of integration must be
of a special shape so both of these integrals make sense.

We then extend to the general case by breaking the region into pieces, and noticing that the
double integral of the entire region is the sum of the double integrals over pieces, and the
line integral of the entire region is the sum of the line integrals over pieces. The second fact
requires noticing that internal paths have opposite orientation and cancel out. See the pictures
below.

Figure 5.6: Proving Green’s Theorem

5.7 Calculus Version of the Residue Theorem

The previous material suffices for the following chapters. But it is fun to prove a more general
result, which will reappear in complex analysis as one of our most powerful tools.

Suppose we have a region with finitely many holes, as indicated below. On this region, suppose
we have a vector field E with curl E = 0. Because of the holes, this E need not equal the gradient
of a function.
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| Qo e
|

Figure 5.7: Region with Holes

Around each hole, draw a counterclockwise path y;. Then a more general form of Green’s
theorem states

Theorem 31 (Extended Green Theorem). Suppose y is a closed path in a region U with n holes,
and let y; be counterclockwise paths around each hole. Then

/E -dy = Z (number of times y goes around ith hole) f E - dy;
14 holes Vi

Proof: See the pictures below. In each picture, the indicated path does not surround any holes,
so Green’s theorem states the the integral around this path is zero. But the integral around
the outside path equals the sum of the integrals around the holes since other parts of the path
cancel. Similar pictures show how to handle paths which go around holes a multiple number
of times.

Heley

—~—~ -

Figure 5.8: Extended Green Theorem



Chapter 6

Complex Analysis as a Chapter in
Advanced Calculus

6.1 Cauchy’s Theorem

We now begin the deeper theory. In this chapter, a holomorphic function on a domain U is a
function with a complex derivative at each point of U, such that the derivative is continuous.
We will ultimately prove that the final condition is automatically true if the first condition is
true.

Theorem 32 (Cauchy’s Theorem). Suppose f is holomorphic on a domain U which contains a

closed disk D. Then
/ f(z)dz=0
8D

Proof: The integral of f also equals the sum of two line integrals:

f (@) dz = f (Fromfa) - dy +i f (Farf2) - dy
oD oD D

The easy way to remember this fact is via Leibniz’ notation, since we have f(z)dz = (f; +
if)dx +idy) = (f1dx— f,dy)+i(f, dx + f; dy). Apply Green’s theorem, and notice that
JE

OE . .
a—y - a_x equals one of the following two expressions:
x Y

of1 9df
“ox oy and ox oy

Both are zero by the Cauchy-Riemann equations. QED

43



CHAPTER 6. COMPLEX ANALYSIS AND ADVANCED CALCULUS 44

Remark: Cauchy’s theorem is one of our most important results. We later generalize it to state
the fy f(z) dz = 0if f is holomorphic on a domain which includes y and every point inside

Y.

Theorem 33 (Cauchy’s Formula). Suppose f is holomorphic on a domain U which contains a
closed disk D. For every z, strictly inside D,

1 f(2)

zZ— 2

dz = f(20)

27i 5D

Remark: This astonishing theorem says that the value of f at every point inside the disk is
completely determined by its values on the boundary of the disk.

Proof: Let g(z) = f@)=f(z0)
Z—Z

when z # z, and Z—f(zo when z = z,. Since f is holomorphic at z,,
0 z
g is continuous at z, and holomorphic on the rest of U.

Consider the curve y shown below; g is holomorphic everywhere inside y because z; is outside.
The proof of Cauchy’s theorem still works and shows that the integral of g around y is zero;
essential this is Green’s theorem applied to the region inside y.

Figure 6.1: Cauchy’s Formula

On the other hand, the integral of g over the small circle is bounded by the maximum of |g|
near the circle times the length of the circle, and as the circle shrinks to zero, this approaches
zero. We conclude that the integral of g around the large outside circle is zero and conse-

quently
1 f(2)

27i

RSN O O

Z—Z 27i Z—Zy

oD oD

1

However, the right side of this expression is f (zo)% Sip dz. Since the derivative of Log(z—
7Tl

z—2z

Zg) is L, the integral of L s Log(z — z,). The real part of this expression is single valued,
z—2z z—2
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namely In |z—2z,|, so it comes back to itself as we circle z,. But the imaginary part of Log(z—z,)
is arg(z — z;), and this increases by 27 as we trace the large circle counterclockwise. So the

integral on the right side is % f(zy)27i) = f(zy). QED

6.2 Power Series Expansions of Holomorphic Functions

Theorem 34. Let f(z) be holomorphic on a domain U. Let z, € U. Then f has a power series
expansion

o0

@ =) ez —zp)F

k=0
which converges to f at least in the largest open disk about z, inside U.

Corollary 7. If f is holomorphic on U, it has continuous complex derivatives of all orders.

Corollary 8. Suppose a power series Zzo cx(z — zo)¥ converges to f on |z — zy| < R. Then at
each z; in this disk, f is given by a power series Z;:;O ci(z — z1)¥ centered at z, which converges
to f near z;.

Proof of Theorem: First a notational point. Many authors prefer to reserve z for the arguments
of functions and let ¢ be the variable of integration. These authors write Cauchy’s formula

as
i L [1©

2ni ), {—z

d¢

We won’t be dogmatic about the point, but the new notation will be convenient in the following
proof because it involves ¢, z, and z,,.

Let D be a closed disk centered at z;, such that the entire disk is inside U. Call the counterclock-
wise boundary of this disk y. By Cauchy’s formula, for every z strictly inside the disk,

1 (O 1 f) _ 1 F&) 1
f(z)_z_n'ifyg”—zdg_Znify(g’—zo)—(z—zo)dg_271ify<§’—zo) 1_? ds

—zy

Since ¢ is on the boundary of the disk and z is inside the disk,
zZ— 2y

<1
$ =z

so we can expand the last parenthetical expression as a series converging uniformly in . This

gives
k
f(Z)=L f(g) Z(Z—ZO) d§

27[1 yg—ZO k g—ZO
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We can move the summation sign outside the integral by the last result in chapter 4, so
SI £ K
1@ =3 |50 [ e dt| =20
2|7 ), Tz

This is the desired power series about z,.

If our disk is contained in a larger disk D, and if 7 is the boundary of the larger disk, the same
formula holds. But power series expansions are unique, since the coefficients must be

f(k)(zo)
k!

by repeated term by term differentiation. So it follows that the original series converges to f in
the larger disk, and therefore in the largest open disk about z, in U.

6.3 Indefinite Complex Integrals

Theorem 35. Suppose g, h, and f are holomorphic on a domain U and % = Z—h = fonl.
zZ yA

Then h = g + c for some complex constant c.

Proof: The complex derivative of g = g; +ig, is

981 .08 _ 0% .98

—_— =1

6x+16x_6y dy

by the Cauchy-Riemann equations. So all partials of g agree with corresponding partials of A.
It then follows trivially that g and & differ by a constant.

Theorem 36. Suppose g is holomorphic on a rectangle. Then there is a holomorphic f on this
rectangle with j—f = g. Thus indefinite integrals of holomorphic g exist locally.
z

Proof: We want to find continuously differentiable real-valued functions f; and f, with gradf; =
(g1,—8g,) and gradf, = (g,,8;), because then % = % and % = —%, so f = f1+if,would
satisfy the Cauchy-Riemann equations and by the converse of these equations, f would be

holomorphic with derivative g. By several variable calculus, these equations can be solved in

a rectangle provided curl(g;, —g,) = 0 and curl(g,, g;) = 0. Writing these equations out, we

8 3 3 E} . . .
need —% = % and % = %, and these equations hold because g is holomorphic.
x Y x Y
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Remark: Indefinite integrals need not exist globally. For example, Lis holomorphic on C —
z

{0}, but its indefinite integral would have to be Log(z) + ¢, and this function is multiple-
valued.

Remark: We will later prove that if g is holomorphic on a simply connected U, then it has an
indefinite integral.

6.4 Morera’s Theorem

Eventually we will prove that if f is holomorphic on a simply-connected U, then the integral
of f around any closed curve in U is zero. At the moment, we know this only in special cases,
including integrating around a circle contained with its interior in U.

Theorem 37. Let f be holomorphic in an open rectangle. Then for any closed curve y in this
rectangle, fy f=0.

Proof: By the previous theorem, there is a g with f = Z—g (the roles of f and g were reversed
A

in the previous section). So the integral of f over any closed curve is g at the end of the curve
minus g at the beginning. Since the beginning and end are the same, this integral is zero.

Remark: The converse of the previous result is true, and thus if /' f = 0 for all closed curves, f
must be holomorphic. Indeed

Theorem 38 (Morera’s Theorem). Suppose f is continuous on a domain U. If we have

ff(z)dz=0
R

for all rectangles contained, with their interior, in U, then f in holomorphicin U.

Proof: The integral of (f; + if,)(dx + idy) over any rectangle is zero, so the real integrals of
(f1,—f>) and (f,, f1) over any rectangle is zero. The real variable argument on page 35 then
shows that if we fix a rectangle contained with its interior in U, then there exist g; and g,
continuously differentiable on this rectangle with gradg, = (f;,—f>) and gradg, = (f,, f1)-
It follows that i% = Zﬁ and iﬁ = —%. So g; + ig, is holomorphic with derivative f in the
fixed rectangle. But weyknow tl'i)at holomorphic functions are infinitely differentiable, so f has

a continuous derivative at each point in the fixed rectangle. So f is locally holomorphic, hence
globally holomorphic.

6.5 Filling the Gap

At last we are able to prove
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Theorem 39. Suppose f(z) is continuous on a domain Uand Z—f exists at each point of U. Then
z
fis holomorphic in U, i.e., this derivative is continuous.

Remark: This gap opened up when we proved the Cauchy-Riemann equations assuming only
existence of derivatives, but required continuity of the derivative to prove the converse. We
have used the converse of the Cauchy-Riemann equations at several points in the above expo-
sition.

To fill the gap, we use the previous theorem. Notice that the proof of that theorem didn’t use
anything about f except that it is continuous and the integral around all rectangles is zero. So
it is enough to prove the following, first proved by Goursat:

Theorem 40. Let f(z) be continuous on a domain Ucontaining a closed rectangle, and suppose
4 oxists at each point on an inside the rectangle. Then [, f(z) dz = 0.

zZ
Proof: Suppose this is not true, and ‘ Jx (@) dz| = A > 0. Divide the rectangle into four
pieces as shown below. The sum of the integrals around these subrectangles equals the original
integral, so at least one subrectangle must exist whose integral is greater in absolute value than

A/4.

Subdivide this rectangle similarly. We obtain a sequence of rectangles R; D R, D R3 D ..., such
that ‘fR f dz’ > Aj4n,

~ | D

]
—71l
DS o

Figure 6.2: Goursat’s Argument
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By a standard argument, there is a point z, in the intersection of these closed rectangles. By
assumption, the derivative of f exists at z,. Thus we can write

1@ = )+ L| -2+ 2

where
lim €(2) =0

Z—2Z zZ — ZO

Therefore, for any positive constant B, we obtain
le(2)| < Blz -z
for z sufficiently close to z,.

But f(zy) + Z—f (z — zy) is trivially holomorphic and its derivative around R,, is zero. Conse-
zZ Zy

/ e(z)dz
R

n

quently,

(maximum of |e(z)|)(length of R,;) > > A/4"

Notice that each time we divide into four subrectangles, the length of each of these rectangles
is half of the original length. So if the original length is L, then length of R,, = L/2,,.

Also, the maximum possible value of |z — z,| in the original rectangle is the diagonal D of the
rectangle. Each time we subdivide into four pieces, this maximum decreases by 2. We conclude
that || < BD/2".

Putting this all together,
B(D/2")(L/2") = [e(2)|L/2" > A/4"

and so BD > A. However, A and D are fixed, but B can be chosen as small as we wish by
choosen rectangles sufficiently close to z,, so we have a contradiction.
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6.6 Summary

Suppose f(z) is a continuous function on a domain U. We have proved that the following
conditions are equivalent:

+ f is holomorphic on U

. Z—f exists at each point of U

Z
Z—f exists at each point of U and is continuous on U
yA
def

o exists at each point of U for all k

+ f can be expanded in a power series centered at any z, € U which converges at least in
the largest open disk about z, in U

+ fislocally % on U
dz
« J» f(2)dz = 0 for all rectangles contained, with their interiors, in U

« f = f1+if,where f; and f, have continuous partial derivatives in U and satisfy the
Cauchy-Riemann equations



Chapter 7

Complex Analysis from a Topological
Point of View

Thisis a chapter for doubters, including those extreme doubters who claim that several variable
calculus is hopelessly pictorial and non rigorous. We will reprove everything in the previous
chapter from scratch. But don’t worry; either the previous proof was sufficient and we’ll refer
you back to it, or else the previous proof can be dramatically simplified using an powerful
version of Cauchy’s theorem proved next. In this chapter, a function f is holomorphic on U if
% exists at all points of U; we do not require continuity of this derivative.

The new version of Cauchy’s theorem allows us to avoid any mention of Green’s theorem.
We’ll show that this can be done without using fancy results like the Jordan curve theorem,
and with complete rigor so every reader will henceforth be willing to deform integration paths

with abandon.

The topologists introduce two tools to study domains in the plane: the homotopy group 7; (U)
and the homology group H, (U, Z). Following their lead, we prove a homotopy version of Cauchy’s
theorem in this chapter. This is followed in the next chapter by a deeper homological version
of the theorem.

7.1 Curves and Homotopy

Let U be a domain in the plane. In this chapter, a path is a continuous curve in U. Notice that
we do not require differentiability. All of our paths will be parameterized by [0, 1], so a path is
a continuous map

y . [0,1] > U

51
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We say two closed paths are homotopic if one can be deformed to the other inside U through
intermediate closed paths. Analogously, two paths which start at p and end at q are homotopic
if one can be deformed to the other inside U through intermediate paths which also start at p

and end at q. See the pictures below.
hs

Y ¢
7

v
Yo
i

Figure 7.1: Homotopic Paths

Making this rigorous is easy. A homotopy between paths y(t) and (¢) is a continuous map
h(t,u) : [0,1] X[0,1] - U

such that h(t,0) = y(t)and h(¢t, 1) = 7(t). The intermediate paths of the homotopy are obtained
by fixing u, and writing h(t, u).

If y and 7 are closed, we have a homotopy through closed paths if h(0,u) = h(1,u) for all u. Ify
and 7 both start at p and end at g, we have a homotopy with fixed endpoints if h(0,u) = p and

h(1,u) = q for all u. Usually it is clear which type of homotopy is being used, and we simply
say homotopic.

Itisrelatively easy to prove paths homotopic. The following general argument is often enough:

Definition 16. A domain U is star-shaped with respect to p € U if whenever q € U, the straight
line joining q to p is entirely in U.

See the pictures which follow.
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Figure 7.2: Star Shaped Regions

Definition 17. A domain U is simply-connected if every closed path in U is homotopic to a
constant path, i.e., a point.
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Theorem 41. A star-shaped region is simply connected, so any closed path is homotopic to a
constant.

Proof: Suppose U is star-shaped with respect to p. Notice that h(t,u) = y(t)(1 — u) + p(u)
deforms along lines and thus remains in 2. This homotopy starts at y and ends at p.

Corollary 9. The following domains are all simply connected
« the interior of a rectangle
« the interior of a disk
« the entire complex plane

Remark: Simple connectivity is a topological property, so if two sets & and V are homeomor-
phic and one is simply connected, the other is also. This is one way to prove rigorously that a
set is simply connected.

For example, z — z% maps one-eight of an annulus to three-fourths of an annulus. The first
set is star-shaped, hence simply connected. Therefore the second set is simply connected, but
not star-shaped.
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Figure 7.3: Simply Connected Sets
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Remark: Finally, here is the big theorem.

Theorem 42 (Homotopy Form of Cauchy’s Theorem). Suppose f is holomorphic on a domain
U and y and 7 are either closed curves in U or else curves in U with the same starting and ending
points. If y and T are homotopic, then

ff(z)dz: ff(z)dz
y T

Corollary 10. If f is holomorphic on a simply connected domain U, then for any closed y in U,

ff(z) dz=0
/4

Remark: 1t would be unfortunate if we had to restrict attention to piece-wise differentiable
homotopies, because we’d constantly need to check differentiability. But remarkably, this isn’t
necessary. Instead, we’ll begin the proof by defining j;, f(z)dz when y is merely continuous,
and then allow homotopies which are only continuous.

Since continuous curves can have infinite length, and can be space-filling, it seems highly un-
likely that we’ll be able to define fy f(2) dz over them. But there is a catch:

IMPORTANT POINT: We previously defined fy f(z) dz when f is merely continuous on U,
but y is a piecewise-continuously differentiable curve. The new definition will work for all
continuous curves, but then f(z) must be holomorphic. The two definitions agree when both
are defined.

It will turn out that defining the integral over continuous curves is the main difficulty. Once we
do that, proving Cauchy’s theorem is easy because the same technique is involved. Both tasks
ultimately depend on the assertion that if f is holomorphic, then locally there is a holomorphic

g with Z—g = f, and for completeness we’ll reprove that from scratch.
zZ

7.2 Holomorphic f Have Local Antiderivatives

We reprove this key assertion from scratch. Suppose f is holomorphic on U and find an open

rectangle 8 contained with its interior in . We only assume that Z—f exists at each point of
zZ

S.

Turn back to Goursat’s theorem in section 6.5, which asserts that the integral of f around any
rectangle R in our § is zero. This argument doesn’t use Green’s theorem and remains valid
here. So we’ll reuse it without repeating the proof.

We can define g on 8 by integrating from a fixed point p, to z along two sides of a rectan-
gle, either horizontally and then vertically, or else vertically and then horizontally. Goursat’s
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theorem guarantees that these integrals are equal. See the picture below. We will prove that

3 .0 d . . N .

a_f = _la_f = —f. It follows that g has continuous partial derivatives, namely f, and satisfies
X y z

the Cauchy-Riemann equations, so g is holomorphic with derivative f and we are done.

Figure 7.4: f = % Locally
yA

Take, for instance, the path vertically and then horizontally, illustrated previously. Call the
entire path y and the vertical path y,, and parameterize the horizontal path 7(t) = ¢ + iy for
Xo <t < x. Then

o(x +iy) = f 4 f £, )t
71

Xo

The first integral is independent of x, so

9g d * _
a_x_ﬁfxo ft,y)dt = f(x,y)

The equation Z—i = —if(x,y) is proved similarly. QED.
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7.3 Proof of Homotopy Cauchy Theorem

This proof comes from an elegant short book on complex analysis by Henri Cartan.

We begin by sketching the key idea behind our new definition of f, f(z) dz for continuous y
and holomorphic f. Consider the special case

1 .
[2d vo=eipa-c-
,Z
It is tempting to integrate using the fundamental theorem of calculus. Thus

d 1 ,
d—Zlog(z) = log(z) = In |z| + iarg(z)

On the unit circle, In |z| = 0, and arg(z) increases by 47 as we circle twice. So the integral is
47,

The trouble with this calculation is that log(z) is multiply-valued, so it doesn’t make sense to
treat it as an ordinary holomorphic function on our domain. On the other hand, it does make
sense to consider log(y(t)) = ¢(t) as a single valued function on [0, 1], given by ¢(t) = 4xt.
This function is continuous and the key point is that locally it equals g(y(t)) where gisabranch

of the logarithm satlsfylng = X and defined on a smaller V in the domain of . So the central
idea of the proof is that multlply -valued g become single-valued ¢(t) = g(y(t))

We’ll now sketch the full proof of the homotopy version of Cauchy’s theorem. An ambitious
reader can fill in the details without further help, but we’ll offer a little help at the end. Assume
f is holomorphic on U and y is a continuous path in U.

A primitive for y is a continuous complex valued function ¢ on [0, 1] which is locally the pull-
back of alocal gon V C U with Z—‘j =f.

Lemma 1. Such a primitive exists.
Lemma 2. A primitive is unique up to a constant.

Lemma 3. Consequently, (1) — ¢(0) is well defined independent of the chosen primitive. This
invariant number is called fy f(z)dz.

Lemma 4. Ify is piecewise-continuously differentiable, the old and new definitions of the integral
agree.

Definition 18. Let h(t,u) : [0,1] X [0,1] — U be a homotopy. A primitive for h is a continuous
function ¢ on [0, 1] X [0, 1] which is locally the pullback of a continuous g on V C U with % =f
yA

Lemma 5. Such a primitive exists.
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Proof of Cauchy’s theorem for a homotopy of closed curves: Let ¢(t,u) be a primitive of h on
[0,1] x [0,1]. Then ¢(t,0) is a primitive for y and ¢(t,1) is a primitive for . Thus fyf =
¢(1,0) — 9(0,0) and f_ f = ¢(1,1) — ¢(0, 1).

Moreover, h(0,u) = h(1, u) since all curves are closed, so these are the same curve. Therefore
»(0,u) and ¢(1, u) differ by a constant, so ¢(1,u) — ¢(0, u) is a constant independent of u. So

Lf=11

Proof of Cauchy’s theorem for a homotopy with fixed endpoints: The proof is the same as the
previous proof until the end. All curves start at p and end at g, so h(0,u) = p and h(1,u) = g.
Since both of these curves are constant, one possible primitive is a constant, so he(1,u) = ¢;
and ¢(0,u) = ¢y. So ¢(1,u) — ¢(0,u) = ¢; — ¢y, and thus fyf =/ f

Remark: PRETTY SIMPLE. But maybe we should give a few more details. Let’s start with the
definition of a primitive of a curve. So

Definition 19. A primitive for a continuous curve y in U and a holomorphic f on U is a contin-
uous complex-valued ¢ on [0, 1] which is locally the pullback of g such that % = f. This means
that forevery t, € [0, 1] there is an open neighborhood W of t, € [0, 1] and an open neighborhood
Vof y(ty) in U and a g on V with % = f such that ¢(t) = goy(t) on W.

Remark: Please take time to understand this in detail. Everything else will then be easy.

Sketch of Proof of First Lemma: Since g exists locally on U, we can find an open cover {W,} of
[0,1] with a primitive ¢, on each W,. By compactness, we can find a subdivision 0 = ¢, <
t; < .. <t, = 1such that each [t;_, ;] is in some W,. So a primitive ¢; exists on [t;_;, t;].
Since g is only defined up to a constant, we can add constants to the ¢; at will. Choose these
constants to adjust the ¢ so they match at boundary points ¢;. QED.

Sketch of Proof of Second Lemma: Suppose ¢, and ¢, are primitives. Locally ¢; and ¢, are
pullbacks of g; and g,, both with derivative f. By shrinking domains, we can assume that g;
and g, are both defined on the same connected open V. Since their derivatives are equal, they
differ by a constant. So ¢, — ¢, is continuous and locally constant. Since [0, 1] is connected,
the difference is globally constant. QED.

Sketch of Proof of Fourth Lemma: As earlier, subdivide [0, 1] using ¢; so ¢ is the pullback of
a single locally defined g on [¢;_;,¢;]. By the fundamental theorem of calculus, the original
definition of the integral gives [ f(z) dz = g(y(t;)) — g(y(ti_1) = o(t;) — ¢(t;_1) on [t;_q1, t;].
Both the original integral and the new integral are clearly additive when we subdivide the path,
so we are done.

Sketch of the Fifth Lemma: As with an earlier argument, we can subdivide [0, 1] X [0, 1] into a
grid such that each subrectangle of the grid maps to a 7 on which a local g exists. So we obtain
primitives ¢;; on each subrectangle, which can be modified by adding constants. Starting at
top-left, and working across the rows, and then down row by row, adjust these constants so
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the ¢;; match on boundaries, to obtain a globally defined ¢. It is instructive to work through
this and convince yourself that these adjustments are possible. Two tricky situations can occur.
These are illustrated below. In each case, a new subrectangle is being added to the diagram.
The black curve defines a parameterized path with two primitives, namely the primitive de-
fined by the already constructed piece of & and the primitive from the new subrectangle. So
these primitive differ by a constant and we can adjust the new primitive for the new subrect-
angle by adding a constant to make it continuous across the black boundary.

Figure 7.5: A Primitive for the Homotopy

7.4 Chapter 6 Done Rigorously

We now know enough to reprove everything in chapter 6 rigorously. We have to do this in the
correct order.
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The first theorem in chapter 6 is Cauchy’s theorem that f;,, f(z) dz = 0if f is holomorphic on
U containing the disk D. We already know a very substantial generalization, namely that we
can replace dD by any closed curve in a simply connected region. Moreover, our original proof

. o d , . .
required continuity of d—f and our current proof doesn’t need this hypothesis.
yA

The second theorem in chapter 6 is Cauchy’s formula f(z) = f;, ?% dz if f is holomorphic

on U containing the disk D and z is inside this disk. Look back and notice that our original

£ f)-f(2)
-z

proof used Green’s theorem to prove that the integral o over the disk is equal to the

integral over a small circle about z. The quotient expression is continuous at z but may not be
holomorphic there, but the boundary of D and the small circle are homotopic by a homotopy
which avoids z. So these integrals are equal. The original proof then showed that the integral

around the small circle approaches zero. It follows that the integral of J€1@ around D is

-z

zero. From this point, the original proof still works and easily gives Cauchy’s formula.

Next we proved theorem 27 that a holomorphic function can be expanded in a power series.
This proof works unchanged, except that the requirement that f have a continuous derivative
is no longer needed.

The easy proof of theorem 30 still works. But theorem 31 and theorem 32 can be replaced by a
powerful generalization:

Theorem 43. Let f be holomorphic on a simply connected U. Then there is a global g on U with
dg _

dz &

Proof: Fix p € U and for each g € U, define f(z) = f}, f(z) dz. This f does not depend on the
path y because the integral of f around any continuous closed path is zero by the homotopic
Cauchy theorem. The argument used in section 7.2 then shows that Z—f = f.

This completes our redo of chapter 6. The previous theorem has powerful corollaries, as well:

Corollary 11. If U is a simply connected domain which does not contain 0, it is possible to define
a branch of the logarithm on U.

Proof: Use the theorem to find g on U with % =1 Then

z z

1

gl _ ¢
i@):uzo
dz \ z z2

Consequently e2(z) = cz for some constant ¢ # 0. Write ¢ = e*. Then g — 1 is a branch of the
logarithm because

8t =8 =elzet =3z
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Corollary 12. If U is a simply connected domain which does not contain 0, it is possible to choose
a single-valued branch of \/E onU.

1
Proof: Select\/z = 07 108@)

Corollary 13. If f(z) is holomorphic and never zero on a simply connected domain U, it is pos-
sible to define a branch of Log(f(z)) on U.

Proof: 1t is easy to find examples where f(U) is no longer simply connected, so this does not
follow from an earlier corollary.

If such a branch exists, its derivative will be % This function is holomorphic because f has
z

no zeros on U. Find g with Z—g = fT/ Then
zZ

g [\ [¢ (g) —esf’ .

dz (f(z)) - I -

So this function is a (nonzero) constant e* and e8® = f(z)e*. Thus
8@ = f(2)

and so g(z) — 1 is a branch of Log(f(2)).

Corollary 14. If f(z) is holomorphic and never zero on a simply connected domain U, it is pos-

sible to define a branch of \/ f(z) on U.

Proof:
f 1
/f(z) — eELOE(f(Z))



Chapter 8

Winding Numbers, Homology, and
Cauchy’s Theorem

8.1 Winding Numbers

Previously we talked about domains with holes, always accompanied with a picture. We’ll
finally be able to define this rigorously.

The development which follows was introduced into complex variables by Emil Artin, in his
lectures on the subject.

Definition 20. Fix a point z,. Let y be a closed curve which does not contain z,. The winding

number of y about z is
1

1
W20 = 3 [ 7o

Intuitively, this expression counts the number of times y goes around z, counterclockwise.
Clockwise motions are counted negatively.

Theorem 44.
« W(y, zy) is an integer
« Ify and t are homotopic through closed curves which all miss z,, then W (y, zo) = W(z, zy)
2rint

« The winding number of the circular path y(t) = z, + Re is n.

Proof: The second result follows from Cauchy’s theorem, and the third is an easy calculation.
We need only prove the first item.

61
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1 1

Let ¢ be a primitive for the curve y and function . Then ¢ is locally goy where ? =
z

b
zZ—2z z—2z

e? e8 e®

and so is constant.

is locally oy, where 4 ( o ) = 0. It follows that

¥—24 zZ—2 z \z—2g =2

Since y(0) = (1), we conclude that e#©® = ¢#() and therefore e?=%© = 1. S0 ¢(1)—¢(0) is an
integer multiple of 27zi and consequently zi fy Ldz = % (p(1) — (0)) is an integer.
Tl /4%

z—2z
Remark: As a corollary, we can prove the fundamental theorem of algebra. There are many

proofs of this theorem, but the proof we give is the proof that can be explained to a layman,
and thus in a sense the correct proof.

Let P(z) = z"+c¢;z" ! +...+¢, be a polynomial over the complex numbers, n > 0. We claim this
polynomial takes the value 0. If this is false, then for any positive R, P(Re*™) is a closed path
which avoids 0. Also H(t,u) = P(Rue?™) is a homotopy from this closed path to a constant
path, and thus W(P(Re*™*),0) = 0.

We claim that for R large enough, P(Re?™) is homotopic to Re?"™ by a homotopy avoiding
the origin. Since this last path has winding number n, we have a contradiction.

The required homotopy is

h(t,u) = (Re*™)" + uc, (Rezm't)n_1 + ..+ uc,

To complete the proof, we must prove that this express is never zero for R large enough. If it
were zero, then

. \n—1
(Rez’”[)n = —|uc, (Rez””)n + ...+ uc,

for some ¢. The absolute value of the left side is R" and the absolute value of the right side is

at most |¢; [R*™! + ... + |c,| < max{|c;],...,]|c,|}R"!, so we have a contradiction as soon as

R > max{|cy], ..., |c, ]}

8.2 The Inside of a Curve

A closed curve y : [0,1] — U is said to be simple if y does not cross itself, that is, y(t;) = y(t,)
only if t; = ¢, or one of {, t, is 0 and the other is 1. According to the Jordan curve theorem,
the complement of a simple curve in the plane has exactly two components, one bounded and
one unbounded. The bounded component is called the interior of the curve.

It used to be believed that this theorem was necessary for a rigorous treatment of complex
analysis. But we can use the winding number to avoid it. Suppose a curve is continuous and
closed, but not necessarily simple. We say that a point z, is inside the curve if it is not on the
curve and if W(y, z,) # 0.
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Theorem 45. The complement of a closed curve is a union of open connected components. More-
over

1. W(y, z) is constant on components of the complement
2. Exactly one component is unbounded, and W (y, z) is zero on this component.
3. The union of a closed curve and all points inside it is compact.

Remark: For example, consider the curve below. For each component of the complex, compute
the Winding Number of the curve about points in that component. Hint: It suffices to fix a
point in the component and then create a homotopy of the curve, which doesn’t pass through
that point, to a much easier curve. Far away curlicues no longer matter.

Figure 8.1: A Complicated Curve

Proof: Connected open sets are arcwise connected. So if z; and z,, are points in the same
component, we can find a path 7 in this component joining z; to z,. We claim that W(y, t(u))
is constant in u, proving the first assertion.

This follows from the following principle. The map z — z + a translates the entire plane
by a. Equivalently, we can leave the plane fixed and translate functions using the formula
f(z) = f(z — a). Then integrating f(z) around y gives the same result as integrating f(z — a)
around y + a, because these equations translate both the function and the path by a.

Sincee W(y,t(u)) = i , %iu)’ this winding number is equal to W(y + t(u),0). We now

have a homotopy of curves, and so W doesn’t change by Cauchy’s theorem.

Since y([0, 1]) is compact, it is bounded. Hence there is a positive real number R such that
{z | |z| > R} does not intersect the curve, and thus must be included in one component of
the compliment. That component is the only unbounded component. If z is any point in this
infinite ring, W(y, z) = 0 because y is homotopic to a constant curve by a homotopy that avoids
z, since {z | |z| £ R} is contractible.
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The union of the curve and all points inside it is compact because it is closed and bounded. it
is closed because its compliment is the union of the remaining open components of C — y. It
is bounded because the compliment contains the unbounded component of C — y.

8.3 The Homological Cauchy Theorem

Theorem 46 (Homological Cauchy Theorem). Suppose f(z) is holomorphic on a domain U.
Let yy, ..., ¥i be a finite number of closed curves in U. Suppose Y, W(y;, zo) # 0 implies z, € U.
Then ), fy[ f(z)dz =0.

Corollary 15. Let f(z) be holomorphic on a domain U. Let y be a closed curve in U such that
every point inside y is in U. Then fy f(z)dz =0.

Important Remark: From now on, when we apply this result we will say y is a closed curve
instead of y_...,y; are closed curves, and we will say every point inside y is in U instead of
> W(y;,zy) # 0 implies zy, € U.

Example: The picture below shows a domain U with two holes, and a continuous curve. This
curve is not homotopic to a constant in &. However, W(y, z,) = 0 for points in the holes,
because y goes around each hole once clockwise and once counterclockwise. Consequently,
j;, f(z) dz = 0if f is holomorphic on U. This example shows that the homological version of
Cauchy’s theorem is more powerful than the homotopy version.

Figure 8.2: A Curve with Zero Integral.
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Example: The illustration below shows an application of the Homological Cauchy Theorem
to a region with three boundary curves. If f is holomorphic on the shaded region, the sum of
the integrals around these three curves is zero by the theorem, even if f is not defined on the
holes, because the sum of the Winding Numbers of the three boundary curves is zero inside
either hole.

This sort of application will be crucial when we prove the Residue Theorem in a future chap-
ter.

Figure 8.3: A Region with Three Boundary Curves

Remark: We now prove the theorem. This proof was given around 1960 in a complex variable
course at Harvard by George Mackey. The details of this proof may be due to Mackey.

Proof: By compactness, we can find € such that whenever y;(¢) is a point on one of the curves,
the open disk of radius 5¢ about this point is in U. (The 5 gives us room to wiggle in a minute.)
The set of open disks of radius ¢ forms a cover of the union of the curves, so we can find a
common decomposition 0 = £, < f; < ... < t, = 1 such that each y;([t;_;,;]) is in one such
disk of radius e.

For each i and j, draw this disk and find a homotopy within the larger disk of radius 5¢ to a
curve with one horizontal and one vertical segment, as illustrated below. Replace the original
y; by the resulting polygonal replacements.

Figure 8.4: Small Path Adjustment

We claim it will be enough to prove the theorem for the new curves. Notice that they still
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satisfy the key assumption that >, W(y;,z,) # 0 implies z, € U, for if such a z, ¢ U, then
the homotopy between the original y; and the new polygonal y; would avoid z, and thus not
change the sum of the winding numbers. If we could prove the conclusion of the theorem for
the polygonal paths, then any holomorphic function f on U would satisfy ), fy,- f(z)dz =0
for the new y;. But again, the homotopies were done within U, so this sum of integrals remains
unchanged it we returned to the original y;.

Think of the endpoints of the polygonal paths as vertices of an irregular lattice, and draw a
rectangular piece of that lattice. In some cases, horizontal or vertical segments may need to be
subdivided to allow this. We will draw the lattice as almost square, but in practice it may be
very irregular, with for instance, long narrow rectangles.

Below is a picture with two polygonal paths indicated. Note that some of the subrectangles of
the diagram will be in U and some not, since U is not shown.

Figure 8.5: Main Diagram of the Proof

In the above special case, the remaining argument is easy. If z; is inside the top right rectangle,
then >, W(y;,29) = —1 # 0, and so z, € U. Thus we can apply Cauchy’s theorem to conclude
that f/* f(z) dz = 0 around this rectangle.

The lower left of the diagram shows a path surrounding four rectangles. The winding number
sum is 1 for one rectangle, and —1 for the remaining three, so the interiors are in 2. Break
these paths into two paths. By Cauchy’s theorem, both integrals vanish. The picture suggests
more, namely that we could break the bottom left path into a sum of rectangles. That’s shown
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in the full proof.

The general case of the proof is really a clever combinatorial argument rather than analysis.
Let h;; be formal symbols indicating the horizontal segments with arrows pointing right, and
let v;; be formal symbols indicating the vertical segments with arrows pointing up. Form the
abelian group G over the integers generated by these symbols. An element of this group is a
formal sum }; m;;h;; + )] n;;v;;. We can think of elements of this group as general paths, not
necessarily connected or closed. Each of our closed polygonal paths g; induces elements of this
group in an obvious way. Notice that the o; could use individual segments more than once, so
elements of the form 3h;; — 2v,; are possible. We define integration over an element of the
group in the obvious way.

Each subrectangle of the grid induces an obvious element of G formed by the formal symbols
for the four sides of the rectangle with appropriate signs. Denote these elements R;;.

Consider the expression ), W;;R;; € G where W;; = », W(a;, z) for some z, inside R;;. In
other words, we form a formal sum of rectangles, each occurring as many times as the original
polygonal paths went around the rectangle. Notice that only rectangles in U play a role in this
expression, by the basic assumption of our theorem.

The combinational lemma we need states that this sum of rectangles equals the sum of the
original polygonal o; in G. This lemma will clearly prove the theorem.

To prove the result, form
o= Z W;;R;; — formal sum corresponding to polygonal path

This is an element of G and we would like to prove that it is zero, i.e., that the coefficients of
each h;; and each v;; are zero.

We'll give the argument for a horizontal segment h;;. Find a sequence z,, converging to the
center of this segment from above and a second sequence w,, converging to the center from
below.

w2,

: >
Ko P\l’l
b&)n ‘]

Figure 8.6: A Limit
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1 1

over o are both zero. So

By definition of o, the integral of over o and the integral of

zZ—2y Z—Wy
the integral of
1 1

Z—2, Z—W,

over o is zero. On the other hand, this integrand goes uniformly to zero on all segments except
h;;. So if the coefficient of h;; in o is not zero, we conclude that the limit of

1 1
,/ ( Bl )dz
o \Z—Zy, Z—W,
ij

On the other hand, consider the the same integrand over the path below.

is zero.

. 4-\—0,] I.t

Figure 8.7: Another Limit

By a winding number argument, the value of the integral over this path is 2zi. Again, the
integrand converges uniformly to zero on all sides of the rectangle except 4;;. So we conclude

that the limit of
f ( 1 1 )
- dz
hy zZ—2z, ZzZ—W,

is 27ri. This contradiction proves the result.




Chapter 9

Isolated Singularities, Laurent
Expansions, and the Residue
Theorem

9.1 The Identity Theorem

We mentioned the following theorem in chapter two. It is time to give the details.

Theorem 47 (The Identity Theorem). Suppose f and g are holomorphic on a domain U. If
U intersects R and f = g on this intersection, then f = g always. More generally, if there is a
sequence z,, € U with a limit zy € U and f(z,) = g(z,), then f = g always

Proof: 1t suffices to prove the second result. Let h(z) = f(z) — g(z) and note that h(z,) = 0.
Expand h in a power series about z,

h(z) = ¢y + ¢1(z — z) + (2 — 2p)* + ...
By continuity, h(z,) — h(z,), so h(zy) = ¢, = 0.
Let k(z) = h(z)/(z —z,) and notice that k(z,) = 0 and k is holomorphic near z; because
k(z) =cy +cy(z —zp) + ...

By continuity, k(z,,) — k(z;), soc; = 0. Continue. It follows that the power series is identically
zero and thus that h(z) is zero on an open neighborhood of z,.

Consider the set V of all points z, € U such that h = 0 in an open disk about z,. This set is
trivially open; by the previous paragraph it is not empty. We will prove it closed, so connect-
edness of U implies that it is all of U. Suppose z, € V and z,, — z, € U. Then h(z,) = 0 and
the previous argument shows that h is identically zero near z.

69
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9.2 Liouville’s Theorem

The following beautiful theorem has many consequences. We prove it here because we need
it later in the chapter.

Definition 21. An entire function is a function defined and holomorphic on the entire complex
plane.

Theorem 48 (Liouville). A bounded entire function is constant.

Proof: Turn back to the proof that a holomorphic function can be expanded in a power series.
According to that proof, our entire function has a power series expansion

thLLfmﬂp

] k+1
=0 2 y;‘

valid in the entire plane. Since power series are given by

= S0
2,

o

k=0

we conclude that

o) = KL [1©)

i k+1
2ri J, §

d¢

Recall that the absolute value of any complex integral j;, f(z) dz is less than or equal to the
maximum of | f| on y times the length of y. If f is bounded by B, then the maximum value of
| f] on the circle of radius R about the origin is B. The length of this circle is 2zR. We conclude
that

k! B _ k!B

(k) & s
‘f (O)| < 27T Rk+1 27R = Rk

As R — o0, this expression goes to zero for k > 1, so the power series expansion of f about the
origin is just f(0).

Corollary 16 (The Fundamental Theorem of Algebra). If P(z) is a polynomial of degree at least
one, then P has a complex root.

Proof: We have already proved this, but Liouville’s theorem provides a second proof. If P is
never zero, then f(z) = % is an entire function. But
z

lcy e,
P2)| =|z"+c;z" 1+ ... +c 22"(1———...—
|[P(2)| = | 1 nl > 12| 1z Zn-1

and this inequality immediately proves that % goes to zero for large z and thus is a bounded
entire function, hence constant, a contradiction.
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Corollary 17. Let f(z) be a non-constant entire function. Then the range of f is dense in C.

Proof: Suppose z, is not in the closure of the range. Then is bounded, hence constant,

z)—2g
which implies that f is constant.

Remark: As we remarked earlier, Picard strengthened this by proving that an entire function
can omit at most one complex value. We will give his proof later on.

9.3 Isolated Singularities

Suppose f and g are holomorphic on a domain U. If g is not identically zero, it is natural to

divide and form L. This function is defined and holomorphic except at zeros of g, and the
g

identity theorem asserts that these are isolated points. So ! is a function with isolated singu-
g

larities.

Definition 22. Let U be an open set containing z, and let f be holomorphic on U — {z,}. Then
we say that z, is an isolated singularity of f.

Remark: There is an amazing theory of isolated singularities. One possibility is illustrated by
=22 Since z vanishes at the original, the origin is an isolated singularity. But actually,
z

z 23+Z5
sinz PR z2 oz

z z 3! 5!

and the singularity can be eliminating by defining the quotient 12 16 be 1 at the origin. We
z
say call such a singularity a removable singularity.

Another possibility illustrated by 1. Notice that lim,_,, l‘ = o0. A singularity with this prop-
z z
erty is called a pole. It turns out that isolated singularities formed as quotients of holomorphic
functions like L are always removable or poles.
g

A third possibility is illustrated by f(z) = e'/?. If z,, = —%, the z, converge to the origin and

f(z) = 0. On the other hand, if z,, = %, the z, — 0 and yet f(z,) — oo. So this singularity is

not removable and not a pole. It turns out that for any complex number 4, there is a sequence
z, — 0 with f(z,) — 4. Such a singularity is called an essential singularity.

Astonishingly, these are the only possibilities. All sorts of other possibilities suggest them-
selves. In ordinary calculus, f(x) = |x| is differentiable except at the origin, but only con-
tinuous at the origin. This cannot occur in complex analysis, where isolated points of mere
continuity are always removable singularities. Similarly, in real variable theory, f(x) = x/|x]|
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is differentiable except at the origin, but not even continuous at the origin. This is also impos-
sible in complex analysis; an isolated singularity such that f is bounded nearby is automat-
ically removable. These results will be proved using the theory of Laurent series, discussed
next.

9.4 Newton’s Calculus Paper

In 1665, there was a Plague in England and Cambridge University closed for two years. Newton
returned to his family’s farm, where he had his initial ideas on calculus, gravity, and the theory
of light.

Newton continued to work on calculus after he returned to Cambridge. He religiously kept his
scratch work, which can be found in volume one of Derrick Whiteside’s eight volume edition of
Newton’s Mathematical Papers. In 1669, Mercator rediscovered one consequence of Newton’s
work, and Newton’s teacher, Isaac Barrow, told him that he would lose priority if he didn’t
make his work known. So Newton wrote the first public paper on calculus, De Analysi Per
Aequationes Infinitas or On analysis by infinite equations.

The paper was not actually published then, but it was deposited in the archives of the Royal
Society in London, where visiting scholars including Leibniz read it. Newton preferred to write
a complete book on the calculus, which he finished in 1673. Unfortunately, complications
arose and the book was not published until after Newton’s death. De Analysis was published
in 1711; by that time, Newton was a famous man.

The main topic of De Analysi is integration theory, and Newton usually integrates by expand-

ing functions in infinite series and integrating term by term. For example, the first substantial
2

example in the paper is the function y = %, which Newton expands by straightforward divi-
X

sion. Nowadays we would concentrate on the special case

1
— =1-x4+x2-x3+..
1+x

Newton integrates term by term to obtain

lnx—x——2+x—3—
= > 7

In private papers, Newton used this result to find In(1.02) to 72 decimal places, and later he

wrote to Leibniz “I am ashamed of how much time I wasted as a young man calculating func-

tions to many decimal places.”

Immediately after this example, Newton considers y = 1+;2 This time he notes that there are
X

two ways to divide, suggested by writing the denominator as 1+ x2 or as x2 + 1. This gives two
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series expansions, and when they are integrating term by term, it gives two results

1 1 1 1

x ' 3x3  5x5  7x7

Newton then writes ”Proceed by the former way when x is small enough, by the latter when it
is taken large enough.”

A few pages later, Newton integrates implicit functions via the same technique. His example
is y3 + axy + x2y — a®> — 2x3 = 0. Solving for y(x), he obtains
a’  131a® = 509a*

1
=x—-a+—+ + + ..
y 4% 7 6ax T 512x2 T 32768x2

(x) = x_2 - lax + a_z dx + 131’ + 5094
YWX)=75"7 64x 512x | 32768x2

Incidentally, the integral sign is due to Leibniz and Newton didn’t know that symbol when
he wrote this paper. Newton just says in words “the area is”, until this last formula. Since

2
he cannot integrate l, he puts a box around the term 2 to indicate that it would have to be
X X
evaluated using the numerical techniques from earlier in the paper.

There is much more of interest in this first paper. Newton gives ample examples, which makes
for easy reading.

The surprising thing is that Newton introduces series containing powers of both x and l, which
X

are now called Laurent series, and he already knows that the L term presents special problems,
X
which will lead us to the notion of the residue of a singularity.

9.5 Laurent Series

Definition 23. A Laurent Series is an expansion

o)

k
alz—2zp) = ... +c_, +c_;
kzz_:oo (z = zp)? (z = 2p)

+co+c1(z — zp) + c3(z — 2)* + ...
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Remark: Given such a series, we let

f1(2) = Z cizk for |z| <R
k=0

and
- 1
fa(z) = Z ciz* for |z| < =
k=1 r
and call the sum of the series the function

f(Z)=f1(Z—Zo)+f2< !

Z—Zy

)forr< |z—2z¢| <R

Thus a Laurent series converges on a (possibly empty) annulus about z,. For simplicity of
notation, we assume z, = 0 in the rest of this section, but all of our results obviously apply in
the more general case.

Example: 1t is easy to find such series using essentially Newton’s method. Take, for instance,

the function f(z) = ( ! This can be rewritten using partial fractions as L+ we

z—1)(z—2) ) z—1 z—2
can divide the plane into three annuli about the origin: |z| < 1,1 < |z| < 2,and 2 < |z|. We

get three different Laurent expansions as follows. We have

1
—— =14z+z2+2+.. |z| <1
1—2z
1 1 1 1
=== >1
1-z z zz 2z g
1 (1) 11 1 1 2] <2
z—2 \2)1_% 2 22z 2322 7
! —(1) ! —1+2+22+ |z| > 2
z—2 \z I_Z_Z z2  z3 7

and the final series are obtained in the obvious way from these.
Theorem 49.

« If f(2) is holomorphic in an annulus about the origin, there is a Laurent series which con-
verges to f(z) at least in this annulus.

« This series is unique
» The series can be differentiated term by term in the annulus

« The series can be integrated term by term in the annulus, modulo the standard problems
I .1
with integrating -
z



CHAPTER 9. ISOLATED SINGULARITIES AND THE RESIDUE THEOREM 75

Remark: The proof of existence is similar to the proof that holomorphic functions have power
series expansions. Fix z; in the annulus. Let g(z) be defined on the annulus by g(z) = 1@ 1)
z—2g

This function is holomorphic on the annulus except possibly at z,. But expanding f as a power
series about z, gives f(z) = D, >0 k(2 — 2)¥ so that

_ k _
ooy = 2 HCETH T e

Z=2 k>1

Thus g is also holomorphic at z,.

Draw two curves in the annulus as indicated below, and form the integral

1 [I0-1@
27i {—z

¢

Figure 9.1: Existence of Laurent Series

We assume that z is between the two circular paths. Apply the homological Cauchy theorem,
noting that the total winding number is zero on the hole inside the annulus. Consequently this

integral is zero and
foy == [ 18

2w ) ¢ -z

d¢

If { is on the large circular path y,, then '?‘ < 1, so we can write

1 1.1 _i zk
{—z §1—§ ko S
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If ¢ is on the small circular path y,, then H < 1 and we can write
zZ

1 (o)
¢ = _El—— Z_: Skt

‘We conclude that

f2) = Z f f(s’)s’kds“l k+1+2

This gives a Laurent expansion for z between the two circles. But we can replace the inner
circle by a smaller homotopic circle, and the outer circle by a larger homotopic circle, to get
a formula that is valid for more z. By Cauchy’s homotopy theorem, the coefficients do not
change. We conclude that the Laurent series converges to f throughout the entire annulus
where f is defined.

), gl ,

271'1 §k+1

Proof, continued: To prove the Laurent series unique, suppose f1(z)+ f» ( ) and g,(2)+g, ( )

are two different Laurent expansions, using the obvious notation for the positive power and
negative power terms. Subtracting, 0 = (f; — g;) + (f, — g;) and so

(fh-8)@ =~ -8 (3)

In this formula, f; — g; is a power series which converges everywhere in the annulus r < |z| <
R and therefore in the disk |z| < R. Similarly f, — g, is a series in i which converges in the
annulus and thus in r < |z|. Moreover, f, — g, has no constant term and thus goes to zero at
infinity.

Consequently, the formulas defines an entire function, given by f; — g; on |z] < R and by
—(fy—8g2) (é) onr < |z|. This entire function is bounded, and so constant, and so zero. Since

a power series expansion is unique, we conclude that the coefficients of the power series for
both differences are zero.

Proof, part three: Term by term differentiation and integration of Laurent series are proved the
same way. We’ll discuss the case of differentiation.

If f(z) = f1(2) + f> ( ) is a Laurent series, the derivative of f equals

w0+ @ )()

Both f; and f, are power series which can be differentiated term-by-term. By the displayed for-
mula, the term ¢, z* in f, becomes kc,z“~! and the term c_; z* (l), ie.,c_z % in f, becomes
zZ

ke_jzk1 (i) - (—Ziz) ie., (—=k)c_pz7* 1.
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9.6 Classification of Isolated Singularities

Laurent series occur most often about an isolated singularity z,, converging in a punctured
disk 0 < |z — z5] < R. While the case of more general annuli is sometimes useful, readers
should think of the punctured disk about a singularity when they hear the term Laurent ex-
pansion.

Theorem 50. Let f and g be holomorphic on a domain U and suppose g is not identically zero.

(@

—— are removable or poles.
8(z)

Then all isolated singularities of

Proof: If z, is a removable singularity of the quotient, expand f and g in power series about
Zg.

@) =(z-2)"f1(2)
g8(2) = (z —zp)"g1(2)

where f; and g; do not vanish at z,. Then

f

f o mnf1®
g—(z o) g1(2)

If m — n > 0, the singularity is removable. Otherwise, it is clearly a pole.

Theorem 51. Let f(z) be holomorphic on U except for an isolated singularity at z,. Find the
Laurent expansion of f in the annulus 0 < |z — zy| < €. Then

« Ifthe Laurent expansion has only non-negative terms, the singularity is removable.

« Ifthe Laurent expansion has a finite number of negative terms, including at least one such
term, the singularity is a pole.

« If the Laurent expansion has infinitely many negative terms, the singularity is an essential
singularity.

Remark: This exhausts the possibilities for a Laurent expansion, and thus the possibilities for
an isolated singularity. In particular, if f is bounded near an isolated singularity, then the
singularity is automatically removable.

Proof: The first result is obvious, since the Laurent expansion is a power series which deter-
mines an appropriate value at z = z,.

The second result is also easy. Since the positive terms of the Laurent expansion have a definite
value at zy, we need only consider the negative terms. We want to prove that a non-trivial

finite polynomial in converges to infinity when z — z;, and this will follow if a non-zero

z—2z
polynomial in z converges to infinity when z — .
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Write

lerl e |cy |
|P(2)| = |ZK + 12T + . 4 ¢ > |z|* (1 -_— - —)
lz|  |z/? |z|k

The required result follows immediately.

Finally consider the case of a Laurent series with infinitely many negative terms. Since the
positive terms give a definite value at z, it suffices to prove that the negative terms can take
any limiting value as z,, — z,. To simplify notation, we assume z, = 0. Suppose the result is
false, and the limiting value cannot be 4.

Call the sum of the series with negative terms g(z) and let this series converge in 0 < |z| < By;
choose B < B;. Consider g on 0 < |z| < B. If g = 1 infinitely often, a subsequence of points
where it happens converges and this limit point must be the origin. By assumption, this cannot
happen. By shrinking B, we can assume that g is never equal to 1 in 0 < |z| < B. Consider

h(z) = ( 1 ~on 0 < |z| < B. If this function is not bounded near the origin, then there must
8(2)-

. 1
be a sequence z, with |z,| < — and ‘
n

1
g(zn)_)L

‘ > n. So |g(z,) — 4| < % and again, by assumption
this cannot happen.
1

Therefore, h(z) = .

the origin. Expand this function in a Laurent series. By the proof that this can be done, the
negative powers of z in this expansion are

| 1 1
-2 |5m fy | h(;){kdgl -

Since h is bounded near the origin, and since this formula holds for y, of arbitrarily small ra-
dius, we conclude that all of the negative terms vanish, and consequently 4 can be extended to

be holomorphic at the origin. Solving for g(z), g(z) = ﬁ + A. This is a quotient of holomor-

phic function and therefore had a removable singularity or pole at the origin, contradicting the
assertion that it is given by a Laurent series with infinitely many negative powers.

7 is holomorphic in the punctured disk 0 < |z| < B and bounded near

Remark: Earlier we proved that the range of a non-constant entire function is dense in C. We
now know enough to strengthen this result:

Theorem 52. Let f(z) be a non-constant entire function.
1. If f is a polynomial, then it takes each complex value. But if z, — oo, then f(z,) — oo

2. If f is not a polynomial, the values of f are dense in the plane. Indeed, for any fixed A, there
is a sequence z,, — oo such that f(z,) - 4

Proof: If f is not a polynomial, then f (l) has an essential singularity at the origin; the second
z
item is a consequence.
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9.7 The Residue at an Isolated Singularity

Let f(z) be holomorphic on a domain U with an isolated singularity at z,. The coefficient of
in the Laurent expansion of f about z, is called the residue of f at z,, and denoted

z—2z

Res(f, zg)

Example 1. The residue of —— at the origin is 1 because
z

2 4

z z
1-=+=
20 4

3

+ ——..

cosz z
20 4

yA

N | =

Example 2. Suppose g and h are holomorphic near z, and f(z) = %. Also suppose that

h(zy) = h'(zy) = ... = h%D(z,) = 0, but h®)(z,) # 0. Then
(k—1)
g (2o)
Res(f,zy) = k=———=
(120 = K5 s
The reader should check that this result is true.
Example 3. Let f(z) = 1:—4 This function has isolated singularities at % The residue at z,
Z

.1 1 . 1+i 1+i . —1+i  1-i
is Q = 4—23. So the residue at AR and the residue at N

9.8 The Residue Theorem

Remark: The following result is the grand climax of our study of Cauchy’s theorem. We state
it as usually used, and then when multiple closed paths are involved.
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Theorem 53 (The Residue Theorem). Let f(z) be holomorphic on U except at isolated singu-

larities. Lety be a continuous closed curve in U such that every point inside y is in U. Assume
that no isolated singularity is on y. Then

f f@dz=Q@ni) D, Res(f,z)W(y,2)
14

singularities

Figure 9.2: The Residue Theorem

Theorem 54 (The Residue Theorem). Let f(z) be holomorphic on U except at isolated singu-
larities. Let y,,¥5, ..., ¥) be closed continuous curves in U such that every point inside the y; is in
U, i.e., whenever Y, W (y;, zy) # 0 then z, € U. Assume no isolated singularity is on a y;.

Then
Z f f(z)dz = (2mi) Z Res(f, zo)W (v, 2p)
Vi

singularities,y,
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Remark: Note that Cauchy’s integral formula is a special case of this theorem.

Remark: Here’s a small taste of an application. This type of application will be discussed sys-
tematically later.

Consider the path y illustrated below. By the residue theorem,

f dz =LRes(f,i)
Y

1+2z2 2mi
Since 1 1 1 1 1
= - ( ) = . (—. + higher terms)
14+2z2 z—i\z+i z—i\2i

we have Res;(f,i) = %, so the complex integral is (27n')% =7
14 1

Figure 9.3: Contour Integral One

R
dx dz

T+ .2 T
R1+X semicircle 1 + 2

On the semicircle, |z?| = [1+2z* = 1| < |1+ 2z} - 1,s0 |1+ 2| > |z’ | -1 =R>—-1. So
1 1

1+z2| = R2-1
.. TR . . . .
of the semicircle, or FEORE This expression goes to zero as R goes to infinity. We conclude

that .
f dx
2 =7
o L+ X

In this special case, we can directly verify the result because

This complex integral is

. Thus the integral over the semicircle is at most this number times the length

(o)
dx o
= arctanx|_ =7
o 1+ X2
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dx

Remark: Here’s a second example. We compute f_°zo Tt the same way. The singularities of
X
the integrand inside the semicircle are at % and % So the integral is 277i times the sum of

the residues at these points.

P Y

—

Figure 9.4: Contour Integral Two

1+i 1—i
and —. So

w2 a2

/' dx4=(2m)(_1_i+1_i)=(2m')(__i>=l
o 1+ X 4\/5 2\/5 \/5

Proof of the Residue Theorem: We’ll prove the theorem for one y; the general proof is exactly
the same. As in the diagram below, add paths 7, ..., 7, around the isolated singularities z;
inside y, going around —W(y, z;) times. There are only finitely many isolated singularities
inside y since y together with its inside is compact.

By a calculation in the previous section, these residues are —

Apply the homological Cauchy theorem. Since y goes around z; by W(y, z;) times and t;
goes around z; by —W(y, z;) times and 7; doesn’t go around z; at all, the z; are not inside the
path formed by y and the 7;. Thus f is holomorphic inside this path, and Cauchy’s theorem

gives
L/ﬂ@dz+§1/f@ﬂh=0
Y Tj

Therefore

fﬂ@@:—Z/ﬂ@u
4 Tj

We can shrink the 7; as much as we want without changing the integrals. Eventually 7; will be
inside the annulus where the Laurent series for the isolated singularity z; converges. Separate

. o 1 .
this Laurent series into two parts: all the terms except the — term and separately this term,
z—2z;
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Figure 9.5: Proof of the Residue Theorem

which equals
Res(f, z;)
zZ—Z

Since the sum of terms of order not —1 can be integrated term by term, the Laurent series has

the form
dh  Res(f.z)

dz z—z;

_'[-f(z)dzz—'[-Z—:dZ—RGS(f,Zi)'[_Zcizzl_

But ij Z—: dz = h(end of 7) — h(start of 7) = 0. Also

—Res(f, z;) f 7

by our choice of 7. In short,

near z;, and

= —riRes(f,2)W (5, 2) = QrORes(f, )W (7,2)

[ 1@ dz = a3 Restrzowr.z)
Y



Chapter 10

Fundamental Results

We now harvest an array of important results which follow from the Residue theorem and
other forms of Cauchy’s theorem.

10.1 Meromorphic Functions

Definition 24. A meromorphic function on a domain U is a holomorphic function with isolated
singularities, all removable or poles.

Remark: We always imagine that all removable singularities are removed, so a meromorphic
function has values everywhere. It even has values at poles, if we allow the value to be oo there.
Note that it would make no sense to assign the value oo to an essential singularity, since nearby
values can be anything in that case.

Remark: The meromorphic functions on a domain form a field we will sometimes denote
M(U). The key point is that % has only zeros and poles if f is not identically zero. It has

zeros at the poles of f and poles at the zeros of f. All field axioms are easily checked.

Remark: We will focus more and more on meromorphic functions as we proceed; they are the
natural objects of study in complex analysis. Notice that from the beginning of these notes on
page 8, our examples of holomorphic functions had poles.

10.2 The Order of a Zero or Pole

Definition 25. Let f be holomophic on an open neighborhood of z,, except possibly at z,. Assume
f is not identically zero and z, is not an essential singularity. Expand f in a Laurent series near

84
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2o, and let k be the lowest power of (z — z,)¥ in this expansion. Then the order of f at z, is

ord, (f) =k

Remark: If f(z,) = 0, then the order of f at z, is the multiplicity of this zero, i.e., the number
of zeros at z;. If z is a pole, the order is negative and counts the multiplicity of infinite values
at zy. If z, is neither a zero nor a pole, the order of f at z, is zero.

Remark: Thus “order” extends the concept of the multiplicity of a zero of a polynomial intro-
duced in algebra.

3 5
Example: Ordy(sinz — z) = 3 because sinz — z = —% + i_—' — .

Theorem 55. The order function has the following properties:
* Ord, (fg) = Ord, (f) + Ord, (g)
« Ord, (f +g) > min{Ord, (f),Ord, ()}
* Ord, (f) takes all possible values as f varies.
* Ord, (1) = 0if A is a nonzero constant

Remark: The proof is easy.

10.3 The Riemann Sphere

It is possible to extend complex analysis to arbitrary surfaces embedded in higher dimensions.
When given a complex structure, these objects are called Riemann surfaces. They play a big
role in the theory, first implicitly and later explicitly.

The simplest of these surfaces is the sphere. Imagine this sphere created by adding a point at
infinity to the ordinary plane. Stereographic projection sends the sphere minus its north point
to the plane, and the added point at infinity replaces this north pole.

Figure 10.1: Stereographic Projection
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We introduce two coordinates on the sphere, called z and w. The z coordinate is the standard
coordinate for points on the plane; the added point at infinity has no z coordinate. Non-zero
points in the plane also have w coordinates, given by w = é; we give the point at infinity the
w coordinate zero, and the origin in the plane has no w coordinate. The extended plane with
these coordinates is known as the Riemann Sphere.

We now speak of functions f on the sphere as given by two formulas: f(z) and g(w) = f (i)
We can use either of these formulas when speaking of points on the sphere that are not 0 and
not oo. If we are interested in the behavior of a function near the origin, we use f(z). If we
are interested in the behavior of a function near oo, we use g(w) and remove the singularity at
w = 0.

-1

For example, f(z) = Z—2 is meromorphic on the sphere. It has the value i at the origin. It has
—

a zero at 1 and a pole at 2, and its value at infinity is 1 because lim,_, ., | f(z)| = 1.

Surprisingly, there are few meromorphic functions on the Riemann sphere.

Theorem 56. The field M(S?) is exactly the set C(z) of all rational functions % where P and
z
Q are arbitrary polynomials.

Proof: Suppose f(z) is meromorphic on the sphere. Since the sphere is compact, isolated sin-
gularities cannot accumulate and thus there are at most finitely many of them. If there are
poles of f at z,, ..., z, of orders —k;, ..., —k,,, we can form

hz) = (z = 21) ... (z = 2,)" f(2)

and get an entire function with no poles in the finite plane. It suffices to prove that h(z) is a
polynomial, because then f(z) will be a rational function.

Since & is meromorphic on the entire Riemann sphere, it has at worst a pole at infinity, and
thus g(z) = h((l) has a Laurent expansion with finitely many negative terms near the ori-
zZ

gin. It follows that h(z) has a Laurent expansion near infinity with only finitely many positive
terms. Since h is holomorphic in the entire plane including the origin, this Laurent expan-
sion converges to h everywhere except possible zero. Since f is holomorphic at the origin, the
Laurent expansion must extend to the origin and thus must be a polynomial.

Remark: Turn back to the end of the previous section on the order function. There we listed
some simple properties of Ord. All of these properties except the last make sense for an arbi-
trary field. Even the last makes sense for the field C(z) of rational functions.

It turns out to be relatively easy to prove that the only functions

Ord : C(z)—{0} > Z
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satisfying these properties are Ord, where z, is some point on the Riemann surface, including
possibly the point at infinity. This fact is exceedingly important in the advanced theory of
Riemann surfaces.

If we replace the field C(z) by the field Q of rational numbers, the last statement on the list no
longer makes sense. Ignore it. The remaining statements make sense. It is possible to find all
such Ord maps Q — {0} — Z. There is one such map for each prime number.

Therefore, by some far fetched analogy, the ordinary prime numbers in the case Q correspond
to the points on the Riemann sphere in the case C(z). This analogy between number theory
and complex analysis continues to hold for deeper and deeper results, and has motivated very
important work in the twentieth century.

10.4 The Argument Principle

Theorem 57 (The Argument Principle). Let y be a closed continuous path, and let f be mero-
morphic on an open set including all points inside y. Suppose f has no poles or zeros on y. Then

L .
L fy o) € = WUer.0) = K Wy.200rd(.2)

where the sum is over zeros and poles of f inside y.

Proof: If f has a zero or pole at z, of order k, then near z, we can write f(z) = (z — zy)*h(2)
where h is nonsingular and not zero near z,. Then

f_’ _k(z—z)th+ (z—zp)'W  k h'

f (z —zp)kh S z-2zp h

near z, so the residue at z, of f? is k. The Residue Theorem then proves that the left side of

our equation equals the right side.

We must show that the left and right sides equal the term in the center, which is

1 {1
27i foyg

!/
[LO_[ 14
b4 f(g) foy g
If our path were piece-wise differentiable, this would follow from the chain rule. Since our path

is continuous, we must prove this by constructing primitives. If y : [0,1] — C, a primitive for
the left integral is a function ¢(t) on [0, 1] which is locally the pullback via y of a holomorphic h

W(foy,0) = d¢

and this will follow if
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with Z—h = f7l Locally we can find a branch of the logarithm and form Log(f(z)); the derivative

of this function is J% So ¢ islocally the pullback via y of Log(f(z)), or equivalently the pullback

via foy of Log. And this gives the integral on the right. QED.

Remark: Notice that Log(f(z)) = In | f(z)|+iarg(f(z)) and diLog( f(2)) = ! ,(Z). It follows that

f(@)
fy f?dg measures the increase of the argument of f(z) as we move along y, hence the name of

the theorem.

Theorem 58 (Inverse Function Theorem). Let f be holomorphic on a domain U containing z

and suppose %(zo) # 0. Then there is an open neighborhood V C U of z, such that

« f(V)isopen
o [V > f(V)isahomeomorphism
« 71 f(V) > Vis holomorphic
Proof: Without loss of generality, we can assume that z; = 0. Choose a small counterclockwise

circle y about the origin which does not go around any other zero of f. The argument principle
gives

L f—’dg'—W(fo 0)=1
27i J, f B rE=
Since the winding number is constant on open connected components of the compliment of

paths, we can find a small disk W about the origin inside foy such that W(foy,1) = 1 for all
points in this disk.

Figure 10.2: Proof of Inverse Function Theorem

By definition, this winding number equals 2L S oy ;%dg , and as in the proof of the argument
Tl -
principle, this equals ZL fy ff—,ldg“ . By the Residue theorem, this equals the number of times
V4] -
f = A inside y minus the number of poles inside y. So f = A exactly once inside y and f’ at
the point where this happens is not zero.
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Let V = f~Y(W) n (interior of y). Then f : V — W is one-to-one and onto.

We want to prove that f is a homeomorphism from V to W and that f~! has a derivative at
each point of W. Formally, the argument for a derivative goes like this:

- w) L Y@= 1
w—wo W — Wy FH (W)=~ (W) f() = f(vy) LU (f(v)—f(vo)> f'(vo)

Since each w comes from a unique v and f’ exists and is never zero on V, this formal argument
will follow if w — w, implies v — v, and this will follow from the continuity of f~!. So the
entire theorem is proved modulo this continuity.

But the continuity of f~! was essentially proved by our earlier argument. Indeed, we know
that f’ is not zero at each point v of V. The previous argument then showed that we can
choose an arbitrarily small open disk about v such that the image of this disk contains an open
neighborhood of f(v), and we can then shrink the arbitrarily small open disk to an even smaller
open set about v whose image is this open neighborhood of f(v). Since any open set X in the
domain can be covered by open disks inside X', and thus by the even smaller open sets with
open image, the image of X in W must be open.

10.5 The Open Mapping Theorem

The inverse function theorem together with our study of conformal maps in chapter two gives
a complete picture of holomorphic maps near z, with f(z,) # 0. Namely, we can find an
open neighborhood V of z, and an open neighborhood W of f(z,) and then f : V — W and
f~! : W — V are differentiable homeomorphisms which preserve angle.

We are going to extend this picture to points z, where f’(z;) = 0. Suppose the order of the zero
of f" at zy is k — 1, where k — 1 > 1 and thus k > 2. Then near z, we have

f(k)(zo)
k!

(z—20)" +... = f(20)+(2—20)" (cr + i1 (2 = 20) + Chya(z — 29)* + ...)

f(2) = f(zo)+

Note that h(z;) # 0. So we can define a branch of the logarithm Log near h(z,) and write
k
h(z) = (eM8h@)/K)" = g(z)* where g is holomorphic near z, and g(z,) # 0. Therefore f(z) =
k
f(2o) + (z — 20)g(2)) "

Notice that (z — z;)g(z) is defined near z;, and has non-zero derivative at z,. By the inverse
function theorem, this is a homeomorphism near z, with holomorphic inverse. By shrinking
the image set, we can suppose that it is a disk about the origin.

We have proved
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Theorem 59. Suppose f is holomorphic on U and f’ has a zero at z, of order k —1 > 0. Then f
is given by the following composition of maps near z,. The first map is a translation, the second
is a homeomorphism, the third is z — z* and the final map is another translation. So up to
homeomorphisms, f locally wraps a neighborhood around z, k times.

7= \\/
i Tz o
\ s .J" o
e gl Z Zo
\ =)

—

Figure 10.3: Conformal Maps Near a Zero of Z—f
yA

Corollary 18 (The Open Mapping Theorem). Suppose f is a non-constant holomorphic map
on a domain U. Then f is an open mapping; it maps open sets to open sets.

Proof: It suffices to prove this locally, but points where f’(z,) # 0 have arbitrarily small open
neighborhoods which map to open sets by the inverse function theorem, and this remains true
if f’(z,) = 0 by the above sequence of maps.

Corollary 19. A non-constant holomorphic function on a domain U cannot be real-valued, or
take values only on an arbitrary line in the plane, or take values only on the unit circle.

10.6 The Maximum Principle

Theorem 60 (The Maximum Principle). The absolute value of a non-constant holomorphic
function on a domain U cannot have a local maximum.

Proof: This is a trivial consequence of the open mapping theorem.
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Corollary 20. Let f and g be continuous on a closed disk and holomorphic on the interior of this
disk. If f = g on the boundary of the disk, then f = g everywhere inside.

Proof: Consider h = f — g. Suppose h = 0 on the boundary of the disk. Then either f = g
everywhere or else | f(z) — g(z)| has a maximum value inside the disk, which cannot happen
by the previous result.

10.7 Uniform Limits of Holomorphic Functions

The following amazing theorem is false for real-valued functions, as illustrated by the pictures
below.

Figure 10.4: Uniform Limits in Real Variables

Theorem 61. Suppose f, are holomorphic on a domain U and f,(z) — f(2) uniformly on
each compact subset of U. Then f(z) is holomorphic and ‘Zﬁ -4 uniformly on each compact

subset of U. Consequently all higher derivatives of f, also czonvergfz to the corresponding higher
derivative of f uniformly on compact subsets.

Proof: To prove that f is holomorphic, it suffices by Morera’s theorem to prove that [, f(z) dz =
0 for all rectangles contained, together with their interiors, in U. But this holds for f, since f,,
is holomorphic. Moreover, by uniform convergence, [ f,(z) dz — [, f(z) dz.

Next we prove that uniform convergence of functions implies uniform convergence of deriva-
tives. This follows from the following formula for the derivative of f, a generalization of
Cauchy’s formula which follows from the Residue theorem: if y is a small circle about z,

df 1 [ Q)
dz"" 2mi ), (& - 2)?

d¢
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Suppose this circle has radius R. Then for z on or inside the disk of radius R/2, we have

‘dfn df

1
dz_Egﬁm%UM@—ﬂdEE@mn

Since f,, — f uniformly on the circle of radius R,

df, df
ﬁ —
dz dz

uniformly on the interior of a disk of radius R/2. Any compact set can be covered by finitely
many such disks, so we are done.



Chapter 11

Automorphism Groups of the
Complex Plane, the Unit Disk, and
the Riemann Sphere

This chapter is the first of three which lead to the Riemann Mapping Theorem, the central
result of Riemann’s PhD thesis. Results in the preliminary chapters are of independent inter-
est.

If U is a domain in C or the Riemann Sphere, an automorphism of U is a one-to-one and
onto holomorphic map ¢ : U — U. It is easy to see that the automorphisms of U form a

group.

We will compute these groups for the open unit disk D, the entire complex plane C, and the
Riemann sphere S2. It turns out that these are the only simply connected Riemann surfaces,
although we will not prove that. So our examples were not chosen at random.
11.1 The Automorphism Group of C
Theorem 62. The automorphisms of C are precisely the maps

p(z)=az+b

where a and b are complex and a # 0.

Proof: Since these are clearly automorphisms, it suffices to prove that all automorphisms have
this form. An automorphism is an entire function, so by theorem 54, it is either a polynomial
or else for each fixed A, we can find z,, — oo with ¢(z,,)) — A. But ¢ is onto, so there exists a z,

93
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with ¢(z,) = A. Since ¢ is one-to-one, the derivative of ¢ at z, cannot be zero, so the inverse
function theorem states that there bounded open neighborhoods W; and W, of z; and 1 such
that W; is mapped one-to-one and onto to W, by ¢. The values in W, are only taken by ¢ in
Wy, so A cannot be a limiting value of ¢ near infinity.

It follows that ¢ is a polynomial. Since ¢ is one-to-one, this polynomial cannot have multiple
roots or one root of order greater than one. So it is linear. QED.

Remark: The complex plane has a natural metric. Isometries, that is, distance preserving maps,
must be conformal by the law of cosines. So our group contains all isometries of the plane.
These have the form

p(z)=e®z+b

If e = 1, these are translations. Otherwise they are rotations about some point. Indeed, any
map ¢(z) = az + b with a # 1 has a fixed point because az + b = z is solvable, and it is easy
to see that when a = €%, the resulting map is rotation about this fixed point.

The remaining maps have the form
o(z) = me®z + b

for m > 0; m # 1. Such maps have fixed points; they magnify about the fixed point by m and
then rotate by 6.

The globally conformal maps which are not isometries are therefore, essentially, magnifica-
tions.

11.2 The Automorphism Group of the Riemann Sphere

Definition 26. A linear fractional transformation is a map

with a, b, c,d complex and ad — bc # 0.

Remark: 1f we multiply each of a, b, c,d by the same non-zero constant 1, we get the same
map. It follows that the set of linear fractional transformations form an object of complex
dimension 3 and so real dimension 6. Notice that the condition ad — bc # 0 does not change
the dimension.

Theorem 63. The automorphisms of the Riemann Sphere are precisely the following linear frac-
tional transformations, with ad — bc # O:

az+b
cz+d

p(z) =
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Proof: We leave it to the reader to show that these maps are automorphisms. Notice thatz = — d
c

a
maps to oo, and co maps to —.
c

Linear fractional transformations are 3-transitive: any three points can be mapped to any other

three points by exactly one ¢. For instance, p(z) = g;i . % maps A to 0, B to oo, and C to
A -

1.

Now let ¢ be an arbitrary automorphism of the sphere. Multiplying by a suitable linear fraction
transformation, we can suppose that 0 — 0,1 — 1,00 — o0, and it suffices to show that this
composition is the identity.

Since oo maps to oo, no other point maps to infinity and our map is an automorphism of C,
and hence has the form ¢(z) = az + b. Since 0 — 0, b = 0. Since 1 - 1, a = 1. QED.

Theorem 64. A linear fractional transformation is either of the form az + b with a # 0 or of the
following form withc # 0,B = 2, 4 = -2
C

c

(Az + B)o%o(cz +d)

Proof: A simple calculation.

Remark: 1t follows that linear fractional transformations are products of translations of the
plane, rotations about a point in the plane, magnifications about a point in the plane, and the

1
map -.
Z

This last map is particularly interesting; it is essentially inversion in a circle. Suppose p is a
point in the plane and R is a fixed positive number. We define inversion in the circle of radius
R about p to be the map which interchanges p and oo, fixes the circle pointwise, and maps the
inside to the outside and the outside to the inside by sending g # p to the point Q on the ray
from p through g, where |q — p| - |Q — p| = R2. So this map turns the circle inside out.

Inversion in a circle reverses orientation, so it is cannot be holomorphic. Actually inversion
in a circle of radius 1 about the origin is given by z — ﬁ because the product of the absolute
z

value of z and the absolute value of ﬁ is one and ﬁ is on the same ray through the origin as
z z
Z.

1
Our map z — - equals
Z

sy=l-Z_ 2 _ %z
z zz |z]2  |z)?
and thus is reflection across the x-axis followed by inversion in the circle. The inclusion of this
reflection produces an orientation-preserving map.



CHAPTER 11. AUTOMORPHISM GROUPS 96

Figure 11.1: Inversion in a Circle

The above picture shows a pure inversion in a circle without the additional reflection. We invert
in the black circle. The red circle inside moves to a bigger red circle outside. The blue circle
meets the circle of inversion perpendicularly, and a little thought shows that it consequently
maps to itself. The green circle goes through the origin, so its image goes through oo and
becomes a straight line.

Remark: More generally, if we have a sphere S"~! with center p and radius R in R", the map
inversion in the sphere interchanges p and oo, fixes the sphere pointwise, and sends g on the
ray from p to g to the point Q on the same ray, where |qg — p| - |Q — p| = R?. It is not difficult
to show that this map is conformal.

With somewhat more difficulty, one can prove

Theorem 65. If ¢ : U — 7V is one-to-one, onto, and conformal, where U and V are domains in
R" and n > 3, then ¢ is a composition of translations, rotations, magnifications, reflections, and
inversions in spheres.

Notice that the previous result is a local result. In contract, we know that there are enormously
many local conformal maps in R2. So the proper way to generalize complex analysis to higher
dimensions is certainly not to concentrate on conformal maps as the central idea of the sub-
ject.

Theorem 66. A linear fractional transformation maps circles to either circles or lines, and lines
to either circles or lines.
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Proof: This result is obviously true for translations, rotations, and magnifications, since these

maps send circles to circles and lines to lines. By theorem 69, it suffices to prove the result for
1 x—iy

z  x24y?’

The general equation of a circle or straight line in the plane is

A(x*+y>)+Bx+Cy+D =0

The image ( al e ) satisfies this equation provided

x2+y2’ x2+y?

x?+y? x -y
A +B +C +D=
((xz +y2)2 x2 +y2 x2 +y2

or equivalently

A+Bx—-Cy+D(x*+y>)=0
Both of these equations have the same form. Indeed, the possible solutions of the first equa-
tion are a circle, a line, a point, the empty set, or everything, and similarly for the solutions of
the second equations. Since our linear fractional transformation is one-to-one and onto, one
equation has solution a circle or line just in case the other equation has tone of these solu-
tions.

Remark: A calculation shows that stereographic projection, illustrated on page 81, is a confor-
mal map from the sphere to the plane. Give the sphere the standard Riemannian metric; then
isometries of this sphere are conformal and map to linear fractional transformations.

The site http://users.math.msu.edu/users/shapiro/pubvit/downloads/rs_rotation/
rotation.pdf contains a paper by Joel H. Shapiro proving that the linear fractional trans-
formations corresponding to isometries of the sphere are exactly those induced by a unitary

matrix
a b
c d

Note that the matrix induced by az_:s is only unique up to multiplying all components by the
cz

same nonzero A. The paper’s assertion means that a linear fractional transformation induces
an isometry of the sphere if and only if one representative matrix for the transformation is
unitary.

Notice that - comes from an isometry of the sphere. This is a coincidence, and inversions in
z
other circles do not.

Example: 1t is traditional to stop here and draw many wonderful pictures of maps obtained
from linear fractional transformations. We’ll briefly consider one case. Let

1—-2z

1+z

p(z) =i


http://users.math.msu.edu/users/shapiro/pubvit/downloads/rs_rotation/rotation.pdf
http://users.math.msu.edu/users/shapiro/pubvit/downloads/rs_rotation/rotation.pdf
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This maps sends —1 — 00,1 — 0, and i — 1. Thus the maps sends the circle through —1 and 1
and i to the line through oo and 0 and 1, i.e., the x-axis. It follows that this map is a conformal
isomorphism from the interior of the unit disk to the upper or lower half plane bounded by the
x-axis. Since 0 — i, it maps the interior of the unit circle to the upper half plane.

Notice that the inverse of this map is
+iz

o(z2) = &

1—-iz

11.3 The Automorphism Group of the Open Unit Disk

We begin with a beautiful, and very important, lemma

Lemma 6 (Schwarz’ Lemma). Let f(z) be a holomorphic map from the open unit disk to itself
and suppose that f(0) = 0. For each z in the disk,

|f(2)] < |z]
If this inequality is an equality for some nonzero z, then f(z) is a rotation, f(z) = e’°z.

Proof: Apply the principle of the maximum to g(z) = % On the circle of radius 1 — ¢, |g|

is at most one and |z| = 1 —¢€, s0 |g| < 1%6 By the maximum principle, |g| is at most this
value everywhere inside this circle of radius 1 — €. As the circle grows closer to 1, the bound
grows tighter, so ultimately we find that |g| < 1 inside the disk. If |g| = 1 at some z inside
the disk, then g takes its maximum value inside the disk and thus is constant by the maximum
principle.

Corollary 21. Let f be an automorphism of the unit disk mapping the origin to the origin. Then
f is rotation, f(z) = e°z.

Proof: Apply the Schwarz lemma to f and f~. We conclude that | f(z) < |z| and f(z) > |z|.
Hence | f(z)| = |z| and the result follows from the Schwarz lemma.

Theorem 67. The automorphism group of the open unit disk D is the set of all
f(z) = e =2

—Zz 2z

aszoeDand0<9<27T.

Proof: We will prove that maps the unit circle to itself. Since the origin maps to —z, and
Z

|zo| < 1, this linear fractlonal transformation must map the interior of the circle to the interior
and thus be an automorphism of the unit disk. It is enough to prove that when z is on the unit
circle,

|z — 2% = |1 - 2 55|
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or
(z—20)Z —2Z9) = (1 — 2 2)(1 — Z 2)
or
ZZ — 20Z — 22y + ZoZg = 1 — 22y — 22 + 22242,

and this holds because the middle terms cancel and zz = 1 and zyz, = zzz(z,.
If p is an arbitrary automorphism of the unit disk, it maps 0 to some z, in the disk. Then

Z — 2
———o97'(2)
1-2zz

is an automorphism which maps 0 to 0, so it equals e~z for some 8, and thus

2720 091 (z)0p(z) = e zog(2)
1—-2z2z,

or equivalently
e =2 = g(2)
1-z2z,

Theorem 68. The conformal isomorphism p(z) = il;z from the unit disk to the upper half plane

maps the automorphisms group e®® =— to the automorphlsm group _— of linear fractional

transformations with real coeﬁ‘iczents a, b ¢, d such that ad — bc > 0.

Remark: This group is usually called SL(2,R)/+I since multiplying a, b, c,d by +1 does not
change the linear fractional transformation. Serge Lang wrote an entire book on SL(2, R).

Figure 11.2: Disk is Conformally Equivalent to Upper Half Plane

Proof: Note that the conformal map from the unit disk to the upper half plane is linear frac-
tional, and the automorphism group of the unit disk is linear fractional. It follows that the
automorphism group of the upper half plane contains only linear fractional transformations.
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Such a transformation preserves the upper half plane if and only if it maps the real line to itself,
and does not interchange upper and lower half planes.

Suppose —+Z is such a transformation At least one of a, b, ¢, d is non-zero. Say it is a and pick
A such that Aa is real. Replace a, b, c,d by 1a, Ab, Ac, Ad.

If zand 2 are both real, then

cz+

az+b (az+b) _ az+b _ az+b

cz+d cz+d cZ+d ©cz+d

Thus the right and left sides of this equation are linear fractional transformations which agree
on all real numbers, and thus on three numbers, and hence are equal up to a constant multiple.
Since a is real and nonzero, a = a and the constant multiple is one. Hence a, b, ¢, and d are
all real.

Conversely, if a, b, c,d are real and ad — bc > 0, then az:b
CcZ

maps the upper half plane conformally to either the upper half of lower half plane. But

preserves the real line and thus
ai+b

ci+d
is
(ai +b)(—ci+d) (ad—bc)i  ac+bd

(ci+d)(—ci+d)  c2+d2 c2 + d>?
and this is in the upper half plane if and only if ad — bc > 0.

Remark: Notice that the automorphism groups of the plane, disk, and sphere are all transitive;
every point can be mapped to every other point. This is highly unusual and almost never
happens for other Riemann surfaces.

11.4 The Unit Disk and Non-Euclidean Geometry

The results in this section, while important, play no role in the proof of the Riemann mapping
theorem.

Remark: The plane and sphere have natural metrics; orientation preserving isometries are con-
formal. The plane has additional conformal automorphisms (magnifications) and and so does
the sphere (inversions in circles). It is a remarkable fact that the disk has a natural metric, and
this time all conformal maps are orientation preserving isometries. The metric is exactly the
non-Euclidean geometry discovered by Lobachevsky, Bolyai, and Gauss, although the connec-
tion between geometry and complex analysis was not made until toward the end of the 1800’s,
by Poincare.

We sketch the resulting theory. According to Riemann, a metric is best given as a quadratic
form

ds® = Zgij(xl’xb s X )AX;dY
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This expression means that we can find lengths of curves (y,(t), ..., y,(t)) fora <t < b by
computing

dy,
dt
dt

’ dy,
f \/ 22 8, s Va7

Curves that are locally the shortest between two points are called geodesics and these geodesics
dy; dyy
de’ "7 dt )

replace the straight lines of classical geometry. Curves y have tangent vectors X = (
and the inner product between such tangent vectors is given by

from which angles of intesection of curves can be computed by the standard formulas.
For instance, in R" we set g;; = §;; and recover the usual formulas of advanced calculus.

We now introduce the metric of non-Euclidean geometry. The formula is simplest in the upper
half plane, where it is

4s? — dx? + dy?
y2
In the unit disk, this becomes
dx? + dy?
ds? = 4—2* Y

(1 —(x2+y2))?

These formulas say that distance over small regions is essentially computed by the standard
formula from Pythagoras; however in the case of the upper half plane, distances very close
to the x-axis are much larger than they look, and distances high above the x axis are much
smaller than they look.

In the case of the disk, the formula says that distances close to the origin are as expected, but
distances close to the boundary are much larger than they look. The constant 4 has been added
to make the Gaussian curvature equal —1.

The crucial assertion is that our conformal automorphism groups preserve these metrics and
become isometries of non-Euclidean geometry. Let’s prove that. It is easiest to work in the

upper half plane where the group elements are % for a,b,c,d real, and ad — bc = 1. We'll

cz
give the essential calculation, letting the reader disentangle that it really works. Let J(z) be
the imaginary part of z. Then

_dx?+dy?*  (dx+idy)dx —idy) dzdz

ds? =
y? J(z)? J(z)?
Suppose w = 44D Then dw = EXde—(ezrde ;5 dz, so
cz+d (cz+d)? (cz+d)?
dw E _ dzdz

" ez + d)*
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Also
s(w)_l az+b az+b) _1((az+b)(cz+d)—(az+b)(cz+d)
" 2\ecz+d cz+d) 2 lez + d|?
_1((ad—bec)(z-Z2) _( S(2) )
S 2 lcz + d|? " \ez +d|2
Consequently

dwdw [ dzdz \[lcz+d|*\ _ dzdz
Sw):  \lcz+d|* S(z) | S(z)2

Remark: This result will imply that the conformal automorphisms of the unit disk preserve
the Poincare metric on that disk if we can prove that the conformal map from the upper half

plane to the unit disk, given by z — TL—I:Z, maps the Poincare metric on the upper half plane
=1z

to the Poincare metric on the unit disk. The metric on the upper half plane is % and the
~S(Z

metric on the unit disk is (fdlz TZZ)Z and we want to prove that w = ?ﬂ carries the first to the
—\|Z bt ¥4
second.
As before,
A -iz)i— QA +iz)(—i) 2i
dw = - = ——dz
(1-iz)? (1-iz)?

and therefore

— 2i —2i - 4 -
dw dw = dzdz = dzd
waw (<1_iz)z><1+iz>z) T @ P

Now
]2 = 1+iz2_<1+iz> 1-iz\ _l+iz—iz+z]* _1-232)+ |z
1—iz 1—iz)\1+iz) 1—iz+iz+|z]2 1+23(2)+ |z|?
and )
(= oy = (1= L225@ + 2P _( 43(2) )2
1+23(2) + |z|2 1+23(2) + |z]?

Putting these two results together, we have

— 2 _
4dwdw 16 7 14+23(2)+ |z _dzdz
(1—|w»)?  (1+29@)+|z]?)?2 43(2)  S(2)2
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Figure 11.3: Escher’s Angels and Devils
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Remark: These calculations show that complex analysis on the unit disk is closely related to
Non-Euclidean geometry, because the isometries of that geometry are just the complex auto-
morphisms of the disk, and in particular are all linear fractional transformations.

Remark: Escher’s wonderful work Angels and Devils is a picture of Non-Euclidean geometry.
In the picture, each angel and devil has the same non-Euclidean size. As we approach the
boundary, the angels and devils only seem to grow smaller; note that there are infinitely many
of them. Some people believe that this picture was drawn on a sphere and then projected down-
ward; that is certainly false because a sphere could contain only finitely many angles.

Remark: Let us determine the straight lines in this geometry, that is, the geodesics. We first
claim that straight lines through the origin are geodesics. This becomes clear when we write
the metric in polar coordinates:

(dr)? + (rdf)?
1-r2

If we want to go from the origin to the boundary, the r variable must increase from r = 0 to r
equal to one; any wiggles in 6 will only increase the integral for curve length.

ds=2

Once we know that lines through the origin are geodesics, it follows that images of these lines
under automorphisms of the disk are also geodesics. The authomorphism of the disk are all
linear fractional, and thus send lines and circles to lines and circles. Since straight lines through
the origin meet the boundary circle perpendicularly, this must still hold after we map by an
automorphism. We conclude that

Theorem 69. The geodesics of the Poincare model of Non-Euclidean geometry are straight lines
through the origin and circles which meet the boundary at 90 degrees.

Remark: The previous illustration shows several of these geodesics. They are also visible in
Escher’s drawing. Notice that lines through the origin alternately bisect angels and devils.
Notice that other curves can be seen alternately bisecting angels and devils. They are all circles
meeting the boundary at 90 degrees.

We gather below other results from Non-Euclidean geometry.

Start with parallel lines. Select a line L and a point p ¢ L. Drop a perpendicular from p to
q € L. At p, draw the line M perpendicular to this perpendicular. This new line is a parallel to
L through p. See the illustration below.

In Non-Euclidean geometry, the sum of the angles of a triangle is always less than 7, and con-
sequently the sum of the angles of a quadralateral is always less than 27r. From this, it follows
that no other line except the line from p to q is perpendicular to both L and M.

In the diagram, two red lines are shown. These are called limiting parallels; they are parallel to
L and the lines through p between these two are exactly the lines through p parallel to L.
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Figure 11.5: Parallel Postulate
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In L and M are arbitrary parallel lines in Non-Euclidean geometry, either there is exactly one
line segment between them that is perpendicular to both, or else there is no such line segment
and the two lines are limiting parallels.

There is a beautiful formula relating the Non-Euclidean length a of the segment pg and the
angle of parallelism 11, defined as the angle between pq and the first limiting parallel:
a_ ,—a
cosIl = tanha = %
ed +ea
This result was proved in 1840 by Lobachevsky. If a is very small, tanh a is almost zero and
cos IT is almost zero, so IT is almost % Of course in Euclidian geometry this angle is exactly %

On the other hand, as a — oo, tanh approaches 1 and so cos IT — 1 and I1 is almost zero.

Imagine that the universe is Non-Euclidean, but very large, so for distances a we are likely
to encounter, IT is almost % and the angle between limiting parallels is so small it would be

undetectable.

Incidentally, Lobachevsky’s formula shows that there is a natural unit of length in Non-Euclidean
geometry, since a is measured in this unit and IT is measured in radians, as is usual for angles.
There are no magnifications in Non-Euclidean geometry. We already know this another way,
because the group of conformal automorphisms contains only isometries in the disk case. If the
universe were Non-Euclidean, we could determine this natural unit of length by experiment.
It would be very, very, very large.

Remark: Next we discuss circles. Itis clear that a circle about the origin in the disk is a standard
circle. But then a circle about any other origin is a standard circle because the isometry group
maps circles to circles or lines. (The center of this circle isn’t in the usual position.)

The circumference of a circle with Non-Euclidean radius 7 is

_ 3
C =27xsinhr =27 r+§+§+...

and the area of a circle with Non-Euclidean radius r is

r2 1’4
A =2m(coshr —1) =271 51 + ) + ..

Remark: Next a few remarks on Non-Euclidean triangles. The sum of the angles of any triangle
is smaller than 7. But more is true:

Theorem 70. The area of a triangle with angles a, 3,7 is
T—(@+B+y)

It follows that all triangles have area less than 7. The extremal case is illustrated below.
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Figure 11.6: Limiting Triangle with Maximum Area

Remark: Similar remarks hold for quadrilaterals, and other polygons.

Remark: In Euclidean geometry, three distinct points in the plane determine a unique line or
circle. This theorem is still true for the unit disk in the Euclidean plane, of course. But in terms
of Non-Euclidean geometry, there is a puzzle: the curve determined by three points could be a
line through the origin, or a circle which meets the boundary at 90 degrees, or a circle entirely
inside the disk. But it could also be a line which does not go through the origin, or a circle
which meets the boundary at two points but not with angle 90 degrees, or a circle which meets
the boundary at just one point. The first three of these curves are Non-Euclidean lines and
circles. The last three aren’t.

Suppose L is a non-Euclidean line. At each point of this line, erect a perpendicular of length
d. Connect the ends of these perpendiculars. This gives a new curve, and in Non-Euclidean
geometry it is not a straight line. Such curves are called equidistant curves. In Poincare’s model,
these curves are straight lines or circles which meet the boundary at two points, but not at 90
degrees.

Curves which are circles meeting the boundary at exactly one point are called horocyles; these
can be characterized with an internal property.

So three points in Non-Euclidean geometry determine a unique curve, which is either a straight
line, a circle, an equidistance curve, or a horocycle.



Chapter 12

A Topology on the Set of
Holomorphic Maps

If a power series ), c,z" has radius of convergence R, then the partial sums f,(z) converge
to the total sum f(z) uniformly on compact subsets of the open disk of radius R, since they
converge uniformly on closed disks of radius R; < R.

At the end of chapter ten, we discovered that the topology of uniform convergence on compact

subsets behaves unusually well for holomorphic functions. For instance, if f,, — f in thissense
dfn

and each f, is holomorphic, then the sum is holomorphic and -

df . .
— - »again uniformly on
z
compact subsets.

If U is a domain, let F((U) be the set of all holomorphic functions on U and let C(U) be the set
of all continuous complex-valued functions on U. We want to formalize the previous remarks
by making H(U) and C(U) into topological spaces with the property that f,, - f means f,
converges to f uniformly on compact subsets of U.

Topological spaces induced by metrics have reasonable properties, but more general topolo-
gies can behave in unexpected ways. In particular, convergence of sequences determines the
topology on metric spaces, but not in general. Therefore, we are going to produce a metric on
our function spaces which induces the required meaning of f,, — f. We will never refer to
the metric again; it’s sole purpose is to allow us to use topological arguments without worrying
about subtle points.

108
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12.1 A Metric on H(U) and C(U)

It is easy to find a countable number of compact subsets K; C U whose interiors cover U. For
instance, we can select closed disks inside U centered at rational points and with rational radii.
If f and g belong to either of our function spaces, define

5 min [maxg. (|f —gl),1]

d(fa g) = 5

i

This sum converges because ), % converges. It is symmetrical in f and g. If d(f, g) = 0, then

each term must be zero and therefore f = g on each K;; since the interiors of the K; cover U,
f = g everywhere. Finally, the triangle inequality holds because it holds for the numerators of
each term.

Therefore, d makes H(U) and C(U) into metric spaces.

Suppose f, — f in this metric, and suppose K is compact. Since the interiors of the K; cover
U, we can find a finite number of K; with K C (K; U ... U K},). Let € be given. Choose €, smaller
than min (zin, zin) Choose N so that for n > N we have d(f,,, f) < €;. This inequality will fail
if we use 1 in any of the numerators of the first n terms of the distance formula, so fori < n we
have w < €; < —. Consequently, |f, — f| < e€on (K; UK, U..UK,) and thus on
K. 1t follows that f,, — f unlformly on compact subsets of U.

Conversely, suppose f,, — f uniformly on compact subsets of U. Let € > 0 be given. Choose
n such that ). % < g Let K = (K; UK, U...UK,). Choose N so large that n > N implies

>n
Ifn = fl < % on each K;. Then n > N implies d(f,, f) < €. Therefore f,, — f in the
metric.

Remark: In the next few chapters we will construct important holomorphic functions using
the topology of uniform convergence on compact subsets. Our f,(z) will be more complicated
than mere powers of z, and the domain U will no longer be a disk.

However, we sometimes obtain f(z) in a deeper manner, by using compactness arguments on
special subsets of F(U). These arguments depend on a characterization of compactness we
give next. This characterization uses deep properties of holomorphic functions and definitely
is false for continuous functions or differentiable functions of a real variable.
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12.2 The Key Technical Theorem

Theorem 71 (Montel). Let D be a closed disk contained in an open domain V. Let f, be a
sequence of holomorphic functions on V. Suppose that this set is uniformly bounded on D, that is,
suppose there is a bound B such that for all n we have | f,| < B on D. Then there is a subsequence
of the initial sequence which converges uniformly on compact subsets of the interior of D.

Remark: This theorem is definitely false when we replace ¢ with €, the space of continuous
functions, or C*, the space of C*® functions. It doesn’t matter if the domain of the functions is
a subset of R, or of C, or of a more general space.

For instance, suppose f,(x) = 1 for negative x, f,(x) is a straight line from (0, 1) to (1/n,0)
on [0,1/n], and then f,(x) = 0 as shown below. Clearly no subsequence converges uniformly.
We could round the corners to get the same example for differentiable functions, and round
more subtly to get it for C* functions.

Figure 12.1: Montel’s Theorem is False for Real Variables

Proof: Let y be the counterclockwise boundary of the disk. If f is holomorphic in a neighbor-
hood of the disk, then the derivatives of f at the origin are given by the generalized Cauchy

formula
f(k)(0)=£ f

i k+1
27i y§‘+

d¢

Suppose the radius of the disk is R. Apply this result to each f, in our sequence to conclude

that K B Bkl
- 27R = —

(k) e
AP0 < Sommr2nR = —

Since this bound does not depend on n, the values of f,(0) are bounded and we can find a
subsequence of the f, such that these values converge to a value we will call f(0). Since the

%(0) are bounded, we can find a subsequence of this subsequence so the ddﬁ(o) also con-
z y4

verge to a value we will call Z—f(o). Continue. By a standard diagonal argument, we can find
z
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a subsequence of the original sequence which is ultimately a subsequence of each of these
subsequences, and therefore such that f flk)(O) — f%(0) for all k.

We now claim that the series
1
ORI AOLE IS

has radius of convergence at least R, and thus defines a function f, as implied by our notation.
. . Bk! B
Indeed our inequalities show that | f%)(0)] < " and consequently that |c;| < P If |z| <R,
k
then |c;.z¥| < B |§| and this converges by comparison because ‘%' <1.

To complete the proof, we must show that our subsequence converges uniformly to f on com-
pact subsets of the interior of D. It is enough to show that it converges uniformly to f on
|z| < Ry < R. Pick alarge N, and estimate the difference between f,, and f carefully for the
first N terms and then more broadly for the remaining terms, as follows:

o0
2B
ELEY EIZI"
k=N+1

N
42~ 1) < 2[5 1100 - 190

Ife > Ois given and |z| < R; < R, we can make the last term smaller than % by choosing N

large enough. After that we can make the first term smaller than g by choosing n large enough.
QED.

12.3 Compact Subsets of 7 (U)

The main theorem of the previous section contains all the hard work. In this section, we gen-
eralize to an arbitrary U using “abstract nonsense.”

Definition 27. A subset 7, of J((U) is locally uniformly bounded if for each compact K in U
there is a uniform bound B such that the absolute value of every f € JF(; on K is at most B.

Theorem 72 (Main Theorem; Montel). Let f,, be a sequence of elements of H(U) and suppose
this sequence is locally uniformly bounded. Then there is a subsequence of the original sequence
which converges in J((U).

Corollary 22. A subset 7, C H(U) is compact in the topology of uniform convergence on com-
pact subsets if and only if it is locally uniformly bounded and closed.

Proof: We proved the key technical theorem for disks centered at the origin, but of course it
remains true for disks with any center.
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Choose a countable number of compact disks D; C U of radius R; such that the corresponding
open disks D; of radius % cover U. Our sequence is locally uniformly bounded on D;. So by the
technical lemma, we can find a subsequence of { f,,} which converges uniformly on the closure
of D;. By the same lemma, we can find a subsequence of this subsequence which converges
uniformly on the closure of D,. Etc. By the diagonal argument, we can find a subsequence of
the original sequence which is eventually a subsequence of each of these subsequences and so
converges uniformly on the closure of each D;. A finite number of D; cover any compact subset
of U, so the final subsequence converges uniformly on each such compact set.

Proof of corollary: Since our J is a metric space, compactness of J{; follows from the main
theorem. But we need to prove the converse, and for that it is enough to show that a compact
subset of H must be locally uniformly bounded. This is easy. If J{; is compact but not locally
uniformly bounded, then it is not uniformly bounded on some compact K. Find f, € H;
and z, € K with |f,(z,)| > n. Suppose a subsequence f, — f uniformly on K. This f is
continuous on the compact K and hence bounded. Since f, — f uniformly on K, the f, are
bounded on K, a contradiction.



Chapter 13

The Riemann Mapping Theorem

13.1 The Riemann Mapping Theorem

In his PhD thesis, Riemann proved the following amazing theorem:

Theorem 73 (Riemann Mapping Theorem). Let U be a simply-connected domain which omits
at least one point of the plane. Then there is a one-to-one, onto holomorphic map f : U — D to
the open unit disk D about the origin.

Ifz, € U, we can choose f so f(z,) = 0. If g is a second such map, there is a constant 6 such that
g(z) = &°f(2).

Remark: The condition U # C is essential, for if f : C — D, then f is a bounded entire
function and hence constant.

Remark: Simply connected sets can be very wild and have extremely bad boundaries. See pic-
tures below. So it is amazing that a continuous map exists, let alone a conformal map preserv-
ing angles. Even more amazing is uniqueness. A topological proof that a continuous homeo-
morphism exists would likely involve arbitrary choices, perhaps even uncountably many. This
proof involves essentially no choices.

Remark: Riemann’s original theorem, from 1851, had different hypotheses and a defective
proof. It took over 50 years, until around 1905, to reach the astonishing proof below. See
the historical remarks after the proof.

113
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Figure 13.1: Simply Connected Set with Complicated Boundary

Remark: In the above example, an infinite comb of vertical lines has been removed from a
square, with x-coordinates L. The remaining set is simply connected, and can be mapped to

the unit disk with z, mapprilng to the origin. It is unclear whether boundary points have a
well-defined limit.

Proof, Part 1: We first show that U can be mapped into the unit disk. The main problem is that
U need not be bounded.

Since U is not everything, we can translate it so 0 ¢ U. Since U is simply connected, we can
define a branch of 1/z on the translated . If A and —4 are non-zero complex numbers, at
most one can be in the range of \/E on U, because if 4 = \[z_l and -1 = \[z_z, then squaring
gives z; = z,. . But \/z—o is a non-zero number in the range of \/E; by the inverse function
theorem a whole neighborhood V of \/z_o is in the range of \/E So no values of —V are in the
range. If v € =V, the map f(z) = ﬁ is bounded on U and one-to-one. So the image is
conformally equivalent to U and bounded. It is now easy to map this image into the unit disk
by a one-to-one map.

Proof, Part 2: Since the automorphism group of the unit disk is transitive, we can compose
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with an automorphism and get a map from U into the unit disk taking z, to zero. From now
on, replace U by its image in the disk and assume z, = 0. We are going to consider a family of
maps f : U — D that are one-to-one and fix 0. The first of these maps is the identity, and we
will require that all subsequent maps satisfy | f/(0)| > 1.

Proof, Part 3: We now come to the heart of the proof. If f is a one-to-one map from U into the
disk fixing 0, we will define a positive real number m(f) which measures how close f(U) is to
filling the disk. We’ll prove that if f is not onto, we can define a new map g with bigger m(g).
Then we’ll apply a compactness argument to find a map maximizing m.

The obvious definition of m might be the area of (1), but this definition doesn’t work because
the U below would have the maximal possible value and yet not be onto D.

Figure 13.2: m(f) = area fails

The stroke of genius, by I believe Koebe, is to select
df
= |—(0
m(f) ‘ - >‘

Proof, Part 4:

Lemma 7. Suppose f is not onto. Then there is a one-to-onemap g : U — D such that g(0) =
and |g’(0)| > 1 and m(g) > m(f).

Indeed, suppose w ¢ f(U) and define
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g(z) = — Y2 o\zo 2% o f(2)
l1—-zw
1—zvy—w

Reading from right to left, the first map is f, which we want to improve. The second map
is an automorphism of the disk which maps w to zero. Since w is not in the image of f, the
composition of these two maps is never zero, so we can define a branch of the square root on
this composition. The third map is this square root. We have already proved that the square
root is one-to-one, so the full composition of the last three maps is a one-to-one map from U
into D. This map sends the origin to \/—_w The final map is an automorphism of the disk
sending \/—_w back to the origin. So the entire composition is a one-to-one map g from U into
the disk sending the origin to the origin.

We next compute m(g) = ’%(0)‘. For this we need
y4

d z—a _(1-z@)-(-a(-@) _ 1-|af’

dz1-za (1-z3) 1-zay

The required derivative is

1—|/-w? 1 1— |wl? )
a-zymwp| o Vzl, G-zl
1— _ 2

VUl L ey o) = 212 g

- wPR? 2w 2/—w
The absolute value of this expression is larger than | f'(0)| because

1+ |w|

2y/[w]

>1

1+a?
2a

> 1.

Indeed, if 0 < a < 1, then

Proof, Part 5: So much for the concrete part of the proof. Let H; C F(U) be the set of all
one-to-one holomorphic maps U — D such that f(0) = 0 and | f’(0)| > 1. Since each element
of #(; is bounded by 1, Montel’s theorem implies that #(; is compact provided it is closed.
Suppose f, — f where f,, € #(;. Then f is holomorphic on U and f(0) = 0 and |f’(0)| > 1.
We claim that f is one-to-one. This surprising result follows from the following lemma, since
| f'(0)| > 1 implies that f is not contant.
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Lemma 8. Suppose f, — f uniformly on compact subsets of a domain U. If each f,, is one-to-
one, then either f is one-to-one or else it is constant.

Proof: Suppose not, so f(z;) = f(z,) where z; # z,. Replace U by U = {z,}, f,(z) by f.(2) —
fn(2,), and f(z) by f(z) — f(z,). Then f, is never zero and f,, — f, but f has a zero. If f is
not constant, this zero is isolated, so we can find a small counterclockwise circle y around the

zero with no other zeros on or inside the circle. Then I - f?, uniformly on the circle, and
) "
!/ !/
1 ‘ﬁx§>d§_ﬁ 1 f(§)d§
27t ) £ T 2w ), F@©)

By the argument principle, this integral counts zeros inside y, so the left side is zero and the
right side is at least one, a contradiction.

13.2 History of the Riemann Mapping Theorem

In Riemann’s original formulation, the open domain U has a boundary and the map is to carry
U to the interior of a disk and the boundary of U to the boundary circle. Riemann claimed
the map was unique once we fix the image of one internal point z, and one boundary point
by.

There is no discussion of possible constraints on the boundary. Our earlier illustration shows
that the boundary of general U can be very complicated. Later authors restricted to piece-
wise differentiable boundaries, or simple closed curves which only cross themselves at the
endpoints.

Alfors wrote in 1953 that Riemann wrote “almost cryptic messages to the future” and his state-
ment of the theorem has a form that “would defy any attempt at proof, even with modern
methods.”

In some sense, Riemann’s proof relied on a boundary value problem for harmonic functions
on a domain. Here are sketchy details, some in the form of exercises.

Exercise 2. When discussing the Cauchy-Riemann equations, we wrote f = f, +if,. Here we
adopt the alternate and common notation f = u + iv. Using the Cauchy-Riemann equations,
show that if f is holomorphic then u is harmonic, that is

Exercise 3. Suppose we know u and want to find v so u + iv is holomorphic. By the Cauchy-

Riemann equations, we must solve
ov du

ox oy
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Bv_ou
dy  ox
By advanced calculus, there is an integrability condition which must hold before these equations
can be solved. Show that the integrability condition is exactly the statement that u is harmonic.

Exercise 4. If u is harmonic on a simply-connected region U, show that v exists on U making
u + iv holomorphic.

Remark: We want a conformal map f : U — D taking z, to zero. If this map is one-to-one,

z . .
then z, must be a first order zero and we can form 1® 3 nowhere zero function on (. Since U
z—2z

is simply connected, this function equals e for some g = u + iv. So we can assume that

f — (Z _ Zo)eg(z) — eln|z—zo|+iarg(z—z0)eu+iv

On the boundary of our U we want f to have absolute value one, so we must choose a harmonic
u inside U with boundary values —In |z — z;|.

Riemann was interested in physics as well as mathematics, and particularly interested in the
theory of electricity and magnetism. In physics, harmonic functions describe steady-state con-
ditions when a system has settled into a state independent of time. For instance, if we have a
region with an insulated boundary and spray charges on the boundary, the potential inside is
given by a harmonic function with boundary values given by the charges. Thus in physics, it
is natural to assume that u exists.

Riemann also knew of the Dirichlet principle. If u represents the potential energy function
inside a region, the total energy is given by

ou )2 ( ou )2
— | +|{=— dxdy
f /g; [(6x dy
In a steady state, the potential energy should minimize this expression, and the Euler-Lagrange
equations for this minimal energy state are exactly the condition that # be harmonic. So to

obtain u, we minimize this expression among all possible u satisfying the given boundary con-
ditions.

Let us concentrate on this much of the proof, which produces u. We could then obtain v on the
interior, but would still need to show that it also has appropriate boundary conditions.

There is an interesting paper on the history of the Riemann Mapping theorem by Jeremy Grey,
Rendiconti Del Circolo Mathematico Di Palermo, Serie II, Supplemento N. 34 (1994). (Also
available on the internet.) From this paper, we learn that Riemann’s actual proof was more
complicated than this sketch. However, Riemann’s proof was shown to be invalid in 1871 by
his student Prym. Around the same time, Weierstrauss found an example of a calculus of vari-
ations problem for which the analogue of the Dirichlet principle failed, and thus managed to
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convince mathematicians that an approach via the Dirichlet principle and harmonic functions
was suspect.

The next period from 1887 to 1910 was one of extensive work on the mapping theorem by
Harnack, Hilbert, Osgood, Cartheodory, and Koebe. Koebe was a particularly important con-
tributor.

In 1887, Harnack published a book which dramatically extended the theory of harmonic func-
tions and solved the Dirichlet problem on many domains. The last pages of this book show how
the theory can be used to prove the mapping theorem. Hilbert also worked on justifying the
use of the Dirichlet principle for harmonic functions. Building on these results, the American
mathematician Osgood may have been the first person to give a rigorous proof of the Riemann
mapping theorem, between 1900 and 1902. He cleanly separated the case of mapping the inte-
rior from discussions of the boundary, and rigorously proved our form of the mapping theorem.
He also proved that if the boundary is a continuously differentiable simple closed curve, then
the map of the interior extends continuously to the boundary, and called attention to the pos-
sibility that this result might be true for an arbitrary continuous closed boundary curve which
does not cross itself.

Around the same time, Jordan proved the Jordan curve theorem: if ¢ : [0,1] — C is con-
tinuous and ¢(0) = ¢(1) and otherwise ¢ is one-to-one, then ¢ separates the plane into two
connected regions, one bounded and one unbounded. His proof was criticized, and then im-
proved by Veblen, Schoenflies, and Brouwer in 1909.

Working with these results, Osgood proved that such a Jordan curve can have positive area.
This made clear the difficulty of extending the mapping theorem to Jordan boundaries, let
along more general boundaries.

Caratheodory was encouraged by Klein and Hilbert to work on the mapping theorem. In pa-
pers published in 1912 and 1913, he replaced Riemann’s uniqueness result that f is determined
by f(zy) and f(by) where b, is a boundary point, with the assertion that f is determined by f(z,
and the argument of f’(z,) and then very cleanly proved the Riemann mapping theorem on the
interior of the domain. According to Gray, this is the first purely function theoretic proof, with
no appeal to Harnack’s work, replacing that approach by the use of Schwarz’s lemma.

In a second paper, Caratheodory proved that the conformal map extends to a homeomorphism
of the boundaries if and only if the boundary is a simple Jordan curve in the sense described
above.

Gray ends his history of the Riemann mapping theorem by writing: “That the boundary of
a domain could be as strange as Osgood and Caratheodory had discovered was a powerful
stimulus to precision in these matters. It is reasonable to claim that in proving the Riemann
mapping theorem, ... mathematicians came to unite geometric function theory with topology,
to the mutual advantage of both.”
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Indeed, a consequence of Caratheodory’s 1913 paper is that if ¢ : S! — C is a simple closed
curve, then there is a homeomorphism of the plane mapping the image of ¢ to the unit circle,
and mapping the bounded component of the complement conformally to the disk and the
unbounded component conformally to the exterior of the disk. The Jordan curve theorem
generalizes this result by proving that if S"~! — R" is a one-to-one continuous map, then the
complement of the image has two components, one bounded and one unbounded. Around
1920, Alexander proved that in three dimensions, the bounded component is homeomorphic
to the open ball B; C R®. His paper was accepted. As Alexander waited for publication, he
came to have more and more doubts, and eventually he found the Alexander horned sphere,
a counterexample which made him immortal. So the authors of papers on Riemann’s result
were working on a cliff.

In the midst of the above development, Poincare transformed the subject. In the early part
of the 19th century, a central topic was the study of meromorphic functions on a torus, or
what is the same thing, doubly periodic meromorphic functions on the plane. We later devote
a chapter to that theory. Now Poincare attempted to generalize this subject by replacing the
plane by the unit disk. This is a natural object to consider because the disk has a large number
of automorphisms, which can be used to map regions to other regions in the same manner that
translations map rectangular regions in the plane to other rectangular regions.

Poincare had to find subgroups I' of the automorphism group which are discrete. A fundamen-
tal region for such a group is a domain U in the disk such that

+ no two elements of U are equivalent under I'

« each element of the entire disk is equivalent under I' to at least one point in the closure
of U.

In that case, the elements y(ﬂ) cover the disk in the same way that rectangles cover the plane.
Memomorphic functions on the disk which are invariant under I" correspond to meromorphic
functions on the Riemann surface D/T.

Applying the conformal equivalence of the disk and the upper half plane, Poincare’s task was
equivalent to finding discrete subgroups of SL(2, R). A few such subgroups like SL(2, Z) were
known from the earlier theory, and when finding other examples proved difficult, Poincare at
first tried to prove that the known examples were the only possibilities.

At this point we can follow Poincare exactly, because he later wrote a book called The Psy-
chology of Mathematical Invention about his next steps. Poincare was about to go on vacation,
and the night before he drank strong coffee. Then he found that he could not sleep. The next
morning, just as he was about to step on the bus, it occurred to him that the unit disk behaves
like non-Euclidean geometry. Poincare reports that he then relaxed on vacation, and wrote up
the results when he returned to Paris.

The connection to non-Euclidean geometry allowed Poincare to define regions directly using
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the kinds of arguments in Euclid, but suitably modified for the non-Euclidean case. This
quickly led to discrete groups whose quotient spaces D/T" were compact surfaces of genus
g > 2. Poincare made the audacious guess that all such surfaces arise in this way. The proof
turned on the following generalization of the Riemann mapping theorem:

Theorem 74 (The Uniformization Theorem). Every simply connected Riemann surface is con-
formally equivalent to S?,D, or C

Much of the work on the mapping theory from 1900 on was directed toward proving this gener-
alization. Alfors once wrote that the Riemann mapping theorem is “one of the most important
theorems of complex analysis” and the uniformation theorem is “perhaps the single most im-
portant theorem in the whole theory of analytic functions of one variable.”

13.3 A Short Sketch of Consequences of the Uniformization The-
orem

13.3.1 Manifolds

Having talked of Riemann surfaces several times, we finally give a definition. Let us start with
ordinary continuous surfaces.

Definition 28. An n-dimensional manifold M is a topological Hausdorff space which is second
countable, together with a covering of M by coordinate neighborhoods (U, ¢, V). Here U C M is
an open set in M, @ is a homeomorphism from U to V, and V C R" is an open set in R".

The essential idea here is that small pieces of M look topologically like small pieces of Euclidean
space. The Hausdorff and second countable conditions eliminate bizarre examples like the
long line and will not be mentioned again. Note that U varies over only some of the open sets;
to give M, it suffices to give a covering of M by enough such coordinate systems.

Remark: If (U, ¢, V) isa coordinate neighborhood, then each point of V has coordinates (x;, X, ...

and we can use these to describe points on the manifold via the map ¢. Usually, we ignore all
the fancy words and just say “suppose we have coordinates (x, ..., x,,) defined on U.”

Definition 29. If U, p;, V; and U,, ¢,, V, are coordinate systems, we get a map from the plane
to the plane as in the following picture. It is called the glueing map. Such maps explain how the
various coordinate systems glue together.

Remark: This map is only defined over the common intersection. In more detail

200! L (U N U) = p(Uy N UY)

Example: Recall that we made the Riemann sphere into a manifold by covering it with two
1

coordinates U; = C % Cand U, = C — {0} U{co} = C, so the glue map is 1/z.
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Example: Usually we avoid this fancy terminology. The point is that some points of M can
belong to intersections with two coordinates: (xy,...,x,) and (y;,...,¥,). The glue map ex-
plains how to convert from x’s to y’s or conversely. This is done by giving conversion functions

Vi = Yi(X1, 05 Xp)-
’tl § (= ‘—’4 €
e‘“‘ L/I'l} <-v l

Figure 13.3: Glue map ¢,0(¢p;)~"

If all of the glue maps are C* maps from the plane to the plane, we say that M is a C* mani-
fold.

If the dimension of M is two and all of the glue maps are holomorphic, we say that M is a
Riemann surface.

Moise and Munkries proved that any manifold of dimension less than or equal to three has a
differentiable structure, which is unique up to differomorphism. (This is dramatically false in
dimensions four and above.) So we can assume that surfaces are C®.

13.3.2 Riemannian Manifolds

If we have a C* manifolds, we can give it an additional structure allowing us to compute dis-
tances and angles; such a structure is known as a Riemannian metric. Suppose we have local
coordinates near a point p, allowing us to introduce coordinates (xy, ..., x,). Then if y;(¢) and
y,(t) are differentiable curves through p, we can compute % = X and % =Y and get two
tangent vectors at p. A Riemannian structure on M assigns an inner product < X,Y > to any
two such vectors defined at p. This makes it possible for us to compute angles between vectors,
and lengths of vectors. By linear algebra,

where g;; is a symmetric positive definite matrix, so equivalently a Riemannian structure is
given by functions g;; on each coordinate system.
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Riemannian structures were defined on surfaces by Gauss in his great work on differential
geometry. The extension to higher dimensional manifolds was sketched by Riemann in his re-
quired Habilitationsschrift (inaugural lecture) for the PhD (Gauss was on his committee).

For surfaces, Gauss defined a quantity called the Gaussian curvature and explained how to
compute this function given the g;;. A necessary and sufficient condition condition that a
change of coordinates converts g;; to the Euclidean form &;; is that k = O nearby. In other cases,
k serves to distinguish various geometries defined by the g;;. Riemann showed how to extend
this k to the Riemannian curvature tensor, an analogous object in higher dimensions.

The quantity k is usually a function, which makes it difficult to handle. In special cases, how-
ever, it is a constant. By magnifying, this constant is either 1, 0, or -1. In these cases, Gauss
proved that k completely determines the local geometry. The cases in question are

« k = 1: standard sphere
+ k = 0: standard flat plane
« k = —1: non-Euclidean geometry of Bolyai and Lobachevsky

Remark: After Riemann’s work, this division into three cases was extended to all dimensions,
and the crucial hypotheses became clearer. An isometry of a Riemannian manifold is a one-
to-one and onto map which preserves inner products, and so distances and angles. A fairly
easy theorem asserts that if p and g are points and vy, ..., v, is an orthonormal basis of tangent
vectors at p and wy, ..., W, is a similar basis of tangent vectors at g, then there is at most one
isometry mapping p to g and the v; to the w;. So an isometry is determined by the image of
p and the corresponding rotation about this image. For most Riemannian M, isometries are
rare.

Remark: But suppose M is a Riemannian manifold such that all possible isometries occur. The
great theorem of the subject asserts that there are only four possibilities up to magnification
(provided the dimension of M is at least two). M can be the sphere S" or the plane R", or
the generalized non-Euclidean geometry H". Or finally, M can be S" with opposite points
identified. This space is called projective space. Since it is locally isometric to S, many people
ignore it and assert that there are only three very symmetric Riemannian manifolds.

Every C*® manifold can be given a Riemannian metric. The argument employs partitians of
unity, that is, functions which are identically 1 near a point p, but then rapidly vanish and
are identically zero off the coordinate system. A partition of unity is a collection ¢, of such
functions such that )} ¢, = 1. To get a global g;;, we define g;; in each coordinate systems, and
then form )} ¢,8;; -

We mention this technique because it would never be used in complex analysis, since the iden-
tity theorem would imply that each ¢, is identically zero.
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13.3.3 Riemann Surfaces

Given g;; on a surface, coordinates exist such that g;; = §;; only when the curvature is zero.
However, Gauss and later many others proved that isothermal coordinates always exist, where
8ij = A(x,y)d;;. This means that every metric is Euclidean up to magnifications which vary
from place to place. In particular, any metric is conformally equivalent to the standard metric
of the plane.

Suppose, then, that M is an orientable Riemannian surface. Cover M by isothermal coordi-
nates. The glueing maps are than conformal and hence holomorphic, so M becomes a Rie-
mann surface.

13.3.4 Covering Surface

In topology, there is a beautiful theory of covering spaces. It won’t be described here, but will
be used (only in this chapter). Incidentally, after a twenty year gap, Boubaki has published a
new volume, about covering spaces and the fundamental group.

Suppose M is a Riemann surface. Then we can form its universal covering space, M. Since M is
covered by coordinates with holomorphic glueing maps, this also holds for M, which becomes a
Riemann surface. Moreover, the deck transformation group maps must be holomorphic.

13.3.5 The Uniformization Theorem

Applying the uniformization theorem, we conclude that M is either the Riemann sphere, the
complex plane, or the unit disk. Moreover, the deck transformation group T’ is a discrete sub-
group of the automorphism group of M without fixed points, so if y # id, then y(z) # z.

A short calculation shows that every linear fractional transformation has fixed points. So if the
universal covering space is the sphere, then the original surface is also the sphere. We conclude
that

Theorem 75. The Riemann sphere has a unique Riemann surface structure. Consequently, any
Riemannian surface homeomorphic to a sphere has a conformally equivalent second metric equal
to the standard metric on a sphere.

Remark: If the universal cover is the plane, then every deck transformation has the form ¢(z) =
az+b. Such maps have fixed points unless a = 1. Consequently the deck transformation group
must be a discrete subgroup formed only of translations. It is easy to conclude that the only
possibilities are z — z + | where [ runs through all elements of a lattice of rank 0, 1, or 2.

Theorem 76. The only surfaces with universal cover C are C, cylinders, and tori. Ifa Riemannian
manifold is homeomorphic to one of these, it has a conformally equivalent second metric which is

flat.
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Remark: Cylinders are conformally equivalent to annuli.

Remark: In all other cases, the universal cover is a disk. Astonishingly, the entire automor-
phism group of a disk preserves the non-Euclidean metric. Consequently, and astonishingly

Theorem 77. Every Riemannian surface except the sphere, the complex plane, cylinders, and tori
can be given a conformally equivalent metric locally equivalent to non-Euclidean geometry.

Remark: This result is false in higher dimensions. But Thurston conjectured that it is essen-
tially correct in dimension three. The three geometries of the theorem must be replaced by
eight geometries, but all except the non-Euclidean case can essentially be analyzed completely.
Moreover, a three-dimensional manifold must be cut into pieces and then the result says that
each piece can be given one of these eight geometrical structures.

Remark: This difficult conjecture implies the Poincare conjecture. Like the uniformization
theorem, it is proved using difficult theorems in analysis about differential equations. The
complete proof has now been given by Hamilton and Perelman, with expositions from a num-
ber of Chinese mathematicians.



Chapter 14

The Theorems of Mittag-Leffler and
Weierstrass

14.1 The Mittag-Leffler Theorem

Definition 30. Ifz, is a pole of f, the principal part of f at z, is the sum of negative terms in the
Laurent expansion of f about z:

1
Cp————+C jpy1————— +..+C
(z — zo)¥ (z — zp)k1

Z—Zy

1

More generally, a principal part P(z) at z, is a polynomial in of degree at least one and

Z—ZO
without constant term.

Theorem 78 (Mittag-Leffler). Let zy, z,, ... be a sequence in the complex plane with no limit
points. Let P (z) be a principal part at zy, for each k. Then there is a meromorphic function f(z)
on C with poles precisely at the z;, and principal part Py at zy,.

Proof: If one of the z; is zero, set it aside and let Q; = P;. For each remaining k, expand P,
in a power series ), ¢;z; about the origin. This series converges for 0 < |z,|, and converges

uniformly for 0 < % Let Q. be
J
Q=P — D¢z
i=0
where j has been chosen so |Q;| < zik on0 < lzz—kl Let
f(2) =Y, %)

126
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There are many ways to see that this converges appropriately and solves the problem. For
example, choose a large open disk U of radius R centered about the origin. The closed disk
of radius 2R is compact, so only finitely many z; are inside this disk. Choose M so k > M

implies z, is not in the larger disk. Then f(z) = 224:1 Oy + g(z) where g(z) is the sum of the
remaining terms. Each Q; in this remaining sum has absolute value less than zik on U, so g(z)
is a uniform limit of holomorphic functions on U and thus holomorphic. QED.

Theorem 79 (Mittag-Leffler). Let U be a domain in the plane. Let z,,z,, ... be a sequence in
U with no limit points in U. Let P(z) be a principal part at z, for each k. Then there is a
meromorphic function f(z) on U with poles precisely at the z;, and principal part P}, at zy.

Proof: The z; can now have limit points on the boundary of U; limit points can also occur at
infinity.
For each k, let
d, = inf —
k= Inf |z — w|

Consider two sets of indices

A={k|dgl|z] <1}

B={k|dglzx| >1}

In some sense, A contains indices of z; which go to the boundary faster than they go to infinity,
and B contains indices of z; which go to infinity faster than they go to the boundary.

We will define

f(2) = f1(2) + f1(2)
where f; handles poles for indices in A and f, handles poles for indices in B. Our first claim is
that the previous version of the Mittag-Leffler theorem handles B. Indeed, if the correspond-
ing z; had a finite limit point in the plane, this limit cannot be in U, and so for an appropriate
subsequence, d; — 0. Since di|z,| > 1, we conclude that z, are unbounded, a contradic-
tion.

So it suffices to construct f; for A.

Ifk € A, acompactness argument finds a by, in the boundary of U with d; = |z, — by |. Expand
the principal part 2P, about by, in a Laurent series which converges in the annulus |z—by| > d;.
See the picture near the top of the next page.

For example, suppose P = % and b, = 0. The expansion we need is
Z

-3 () -26)

) k>0 k>1
z

k

P = =

1 1
217 (-]
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Figure 14.1: Modifying Principal Parts to Force Convergence

In general, this Laurent series will have only terms of negative powers and converge uniformly
to P as long as we stay away from the inner boundary. For each k, choose j such that

1

J
%=Ly

i=1

is smaller than zik on |z — by| > 2dy, and let

f1(2) =D, 0u(2)

This f; has the correct principal parts and the modifying terms % have singularities on the
Z—Dy

boundary but remain holomorphic on U. It suffices to show that on each compact subset of U,
> 9y converges uniformly after we remove the first few terms.

So let K C U be compact. If for all but finitely many k we have |z — b| > 2d, for z € K,
then for all but finitely many k we have |Q,,| < zik and the sum over these remaining terms

converges uniformly on K. We are in trouble if for infinitely many k we can find w, € K with
|wg — by| < 2d;. From now on, restrict attention to these k.

In this bad case, one possibility is that d, — 0. This would imply that K is arbitrarily close to
the boundary of U, and this is impossible.

If the d,. to not converge to zero, we can restrict attention to an infinite subset bounded below
by, say, B. S0 0 < B < dj and B|zy| < di|zx| £ 1,and so |z | < %. It follows that these z;, have
a convergent subsequence. The limit must not belong to U, so d; — 0, a contradiction.

Remark: Mittag-Leffler was a wonderful Swedish mathematician with many accomplishments,
including the above theorems which made him immortal. In the United States, a standard
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mathematical rumor asserts that there is no Nobel prize in mathematics because Mittag-Leffler
had an affair with Nobel’s wife. Curiously, this story is not part of standard lore in Europe. One
difficulty with the rumor is that Nobel never married.

Remark: The Mittag-Leffler theorem is the complex analysis version of partial fraction reduc-
tion as taught in integration theory.

14.2 Infinite Products

We now prepare for Weierstrauss’ theorem, an extension of the high school task of factoring
polynomials into linear terms.

Remark: We want to define infinite products g(z) = I1g,(z). We'd like various theorems, true
for sums, to remain true for products:

« The convergence criterion should be related to uniform convergence on compact subsets.

« It should automatically follow that the product of holomorphic functions is again holo-
morphic

« It should be possible to rearrange convergent products without changing the result
+ There should be a simple formula for the derivative of a product.
« We want to get all of this for free without doing any work!
In addition, we want
« The infinite product is zero if and only if one of the factors is zero.
« The order of T1g,(z) at z, should be the sum of the orders of the g; at z,.
+ In a convergent product, g;(z) - 1 asi — oo.

Remark: The naive definition does not have these properties. If the ¢, are complex and we
define
Ilc, = lim I1?__¢;
k n—ooo k=17
then it is easy to find examples where the product is zero but none of the terms are zero, and
examples where the product converges and yet the terms do not approach one.

Remark: Searching for the correct definition, we recall that logarithms convert products to
sums. Perhaps the theory reduces to the known theory of sums using

MMel08E) — o> Log)
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The problem is that we cannot take the logarithm of functions with zeros, and the logarithm is
multi-valued. On the other hand, when g; is close to one, the principal branch of the logarithm
is well-defined and this formula makes sense.

Remark: This leads to the formal definition:

Definition 31. If c¢; are complex numbers such that ¢; — 1, there is an N such that fori > N
we have R ¢; > 0. Then the standard branch of the logarithm Log(c;) is defined. If 3., Log(c;)
converges absolutely, we say that the infinite product converges and define to be

(Cl . CZ et CN) . eEzNLOg(Ci)

Lemma 9. This product does not depend on the index when we switch to taking logarithms.

Proof: Notice that el08©) = ¢,. Any remaining words of proof are just fluff.

14.3 A Convergence Criterion for Products

The previous definition requires us to determine if ) |Log(c;)| converges. This can be difficult.
Since c; is close to 1, write ¢; = 1 + d;. The crucial lemma of the theory of infinite products
asserts that our sum converges absolutely if and only if ) |d;| converges absolutely. Testing
this condition is much easier.

Begin with the following series, which converges if |z| < 1:

2 3

z z
Logl+2z)=z— =+ = — ..
ogl+z)=2z 2+3
Therefore if |z| < %, we have
|[Log(1 +2)| < |z| + |z + |z|> + ... = |z|1 ] < 2|z|
and
lz|  zI*  |z? ( 1 1 ) 1
Log(1 > 1-—=-_=2_ = <izili-2—z—-=-.)==
|Log( +z)|_|z|( e b PYE] s - e

Notice that if c; —» 1 and ¢; = 1 + d;, then eventually |d;| < % and after that, )] |Log(c;)|
converges if and only if ) |d;| converges.
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14.4 Infinite Products of Holomorphic Functions

Definition 32. Let f;(z) be holomorphic on a domain U. Write f;(z) = 1 + g;(z). We say the
infinite product of the f; converges on U if for each compact K C U, Y. |g;| converges uniformly
on K. In that case, the infinite product is given by

[1/i= (F1@ - f22) . () eZonLO8UD

In this formula, i > N implies | f;(z) — 1| < é

Remark: The sum of logarithms converges uniformly on compact K, so this function is holo-
morphic on U. Because the sum converges absolutely, the product can be rearranged at will.
It is clear that the order of the product at z; is the (finite) sum of orders of factors at z.

Remark: Finally, we discuss discuss the derivative of such a product.
Definition 33. If f(z) is holomorphic, the logarithmic derivative of f is

f'(@)
f(2)

Remark: Notice that this is the derivative of the logarithm of f, provided this logarithm is
defined. Notice also that the log of a product is the sum of the logs, and thus the logarithmic
derivative of a product is the sum of the logarithmic derivatives of the terms.

Theorem 80. Ifeach f;(z) is holomorphic on U, and [] f(z) exists, we have

d
EHfi_ !

]

5 <5

Proof: This is trivially true for finite sums. It also holds for the term

o2y LOZ(fi(2))

since the exponent can be differentiated term by term by a previous result.

14.5 The Theorem of Weierstrauss

Weierstrass’ theorem does for zeros what Mittag Leffler’s theorem does for poles:

Theorem 81 (Weierstrass). Let z, Z, ... be a sequence in the complex plane with no limit points.
Let ky, ky, ... be a related sequence of positive integers. Then there is an entire function f(z) with
zeros precisely at the z;, each of order k;.
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Remark: The proof is similar to the proof of the Mittag-Leffler theorem. The functions f;(z) =
(z — z;)k have zeros of the required orders at z;. We modify these functions to obtain conver-
gence, and then take their infinite product.

An infinite product converges if the terms are closer and closer to 1, so the modified functions
we seek should have a zero at z; and yet be very close to 1. Concentrate on the case when z; = 1.
We propose the modified function

E(z) = (1 — z)e1080-2)

because it has a zero at 1 and yet is identically one. This logarithm does not exist at 1, so we
form an approximation.

Slnce — =1+z+ z* + ..., integration gives
—Z

2 Z3

z
—Log(l1—2z) = — 4+ — 4+ ...
og(l —z) z+2+3+

Replacing the logarithm with a finite approximation, we are led to consider
Definition 34. )

En(z) = (1 - 296l
Lemma 10. If|z| < 1, then |1 — E, (2)| < |z|**!
Proof: The derivative of E, (z) is

(1- Z)e(z+§+m+%> (14z+..+2"1) - e( e

It is clear that the exponential term expands in a power series whose coefficients are non-
negative real numbers. So

dE,
= —z" —q,z" — g, z"2 _
dz 1 2
and » . "
E =1-=_ _ _ _
() n+l “nyz “nts
Thus B
—E,(z
n—+nl =by+biz+byz>+.. for b;>0.
z
If|z] £1,
— & (Z) 12 n(l)
Z}'l+1 Zblzl <Zb ——

and the inequality follows.
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Figure 14.3: |E4(2)|

Proof of Weierstrass Theorem Renumber the given points to w;, w,, ws, ... so each z; is repeated
k; times, and 0 < |w;| < |w,| < |ws| < .... (If z = 0 is supposed to be a zero of multiplicity k,
replace f by zK f(z) at the ed of the argument.)

Define
1@ =T15(2)

Incidentally, thisis a conservative choice making convergence easy to prove; in many situations
each term could be E,. By the previous section, this converges provided

Zp-a (@)
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converges uniformly on compact subsets K of the plane. Since the w; have no limit points,

eventually |=| < % on K. Applying the inequality at the start of this section, eventually
Wi
i+1 i+1
z z 1
1—-E|—|| < = < -
Z' l<wi)|_z 1 ‘2

and we have the desired convergence. QED.

Theorem 82 (Weierstrass). Let U be a domain in the plane. Let z;, z,, ... be a sequence in U
with no limit points in U. Let ky, k,, ... be a related sequence of positive integers. Then there is a
holomorphic function f(z) on U with zeros precisely at the z;, each of order k;.

Proof: The proof follows the outline of the similar Mittag-Leffler proof. For each z; we find a
closest boundary point b; and distance d; = |z; — b;|. Separate indicesinto A = {k | b;|z;| <1}
and B = { k | b;|z;| > 1}. Find functions f; and f, with zeros in A and 3B, respectively, and

define f(z) = f1(2) + f2(2).
The z, with indices in B have no finite limit points, so the previous argument gives f,(z).

Rename the indices in A so each occurs k; times. We want to handle these indices as in the
Mittag-Leffler proof, perhaps using the same proof pictured below.

N,

\\ , \
T~ R \\ ' - ~ \ —
N T~ _ -\~ — N ' .
. \ N ( - b« Slhal\ Qlfr‘,*
\ — O
e ® b \ \ ! —_—
| LS
S Y o=
ST / ~

Figure 14.4: Modifying E,,(z) to Force Convergence

The previous proof used expansion of Laurent series in an annulus. Our job is to find an ana-
logue for E,(z). We have accumulated many tools, and one that comes to mind is linear frac-
tional transformations, which move points on the sphere. Perhaps we could employ

Az + B
E
n (Cz + D)
A linear fractional transformation is determined by the images of three points. If our choice
mapped b; to infinity, then the modified E,, would have a singularity at b;, which is not in U. If
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our choice mapped z; to 1, then the modified E,, would have a zero at z;. Finally, if our choice
mapped oo to 0, then points far away, i.e., not close to b;, would be mapped to near zero where

E,, is almost one.
z; — b;
E 1 l)
n ( z— bi

Below, for example, is this function where we require a zero at 2.0, and the closest bound-
ary point is 3.0. This function belows up in a complicated way at 3, which is not in U, but
has our required zero at 2. Moreover is close to 1 away from the region containing these two
points.

Thus we are led to form

Figure 14.5: E, (zi:;;"); z;=2;b; =3

Z—b;

According to the crucial lemma about E,,, if Z‘_;bl‘ <1, then
B (Zi_bi> 1 < z; — b e

n zZ— bi T lz- bi

Apply this when Zi;?‘ < %, or equivalently |z — b;| > 2|z; — b;|, then
Z=Db;
z. — b 1 n+1
E,(Z ) _1 < (_)
" ( z—b; ’ = \2

So define

@ =TTE(2=)
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As in the proof of the general Mittag-Leffler theorem, if K is compact in U and indices belong
to A, then for all but finitely many i we have |z — b;| > 2d; and so

ZE (Zi_bi>_1
n Z—bi

Corollary 23. If U is a domain, there is a holomorphic function f(z) on U which cannot be
extended to be holomorphic on any larger connected open set.

converges uniformly.

Proof: Find a sequence z,, € U without limit points in U but such that every boundary point
of U is a limit point. Let f(z) have first order orders at each z,, and no other zeros. Any large
open set would contain limit points of the zeros of f, so f would be identically zero on the
larger set.

Remark: There is a difficult theory of functions of several complex variables, invented mostly
in the 20th century. One reason the theory is difficult is that the previous result is no longer
true. Instead, open sets U C V exist with the property that all functions holomorphicin U can
be extended to be holomorphic in V.



Chapter 15

Classical Sum and Product
Formulas

15.1 Beautiful Identities

We get beautiful formulas when we apply the techniques of the Mittag-Leffler and Weierstrass
theorems to poles or zeros with a symmetrical pattern, and try to adjust the Principal Part or
E(z) aslittle as possible for convergence. Since the trigonometric functions have periodic zeros,
our formulas often sum to trigonometric expressions.

Ve 1 1 1
- =—+E(—1)”< +—>
SIN7TZ z Z—n n
n#0

Theorem 83.

2
s COSﬂZ=l+Z(—1)” 1 _Z(_l)n 1

sinfrz 22 hZo (z—n)? (z—n)?

T COSTTZ 1 1 1
)

sin 7z 70 (z—n

2 1. 1 -y 1
sinrz 22 n=0 (z—n)? " (z—n)?

Remark: In the first formulas, the principal parts are -~ and up to signs, which alter-
zZ—n

(z—n)?

nate. A brief check shows that the second formula is obtained by differentiating the first. The
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1
z—n)2
nation, and again the final formula is the derivative of the third one. By differentiating again

principal parts of the third and fourth formulas are always ﬁ and without sign alter-

and again, we obtain similar formulas with principal parts ﬁ, with or without sign alterna-
zZ—n

tions. After multiplying by constants and adding, we can get any principal part, repeated with
or without sign alternations.

Next we check that the right hand sides converge. It suffices to study the first and third for-
mulas because convergence of the other sums follows by differentiation. In the first and third

formulas, we could not simply write Y, —L because the resulting sums would not converge.
zZ—n
For instance, if we set z = 0 and ignore the singular term l, we get D, L which diverges. Con-
z n
sequently, we modified the terms using Mittag-Leffler’s procedure. If we expand —L about the
zZ—n

origin, we get
1 1\ 1 1w z\K z*
z—n=_<ﬁ> =_EZ<E) =_Zk:”k+1

1-2
n

According to Mittag-Leffler, we get convergence by subtracting a finite number of these terms,

and our formula suggests that it is enough to subtract —L. This works because
n

11z
z—-n n  (z—n)n
If K is a compact subset of the plane and z € K, then the numerator of this fraction is bounded

by, say, B, and for n large enough, we have |(z—n)n| > (% . n). So the series converges because

1
Z;<ooand

4B
= n?

_z
(z—n)n

Notice that no Mittag-Leffler modification is required for series with higher powers of -
zZ—n

Next we claim that the left and right sides of the first two equations satisfy g(z + 1) = —g(z)
and consequently are periodic of period 2; similarly we claim that the left and right sides of the
third and fourth equations are periodic of period 1. This is completely trivial for the left sides
by ordinary trigonometry. It is also trivial for the right sides of the second and fourth formula
because all integers are treated the same up to sign in these formulas. A slight argument is
required for the right sides in the first and third formulas, and we’ll give it for the first formula
and sketch it for the third.

Let g(z) be the sum of the right side of the first formula. Since the second formula is the
derivative of the first, and the second formula is periodic up to sign, we have dig(z +1) =
z

—dig(z) and so di (g(z+ 1)+ g(z)) = 0. Consequently, g(z + 1) + g(z) is constant. This
zZ A
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constant is g(1/2) + g(—1/2). However, g(z) is an odd function, so the sum of these two terms
is zero. Indeed,

1 1 1 1 1 1 2z
g(z)=—+2(—1)”< +=+ ——)=—+Z—
z = z—n n z+n n z = (z2-n?)

The argument for the third formula is similar; we want to prove that g(z + 1) = g(z), but their

derivatives are equal, so g(z+1)—g(z) is constant. In particular, setz = % Theng (%) -g (—%)

is this constant. As before, g is odd, so the constant is 2g (%) . However,
1 1 1
8(z) = E+Z<z—n +z+n>
n>0

SO

1 1
1 —
+Z< 2n—1+2n+1>

n>0

1 2 2
g<§>_2+r§)<1—2n+1+2n>_2

and the value inside the square brackets is
1 1 1 1 1
1+<—1+§>+<—§+§>+<—§+7)4—...—0

Next we claim that the left sides of our four formulas have the same principal parts as the
right sides, and consequently the difference between the two sides is an entire function. This
is proved using the same sort of calculation in all four cases, so we only consider the first
case.

In this first case, g(z + 1) = —g(z), so it suffices to check the principal parts at the origin. But

. z3 z°
sinz=2z-— 3 + o + ... and thus

m3z3

3!

_ 1 m2z?
+o=mz(l- o+

-1

T 1 272 1
. =—(1- + ... =—-—+4+1+..
sinwrtz z 3! z

sinzmz =mz —

and so

The final step of the proof of the second and fourth identities proceeds as follows. Let z = x+iy
where 0 < x < 1and |y| — oco. We prove that the left and right sides of our identities go to zero.
It follows from this and periodicity that the difference between right and left sides is bounded,
hence constant. But since the above limit is zero, this constant must be zero.
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We carry this out for the second formula. Notice that

cos Tz = eir[z +e—i7TZ B eiﬂxe—ﬂy +e—i7rxe7ry
B 2 B 2

ei?l’Z _ e—irrz eiﬂxe—ny _ e—iﬂxeﬂy
sinrz = - = -
2i 2i
We consider the case y — oo, letting the reader handle the case —y — oo. Then all terms in

my
these expressions go to zero except the last term, which is in absolute value % in both cases.

But in our expression the cos 7z term is in the numerator, and the sin 7z term is squared in
the denominator. So the quotient goes to zero.

This argument works for the first, second, and fourth formulas.

Next look at the right side. The second and fourth formulas are the same up to an irrelevant
(—=1)". So consider ), ﬁ If z is anywhere in the strip 0 < x < 1, then |z — n| > g for all
Z—n

4

but finitely many n. For the remaining terms, | ——| < —.
n

z—n)?

Suppose we want to make the right side less than ¢ by choosing |y| large enough. Choose N so
Z|n|>N % < % Only finitely many terms remain to be considered, but their sum can also be
1

(@-np

This completes the proof for the second and fourth formulas. However, the argument just
given does not work for the first and third formulas. (Try it; the individual terms go to zero,
but getting an initial bound on infinitely many terms doesn’t work.) So a trick is required in
the first and third cases.

€ .
made less than 3 because lim |, o

But the derivative of the difference between the left and right sides of the first formula is the
difference between the left and right sides of the second formula, hence zero. It follows that
the difference between the left and right sides of the first formula is constant. Similarly the
difference between the left and right sides of the third formula is constant. To show that both
of these constants are zero, it suffices to evaluate the first and third formulas at specific points.

A good choice is z = %
We do both calculations at once. Recall that the two formulas can be rewritten as

w 1 1 1
. =—+Z(—1)”< + )
SIN7TZ z 20 Z—n Z+n

T COSTTZ 1 1 1

—_— =+ E +

sin 7z z z—n z+n
n#0
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Substituting z = % gives

2 2
_ 1\
=2+ 2,(-1) (1—2n+1+2n>

n#0
2 2
0_2+Z<1—2n+1+2n>
n#0
or 1 1
7T_ RN
2_1+Z( 1) ( 2n—1+2n+1)
n#0
1 1
0=1+Z<— )
S\ -1 2n+1
or
Z_1_<_1+_)+<_1+_)_<_l+1>+
2 3 3 5 5 7
1 1 1 1 1
0=1+(-1+4= ——+= ——+=
+< +3>+< 3+S)+< 5+7)+
or
T 1,11
4 35 7

1 1 1 1 1 1
0_(1—1)+<§—§>+<§—§>+<7—7>+...
Both of these formulas are true; the first was one of the first results deduced by Leibniz during

the invention of the calculus. This finishes the argument for all four formulas.

Example Substituting z = % in the fourth formula gives

and so
”2—1+1+ +
g8 32
If we set
=1 1 1
= +—2+§+Z+
then
[ A S B —1<1+ SRR )—L
8 22 4 6 T 4 232 g T4
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and so
wL_
4 8
and 5
T 1 1
L=?=1+§+—2+—2+

Remark: Below is a plot of the third formula. In this case, the limit of the absolute value of the
function high above the x-axis is not zero; indeed it is 7.

costz

Figure 15.1: |7r

sinzmz

15.2 A Product Formula

Theorem 84.

sinnz=nzH(1—%)e§ =”ZH(1_z_Z>

n#0 n>0
Proof: From the proof of Weierstrauss’ theorem, recall that

2 n
z+Z +...+Z—)
2 n

E,(z)=(1- Z)e(
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If |z| <1, then |1 —E,(2)| < |z|"™. If f(2) = HEn,» <i>, then this product converges to a

w;

S} (@)

function with zeros w; provided

converges.

If we want a function with simple zeros at the non-zero integers, f(z) = []E,, (5) and
'\n
we require that ) |1 — E,, (5) | converge. As soon as |Z] < 1, this becomes the condition
t\n n
n;+1
> (5) | converge, and since ), iz converges, it suffices to choose n; = 1. Thus the follow-
n n
ing product, which is essentially the right side of our equation, converges:

[T (5)=T10-5)e

Let us compute the logarithmic derivative of both sides. On the left we get

T COSTTZ
sin rz

and on the right we get

—2z

2 1 -2z 1 2z
LIRSS

2 _ 72 2 _p2

n>0 (1—2—2) z n>0n z z n>OZ n

n

N |

These two logarithmic derivatives are equal by the third of our additive formulas. But

[ g
e
implies
f'g-rg
2o 7O
fg

which implies that ! has derivative zero, and thus that ! is a constant. So there is a A such
g g
that
) z2
sinzwz = /171'ZH 1-— Py
n>0

Dividing both sides by 7z gives
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The limit of the left side as z — 0 is 1, and the value of the right side atz = 0is4,s0 4 = 1.
QED.

Example 1: Set z = % to obtain

oz 1\ _mpp@n-D@n+1)
1‘2H<1 4n2>_2H an)(2n)

n>0

This is Wallis’ Product:

2_1335
T 2 2 4 4
Example 2: We have
sinz 1 z2 z4 z6
—Z T TatsTat
and so ' X . .
sin 7z T T
=1-= 2 T 4_ " 6
nZz 3!Z + 5! 7! +
On the other hand,
22) ( 1 1 1
[I(-Z)=1-(Z5)2+] = IO [ YR S PU
( n n? m;<m, m%mi m;<m,<mgy mfmgmg
Therefore
n* 1
6 “n2
Moreover,
1 )(Z 1 ) y 1 1
»L)zl)-2i+2 2
2 2 4 2,2
( my m, n my<m, M1,
or
2 2 4
T T 1 T
i Z )= — 42
and so
™ _s1
90 & pd
Finally

EE)EE)(Eh) 25 T amler 3

2.2
2 m; <my<mgs ml m2m3
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Moreover,
|~ (Z ) (E ) - (25)
i, M2 2 )\ &) =\
Consequently
6 6 6
Ve 1 T T
—=-2) —+3 6
63 Z no + 90 -6 + 71
and so

145



Chapter 16

The Gamma Function

16.1 Three Theorems

Several variable calculus is about functions f(x,y). The central tools of the subject are inte-
gration with respect to x or y and differentiation with respect to x or y. There are three main
theorems in the elementary theory and they are closely related. The first says that integration
with respect to x and then y can be done in either order. The second says that differentiation
with respect to x and then y can be done in either order. The third says that integration with
respect to x and then differentiation with respect to y can be done in either order.

Theorem 85. Let f(x,y) be continuous on [a,b] X [c,d]. Then

b d d b
f f Fe,) dydx = f f FCe,y) dxdy

Proof: Well-known. We use a slight generalization to prove the third main theorem.

Lemma 11 (Fundamental Theorem of Line Integrals). Let f(x,y) be a continuously differen-
tiable function, and let y be a path. Then

f grad f - dy = f(end) — f(beginning)

14

Lemma 12 (Green’s Theorem). Let E = (E (x,y), Fy(x, y)) be a continuously differentiable
vector field, and let R = [a, b] X [c, d] be a rectangle with counterclockwise boundary y. Then

J () e

146
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Proof: Integrate the first term in the order

/.d ’ Y dxd
., y
C a

The inner integral can be done using the fundamental theorem of calculus, and the remaining
integral gives the line integral along the left and right sides.

Integrate the second term in the reverse order. Again the inner integral yields to the funda-
mental theorem of calculus, and the remaining integral gives the line integral along the top
and bottom. QED.

Theorem 86. Let f(x,y) have continuous first and second partials on an open U. Then

2f  &f
dxdy  dydx

Proof: Apply Green’s theorem to grad f over a rectangle inside U. Since the boundary is a
closed curve, the fundamental theorem of line integrals states that the result is zero. So

dE, 9E, ’>f  f
—_— - dxdy = — dxdy =0
v/"/j;( o0x dy xay f_/g; 0xdy Jdydx xay
But if these two expressions are not equal, then their difference are strictly positive or strictly

negative and bounded away from zero on some small rectangle by continuity, and on that rect-
angle the integral would be nonzero. QED.

Theorem 87. Let f(x,y) be continuous on an open set containing [a, b] X [c,d], and suppose
that Z—f(x, y) exists and is continuous on this open set. Then on the rectangle
y

b b
) _ [ af
afa f(x,y)dx—fa 5dx

Proof: Let F(y) = j;lb f(x,y) dx. Form

b yaf b
/-/‘a(x,t)dtdx:/. (f(x,y) — f(x,¢)) dx = F(y) — F(c)

Invert the order of integration to get

y baf
-[faa(x,t)dxdtzF(y)—F(c)
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Differentiate both sides with respect to y, and use the fact that for any G we have di fcy G(t)dt =
y

G(y) to get
b b
of oF 0
_(x, )dx:—:—f (x, )dx
fa dy Y dy dy J, fxy

16.2 Feynman and Differentiating Under the Integral Sign

In his book Surely You're Joking, Mr. Feynman, Feynman writes

One thing I never did learn was contour integration. I had learned to do in-
tegrals by various methods shown in a book that my high school physics teacher
Mr. Bader had given me. One day he told me to stay after class. "Feynman," he
said, "you talk too much and you make too much noise. I know why. You’re bored.
So I'm going to give you a book. You go up there in the back, in the corner, and
study this book, and when you know everything that’s in this book, you can talk
again.” So every physics class, I paid no attention to what was going on with Pascal’s
Law, or whatever they were doing. I was up in the back with this book: "Advanced
Calculus”, by Woods. It had Fourier series, Bessel functions, determinants, ellip-
tic functions, all kinds of wonderful stuff that I didn’t know anything about. That
book also showed how to differentiate parameters under the integral sign — it’s
a certain operation. It turns out that its not taught very much in the universities;
they don’t emphasize it. But I caught on how to use that method, and I used that
one damn tool again and again. So because I was self-taught using that book, I had
peculiar methods of doing integrals. The result was, when guys at MIT or Prince-
ton had trouble doing a certain integral, it was because they couldn’t do it with the
standard methods they had learned in school. If it was contour integration, they
would have found it; if it was a simple series expansion, they would have found
it. Then I come along and try differentiating under the integral sign, and often it
worked. SoIgota great reputation for doing integrals, only because my box of tools
was different from everybody else’s, and they had tried all their tools on it before
giving the problem to me.

The Wikipedia article on “Differentiation under the integral sign” has many wonderful exam-
ples of integrals computed using this method.

In complex analysis, this result gives an extremely useful technique to construct holomorphic
functions:

Theorem 88. Let f(t,z) be continuous on an open set containing [a, b] X U. Suppose that each
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d . . . ,
L d—f(t, z) exists, and suppose this function is continuous on [a, b] X U. Then
zZ

b
o(2) = f f(t,2) di

is holomorphic on U.

Proof: Our previous theorem on differentiating under the integral sign obvious applies to complex-
valued functions and to functions with more variables. Since f(¢, z) satisfies the Cauchy Rie-
mann equations for each fixed t, the function g(z) satisfies these equations. QED.

Remark: In actual practice, f(t, z) is often also holomorphic in ¢, and we replace the integral
from a to b by a path integral. Once we parameterize the path, we have an expression of the
sort covered by the previous theorem. Since the integral of a sum is the sum of the integrals,
any piece-wise differentiable path will suffice.

16.3 The Gamma Function

Definition 35. In the formula below, t?~! = e~V yhere In t is the ordinary real logarithm.
If the real part of z is greater than zero, define

I'(z) =f 7~ le~t dt
0

Remark: This is known as the Euler’s Gamma Function. As we see in a moment, it extends
the factorial function on positive integers to arbitrary complex numbers with positive real
part.

We claim that T'(z) is holomorphic. This follows from the previous section, except that we now
have an indefinite integral. While we could invent an elaborate theory to handle such integrals,
it is easier to be informal. Notice that |t(z_1)| = t*1 5o if we restrict z to a compact set, then
this term is bounded by ¢V for some integer N. But then we can replace e’ by one of the terms
in its Taylor expansion to get

tN (N +2)!
-1,—t —
[t77le | < e T T p
(N+2)!

This expression is independent of z as long as z is restricted to a compact set, and the integral
o 1 . o
to infinity of - converges. It follows that the integral converges as the upper limit goes to

infinity, and converges uniformly on compact subsets of the complex plane. So the limit of
these holomorphic functions is holomorphic.
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We also have to handle a possible singularity at the origin. The term e™! is bounded near the
origin and plays no role. The term t*~! is bounded if x > 1, so we have convergence if the
real part of z is greater than 1. But we can do better. If z is restricted to a compact set in the

right half plane, then the real part of z — 1 is bounded away from -1, so we can assume that
a+1 (1

t*~1 is bounded by % where —1 < a <= 0. Notice that jz)l tidt = t: is then finite because
a+llo

%1 is a positive power of ¢ and thus goes to zero as t goes to zero. Again we obtain uniform
convergence on compact subsets as the lower limit goes to zero.

Theorem 89. We have I'(1) = 1. If the real part of z is greater than zero, then

I'(z+1)=zl(2)

Corollary 24. If n is positive integer, T(n) = (n — 1)!

Proof: The first part is a short calculation. The rest follows from integration by parts.
o0 o0 d o0
oo
I(z+1) = / tZe~! dt = f tF— (=€) dt = —t7e™| " + z/ t?~le~t dt
0 0 dt 0 0

Remark: 1t is unfortunate that I'(n) = (n — 1)! rather than n!, but the notation has been fixed
for over 200 years and cannot be changed. However, we are allowed by write z! = I'(z + 1)
where the real part of z is greater than —1.

Remark: We now provide preliminary evidence that this extension isn’t arbitrary. Namely,
there is a short formula for the volume of a ball in R" provided we can take factorials of half-
integers.

Theorem 90.

Remark: Hence

1

Proof: Notice that T’ (%) = [t ze”! dt. Substitute t = u? to convert this to f, Le"'2u du.
u

This equals 2 f;° e du = [% ™ du.

oo}
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A? = / / e dy do
2 0
A2=f f e rdrdd =
0 0

Hence A =/ and T (%) =/

Theorem 91. The area of the sphere S"~! C R", is

Let A = f_°zo e™¥" du. Then

Convert to polar coordinates

n
272 nme2

Proof: Integrate e~*i+%+-+%) gyer R". In rectangular coordinates this is

S ) . n
n
[ e anan, = (e ax) = (47)

In generalized polar coordinates it is

f f e p"1dpdo
0 Sn—1

where p is the radial direction and o is integration over the sphere. This expression equals
(Area of Sphere) / P le" dp
0

Substitute ¢t = p? to obtain

o0 n-1
(Area of Sphere) f t2et A
0 2\/;
Therefore

1

(\/;)n =5 (Area of Sphere)/ol tg_le_[ dt = % (Area of Sphere) T’ (g)

and the result follows.

151
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Theorem 92. The volume of the unit ball in R" is

n
2

T

()

n
T2

2
Remark: Although the integral defining I'(z) only converges when the real part of z is positive,
the function itself can be extended to the entire complex plane:

Proof: This volume equals fol " ldpdo = %(Area of Sphere) =

Theorem 93. There is a continuation of I'(z) to a meromorphic function on the entire complex
plane. This function has first order poles are 0, —1,—2, —3, ... and otherwise is holomorphic.

Proof: The formula I'(z + 1) = zI['(z) allows us to write

The expression on the right is defined and holomorphic when z with real part greater than —1,
except for a first order pole at the origin. Extend further left using

'z+1) T(z+2)  T(z+3)
z T z2(z+1) zEz+D(E+2)

I'(z) =

Remark: 1t is convenient to develop the theory over again starting with an infinite product,
because the deeper properties of the gamma function follow easily from this product. In the
end, we will want to show that both definitions give the same result. This will follow from the
theorem below, which shows that our integral is related to a certain product. For simplicity, we
assume z is real, because the identity theorem shows that two holomorphic functions which
agree on a non-trivial real interval are equal.

Theorem 94. Suppose x > 0 is real. Then

‘ . n!
I'(x) = '}1_)1’120 n x(x+1D(x+2)...(x+n)

n
Proof: Recall that e™* = lim,,_, (1 — 5) . Inserting this into the integral, we obtain the fol-
n
lowing formula; the reader can supply details needed for rigor:

n

t n
I['(x) = lim 1 (1 - E) dt

n—oo
0
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Substitute t = nu to obtain

1
I'(x) = lim
n—oo

—00

1
¥ (1 —u)" ndu = lim n* f w1 -u)" du
0 n 0
aw

For a moment, consider only the integral and integrate by parts starting with u*~! = o
u x

1

1 . 1, 1
f w1 -u)" du= u—(l —w) + f u—n(l —u)"ldu= n f w(1—w)""" du
0 X o X X Jo

0

Repeating the process gives

nn—1) ! W — )2 dy = nn—1)n-2) !

- 7 xX+2 _ n—3
X(x+1) Jy X+ D(x +2) Jy w1 —w)

The next to last result is

n! 1 x+n—=1¢1 _ 4,\0
x(x+1)(x+2)...(x+n—1)'£ w1 —u)’ du

and the final result is

n!
x(x+1D(x+2)...(x+n)

n!

ux+n|(1) —
x(x+1D(x+2)...(x+n)

The result clearly follows.

16.4 The Gamma Function as an Infinite Product

We are now going to develop the theory of the Gamma function from scratch, without refer-
ring to any previous result in the chapter. The new approach leads to a deeper understanding
of the central results. At the end, we will prove that both approaches describe the same func-
tion.

The Gamma function has simple poles at 0, —1,—2, ..., so % has simple zeros at these points.
4

This suggests that we start with the simplest Weierstrass product which gives these zeros:

Definition 36 (Tentative).

z

Gz)=z][]E (—%) - zH(1 + %)e‘;

n>0 n>0
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It follows from the standard considerations that this product converges over the entire complex
plane to a function with simple zeros at 0, —1, —2, ..., no other zeros, and no singularities.

Remark Our first result is the analogue of the fundamental equation of the zeta function,
namely
I'(z+1) =zl(2)

We seek a similar formula for G(z + 1). This operation shifts the G-function to the left by one
integer, giving a function with simple roots at —1, -2, —3,.... We could get such a function by

dividing out the root of G at the origin: EiQ} Consequently, the geometry of the zeros suggests
Z

that G
G(z+1)= ﬁ
z
As we will see shortly, this formula is not quite correct, and an attempt to verify it by alge-
braic manipulation of the product leads to a mess. Instead, we will calculate the logarithmic

derivative of both sides and compare the results.

The logarithmic derivative of G(z) is

_Z n+z
n>0 (1 + E)e n z n>0 T n>0
n

le_i — <1 + E) le_i _i
—+ 2 =-+ =--2 =—+2
so the logarithmic derivative of G(z + 1) is the previous expression with each z replaced by

z+1,i.e.,
1 1 1
z+1+z<n+z+1_ﬁ>

n>0

This equals

1 +< 1 1)+< 1 1>+( 1 1>+< 1 1>+
z+1 z+2 1 z+3 2 z+4 3 z+5 4

We can rearrange this slightly

< 1 1)+< 1 1>+( 1 1)+< 1 1)+ 1 +
z+1 1 z+2 2 z+3 3 z+4 4 z+5

A little thought shows that this is
1 1
2 (n +z E)

n>0

The logarithmic derivative of %3 — 2-1G(z) is the sum of — and the logarithmic derivative
z z
of G(z) , and thus equals the same expression

% (%)

n>0




CHAPTER 16. THE GAMMA FUNCTION 155

So the logarithmic derivatives of ¢@) and G(z + 1) are equal, and therefore there is a constant
z

y such that

Log@zLogG(z+1)+y

G(z)e’*

V4

G(z)e’?

It immediately follows that Log = Log G(z + 1)e"**V, and therefore

= G(z + 1)er+D

Our next task is to determine the constant y. We do this by setting z = 0. Notice that 56
z

Hn>0 (1 + Z) e n, so the value of this expression at zero is 1. The value of the right side at

1
z=0isG()e’ =[] (1 + l) e ne’. So
n

N

. n+1\ —a+i+.+1 . —(+it

1= lim | | <L>e U+t Per = lim (N +1)e (3 +t ey
N o n N-oo

This can be rewritten

1 1
. log(N+1)—(1+-+...+—
1= lim eog( )=+ N)ey
N—-oo

and from this it follows that

. 1 1
y—]\lrl_r)r;o (1+§+...+N)—log(N+1)

This number is called Euler’s constant or the Euler-Mascheroni constant. It’s value is
Y = 0.57721566490153286060651209008240243104215933593992 ...

It is not known if the constant is rational, algebraic, or transcendental. Note that the constant
is the shaded area in the picture below. It is easy to show that the limit defining this constant
exists.

Many sources write instead

. 1 1
y—Alflirgo (1+§+...+N)—logN

which is equivalent to our definition in the limit.

Putting all this together, we give a better definition of G(z) and I'(z):
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Figure 16.1: Euler-Mascheroni Constant

Definition 37 (Final Definitions).

z

G(z) =ze"* H (1 + %) e n

n>0

Theorem 95. These functions have the following properties
» G(z) is holomorphic with simple zeros at 0, —1, —2, ... and no other zeros.
.« Gz+1) = @
« G()=1
» T'(2) is meromorphic with simple poles at 0,—1,—2, ..., no other poles, and no zeros.
e T(z+1)=2zT(2)
« T()=1
o Ifn > 0isaninteger,T(n) = (n —1)!
Theorem 96.

/e

r@ra -z = sin(7rz)

Remark: The underlying philosophy of this section is that functions should be almost deter-
mined by their zeros, and the basic identities of the subject should be consequences of the
geometry of these zeros. In the previous chapter we studied the case when there are zeros at
the integers, and reconstructed trigonometric identities. The Gamma function arises from the
case when the zeros occur on non-positive integers, forming a ray rather than a lattice line.
There are two obvious geometrical symmetries. We can shift left and get rid of one zero, or we
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can reflect and multiply to get zeros at all integers. The first symmetry leads to the fundamen-
tal identity I'(z + 1) = zI'(z), and the second leads to the current theorem. Notice below that
this theorem implies I (%) = /7.
Proof: Since I'(z + 1) = zI'(z), we have I'(—z + 1) = (—2z)I'(—2z). So

-z

F(Z)F(l - Z) = (—Z)F(Z)F(—Z) = m

But

G(z)G(-z) =ze” | | (1 + %) ¢ Tn - (—2)e 1T (1 - %) en = —z2 11 (1 - Z_z)

n>0 n>0 n>0

Also from chapter 15 we have

n>0
Consequently
G(2)6(~2) = (-0) 2L
and - _ -
@ -2) = G(z2)G(-2) ~ sinnz
Corollary 25.

Proof: I'? G) = 7 by the previous theorem.

Theorem 97. )
I(z)T (z + 5) = 21-22\[7 T(2z)

Corollary 26.

Proofof Corollary: Set z = 1 in the previous formula. Then I'(1) F(z) = 2‘1\/;1“(2), SO %F(%) =

N

2
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Proof of theorem: The product G(z)G(z + 2) has simple zeros at 0, —1,—2, ... and —%, —S, o

and G(2z) has simple zeros at 2z = —n, i.e.,, z = —g. So we expect an identity comparing

G(2)G(z+ %) and G(2z). To find the identity, compute the logarithmic derivative of G(z):

1 -2 1 _z
ZeTn—=(1+2)en -2
n n

1 - 1 =
e oo TR A
n (1+;)€" n

1 1 1
_E+y+z(n+z_ﬁ>

It follows that the logarithmic derivative of G(z)G(z + %) is

1 1 1 1 1 1
2+ S (mm )t S
Z+5 n+5+z

and the derivative of this expression is
Z -1
2
k>0 (E + z)
2
2G'(2z)

G(2z)
with each z replaced by 2z. The derivative of this expression produces another 2 and thus is 22

times di ZT@)) with each z replaced by 2z. Thus it equals
yA

z (_Qi)z 2 m)

—Z;

n
n>0 (5 + z)?

The logarithmic derivative of G(2z) is and thus twice the logarithmic derivative of G(z)

This is

If follows that the logarithmic derivative of G(z)G(z + %) and G(2z) differ by an additive con-

stant B, so that the logarithmic derivatives of G(z)G(z + i) and G(2z)eP? agree. But ]% 4

g

implies fgf;fg = 0 and thus diz = 0. So L is a constant e and thus f = e“g. We conclude
g zg g

that 1
G(z)G(z + 5) = eA*B2G(22)

and therefore that 1
I'(z)I'(z + 5) = e 4B (22)
To determine A and B, firstset z = % and then set z = 1. We obtain /7 = e=4~5/2, and %\/_ =

e~4=B. Dividing the first by the second gives 2 = €5/2,50 B = 2In 2. Thus \/7 = e~4e~"?) =
e‘Aé. Soe™ = 24/mr and 74787 = e~ 4ePZ = 24[7re™20%% = 2\[727% = 217%%\/71.
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16.5 The Two Definitions of ['(z) Agree

To prove the result in the section title, it suffices to prove that the two definitions agree on
positive real numbers, by the identity theorem. In the section on the integral definition, we
proved that

‘ N n!
I'(x) = V}LII.}O h x(x +1)(x +2)...(x + n)

Rewriting this expression

— — lim n—~ x(x+1)(x+2)..(x+n)
[(x) n-o n!

= lim n_xx(1+x)(1+£)(1+i)"'(l—i_%)

N— 00 2 3
1 1 X
= lim x e"”og”e(1+5+'"+5)x H (1 + E) e n
n—oo n

n>0

= lim x e(1+§+"'+%_log")x H (1 + E) e

n
n—oo 0

= xe!* H (1 + %)e_i =G(x)

n>0

16.6 Stirling’s Formula

n(n+1)

Recall that 3, _ k =

"1 Instead of adding lots of different numbers, we could just add their average over and over,

giving n (HTH)

. An easy way to see this is to note that the average of 1,2, ...,n is

Stirling’s formula is about multiplying rather than adding. Instead of multiplying 1, 2, ... n, we

could take their multiplicative average A and raise it to the nth power. But what is this multi-

plicative average? Stirling’s formula will show that it is Z. So while the additive average of the
e

n
first n numbers is roughly %, the multiplicative average is roughly 7"18 and n! ~ (2) .
. e

n
However, it is not quite this simple. The expression (f) is too small, and as n gets larger,
e
the error grows bigger. We would like the quotient of n! and its approximation to approach

one. Stirling provides a very surprising correction to make that happen: v/ 27zzn. Thus the real
Stirling formula states that
n n
n! ~ (—) 2nn

e
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A rough proof of Stirling’s formula without this correction term is easy;
n n
logn! = Z logk ~ f logt dt = (tlogt — t)|'f =(nlogn—n)+1~nlogn—n
k=1 1

n

_ n
and so n! ~ e" logn—n — (—) .
e

History: Stirling’s formula is due to DeMoivre, who provided a complicated formula for the
correction term. Stirling observed that that complicated formula gives v 27 n.

Theorem 98 (Stirling). The quotient of the two terms below convergesto 1 as n — .

n! ~ (g)n 2rn

Proof: There are many proofs of this result. The proof below is motivated by the Euler-Maclaurin
formula, discovered around 1735. This formula approximates the difference between ZLG f(k)

and fab f(x) dx using expressions given by values of higher derivatives of f, and is important in
numerical analysis. Using the formula, Euler could estimate infinite sums with surprising ac-

. . N 2,
curacy. In particular he approximated 3}, _, % that way, perhaps to check that % is the correct
value for the infinite sum.

Below are three examples. The & are error terms, given by formulas that are easily estimated
to show that the remaining error is very small.

D R
@+ 0) | 1B~ '@

2 6 2! + E(fm)
_f@+fb) 1f/B)=f'@ 1 f"b)-f"(a) -
= ) + E o - % a1 + €(f )

We will use a slightly modified special case of this formula:

éf(k) - [\H% fx)dx = _% ﬁNﬁ (%) [D (x + %)]Z dx

where D(x) is the distance from x to the nearest integer. Each integral above is a sum of inte-
grals over smaller intervals, so it is enough to prove a typical case, and the most symmetrical

case is
2

£(0) - f_z F(x) dx = —% f_z (%) [D (x + %)] dx
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We do this integrating over [—é 0] and [0, %] separately, and integrating both expressions twice
by parts. Thus
0

/jf(x)dx=/_jf(x)%(x+%> dx=f(x)<x+%>_l—/_jf’(x)(x+%> dx

@ (0, d1f 1y 0 e[
IO gt (v ) av= 2ol (v )

1+%/j f”(x)<x+ %)2 dx

2

1O SO, /f”()( 1)2dx

and in the same way

i ol (D) g SO SO 1, :
/O.f(x)dx—fo f(x)d—x<x—§>dX—T+ 3 /f()(x——) dx

and the result follows.

Apply this result to f(x) = log x; it says

n n+l n+l - 1
Zlogk—f Zlogxdx=1f "L D<x+1> dx
k=1 : 2 1 i 2/
2

or

1 l’l+§ 1 -
logn! = (x logx — x)|1 f ;D<x+—) dx
1 L |
2

From this, we conclude that there is a constant C such that
1
logn! = (n + §>logn —n+C+0(1/x)

To see this, look first at the integral and observe that the term involving D is bounded by 1.
So as n — oo, the integral converges, and for large n the difference between the finite integral
and its limit is O(1/x). In particular, the constant C is mainly determined by the limit of this
integral, so when we evaluate the remaining items, there is no need to keep track of constant
terms.

When we evaluate x log x—x at n+ , we get (n + ) log (n + ) n—% and when we evaluate it

at 5, we get constants. We want that top number to be (n + E) log n—n. The essential difference
between what we have and what we want is

(1)t + 2) - tog) = s 1)t (1 + 1)
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Since the logarithm of a number is the area under ! between 1 and that number, log (1 + Zi)
pe n
is at most L and the difference which worries us is at most (n + l) (i> =1 + i. In fact this
2n 2 2n 2 4n

distance converges rapidly to % finishing our claim.

We have shown that logn! ~ (n + %) logn — n + C and thus
nl ~ e(n+§)logn—n+c _ nn\/Ze_neC _ (E)n \/Eec
e

From now on, write C rather than e€ in this formula for n! It remains to show that C = \/27.
‘We can obtain this from Wallis’ Product. Recall that

2 2 4 46 6 1 — (2k)(2k)
I II

........... N
Ck-D2k-1) 2

335 57 2n+1k=1

Rewriting this,

1 (2k)(2k)(2k)(2k) 1 24
II

2n+1 o @k — D@k —D@K) ~ 21+ 1 (g

Vo
_— —
2

Replacing each factorial with the Stirling approximation gives

2 (2)4” (‘/E)4 c 1 n’C*  n

e

2n+1 (2_”)4"1(\/%)26V2 :2n+12nC2_4n+2 ’
e

Ve
_ —
2

n

Since — i, we conclude that C? = 27 and C = +/27. QED.

4n+2

16.7 Extending Stirling’s Formula to the Complex Plane

Since I'(z) has no zeros in R(z) > 0, we can form logI'(z) on this right half plane, choosing
the branch which is real on the positive real axis.

Theorem 99. IfR(z) > 0,

logI'(z) = (z - %) logz—z+ %log(zn) +0(|zI™Y)

: : ; c
The error term means that there is a constant C such that the difference is at most o
z
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e~ (3

Recall that T'(z) = (z—1)!. This explains why z is in the denominator of the square root, rather
than the numerator.

Remark: Thus

Proof of Theorem: The gamma function has a zero of order 1 at the origin, so log I'(z) behaves
like log z near the origin. In our approximation, all terms are well behaved at the origin or blow

up like log z there. But ﬁ blows up much faster. So the estimate is true near the origin.
4

If we remain in the closed right half plane on the set ¢ < |z| < R, the gamma function and

all approximating terms are continuous and thus bounded. Consequently their difference is

certainly smaller than ﬁ on this set provided we choose an appropriate C. So it suffices to
z

show that the required estimate is true for large z, say |z| > 2.

Recall that

z

G(z)=ze? H (1 + %) e n

n>0

. 1 1
y—]\}l_r)r;o[(1+§+...+N)—log(N+1)]
Note that log(N + 1) can be replaced by log(IN) in the last formula since

2
and log(N + 1) —log N =log(1+1/N) — log1 = 0. It follows that

[(1 + % + ..+ %) - log(N)] = [(1 + = + ..+ %) —log(N + 1)] + [log(N + 1) — log N]

logT'(z) = —log G(z) = —logz —yz + Y (% —log(1 + z/n)) =
n=1

N->oo

N
. 1 1 z
lim [—logz— ((1 totet N) —logN)Z+ ;(E — log(n +z)+logn>] =

N N
lim [—logz +zlogN +1logN! — Z log(n + z)] = Alfim [zlogN + log N! — Z log(n + z)]

N—-oo n=1 n=0

For a moment we are going to fix z and evaluate this limit. The key step is to obtain a better ap-
proximation for ) log(n+z). In the proof of Stirling’s formula, we obtained the equation

éf (= £N+% fdx = =3 fw% 7 |p(x+ %)]Z dx
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The same result is true if we start the sum at k = 0 and integrate from —1/2. Let f(x) =
log(x + z) to obtain

1

N N+ LM NP
kzz;)log(k+z)=‘/_l 10g(x+z)dx+§f_l (x+z)2[D<x+§>] dx

2 2

Consequently

1

N+§ 1 N+E 1 1 2
I — = - =
zlogN +logN! _[1 log(x + z) dx 5 .[l T [D (x + 2)] dx
2

logT'(z) = A}im

Since the integral of log(x + z) is (x + z)log(x + z) — (x + z), the first integral in the above
formula is

1 1 1 1 1 1
(N+5+z)log<N+§+z>—<N+§+z>—<—§+z>log<—§+z>+<—5+z>_

1 1 1 1
<N+§+z>log<N+§+z>—<—5+z)log<—— z)— 1=

[\

1 1 1.1 1 1
(N+§+z>logN+<N+§+z>log<1+ﬁ(§+z)>—<——+z>log<—§+z>—N—1

\S]

It follows that log I'(z) equals

1 1 1.1 1 1
i + I— (N + =+ —(N+=+ +—=(=4+2))+(-=+ —- +
lim [z log N + log N! (N 3 z) logN <N 3 z) log (1 N(2 z)) ( > z) log< > z)

N—oo
1
v [ p (s )] ax
2)1 (x+z)? 2

2

We want to take the limit of this expressionas N — 0. The term (N + é + z) log (1 + %(é + z))
goes to % + z. Indeed the logarithm in this term goes to zero, so the last two terms in the initial
(N + % + z) are sent to zero. Near 1, the log term is about %(% +z), and when this is multiplied

by N, the term is about % + z.

Consequently log I'(z) is the limit as N — oo of

1

1ogN!—NlogN+N—llogN—(l+z)+<—1+z>10g<—1+z>+1—1 N+ 3 [D<x+l>]2 dx
D) 2 2 2 2 )1 (x+2)? 2

2
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N
But Stirling’s formula says that N! ~ (ﬁ) V27N and so logN! — NlogN + N — %logN
e
converges to the constant y/ 27z as N goes to infinity. We conclude that

logF(z)=—(%+z)+(—%+z>log(—%+z>+\/§+1—%/_jm[D<x+%>r dx

This formula is exactly true. We will use it to estimate log I'(z) for large z. The key step will
show that we can ignore the integral. Butlet us clear up the initial terms first. Notice that

(—1 +z)10 (—1 +z) = (—l +z)lo z+ (—l +z>(lo (—l +z> —lo z) =
2 B\727%) 7\ 72 g 2 8\72 82)=
(—l +z>lo z+ (—1 +z>lo (—i +1) =
2 5 2 B\"2z7Y) 7
1 1 1 1
(—5 +z> logz — Elog <_Z + 1) + zlog (_E + 1)
If z is large, the first term is large, so we must keep it. For large z, the term log (—2i + 1) goes
Z
to zero, so the middle term is irrelevant. In the final term, z is large and the log is small, so

we must be more careful. For large z, log (—2L + 1) is about —Zi, so the final term is about
Z Z
-1/2

Putting this altogether, we find that for large z, log I'(z) is an integral term plus about

—(%+z>+(—%+Z>logz—%+\/27r+1=zlogz—z—%logz+\/2ﬂ

and this is exactly the estimate we desire. So it suffices to show that the integral is O(ﬁ).
z

We will estimate the absolute value of the integral using |/ f(z) dz| < [ [f(z)| dz. Since
lz| = |(x +2z)— x| £ |x+ z| + |x]|, we have |z] — |x| < |z + x|. Similarly |x]| — |z| < |z + x|.
One of the two terms on the left is non-negative, so

1
>
(Iz| =1x)* —

The left side will be infinite when x = |z|, but if we integrate from 2|z| to oo, our integral is

bounded by
® 1 I | 1
——  dx = / — dx= —
—llzl (Iz] = |x])? 2)z] (Iz] = x)? |z| — x

1
(z + x)2

(]

1

2z 12
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To finish, we must estimate the integral over —% < x < 2|z|. The length of this interval is

2|z| +%. Ifz=a+ib,
|(z + x)?| = (a +x)*>+ b%? = a? + b% + 2ax + x? > |z|?> + 2ax

If x > 0 then 2ax > 0 and this expression is greater than |z|2. Otherwise —1 < x and 2ax
could be as negative as —a = —R(z). Since the real part of z is at most |z|, we conclude that
Iz +x)°| 2 |z|* = |z| = |z|(]z] - D).

We only need prove our estimate for large z, so we can assume that |z| > 2. Then |z| — 1 >
|z| —|z|/2 = |z|/2 and |(z + x)?| > |z| (%) = % So the key expression in the integrand
is

1

(z+x)?

2
<=
|z|2

and the integral is at most this times the length of the interval, or

2 1 4
— 2]z +—>~—
|z|2<|| 2 |Z|

QED.



Chapter 17

The Zeta Function and the Prime
Number Theorem

17.1 Some History

The first calculus results discovered by Leibniz concerned infinite series. In particular, he was
asked to evaluate Z ;) and found the ingenious solution

n=1 p(n
L= rmw) = (-2)+ G-5)+(5-3) v

Later by a deeper method he discovered that

Both Leibniz and Newton were on the lookout for general methods rather than isolated results.
Therefore, it was natural for Leibniz to next consider ) % but he was unable to calculate this
sum. Then Leibniz heard that Newton knew the answer, so he wrote Newton indirectly via
the Royal Society, offering to trade his proof of the % series for the sum ), % Newton replied
with two long letters revealing large amounts of the calculus. Each ended with an anagram
suggesting further results that Newton was keeping secret.

The letters are well-worth reading, but may have disappointed Leibniz. Newton already knew
his series for % and told Leibniz that he knew other series which converged faster, for in-
stance



CHAPTER 17. THE ZETA FUNCTION 168

On the other hand, Newton only know approximations for ) iz
n

The problem of computing )] iz passed from Leibniz to his pupils the Bernoulli’s, and from

them to Euler, who eventually found the value we discussed earlier. But Euler went much
further, particularly in his two volume work Introductio in Analtsin Infinitorum of 1748, which
has been called “the most important mathematics textbook of modern times.” In this book
Euler wrote of the relation between the zeta function and prime numbers

(=Y, =] —

n=1 p (1 — i)
pZ

and used this result to prove the first real advance in prime number theory since the Greeks,

namely
1
5=
> P

This sum for the zeta function only converges for x > 1, and it is for these values that the
product formula holds.

Since the product formula rests on very easy ideas, we stop to explain. Here is a simple proof
that there are infinitely many primes. If not, we could form the finite product

1,1 1.1 1.1
I+-+—=+..)(1 = 1 =+ =), —=) =
(e3egee)(esege) (e g ) Tamms -1

All terms are positive, so the rearrangement is legal. The final sum equals ), L since every inte-
n
ger can be uniquely factored into primes. On the other hand, ), L diverges, but the individual
n

product terms are all finite because the term for p equals 1% QED.
p

This simple argument is also enough to prove Euler’s result that ), L diverges. Indeed, the
P

previous argument shows that

1
A}l_{:gopl;[v(1+ +?+) ZE=oo

and so
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1
If0<x<1wehave1—=1+x+x2+...andso
—X

x? X3
—log(1—x) = —+ = +..
ogl—x)=x+ > + 3 +

Therefore

1 1 1
i 37 (4L e+ ) =
Nﬁoop%v p  2p%2 3p3

Rewrite this as
El+zi<l+i+i+ )_00
p p2 ) 3p 4p2 )T

But the second term is smaller than ) iz (1 + é + ziz + ) <2 iz and thus finite, and we
D n
are done. QED.

1 1 .
Because ), — = oo and )} — converges, there are far more primes than perfect squares.
p n

Euler first proved the divergence of the sum of reciprocals of primes in 1737, and that date is
often regarded as the beginning of analytic number theory.

Euler realized that if we replace p by p* for x > 1, then we get a convergent product. We can

write
1 1 1 1

—_— =14+ =+

X 2 3

(1_L> p* p* p¥*
pZ

and our product is an infinite product of such series. Consider the related product using only
the values p = 2, 3, 5. It would be

<1+1+1+)(1+1+1+)<1+1+1+>— !
2x o T 3¢ T3 575 ) T Gk )

Since every integer can be written uniquely as a product of prime powers, this is ), % over
integers whose prime factorization contains only 2, 3, 5. In the limit as more and more terms
of the product are included, we approach Zn nix So Euler’s identity is essentially an analytic
form of unique factorization into primes.

17.2 More History

One of the frustrations of prime number theory is that it is easy to make conjectures about
primes of special forms, but almost impossible to prove such conjectures. Consider, for exam-
ples, primes of the form 2" + 1. These primes occur naturally in various branches of mathe-
matics.
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By definition, a Mersenne prime is a prime of the form 2" — 1. The importance of these primes
was first noticed by Euclid, who proved that if 2" — 1 is prime, then N = 2"(2" — 1) is perfect,
that is, the sum of the divisors of N that are smaller than N is exactly N. Two thousand years
later, Euler proved that all even perfect numbers have this form. Nobody knows if there are
any odd perfect numbers.

The first few Mersenne primes are 3,7, 31, and 127, corresponding to the perfect numbers
6, 28,496, and 8128. These are the only perfect numbers known to the Greeks.

The crucial fact about Mersenne primes is that if 2" — 1 is prime, then n itself must be prime.
This is easily proved. If we restrict attention to prime p, then 2P — 1 seems to be prime or not
purely by chance. Since the rough distribution of prime numbers is known, a brief calculation
gives a conjectured distribution of Mersenne primes, and in particular suggests that there are
infinitely many Mersenne primes. But this has never been proved. On the other hand, very
extensive computer calculations agree with the conjectured distribution of Mersenne primes.
The largest known primes have historically been Mersenne primes.

Prime numbers of the form 2" + 1 are called Fermat primes. It is easy to prove that 2" + 1 can
only be prime if n is a power of two. So we actually write F,, = 22" + 1. If we restrict attention
to powers of two, F,, seems to be prime or not purely by chance.

The first few Fermat primes correspond to n = 0,1, 2, 3,4 and are 3, 5,17,257,65537. Fermat
primes are important because Gauss proved that an n-sided polygon can be constructed by
straightedge and compass if and only if n is a power of 2 times a product of distinct Fermat
Primes.

Fermat primes grow very rapidly and thus are difficult to analyze by hand. The number corre-
sponding to n = 5is F5 = 4294967297. This was first studied by Euler, who proved indirectly
that it is not prime. Aside from the first five primes, no other Fermat primes have been discov-
ered.

Since the rough distribution of primes is known, it is possible to calculate the expected number
of Fermat primes, and this calculation suggests that there should only be a small finite number
of Fermat primes. But this has never been proved.

17.3 Dirichlet

In the midst of all of these conjectures and questions, it must have been a relief when in 1837
Dirichlet managed to prove something very important along similar lines.

In base ten, every prime digit except 2 and 5 ends in 1, 3, 7, or 9. Since there are infinitely many
primes, infinitely many primes must end in at least one of these digits. Dirichlet proved that
infinitely many primes end in each digit.
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More generally, let b > 2 and write integers with base b. Let 0 < a < b. If a and b are not
relatively prime and the prime p divides both, then p divides every digit in base b which ends
in a, so at most one prime ends in a. Suppose, on the other hand, that a and b are relatively
prime. Dirichlet proved that there are infinitely many primes which end in the digit a when
written in base b. Obviously each of these primes has the form a + nb, and Dirichlet’s theorem
asserts that this arithmetic progression contains infinitely many primes.

Dirichlet’s result seems even greater when his astonishing proof is read. We’ll give that proof
in a later chapter.

For now, we remark that a small number of special cases of Dirichlet’s theorem can be proved
along the lines of Euclid’s proof that there are infinitely many primes. But most cases are
proved as Dirichlet did by showing that

1

— =0
p=a (mod b) p

Dirichlet was born in 1805. After his student days, he traveled to Paris, where he studied math-
ematics from 1822 to 1826. Among other things, he carefully read Gauss’s Disquisitiones Arith-
meticae. Later reports say that he slept with this book under his pillow. Near the end of his Paris
stay, Dirichlet proved Fermat’s last theorem for n = 5, a result which made him famous.

After a short stay in Breslau, Dirichlet moved to Berlin. At the time he was 23 years old, so
his position in Berlin was temporary until 1831. In Berlin, Dirichlet often attended weekly
gatherings of Berlin artists in the home of Abraham Mendelssohn Bartholdy, and he eventually
married Felix Mendelssohn’s sister.

Dirichlet had a reputation as an excellent teacher, and it is in this capacity that he met

17.4 Riemann

Riemann was born in 1826. He attended Gottingen as an undergraduate. Gauss was there, but
unapproachable, so Riemann transferred to Berlin where he heard the lectures of Dirichlet.
Dirichlet had a profound influence on him — recall the Dirichlet principal used to prove the
Riemann mapping theorem — so no doubt Riemann was familiar with Dirichlet’s proof of the
theorem on primes in an arithmetic progression.

Eventually Riemann returned to Gottingen, and wrote his PhD thesis under Gauss. In 1855,
Gauss died and Dirichlet moved to Gottingen as his successor. In this position, he resumed
contact with Riemann and used his influence to retain Riemann on the teaching staff.

Dirichlet died in 1859. Riemann was appointed his successor. That year, Riemann was elected
a member of the Berlin Academy of Sciences, and required as a new member to send a report
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on his recent work. His report was the eleven page paper On the number of primes less than
a given magnitude, his only paper on number theory and one of the most important number
theory papers ever written. The results in this chapter are largely from that paper.

Riemann married in 1862, but developed tuberculosis later that year, and died of it in 1866.

17.5 The Riemann Zeta Function
Definition 38. The Riemann Zeta Function is the function

= 1
(z) = v
n=1 n

Remark: Here n? = e?!"" and In n is the real branch of the logarithm.
Theorem 100.
« This sum converges absolutely for R(z) > 1.

o This sum converges uniformly on compact subsets of R(z) > 1.

The resulting function is holomorphic on R(z) > 1

 The function is also given by a product

This sum diverges for R(z) < 1.

Proof: Notice that |n?| = e+ = X Since ) L converges by the integral test, absolute
nX
convergence follows by the comparison test. Uniform convergence on compact subsets also
follows by the Weierstrass M-test, since we can bound terms with LO for a fixed x.
nX

The final result is easy for R(z) <= 0, because then the |n™?| = n™ do not go to zero. If
0 < R(z) < 1, the final result is surprisingly tricky. We write

N N n+1 N+1
1 1 dt dt
Z;=Z(;—f t—zdf>+f1 = %
n

t—Z+1
t~2dt =
—z+1

Notice that
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provided z # 1. It follows that the final integral is the limit of the expression below as N —
00!

1 ( 1— 1 )
z—-1 (N + 1)1
If z = 1+iy, then the final fraction oscillates, since (N +1)¥ = ¢ "N+1)_ Otherwise ——— =

. (N+1)7-1
|(N 4 1)+ = |(N 4 1)7**!| goes to infinity because 0 < —x + 1 < 1.

So the final expression does not have a limit, and it suffices to prove that the middle sum does

ConVerge.
(l— —dt) U 1 1 dt
nZ
n

Let f,(u) and f,(u) be the real and imaginary parts of L and apply the mean value theorem
uZ
to these functions. Then

Note that

1 1

n+1
< f
n
n

dt

zZ tZ

f1(n) = f1() = —(fl)(
fa(n) = fr) = d—uz(é'z)(n —1)

It follows that the above integral is bounded by

‘dfl dfz

() +i—(6)| < |~ (ED)| +

‘df 1 (&)

‘dfz

df _ dh il

If we regard u as complex, then the derivative of f(u) = u=? is —zu=?~!. Since y . .
u u u

the expression above is less than or equal to

df df — —z-1 —z—1
G|+ || = 1=t o e
Note thatn < & < (n+ 1) and
|(§1)—z—1| — |e—(x+1)ln§i—iyln§,-| — |e—(x+1)ln§',-’ < |e—(x+1)lnn| — nmlz_H
So .
( 1 /”* dt ) 22|
— — —dt)|l <
nz tz nR@)+1
n

Since 0 < R(z) < 1, the sum of these terms converges. QED.
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Remark: In a later chapter, we will study Dirichlet series in general. These are series of the

form
(o]

C
f@=),—
’ n:ln

where the ¢, are arbitrary complex numbers. We will prove that there is an x,, called the
abscissas of convergence, such that the series diverges when Rz < x, and converges when
R(z) > x,. We will also prove that there is an x;, called the abscissas of absolute convergence,
such that the series does not converge absolutely if R(z) < x;, and converges absolutely if
R(z) > x;. Obviously x, < x;. We will prove that the distance between them is at most one.
In the case of the Riemann zeta function, these numbers are equal.

17.6 Analytic Continuation of the Zeta Function

Riemann’s first great result in his eleven page paper is

Theorem 101. The Riemann Zeta function can be analytically continued to a function mero-
morphic in the entire complex plane. This function has a pole of order one at z = 1 and otherwise
is holomorphic.

Proof: Riemann begins with the integral formula for the Gamma function:

I'(z) =f t?le~t dt
0

Let n be a positive integer and replace ¢ by nt to get

oo [So]
I(z) :/ nZ iz e nipdt = nZ/ t?~lent dt
0 0

So

1 (o)

—TI(z) = f t7=le Nt dt

nZ

0
Sum from n = 0 to infinity to get
tZ—l

§(Z)F(z)=j tz‘lnzz:le"” dt=/0 ] dt

0

Now look closely at the integral on the right. The denominator is

2 3

t
t_1= R T
e 1 t+2!+3!+...
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When ¢ is large, e/ — 1 will swamp any fixed power of ¢ in the numerator, so the integral con-
verges. But when ¢ is close to zero, the denominator is approximately ¢ and the numerator
needs to have a positive power of ¢ to get convergence; for real z, that requires z — 1 > 0, i.e.,
z>1.

Riemann proposed replacing the contour along the x-axis from 0 to co by the first contour
below, which we will call y. The new contour avoids the singularity at the origin by circling it
and returning to infinity.

The two journeys along the x-axis do not cancel out because the integral contains =1 =
e@=DLOZ® Until this moment, we set Log() to be the real logarithm on the x-axis. Now we
set it to the real logarithm for the first portion of the path, and then extend it continuously for
the remaining path. In particular, as we trace along the final portion along the x-axis, we will
have Log(t) = Int + 27i.

Figure 17.1: New Path for {(z)

Figure 17.2: Two Branches of Log(z)
The second illustration above shows how to make this rigorous. The left side shows a branch
cut along the negative imaginary axis. Define Log(z) on the remaining plane so —% < Arg(z) <

37”; such a branch exists because the remaining plane is simply connected and omits the origin.
Similarly define a second branch of the logarithm on the plane minus the positive imaginary
axis so % < Arg(z) > 57” Notice that these branches agree on the left half plane.

Our actual path lies exactly on the positive x-axis, coming from infinity to close to the origin.
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This integral uses the left branch of Log(z) to form t?~!. Then it begins circling the origin
counterclockwise. At some point when this path is in the left half of the plane, we jump to the
second branch of Log(z); since the two branches agree on the left half, the exact point we switch
makes no difference. We continue using this branch to compute t?~! are we continue circling
the origin and then follow the positive x axis from close to the origin on out to infinity.

If we start and end a finite distance from the origin, this integral defines a holomorphic function
of z by results of the section on differentiating under the integral sign. Taking the limit as
the start and end approach infinity gives an integral with a limit, and the limit is uniform on
compact subsets of the z-plane. So in the end, the integral defines a holomorphic function of
z.

Let us compute the value of the integral when the real part of z is greater than 1. The integral
from infinity to almost zero along the positive x axis is almost

o0 l-Z—l
— dt = — r
fo o 4t =~ @@
Next we integrate around the small circle. Since R(z) — 1 > 0, the integrand is bounded near
the origin, and the length of the small circle goes to zero, so this part of the integral becomes
irrelevant.

Finally we integrate back out along the x-axis. This time t>~! = (Z=D(n+27)) and 5o the inte-
gral is

o tz—leZm'(z—l) ]
f etT dt = eznlzg(Z)F(Z)
0

We conclude that
tZ—l

dt
et —1

$(2)N(2) (7 — 1) =
J

Every term of this equation is defined and meromorphic on the entire complex plane except
¢(z), so this equation defines a meromorphic continuation of {(z) to the entire plane.

o7z _p—Tiz

Notice that e?72 —1 = e722j ( ) = 2ie”™ sin(7rz). So our equation can be written

2i
e—m’z tz—l

$@) = Mg J, =1 ¢

We have proved the important

Theorem 102. The following formula is universally valid for all arguments of the zeta function,
and defines a meromorphic extension to the entire plane:

e—rriz tz—l

{(z) = dt

I'(z)2isin(7z) ’ el —1
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Remark: We now wish to locate the poles of { and compute the residue at such poles.

3 z—1
Since e™™# and [, tt—l dt are holomorphic, and since I'(z) has simple poles at z = 0, -1, -2, ...
ol
and no zeros, and since sin(zz) has simple zeros at z = 0,41, +2, ... and no other zeros, the
only singularities are at the integers. However, the zeros and poles cancel to give finite values
at0,-1,-2,...

The simple zeros of sin(rz) do not cancel for n = 1, 2, 3, ... unless the integral vanishes. How-
ever, {(z) is holomorphic and non-zero for R(z) > 1 by the product formula, so the integral
must indeed vanish at n = 2, 3,4, ... It follows that the only pole of {(z) isatz = 1.

We easily compute the residue at this pole. First consider the integral. Since z = 1, this integral

is fy % dt. The integrand is not multiple-valued, so the integrals along the x axis cancel
ol

and we integrate need only integrate counterclockwise around a circle about the origin. This

gives
1
2mi Resyg | ——
0 (ef - 1)

But

1 1 1 1
P = = - =?(1+...)
t+—+.. td+-+.)

2 2
So the residue is 1 and the value of the integral is 27i.
Moreover sin(zz) = sin()+ 7 cos(7)(z—1)+... = —m(z—1)+.... Sonear z = 1 we have

e—m’z tz—l em’ 1 1
¢@) I'(z)2isin(rz) ’ el —1 2i(—7(z—1) + ... z-D+.. z-1

We have proved

Theorem 103. The zeta function is holomorphic on the entire plane except for a simple pole at
z = 1. The residue of this pole is 1.

17.7 The Functional Equation of the Zeta Function

The second great result in Riemann’s paper is :

Theorem 104. The Riemann Zeta Function satisfies the following equation:

¢(z) = 2% sin (%) r(1—2)¢(1 - z)

Remark: This theorem says that if we rotate the plane by 180 degrees about the point z = %,
then ¢ is unchanged modulo known factors.
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However, ¢ has a second symmetry. If f is any entire function, the function g(z) = f(z) is easily
proved holomorphic by the Cauchy-Riemann equations. If f is real on a non-trivial interval in
the real line, then these functions agree on that interval, and consequently agree everywhere

by the identity theorem. So f(z) = f(z).

This easy result obviously applies to the zeta function. So ¢ is invariant modulo known factors
under reflection across the x-axis and rotation by 180 degrees about z = % These operations

generate the dihedral group D,, containing reflections across the lines y = 0 and x = %, and

rotations about é by 0 and 180 degrees.
Proof: We are going to deform the contour for the integral which analytically continues the
zeta function. We will enlarge the circle about the origin until it becomes a very large square,

with “tail pieces” along the x-axis that are so far out that they are irrelevant. We need large
squares rather than large circles for reasons that will appear at the end of the proof.

The function

has singularities along the imaginary axis at points z = 27in where e? = 1.

tz—l
e[_l . . .o, . . . .

Thus we must use the Residue theorem to deform across these singularities. This will give a

sum of terms which will eventually give {(1 — z). We will choose our squares so that the top

and bottom hit the imaginary axis halfway between adjacent singularities, and so at 7i(2n +

1).

Figure 17.3: Deforming the ¢ contour

Here are the details. The poles of

71 . .
— occur at +2xin for integers n. Suppose we enlarge a
e

-1
square so it crosses one more singularity at both top and bottom. Let these be at +27in. The
pictures above show the deformation, and show that we cross the poles by adding a counter-

clockwise circle at the top and bottom. So the new integral is the old integral minus

tZ—l tZ—l
27i Reszmnm + Res_zmnm
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Figure 17.4: Limiting Case of Homotopy

Expanding f(t) = e’ — 1 about 27in gives

fQrin) + Z—£(2ﬂin)(t —27in) + ... = (t — 2win) + ...

SO
L _ ! =1 _a+.)
el—1 (t—-2min)(1+..) t—2xin
and .
(71 o(z—DLog(2rin) e(z—l)((ln n+ln 27r+§)
el—1  t-27min te=

t —2min
This is the expansion at the top. Replace % by % to get the corresponding expansion at the
bottom.

Putting this together, the addditional factor as we enlarge the square past the two singularities
in question is

i 37i iz 3riz
—27i (nz_l(zn')z_le(z_l)7 + nz_1(27r)z_1e(z_1)7> = 27 n*1(2n)* ! (—eTi + e7i>

This expression equals

L He - in X2
T nZ—1(27t)Z_1emZ (e 2 —e 2 ) = nZ—1(27r)ZemZ(2i) Sin >

At the end of the deformation, we have

71 ; 7z < 1 71
dt = (2i)(2m)?*e™= si dt
/yef—l (2i)(27)%e Sm2Z:1 +_/e
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where the integral on the right is over a very large square, together with two tail lines along
the x-axis.

Now suppose that R(z) < 0so R(1 —z) > 1. Then Zf_l + converges to (1 — z). We claim
=1 iz

that the integral over the large square and the remaining tail pieces also goes to zero as the
square gets larger. Since this step is somewhat tricky, we leave it to last.

Then in the limit as the radius of the square goes to infinity we have

()= — o= o eay e sin e —2)
" I(z)2isin(rz) y el —1  T(z)2isin(rz) 2
(27)? sin %
=— 1-
) stz S P
Using the identity
I'z)Ir(1—z)=—
sin(7z)
or equivalently
I'(z)sin(zz) = ﬁ
the previous equation becomes
(27)? sin =
¢(z) = sz —2)¢(1 - z) = 22771 sin (%) (1 —2)¢(1 - z)

Therefore, Riemann’s functional equation is true for R(z) < 0. The identity theorem then
implies that it is always true.

Since the integral analytically continuing the zeta function converges, the tail pieces along the
x-axis go to zero for large squares. So to finish the proof, we must show that when R(z) < 0,
the integral over the large square goes to zero as the sides of the square go to infinity.

If a and b are complex numbers, |a| = |b+ (a —b)| < |b| + |a — b| and so |a — b| > |a| — |b|.
Interchanging a and b, we deduce that

la—bl > lal —|b]|

Consequently
le" —=1| > [ le'| — 1]

Moreover,
tz—l — e(x—1+iy)(ln|t|+i6) — |t|x—1e—y@A

where A has absolute value one.
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Putting this together,
tZ—l

el —1

|t|9{(z)—1e—y6
— [ leff =1
In this formula, y is the imaginary part of z and 0 < 6 < 27. Since we are integrating over ¢, y

is constant and 6 is bounded, so e=° is bounded by a constant M that does not depend on the
square. Hence we can ignore it.

The corners of our square are at (7 (2n + 1), £7i(2n + 1)) and the lengths of the sides are
27(2n + 1).

Look first at the vertical side on the right. Since R(z) < 0, the term ||~ is at most 7(2n+1)
to a negative power and so smaller than 1. On the other hand, the denominator is e+l _ 1
which goes to infinity very rapidily. Even when we multiply by the length of the side, 27(2n+1),
this term goes to zero.

Look next at the vertical side on the left. This time, |e!| = e~**1) goes to zero as the square
gets large, so the denominator is close to 1. However, the numerator is essentially |¢]%()~1,
Since R(z) < 0, the exponent is smaller than —1. So this term is smaller than

1
(7(2n + 1))

1-R(z)

We must multiply by the length of the side, 27(2n + 1), getting
2
(r(2n + 1))

—R(z)

Since R(z) < 0, this goes to zero as n approaches infinity.

Finally, we must study the top and bottom of the square. Up to a constant, the integrand is
bounded by

| tl?i(z)—l

llet] — 1]

Notice that |¢| is at least |S(¢)|; since R(z) — 1 < 0, the numerator is at most (S(I))m(z) -

The length of the top and bottom is 2| 3(¢)|. So if we ignore the denominator, the maximum of
the number times the length of the curve is 2|S(t)|R® and this goes to zero because R(z) <
0.

To complete the argument, we now prove that the denominator is bounded below by a positive
bound which is independent of the chosen square. Notice that ||e’| — 1] is periodic with period
27i. So this function is the same on the top and bottom of all squares, except that it is cut off
on the left and right. Ignoring the cutoff, the function goes to infinity on the right, and goes to
1 on the left. It is never zero because it the squares were chosen to avoid zeros of e?. Hence it
is bounded below, either by 1 or by an interior minimum. QED.
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Remark: Riemann later rewrote the functional equation for greater symmetry. The following
result defines a function which is essentially the zeta function, but which is unchanged when
z ischanged to 1 — z:

Theorem 105.
w2 (2)¢@ = w0 (12 )¢ - )

Proof: Apply the previous functional equation to obtain

—Z/2r< )g(z)—n—z/zl“( )22m* 1s1n( Z)r(1 -z} - 2)

Substitute g for z in the formula I'(z)T'(1 — z) = to obtain

r(3)sin(F) = ﬁ

and substitute this in the right side of the previous formula to obtain
722211 - z)

r(i-3)

Substitute 1%2 for z in the formula I'(z)I" (z + %) = 217%,/7 T(2z) to get

r(l_z)r(1—§) = 22\Z T(1 - 2)

2

Q-2

and substitute this in the previous formula to obtain

z/2~z 1-z
T 2F(2) e
—{(-2)=nx r (1 —2z)

221
Remark: Notice that the poles of T (g) at 0,—2,—4, ... cancel the zeros of {(z) at —2,—4,.... So

we end up with a meromorphic function with poles at z = 0 and z = 1 and zeros exactly
at the non-trivial zeros of the zeta function in the critical strip. Riemann then made a slight
modification:

Theorem 106. The following function is entire and unchanged when z is replaced by 1 — z. Its
zeros are exactly the non-trivial zeros of the zeta function in the critical strip:

z(1 —z) 7%/ ( ) ¢(2)



CHAPTER 17. THE ZETA FUNCTION 183

17.8 Bernoulli Numbers

Definition 39. The Bernoulli Numbers B,, are defined by the expansion

Remark: 1t is easy to deduce a recursive formula for the B,,. We have

By 1k |5 Bk i L Bre 1k 1 4
th (e —1) = Zk!t Zl't _tzk't Z(l+1)!t

k>0 k>0 >1" k>0 ° >0

and therefore

By ) K
1=) (= |tk
Z:<k!(l+1)!
So

—ﬁ or Bo—l
Also B B B
_ 0 1 n
0= G+t Tl Tt

and so B B ( 1B

_ 0 no, —nn— 3

n——(n+1+BI+T+T+...+I@BH_1)

Using this formula and Mathematica, we obtain

1 1 1 1
B0=1,B1=—5,BZ=E,BS=0,B4=—%,BS=O,B6=E,B7=O
1 5 691 7
Bg = —5’39 =0,Byp = g,Bu =0,B; = _ﬁ’BIS =0,B14 = 3

Theorem 107. Ifnisodd andn > 1, B, = 0.

S I

el—1 2 el—1 2 (et —1)2
t t

t (el +1\ tlez+e2

(ef—l)

Proof: We have

T2

Pl O

e —e 2
If we change the sign of ¢ in the last expression, nothing changes, so the expansion involves
only even powers of ¢.
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Warning: Since all odd Bernoulli numbers except B; are zero and the even Bernoulli numbers
alternate sign, it is common to find alternate definitions; a common alternative defines B,, as
our (=1)"*1B,,.

Remark: Bernoulli numbers occur in surprising places. The series expansion of the tangent has
them, numerical approximations for integrals contain them, and we will see shortly that they
occur in formulas for the value of the zeta function at integers. The numbers occur in number
theory and algebraic topology. For the latter, see Hirzebruch’s em New Topological Methods in
Algebraic Geometry. Kummer proved that Fermat’s last theorem is true for a prime exponent
p if p does not divide the numerators of any of By, By, ..., Bp_3.

Remark: Often Bernoulli numbers are hidden away. One dead giveaway that they are present
is the occurrence of the unusual number 691 in B;,. If a calculation yields a rational with
numerator 691, Bernoulli numbers are there somewhere.

Bernoulli discovered these numbers in an unusual manner. In beginning integration theory,
n(n+1)
and

it is useful to have formulas for sums of powers of integers. For instance, Z’f k =

Zf k* = M At the end of his book Ars Conjectandi, published in 1713 after his death,
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Bernoulli listed the first ten formulas in a table.

n n
4 1Z
2 2
3 2
n n n
Z 4+ + -
2 6
n* n3 n?
2 4= + =
4 2 4
n’ n* n3 n
Z 4L + _ L
5 2 30
n® n’ 5n* n?
L o4 42 L
6 2 12 12
n’ n® n’ n3
- + - + — -— 4+ —
7 2 2 6 4
n® n’ 7n® 7n* 2
- +=- +—= -— +
8 2 12 24 2
9 8 7 5 3
n 2n 7n 2
- 4+ = + - — + - —
3 15 30
nl® n® 3nd 7n® n* 3n?
— 4+ = +/— - 4+ = - —
10 2 4 10 2 20
n't nl® 5n° 7 5 n3 5n
—_ 4+— 4+ — -—-n +n -— 4+ =
11 2 6 2 66

After displaying this table, Bernoulli wrote “Whoever will examine the series as to their reg-
ularity may be able to continue the table.” He then writes a general formula without further
explanation.

The first two columns have clear patterns. The patterns are more difficult to determine in the
remaining columns; can you find them? However, coming down the right diagonal, notice the
following multiples of n: l, 0, —%, 0, 4—12, 0, —3—10, 0, 65—6. These are the Bernoulli numbers, making
their first appearance in mathematics.

You might argue that we skipped the first entry, % and for the reason that the first Bernoulli
number is —%. This number doesn’t quite fit the pattern because all other Bernoulli numbers

with odd indices are zero. Indeed, some tables list B; = i%. We'll stick with the value —é
given by our generating function.
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The connection between Bernoulli numbers and —

T Was first discovered by Euler.
ol —

17.9 The Value of the Zeta Function on Integers

tZ—l
==
y €~

used to analytically continue the zeta functions. If n is an integer, the term ¢?~! in the formula
becomes single-valued, and the integral can be evaluated by the Residue theorem. So we are
close to evaluating ¢(n) for all integers n. But some nasty surprises lie ahead.

Consider the integral

We have
tn—l Bk K Bk
= —Xtktn=2 — 27j Res Z —X tktn—2
— 2
/ -1 ) & Z
By the Residue theorem, the crucial term occurs when k + n — 2 = —1,i.e., k =1 — n. In that

case the integral is 2miDn
(1—-n)!
Since the k in the sum are non-negative, the calculation shows that the integral is zero if n > 1.

This seems impossible since for positive n, {(n) = ), kl—n > 0. But remember that

e—mn tz—l

$(n) = dt

I'(n)2isin(zn) ’ el —1

If n > 1, both the integral and the term sin(zn) in the denominator vanish, and we have to
compute ¢{(n) by taking a limit as z — n. But that requires knowing the contour integral at
non-integer values when we can no longer use the Residue theorem. So we are temporarily
stuck.

When n = 1, we can expand sin(7z) = sin(r) + 7 cos(7r)(z — 1) + ... = —7(z — 1) + ..., so that
near n — 1 we have

-1 .By 1

= 2wi— = —— +
2n(—n(z-1)+..) O z-1

This confirms an earlier result that z = 1 is a pole of order one with residue 1.

From now on, consider the case n < 0. The formula for ¢ has I'(z) sin(7z) in the denominator.
Since T'(z)[(1 — z) = — X we can write
zZ

1 _I-2)
[(z)sin(rz) T
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So )
e (1 —n)2 . Bi_,

n)=
¢n) 2mi 1-n)
For psychological reasons only, it is convenient to replace each n with —n. Thus for n > 0 we
have

(—1)"1’1!Bn+1 _ (_1)an+1
(n+1)! n+1

{(-n) =

Theorem 108. For n > 0 we have

(=1)"Bps1
n+1

((=n) =

. 1 1 1 1 1
In particular, ¢(0) = - (-1 = —= ¢(=3) = o ¢(=5) = 3 ¢(=7) = T
Theorem 109. The zeta function has zeros at —2, —4,—6,—8, ....

Remark: We now use the functional equation of the zeta function:
¢(z) = 2227 L sin (%) r1-z)X1-z)

Apply thiswhen 1 —z = 2n and n > 1. Thus z = 1 — 2n and we get

—1)>*-1B 1-2
¢(1-2n) = D Ban _ p1ngi-n-s sin<—”( ”))r(zn)§ (2n)
2n 2
and so
Theorem 110. Ifn > 1,
(_1)n+132
2 - 22n—1 2n n
{(2n) oo
= Tt = B e B e = P t10) = 2 _ oo

Examples: {(2) = 6 () = 90’§(6) T s’ £(8) = 9450 ¢(10) = 93555 ¢(12) = 638512875

Remark: Explicit values for {(2n + 1) with n > 1 are unknown.
Corollary 27. Starting with B, = é, the signs of Bernoulli numbers with even indices alternate.

Corollary 28. For large n,
2(2n)!
|Ban | ~ npn

and in particular, |B,,| — .
Proof: Clearly {(2n) — 1

Remark: The Functional Equation trick fails for {(2n + 1), but still provides a new piece of
information:
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Theorem 111. The zeros of {(z) at —2,—4, —6, ... are all simple zeros.

Proof: By the functional equation, if n > 0 then

—2mn

¢(=2n) = 272201 sin( ) rn+1)¢2n+1)

Every term on the right is nonzero except sin(—zn) and this term has a simple zero. So the
zero {(—2n) is simple.

Remark: Finally, we have the important

Theorem 112. The Riemann zeta function has simple zeros are —2, —4, —6, ... All other zeros lie
in the strip 0 < R(z) < 1. The zeros in this strip occur symmetrically. If there is a zero at x + iy
with x = %, there is a zero of the same order at x — iy. If there is a zero at x + iy with x # %, there
are zeros of the same order at (1 — x) + iy, (1 — x) — iy, and x — iy.

Proof: There are no zeros with R(z) > 1 by the product formula, since no term in this formula
vanishes.

By the Functional Equation,
¢(z) = 2% sin (%) r(1—2)¢(1 - z)

The only zeros of sin (%) occur at integers; the gamma function has no zeros and its poles
occur at integers. But we know all possible zeros of the zeta function at integers. Otherwise,
¢(z) and {(1 — z) has the same zeros. Moreover, ¢ is real on the x-axis, so {(z) = {(2).

Remark: Surprisingly, the value {(—1) = —% has come up in string theory. There is a UTube

video about it at https://www.youtube.com/watch?v=w-I6XTVZXww by the physicist Tony
Padillo. His calculation goes like this:

Taking the average of the partial sums, we conclude that1-14+1—-1+... = % Next define
S=1-24+3-4+..

1 .

Shift S right by one and add to deduce that S = Z

1
2S=1+GQ+1}+6—2}+04+3}h"=1—1+1—1+m=5

Finally,letT =14+2+4+34+4+..ThenT = —% because

T—S=0+4+0+8+..=41+4+2+3+4+..=4T


https://www.youtube.com/watch?v=w-I6XTVZXww
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Padillo points out that the physicists have computed various physical quantities using this re-
sult, and experiments show that their results are correct.

Ramanujan also considered this series. In his first letter to Hardy, he sent a list of formulas
without proofs. Replying, Hardy no doubt asked for methods of calculation. In his second
letter to Hardy, Ramanujan stated that his methods required too much room to state in a letter.
He said “I am very much gratified on perusing your letter of the 8th of February. I was expecting
areply from you similar to the one which a Mathematics Professor at London wrote asking me
to study carefully Bromwich’s Infinite Series and not fall into the pitfalls of divergent series...
I told him that the sum of an infinite number of terms of the series1 +2+3 + 4+ ... =-1/12
under my theory. If I tell you this you will at once point out to me the lunatic asylum as my
goal. I dilate on this simply to convince you that you will not be able to follow my methods of
proof if I indicate the lines in a single letter.”

Hardy, no doubt, knew how to justify the —é.
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17.10 Remarks on the Prime Number Theorem

The prime number theorem can be stated in several equivalent ways, but the most illuminating
is

Theorem 113 (Prime Number MetaTheorem). The probability that a positive integer n is prime
is

Inn

I once had a student who taught me how to think about logarithms. He said “you mathematics
always draw the wrong graph for the logarithm; the correct graph is this one.” Then he draw
our graph on the top, and the correct graph below that.

Figure 17.5: Correct Graph of In x

Indeed, the most crucial fact about the logarithm is that it is flat, and gets incredibly flat for
large x, and yet manages to grow as large as you wish.

Thus the prime number theorem says that if you look at a table of numbers, the primes will
occur randomly at a more or less constant rate. Only very large tables will suggest that their
density gradually decreases.

As an example, the RSA encryption scheme used to encode internet transactions requires pick-
ing two large prime numbers, advertising their product, but keeping their individual values
secret. These primes should have about 100 digits. The recipe for finding such primes is to
“guess and check.” As it turns out, fast algorithms exist to distinguish primes from nonprimes
(for example, most nonprimes do not satisfy Fermat’s little theorem). But how many guesses
are needed? Well

In 10 =1001n 10 = 230

So a prime should show up after around 230 calculations. However, it is best to avoid guessing
even numbers, and then only around 115 guesses are needed.
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Compare this with a similar search for perfect squares. A perfect square n? with 100 digits
occurs when n ~ 10°°, and the distance between consecutive squares is (n + 1)> —n? ~ 2n =
2-10°. So it would take around 10°° guesses to guess a perfect square. According to Google,
there are about 7.5 X 10'® grains of sand on all of the world’s beaches, so it is far, far easier to
search for one particular grain of sand than to search for a perfect square with 100 digits.

Remark: As stated, the prime number theorem makes no sense. Probability is about repeatable
events which can have different outcomes. The probability of getting heads when tossing a
quarter is % because if you toss a thousand times, about half of the tosses yield heads. But
every time you check whether 101 is prime, the answer is “yes.”

The real meaning of the prime number theorem is that primes satisfy various statistical tests

which would also be satisfied by randomly choosing integers n with probability % For ex-
nn

ample, suppose we count the number of primes less than a million. The number we get is

also roughly the number we get by randomly choosing integers according to the % rule and
n

counting the number of selected values. This is an experiment we can perform over and over,
each time with a different result. But the results cluster around the number of primes less than
one million.

It is remarkable that the primes satisfy so many precise rules, and yet behave in this statistical
manner. The 20th century mathematician Paul Erdos had a wonderful way of expressing this
discovery. He once said “God does not play dice with the universe, but something very strange
is happening with the prime numbers.”

Notation: We now introduce some notation to deal with counting the primes below a given
bound. This is the statistical test we will discuss in this chapter.

Definition 40. Given a positive real number x, we define

» 7(x) = the number of primes less than or equal to x
. X L
o li(x) =/ = dt

- Ax) = =

Inx
Here 7(x) is the counting function we would like to approximate, and li(x) is the expected

value of this function if the probability that » is prime is % Actually the expected value is
n

Z,qu_Jz li but the sum and integral are essentially equal since In x is so flat.
- nn
Unfortunately, [ % dx cannot be explicitly integrated. It is easy to get approximate values,
nx
as we shall see. The first approximation can be obtained by observing that In ¢ is flat and thus
essentially equal to its ending value over most of the domain of integration. This gives the

approximate value A(x) = li
nx
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The symbols 7 and li just introduced are commonly used throughout number theory. The
function % is seldom given a name.
nx

Measuring approximations: Our goal in this chapter is to prove the prime number theorem,
which asserts that 7(x) is approximately ¢ (x). We will easily prove that 1(x) is approximately
A(x), so either approximation can be used.

It is important to define “approximately equal”. The prime number theorem is based on

Definition 41. Let f(x) and g(x) be real-valued functions defined on the positive real numbers.
Suppose lim,,_, o, f(x) = oo and lim,_, ., g(x) = oo. We say f and g are approximately equal
and write f(x) ~ g(x) if
i 1) _
im —=

=1
x—o0 g(X)

Remark: Given f and an approximation g, the approximation error is e(x) = |f(x) — g(x)|-

If f ~ g, this error can easily go to infinity; the relation f ~ g is easily shown equivalent to

% — 0. So f ~ g means that the error is smaller and smaller as a fraction of f.
X

Imagine that a hand calculator displays answers in exponential notation and has space for
only five significant digits. This calculator would show 7(10'%) = .45505 x 10° and 1(10'?) =
43429 x 10°. According to the prime number theorem, eventually the calculator will show all
five digits correctly.

Incidentally, the actual value of 7(10'°) is 455,052, 511. The error made by using li is 20, 758, 029.
nx

The error made by using li(x) is 3,104. We will have more to say later about the vastly superior
approximation afforded by li.

Theorem 114. We have lix ~ li Therefore the following statements are equivalent:
nx

X
1 X
w(x) ~ li(x) = f — dt and w(x) ~ —
, Int In x

Proof: Integrate by parts to obtain

1
x X —_—— X
X 2 1
— | t——dt= -+ dt
2 fz (Int)2 Inx In2 ,l (Int)2

To finish the argument, it is enough to show that fzx ﬁ dt is small compared to ——. Write
n nx

[(han [T [
L (ne2 ), (Int)? z (o)

X

1 Tdr 1 t

— — — —dt = —
2 Int 2 dt Int Int
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\/;

(In2)2’

—* = % Whichis again small because
(Inyx32  (nx)?

which is sufficiently small because Vx _ Inx — 0. The

x/Inx Vx

The first integral is at most

second integral is at most

4x/(Inx)*> 4
x/Inx  Inx

-0

17.11 A Crucial Calculation

So far, we have not made use of the product formula for the zeta function. Now we use it. Since
7r(x) is a sum over primes, it is reasonable to convert the product into a sum. This can be done
in two ways: by using logarithms, and by using logarithmic derivatives. We’ll use the second
approach.

The product formula only holds when R(z) > 1, so assume R(z) > 1 in the following.
Then

-2
1) 4 (_gzlnp
(1 p2> dz( ¢ ) e ?"Plnp

--% --%,

N

-1
/ izl_iz
i£53=§“< )

Simplifying,

If n is a positive integer, define

Inp ifnisapower of p
An) =
0 otherwise

Theorem 115. IfR(z) > 1,
¢'(2) 3 A(n)

X &

Remark: In parallel with this formula and its consequences, we will develop a variant and the
variant’s consequences. For the variant, we begin as above and modify the algbra slightly.
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$'(2) 1 Inp 1 Inp Inp
— — 1 — | = =

P nx1 » n>2 > pr(pr—1)
If n is a positive integer, define

Inp ifnisaprimep
0(2) =

0 otherwise

Theorem 116. IfR(z) > 1,

@ _ < 6em) In p
@ 2w 2D

Theorem 117. The following series converges absolutely and uniformly on compact sets to a
function holomorphic on R(z) > %:

Inp
2

5 p*(p7—1)

Proof: We have |p? — 1| > ||p?| — |1|| = p* - 1. IfiR(x)>%andp7é2,3thenpx—1 > p*/2,

% 1 1 21
np < np < 2Inp

pr(p*=1|” p¥(p*-1) "~ p*
and this last sum converges when 2x > 1. Apply the Weierstrass M-test.

Remark: These equations mark the key moment when the zeta function becomes relevant for
the prime number theorem. Notice that the calculations were very straightforward.

These results also explain why zeros of { are important, because they become singularities of
)
(@
Our proof of the prime number theorem will involve integrating an expression involving %
4
over a vertical line with R(z) > 1, and then moving this line to the line R(z) = 1. In this
Inp
rocess,
P z b p=(p=-1)
can be used in the proof.

is irrelevant because it is holomorphic for R(z) > % So either formula

Remark: The functions ©(n) and A(n) are closely related to extremely natural functions first
considered by Tchebyshev.
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Definition 42. If x is a positive real number,

$(x)= Y Qn)= Y Inp

n<x p<x
P(x)= D Am)= ) Inp
n<x pk<x

Theorem 118. IfR(z) > 1,

—S;,((ZZ)) =zf (=71 dt
1

f $O e+ ) s

Proof: We have
+1

f YOl dt =z Z Y2t dt

n=1vYn

In the interval [n, n + 1], ¥(¢) is constantly equal to ¢(n), so this is

Z¢( )<( +1)Z_%>

n+1 =2 n+1

z ). %(n) £z ldt—zZz,b(n)—
n=1 n

This sum is

(5 - 3) 93 (5 - 5 ) ~¥@O(5 - )+ -

= 0@ (5 - 35) - @+ AN (55 - 35) - M@+ AG + A@) (55 = 32 ) + -

Now notice that A(2) is multiplied by a collapsing sum starting at —2—12, so this sum is %

Similarly A(3) is multiplied by a collapsing sum starting at —3%, so this equals % In general,
we obtain

An) (2
2 e

Exactly the same proof yields the second formula.
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17.12 The Intuitive Meaning of ¢(n)

For a moment, let us study the intuition encoded in the function:

¢(x)= ), Inp

p<x

The function is easy to understand and we can use the prime number theorem to guess its value.
Suppose we divide the interval 0 < ¢ < x into subintervals of varying length so the length of

the subinterval containing ¢ is about In ¢. Since the probability that a number ¢ is prime is ﬁ,
n

each of our subintervals should contain approximately one prime. If we were to sum ¢(n) over
the subinterval, we expect to get one term in the sum, namely In p ~ In¢. So the contribution
to the sum ¢(x) from primes in the subinterval is the length of the subinterval. Thus when we
sum over all subintervals, we should get the total length [0, x]. In short, ¢(x) ~ x.

We will soon, and easily, convert this idea into a rigorous proof that ¢(x) ~ x is equivalent to
the prime number theorem.

Notice next that p(x) = ¢(x) + ¢(\/§) + ¢(\3/;) + ... Each of these should be considerably
smaller than ¢(x). Indeed, it turns out that the prime number theorem is also equivalent to
the statement that {(x) ~ x.

Theorem 119. The following are equivalent:
» The prime number theorem
. p(x) ~ x
¢ )~ x

Proof: Choose 0 < ¢ < 1 and notice that

$x) Zplnp 3 Zplnx

= = = 1 1
Inx Inx — Inx 7(x) I_Z + Z;_E
x1—¢<p<x p<x
< le—espsx In p + xl—e < ¢(X) 1—¢
- In x1—¢ " (1-¢)lnx
Taking just the important terms,
$(x) 6,

< <
Inx — 7o) < 1-¢)lnx
Multiply by In x and divide by x to get
¢ w0 o ¢x) | Inx

x T x/In(x) T Q1-¢e)x  x°
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Reproduce the starting inequality at the right side to get

¢(x)< m(x) < ¢(x) +1nx<( 1 ) 7(x) +1nx
x S/l - (—ex | x \l1-¢)x/In(x)

The same sort of argument finishes the proof that ¢(x) ~ x and 7(x) ~ li are equivalent.
nx

We'll just do half. Suppose =— ¢( ) 5 1. Then1 < lim inf,_ o ™ and lim sup 70
x/In(x) X=00 x /In(x)

—L_ . The last assertion holds for any € > 0, so lim sup () < 1. Consequently, lim o)
- x/ In(x) x/ In(x)

==

We now prove that —

¢( Y ~1and 22 ~1are equivalent. Notice that
X

$(x) < P(x) = $(x) + $(Vx) + $(x) + ...
Choose 150 2"~ < x < 2", Then {/x < 2, s0 ¢({/x) = 0. Therefore

$(x) < P(x) = p(x) + PV X) + d(Wx) + ... + $("Vx) < $(x) + (n — 2)p(\/x)

and so

$(x) < P(x) < $(x) + (n — 2/xInv/x

But2" ! <xandso(n—1)In2<Ilnxor(n—1) < ?1—)2( We conclude that
n

$0) < P(0) < B0 + T3 Inx = ()
Dividing by x, and adding an additional trivial inequality at the end, gives

$(x) <¢(X) <¢(X) 1 (Inx)? 1P(X) 1 (Inx)?
X - x T x 21n2\/— b 21n2\/_

z,b(X)

Taking the limit as x — oo, we conclude that if ¢ — 1, then
X
QED.

— 1 and conversely.

17.13 Zeros of {(z) on the Boundary of the Critical Strip

We are very close to proving the prime number theorem. This theorem was proved in 1896,
independently by Hadamard and de la Vallee Poussin. A key ingredient of both proofs was
the following result, again proved independently by both men. The proof was simplified by
Mertens in 1898 to the following argument.

Theorem 120. The zeta function has no zeros on the boundary of the critical strip.
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Proof: A zero on the boundary of the critical strip would lead to four zeros, two on the left

and two on the right. Concentrate on the right side. Zeros there would lead to singularities of
'@

{(2)
as z approaches the singularity from the right.

, and consequently by the previous section would produce singularities of f(z) = Zp fnp

pZ

Suppose ¢(z) has a zero at 1 + ia. Call the order of this zero . It might or might not also have
a zero at 1 + 2ia. Call the order at this point v. Then ¢ will have zeros at 1 — ia and possibly at

1 — 2ia of orders u and v, and it will have a pole at 1 of order 1.
If g is holomorphic and g(z) = A(z—zy)* +..., then g’ = kA(z—zy)*' +...and __’ ==k 4.

zZ—2y

We conclude that as € — 0 through positive values, f(1+ia+¢) ~ —u/e, f(1+2a + €) ~ —v/e
f( +¢) ~ 1/e, with similar results in the lower half plane.

(And now the trick.) Form
fA+2ia+e)+4fQ+ia+e)+6f(1+e)+4f(Q—ia+e)+ f(A—-2ia+e)
This sum equals

Inp [ 1 1 1 Inp [ 1 1\
Z p1+e (pZia + 4% +6+ 4p—zoc + p—2ioz> = Z p1+€ (ﬁ + p—ioc>

The crucial point is that this expression is always real and greater than or equal to zero. So if
we divide by € and take the limit as € — 0, we get a non-negative number, specifically —v —
4u + 6 — 4u —v. Therefore —2v — 8u + 6 > 0. Since v > 0, u > 0, this cannot happen if u > 1.
QED.

17.14 Proof of the Prime Number Theorem

Theorem 121. We have ¢(x) ~ x, and therefore

F(X)N—Nf mdt

Remark: The original proofs of 1896 were quite difficult, requiring information on a zero-free
region for ¢ in the critical strip. Gradually the required extra information was reduced, until
Wierner and Ikehara reduced the proof to a Tauberian theorem in 1931. This theorem required
no further information about the critical strip, but did require tricky analysis. In 1980, Newman
reduced the proof to easy results on contour integration. I find Newman’s treatment fairly
technical. Dan Zagier wrote several papers simplifying Newton’s proof. Our treatment follows
Zagier’s exposition in the Monthly for 1997.
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Step 1:

Theorem 122. The prime number theorem is a consequence of the statement that the following

integral converges:
Ch(t)—t
f ¢(t) dr
1 t2

Proof: Suppose there isa A > 1 and a sequence x,, — oo with ¢(x,) — x,, > (1 + 4)x,,. Then
since ¢ is nondecreasing,

A

Ax Ax A
" () —t " Ax, —t Ax, — _
40 dt < Yt = (t = x,u) Mxndu = [ A% >0
X, t2 X, t2 1 2 1

x2u u?

n n

Therefore, out in the tail of the integral where integration over arbitrary intervals goes to zero,
there are bumps of the same positive constant size, a contradiction.

The same argument gives the opposite required inequality. Suppose thereisa 1 < 1 and a
sequence x,, — oo with ¢(x,) — x,, < 1x,,. Then

X X 1 1
" () —t " Ax, —t Ax, — —
40) dtsf all dt=(t:xnu)f Mdu:f/1 % du <o
z z A e

Ax, Ax, 2

Step 2: Consider the equation for R(z) > 1 developed earlier:

$'(2) * (1) Inp
_ — d P
$(2) ‘ e : +Zp: p*(p*—1)

’ _ 12
Near z = 1 we have {(z) = L4 vy SO f@ (e 1 + ... Notice that
z—1 ¢(2) (z—1)"1+... z—1
o T N R i 1z (z=D+l _ 1
2himmdt=2h pdt=a ) =mam g = = S S
'(z 1 C o) —t In
SO [Ty
((z2) z-1 L 5 pF(p*—=1)

In this expression, every term is defined and holomorphic on some open set containing R(z) >
1, so the integral also defines a holomorphic function on R(z) > 1 which can be extended to
be holomorphic on the larger open set. But we have to be careful. This does not mean that
the integral exists on this larger open set. It only means that the function given by the integral
expression can be analytically continued to the larger open set.

Nevertheless, we are very close to the required assertion that f;” ¢(2_[

exists!
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o) .

Step 3: The final steps require knowing that — ; is bounded. We will prove that ¢(t) < 2t fol-

lowing Chebyshev in 1849. (Chevyshev proved a much stronger result). Start with the middle

) = @' This number is smaller than 22 and every prime between n

Inp = ¢(2n) — p(n) < 2nin2 <

binomial coefficient (2"
nln!

and 2n divides it. So Hn<p<2n p < 2", Taking logs, >,
1.4n.

n<p<2n

We now prove that ¢(n) < 2n by induction. This holds for n = 1 since In 2 < 2. The induction
step for even numbers follows because

PC2n) <¢p(n)+1.4n<2n+1.4n=34n<4n
and the induction step for odd numbers also holds because
p2n+1)<¢p(2n)+In(2n+1)<34n+In(2n+1)<22n+1)

because In(2n + 1) < .6n + 2. A direct check shows that this last inequality holds for the first
few n, and after that, the inequality is clear.

Step 4: We next make a convenient change of variables. Let t = e*. Then

¢(tt)2_t dt = / We“ du = / [e7“¢(e") — 1] du
1 0 0
Lett =e*andletz = w + 1. Then
p(t) —t dt=(w+1)f ¢(ttw)+; - +1)f gl —e g
1

tz+1 (w+2)u

=(w+ 1)/ e Wi e p(e*) — 1] du
0

Recall that the second integral is holomorphic in w for R(w) > 0 and can be extended to be
a holomorphic function on an open set containing R(w) = 0. By step 3, [e “¢(e*) — 1] is
bounded.

Step 5: Finally we apply the following theorem, the essential step in Newman'’s simplified proof,
to f(¢) = [e~!p(e") — 1]:

Theorem 123. Let f(t) be a bounded real-valued function on [0, c0) which is continuous and
locally Riemann integrable. Suppose g(z) = fO°° e 2L f(¢) dt exists and is holomorphic on R(z) >
0 and suppose it can be extended to a holomorphic function g(z) on an open set that contains
R(z) = 0. Then [, f(t) dt exists.

Proof: Let gr(z) = fOT e 2! f(¢t) dt. This function is defined and holomorphic in the entire
complex plane. We must prove that lim;_, ., g7(0) exists. We will prove it equals g(0). Caution
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is required here because g(0) is not an integral, but instead the extension of a holomorphic
function to a larger set.

Select a large real R. By Cauchy’s theorem,

2
8(0) — gr(0) = % fy (8(2) — gr(2) e (1 + %) %
where y is the path illustrated below; this path is a circle of radius R, but cut off at horizontal
distance § from the imaginary axis on the left to remain inside the region where g is holomor-
phic. The § will depend on R. This holds since the only singularity of the integrand is at zero,
where the residue is g(0) — gr(0). We want this expression to go to zero as R — oo, SO we must
estimate the integral along the boundary curve.

Figure 17.6: Newman’s Path

Recall that f(¢) is bounded, say by B. Then on the right half of the curve, |g(z) — gr(2)| =
|fT°° ft)e=? dt# <B [ |e‘Zt| dt = Be @7 /R(z). Also for Rx > 0 we have

1+Z2 1| |1, z| |1, 1] _|z+z| _ 2R(2)
R2 |z z Lzl 1z " Z| | zz | R2
SO
eZT 1 + Z_2 l < em(z)T . M
R?)z|™ R?
Hence the total contribution from the right side is
Be R@TR(@T) 27B
TR = ——
R2 R

and this goes to zero as R — 0.
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On the left half of the curve, we approximate g(z) and gr(z) separately. Since gy(z) is holo-
morphic everywhere, we can replace the left half by another semicircle without changing the
integral. But then exactly the same approximation as before applies. Indeed since R(x) < 0

we have
T
f f(t)e 2 dt
()}

The remaining calculation works as before.

T T ~Reoe | ~RCOT
< Bf |e—zt| dt = Bf e~ R@t gp = Be X _ Be X
—00 —

gr(2)] = RO | R

(e o]

Finally we study the term g(z). This time the exact contour matters. The integrand contains
2
the term g(z) (1 + %) ! and the term e?T. The first term contains no reference to T. The term
z

e?T goes to 0 in the half plane R(z) < 0, and uniformly on compact subsets. as T — co. Hence
we can choose two tails where the curve crosses the x = 0 axis, of arbitrarily small length, and
off these tails, everything goes to zero as T — oo0. So the left integral can be made arbitrarily
small. QED.

17.15 Consequences of the Riemann Hypothesis

We proved that 77(x) ~ li and equivalently 7(x) ~ fzx % dt = li(x). The table on the next
nx n
page shows some concrete data. Note that the columns for Z and li(x) record the error of the
X

. . . . X
resulting approximation, for instance |7T(x) - —
nx
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x 7(x) | 2(0) - = | 1i(x) - 7(x)
10 4 0 1
10? 25 3 5
103 168 23 10
10* 1,119 143 17
10° 9,592 905 38
10° 78,498 6,116 130
107 664,579 44,158 339
108 5,761,455 332,774 754
10° 50,847,534 2,592,592 1,701
1010 455,052,522 20,758,029 3,104
10! 4,118,054,813 169,923,159 11,588
1012 37,607,012,018 1,416,705,193 38,263
1013 346,065,536,839 11,992,858,452 108,971
1014 3,204,941,750,802 102,838,308,636 314,890
101 29,844,570,422,669 891,604,962,452 1,052,619
1016 279,238,341,033,925 7,804,289,844,393 3,214,632
10" 2,623,557,157,654,233 68,883,734,693,281 7,956,589
10'8 24,739,954,287,740,860 612,483,070,893,536 21,949,555
101 234,057,667,276,344,607 5,481,624,169,369,960 99,877,775
1020 2,220,819,602,560,918,840 49,347,193,044,659,701 222,744,644
102! 21,127,269,486,018,731,928 446,579,871,578,168,707 597,394,254
1022 201,467,286,639,315,906,290 4,060,704,006,019,620,994 | 1,932,355,208
1023 1,925,320,391,606,803,968,923 37,083,513,766,578,631,309 | 7,250,186,216
10%* | 18,435,599,767,349,200,867,866 | 339,996,354,713,708,049,069 | 17,146,907,278
10%° | 176,846,309,399,143,769,411,680 | 3,128,516,637,843,038,351,228 | 55,160,980,939

Remark: This table shows that li is incredibly closer to 7z(x) than 1_ The number of primes
nx

up to 10* = 10, 000, 000, 000, 000, 000, 000, 000, 000 is almost 10%4, yet — =~ only matches the

first two digits of the result. But li matches the first 13 digits, more than half. Indeed, the
data suggests that li(x) consistently gets half of the digits correct. Another way to say this is
that

|7(x) = li(x)| ~ V/x

Consider the set of all exponents e such that |7 (x) —1i(x)| < Cx® for some constant which may
depend on e. Shockingly, the best e currently known is e = 1, and of course |7(x) — li(x)| < x

is trivial. Results of Riemann imply that e is at least %

In 1904, von Koch, who is not related to me, proved that the inf of all such e is also the inf of the
e such that the zeta function has no zeros z, with R(z;) > e. Unfortunately, as far as we know,
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the nontrivial zeros of the zeta function can get arbitrarily close to the line |Re(z) = 1.

Riemann proved that the Zeta function has infinitely many non-trivial zeros and conjectured
that they all have real part % This is one of the Field’s Problems; a solution earns one million

dollars. The Riemann hypothesis is today the most famous unsolved mathematical problem. A
solution would imply |7(x) — li(x)| < Cx!/?*¢ for every ¢ > 0. Indeed assuming the Riemann
hypothesis is true, number theorists have proved that |7 (x) — li(x)| < C\/; In x.

Many zeros have been computed. They are all on the critical line. Hardy proved that there are
infinitely many zeros on the critical line, and Levinson proved that at least 1/3 of the nontrivial
zeros are on the criticial line.

17.16 Other Results in Riemann’s Paper

The second half of Riemann’s paper contained incredible additional results, some with sketchy
proofs. All were eventually proved rigorously. Here is a list of some items:

Number of Zeros: Riemann proved that the number of non-trivial zeros in the critical strip of

height 0 < h < T equals

T T T
Elnﬁ— E+O(lnT)

Hence the density of the zeros gradually increases as the height increases.
Product Formula: Earlier we introduced the entire function
— 22T (2
z(1 = Z)7~%/°T ( 2) ¢(z)
This function is unchanged when z is replaced by 1 — z, and its zeros are exactly the non-trivial
zeros of zeta in the critical strip.

Riemann proved that the negative of this function is given by a typical Weierstrass product over
the roots of ¢:

(z= D22 (E)¢(z) = 22 [T (1= 2)eote
o) = 1;[< p>e

where A = 1+ g —1In 2\/;. In particular, these zeros completely determine the zeta func-
tion.

Explicit Formula for Primes: Perhaps the most astonishing result in the paper is an analytic
formula for 7z(x). This formula is somewhat complicated; later authors deduced it from a more
straightforward formula for Tschebychev’s ¥(x):

xP 1 1
tp(x)=x—ZP:?—ln2ﬂ—§1n<1—ﬁ>
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Notice that the leading term ¢(x) ~ x gives the prime number theorem; this term comes from
the pole of zeta at z = 1. The sum is over zeros of zeta; more about that term below. The final
terms come from the trivial zeros of the zeta function and are very small.

Assuming the Riemann hypothesis,

ﬁ = ¢(1/2+iS(P)) Inx _ \/)_Cei S(p) Inx
0

This means that the correction terms due to the zeros of { should have size approximately \/;

and oscillate. To give a flavor of the oscillation, here is a graph of sin(10In x) between 0 and
100:

Figure 17.7: sin(101n x

Riemann described the contribution of these oscillatory terms as describing the “alternating
thickening and thinning of the primes.”

Of course 1(x) is not continuous, so the sum is not absolutely convergent. This makes it diffi-
cult to draw consequences from the sum. Yet it somehow explains the role of the zeros of zeta,
which predict the “fine structure of the primes.”

Another form of Riemann’s formula is obtained by differentiation. Of course 1(x) is flat except
for jumps, so the derivative must be computed in the spirit of distribution theory. We get

1

P)=1-) xP7! - =D

Here the last term is very small and the significant term is the sum in the middle. Zeros on the
critical line come in pairs, so we should consider xP~1 4+ xP~1. A brief calculation shows that
this expression equals L cos(S(p) In x).

X

\/_

In 2009, David Borthwick gave a talk on prime numbers at Emory University. His slides include
the following astonishing picture of the approximation of 1’(x) using the above formula and
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the first 100 pairs of zeros of the zeta function. According to distribution theory, the sum should
equal a Dirac delta function at each discontinuity of {)(x), and so at the powers of the primes.
Notice sharp peaks at 2, 3, 4, 5,7,8,9, 11, 13, 16, 17, and 19:

ﬂﬂﬂﬂﬂ ﬂﬂnnuﬁununﬂﬂ VAT
LA L A

0 5 10 15 20

Figure 17.8: Approximation of 1’(x) with 100 Zeros of Zeta



Chapter 18

Hadamard’s Theory of Entire
Functions

18.1 Introduction

The fundamental theorem of algebra states that every complex polynomial can be factored as
a product of its roots:

P(z)=C [J(z—-2)

Euler had the beautiful idea of generalizing this result to arbitrary entire functions. We cannot
write

f@=c I -

ZEeros

because this product does not converge; indeed, when an infinite product converges, the indi-
vidual terms converge to 1. But if 4; # 0, we can easily fix this by replacing the term (z — 4;)

with the term
(%) -0-%)
=(1-=
Ai A;
So we might hope that any f(z) can be factored as

f(z)y=C2z" H (1—%)

roots

2
Using this idea, Euler deduced the value of ) iz = %, which made him instantly famous in
n
Europe. To obtain this result, factor sin z as

sinz=CzH(l—ﬂin)=ng(1—ﬂin)(1+%)=CZH(l_ﬂiiz)
n

n#0

207
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Then

: 2
sin z z
=C 1-—
Z H ( 2n2 )
and taking the limit as z — 0 gives C = 1.

Now expand the left side as a power series about the origin, multiply out the right side, and
equate terms. We obtain

Equating the coefficients of z* gives

- 2 ) 4| (2 ) (2] 45 (27

O<m<n m>0 m>0
or
1 7t 27t ot
m4 36 5! 90

m>0

Further work gives the value of the zeta function at every positive even integer. The values of
the zeta function at positive odd integers are completely unknown.

Euler worried that the sine function might have additional complex roots. Eventually he showed

that all zeros are real using the formula sin z = ~——. As a matter of fact, C z 11, 40 ( i)
n
does not actually converge, but the formula obtalned by combining terms with negative and

positive n is rigorously true, as we proved earlier in these notes.

18.2 Weierstrass

Let us now return to the general factorization theorem for entire functions. This factorization
was made rigorous 100 years later by Weierstrass. We covered his theory in an earlier chap-
ter.

It turns out that the conjectured formula

f(z)y=C2z" H (1—/1—l>

roots
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is too optimistic because the product still need not converge. Weierstrass forced convergence
by multiplying (1 — %) by an extra term to make it closer to 1. To make his idea easier to follow,
consider the special case when 4 = 1. Then

(1 _ Z) e—log(l—z)

would be identically one if we didn’t have to worry about the domain of log. If z is small,
L =14z+z*+..and integration gives

1-z
lo (L)—— 442
8\1=z)~ 2 T3 T

Therefore
1 2 23
e~ log(l-2) — elog(;) = Ft Tt Tt
We therefore define 2 n
Eyz) =1 —2) 2"

and replace the term 1 — /15 in the conjectured factorization by

= (7)

for appropriate n. If the 4; are infinitely many non-zero complex numbers, possibly with rep-
etitions, converging to infinity, we can choose integers n; so the product

= (3)

converges in the entire complex plane. If f(z) is an entire function with zeros at the 4; and
such that f(0) # 0, then

is an entire function which is never zero. We earlier proved that we can compute a single-
valued logarithm for such a function, so h(z) = 8@ for some entire function g. Thus we
obtain

Theorem 124 (Weierstrass Factorization Theorem). Suppose f(z) is an entire function with
nongzero roots at A; and perhaps also a root of order m at the origin. Then there is an entire
function g(z) and integers n; such that

f(z) = e8@zm HEni (%)
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The trouble with this result is that there is no information about g(z) and no control over the
integers n;, and thus we do not get explicit formulas which we can “mine” as Euler mined his
factorization of sin z.

18.3 Riemann

Let us return to Riemann’s short paper on the zeta function. This paper starts with Riemann’s
analytic continuation to the entire complex plane, and with the functional equation of the zeta
function. In both of these cases, Riemann gives a completely rigorous proof. After that he
writes conjectures without rigorous proofs. Some authors have called these “anticipations.”
Here is one astonishing case. Riemann introduced the function

z(z — 1)7?/’T (;) ¢(2)

The terms on the left cancel out the pole of zeta and the trivial zeros at —2, —4, ..., and have been
chosen so the functional equation becomes the statement that this function is unchanged if
each z isreplaced by 1 — z. Then Riemann asserts that this function is given by the Weierstrass

product
e—Az (1 - E) e?/P
I{=3

where A =1+ % —In 2\/7_r and the p; are the zeros of the zeta function in the critical strip.
This is the Weierstrass factorization, but the function g(z) has become a polynomial of degree
one and the n; are all 1 and we obtain a specific formula. In particular, the zeros of the zeta
function in the critical strip completely determine the zeta function.

In the years after Riemann, various mathematicians gave rigorous proofs of Riemann’s antic-
ipations. This particular result was proved by Hadamard, and in the process he developed a
general theory of entire functions which has become part of the canon of complex analysis. We
will present Hadamard’s theory in this chapter, and use it to obtain this result of Riemann in
the following chapter. Hadamard’s basic idea is quite straightforward. He showed that we can
control g(z) and the integers n; if we have information about how fast our function grows at in-
finity. We already proved a very simple case of this theory: if f(z) is entire and | f(z)| < C |z|V
for some constant C, then f is a polynomial.

18.4 Entire Functions of Finite Order

z

What sort of growth should we expect if f(z) = e8@z™ [ E, (/1.

We can get a good idea by looking just at the first term

) and g(z) is a polynomial?

1683)| = [eREDITER)| = (REE) < (IR <= (lEDI < ¢Zicg ]Izl
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If |z| > 1, this is bounded by
o Zico lexl )1l

So we expect that |eP@| is approximately e(/#l).

Definition 43. An entire function has finite order if there are positive real numbers p and R
such that whenever |z| > R we have
F@)] < el

In that case, the greatest lower bound of such p is called the order of f.

Remark: The order of f will be denoted p. The inequality | f(z)| < e{?!") need not hold, but for
every € > 0 there is an R such that |z| > R implies | f(z)| < e(12°7),

We often get this sort of estimate with an extra constant, C. That is, for every € > 0 there is an

R such that |z| > R implies | f(z)| < e (I121°*°). This estimate is good enough, for we can find
a larger R, such that |z| > R; implies C < |z|® and then

If(2)] < €€ (277 < o(I12F121°+) = o(1217)

The inequality | f(z)| < e(#°") is equivalent to the inequality log | f(z)| < |z|®*®). A reader
might worry about zeros of f, but near a zero, log | f(z)| will be extremely negative and certainly
satisfy the inequality, so defining log 0 = —oo makes the inequality true also at zeros.

Examples: Polynomials have order 0, e? and sin z have order 1. Notice that cos(\/E) is well-
defined and entire because cos w = cos(—w); this function has order %

18.5 Rank and Genus

Suppose f(z) is an entire function. We can then list its nonzero roots 4;, 1,, 43, .... We always
repeat a root as many times as its order in f, and we list so |[4;] < |4;] < |[43] £ .... We are
interested in factorizations of the form

7 =@z T Eo(F)

where he same integer d is used for each of the “Weierstrass factors.” We need to find a d
making the product converge.

Recall the theory of infinite products developed earlier. It is tricky to define convergence of
infinite products, since we want the infinite product to be zero only if one of the terms is zero
and we want the individual terms in a convergent product to approach 1. Therefore we defined
Hzozl a; = A to mean that when we omit a finite number of initial terms, the resulting infinite
product converges to a non-zero limit, and A is this limit times the omitted terms.



CHAPTER 18. HADAMARD’S THEORY OF ENTIRE FUNCTIONS 212

We want absolute convergence of products so we can rearrange terms, and uniform conver-
gence on compact sets so products of holomorphic functions are holomorphic. Ultimately we
discovered that these conditions would hold if we wrote f;(z) = 1 + g;(z) and required that
Y’ |gi(2)| converge uniformly on compact subsets.

Consequently, [ ], Eq ( ) converges in our sense if and only if )] |1 — E4(z/4;)| converges

uniformly on compact subsets. We then proved that if |z| < 1, then |1 — E4(z)| < |z|¢*!.Since
the roots A; must go to infinity, when we restrict z to a compact subset we have |z/4;| < 1 for
d+1

all but finitely many i, and thus we need only check that )’ /13 converges. Since z isin a

compact subset, this will converge provided
1 d+1

Zl;

converges.

Definition 44. If such a d exists for the nongero roots of an entire function f(z), we say that f
has finite rank. In that case, the smallest non-negative integer d satisfying the result is called the
rank of f(z).

Remark: We will not worry about finding the best possible d. Our theory holds once we find
any d that works. We can then write

f(z) = e8@zm HEd </1£l>

d+1

We will call an expression of this form a Hadamard product if ), H converges and g is a

polynomial.
We can state the main results of Hadamard Theory. These results will be proved in the follow-
ing sections.

d+1
Theorem 125. Suppose f(z) is an entire function and d is an integer such that ), i con-

verges. If the resulting product for f(z) is a Hadamard product, then f has finite order p. Indeed
p <max(d +1,degg).

Theorem 126 (Hadamard). Suppose f(z) is an entire function with finite order p. Then f(z)
has a Hadamard factorization. In fact we can choose a factorization with p < max(d +1,degg).

18.6 Functions with Good Factorization Have Finite Order

Here we treat the easier direction. Assume f(z) is an entire function with a Hadamard product.
We will prove that f has finite order p and p < degg and also p < (d + 1).
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Our function f is a product of three terms, e?®, z™, and 11, Eq (5) It suffices to prove the
Ai
result for each of these terms because then

1£(2)] < e(21P7)e(1z17279) o (121P17) — (1217141212 o4 121P37)
and if p is the maximum of p;, p,, P3, this is at most
e(31217)

and the 3 makes no difference by an earlier remark.

The estimate for e2®) was given at the start of the section defining order, and the estimate for
z™ follows because if € > 0 then log |z"| = mlog |z| < |z|€ for all large enough |z]|.

We now examine the difficult case [ ], E4 (f) We will obtain the desired estimate by carefully

estimating |E;(z)| in three cases: |z| < %, % < |z|] £ 2,and 2 < |z|. Since we are actually
interesting in /15, this corresponds to the cases that |z| is much smaller than the absolute value
of the zero, |z| is close to the absolute value of the zero, and |z| is much larger than the absolute
value of the zero.

In the calculation below, we use the easy facts |z,z,| = |z;| |z,| and |z; + 23| < |z;] + |2z2| and
le?| < el?l.

Lemma 13. Fix a non-negative integer d. There is a constant M > 0 such that forall z € C
log |[Eq(2)| < M|z|**!

log |E4(2)| < M|z|?

22
z+—+..+
2

Proof: The calculation is easiest when 2 < |z|. By definition, E;(z) = (1 — z)e( 7>. and

SO
|z|? |21
log |Ed(Z)| < 10g|1 —Zl + |Z| + T + ..+ T

This expression is clearly bounded by C|z|? for some constant C. Since 1 < |z|, we also have
log |E4(2)| < Clz|**!,

k
2 _ Z
Next we consider |z| < % Since |z| < 1,log(1 —z) = — (z + Z? + ) and Ey(z) = e Zioa

and so
Zd+1

Zd+2
log |[E4(z)| = —Re 151 + 112 + ...
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Since the real part of a complex number is at most its absolute value and the denominators in
this series are at least 1, we have

log |[E4(2)| < (Iz]% + 2|92 + ..) = 2|9 (1 + |z| + |z[> + ...)
1
But |z| < 5> 80
log |E4(2)| < 2|z|4*+

Because |z]| < 1, this also implies that

log|Eq(2)| < 2|z|*

Proof of Lemma, concluded: The final case is % < |z| < 2. Notice that E;(z) is defined every-

where and zero only at z = 1. Hence log |E4(z)| is the log of a function which is real-valued and
positive except at z = 1, and in particular is continuous except at z = 1. Moreover, as z — 1,
the term |1 — z| approaches zero and the exponential term has a finite limit. Thus log |E;(2)|
approaches minus infinity at this point. Consequently, log |E;(z)| is bounded above by some
constant D on % < |z| £ 2. Then trivially on this set

log |Eq(2)| < Clz|*

log |[Eq(2)| < C|z|**!
where, for instance, C = 294+1 D,

Proof of Theorem, concluded: Finally we must estimate

L ()] = e ()| < 27

d+1
converges. Thus M times this sum is a constant C and

d+1 d+1

IOg |z| d+1

1
:le/l_i

Recall that we are assuming Z ‘%

log

T1E4 (f)' < C|z|%*! and thus

IT%(3)

Putting these three results together, we find that our product has order p where p is at most
deg P(z) and at most d + 1.

S e(clzldJrl)




CHAPTER 18. HADAMARD’S THEORY OF ENTIRE FUNCTIONS 215

18.7 Jensen’s Formula

Now we want to prove that every entire function with finite order can be written as a Weier-
strass product with finite genus. This is Hadamard’s central result. The first crucial step is to
obtain an integer d such that the sum below converges:

1
Ny

d+1

This step uses Jensen’s formula, which we now describe. Suppose f(z) is holomorphic on an
open set which contains the closed disk D(0, r) and suppose f has no zeros on this closed disk.
Since an open neighborhood of the disk is simply connected, we can define log f(z) and apply
Cauchy’s formula to obtain

|
log f(0) = 5= f| ) Ogg(g) a¢

Parameterizing the path by y(t) = re for 0 < t < 27 gives

27 i 27
1 log f(re®®) . 1 .
log f(O) = %l re—ielrele dé = %/0‘ lOg f(re‘e) doe

Taking the real parts of both sides gives a final result

1 27
log /O)| = 51 [ logl(re) do
0
Notice that log | f| is the real part of log f and so harmonic; our formula is then just the mean-
value property of harmonic functions.

Jensen’s formula generalizes to the case where f has zeros inside the disk, and gives an ex-
tremely useful estimate on the number of such zeros in terms of the rate of growth of f.

Theorem 127 (Jensen’s Formula). Suppose f is holomorphic on a neighborhood of the closed
disk D(0, r). Suppose f is not zero on the boundary of the disk or its center. If the remaining zeros
in the disk are 44, ..., A, each repeated according to its multiplicity, then

27
log |f(0)] +210g(ﬁ) = f log | f(re'®)| d6
i 0

Proof: Recall that the automorphisms of the open unit disk have the form

n Z—Z
_)eze i
1-2zz,

z
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where z; is a point inside the disk and 6 is a fixed angle. This map sends boundary points of
the disk to other boundary points, and sends z, to the origin.

If z, is a point in the interior of D(0, r), define a map from the closed D(0, r) to the closed unit
disk by mapping z to é and mapping z, to ZTO and following this by the automorphism of the

unit disk which sends 2 to the origin. Thus the map is
r

z oz

r 7 r(Z_ZO)
zZ = =

_&  r-zg
r2

This map sends z, to zero, has no other zeros in the closed D(0, r), and has absolute value 1 on
the boundary of D(0, r).

Let
f(z)

r2—z};

g(z) =

This map is holomorphic on an open set containing the close D(0,r) and has no zeros on or
inside this disk, because the zeros of the denominator exactly cancel out the zeros of the nu-
merator. Moreover, |g(z)| = |f(z)| on the boundary of D(0, r) because the absolute value of
the denominator on this boundary is one.

Apply the special case of Jensen’s lemma to log |g(z)|. It gives

27
1 .
log lg(0) = 51 [ logl(re) dé
0

because the denominator has absolute value one on the boundary. Notice that

i
g

-1
o =log|f(0)| + ) log

log |g(0)| = log | f(0)| — Y log =log | f(0)| — > log

r
i
QED.

Corollary 29. Suppose f is entire and f(0) = 1. Let n(r) be the number of zeros in the disk
D(0,r), counting multiplicities. Let M(r) = max|f(re®|, that is, the maximum of |f| on the
boundary of D(0, 7). Suppose f has no zeros on the boundary of B(0, 2r). Then

n(r)log2 < log M(2r)
Proof: By Jensen’s formula applied to f and D(0, 2r) we obtain

Z log

1 2
- i6
= fo log | f(2re®®| d6 < M(2r)

2r
A
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If|4;| £1,then /1— >2and log —| > log 2. Thus the sum of terms on the left with this property

contribute at least n(r)log2to the left side. Ignore all other terms, making the inequality even
stronger. QED.

18.8 Finite Order Implies Finite Rank

Theorem 128. Suppose f(z) is an entire function with finite order p. Choose d = |p|. In other
words, d < p < d + 1. If A; are the non-zero roots of f, then

2

d+1

converges.

Proof: Without loss of generality, we can suppose that f(0) # 0 and indeed f(0) = 1. For if
f has a zero of order k at the origin, we can replace f with c& for an appropriate nonzero

constant C. All the non-zero roots are unchanged and we will show that the order is still at
most p. Indeed

log =log|f(z)| —log|C| — mlog|z| < |z|P*¢ —log|C| — mlog|z]|

and it is enough to show that this is at most |z|°*%¢ for large z, or
|21P*¢ — log |C| — mlog |2| < ||+
Dividing by |z|°*¢, we need to show that

—log|C| —mlog|z|

< €
e <

This is clear because the denominator of the quotient is at least |z|¢ and this will eventually
swamp the numerator, so the left side goes to 1 for large |z| while the right side grows indefi-
nitely.

If M(r) is the maximum value of | f| on the circle of radius r and n(r) is the number of zeros of
f in this circle, we proved the n(r)log2 < log M(2r) and thus

log M(2r)

<
n(r) < log2

Since f has order p, we have log M(2r) < (2r)°*¢ = 2°*¢rP*< for large enough r, and so

o+e

n(r) < 2 pPte

log2
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We are only interested in this inequality for small €, so we can assume that ¢ < 1 and then the
o+1

first factor on the right is at most 12 >
og

enough r, this constant is smaller than r¢ and n(r) < r°*%. Since 2¢ is another arbitrarily small
number, we conclude that for any € > 0, we can find R such that r > R implies

, a number that does not depend on r or €. So for large

n(r) < rPte

Arrange the roots so 0 < |4;| < [4,] < |43] < ... and notice that k < n(|4;|). On the other
hand, we have n(|1;|) < |A|°*€ for all large A, by the previous result. So for all large k,

ke < |4k |Pe

Recall thatd < p < (d + 1). Sowhen p + ¢ < (d + 1) and k is large and |4, | > 1 we will have

k < |29 and so
d+1

<

1

1
e k

We want the sum of the terms on the left to converge, which would be true if the sum of the
terms on the right converged. So we are almost, but not quite, in business.

To finish, we must use the inequality p + ¢ < d + 1 in a more sophisticated way. Start with the
inequality
k < |Ag|PTe

. . d . . .
and raise both sides to the power %1 Raising positive real numbers to any positive power
p+e

preserves inequalities, so we have
d+1

k; < |/1k|d+1

and so for all large k
d+1

d+1 a*l
(2"
—\k

Since 1 < d—il, the sum of the terms on the right converges and thus the sum of the terms on
p+e
the left converges.

1
Ak
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18.9 The Hadamard Factorization Theorem

Theorem 129. Let f(z) be an entire function with finite rank p. Letd = |p],sod < p <d + 1.
d+1

converges. Therefore P(z) = [[ E4 <£> converges

If A; are the nonzero roots of f, then ) /1
i

1
Ai
to an entire function with exactly the same nonzero roots as f, and we can write

@) = 52z [ Eg (f)

Moreover, g(z) is a polynomial of degree at most p.

Proof: It suffices to assume that f(0) # 0, for otherwise there is an m such that 1@ is holomor-

zm

phic and takes a non-zero value at the origin, and easily f and L have the same order and the
Zm
same canonical product and f = e8z™ [ | E; if and only if L et T] Ea-
Zm

We need only prove that g is a polynomial of degree at most p. But unhappily, this is the most
difficult step. On the internet many different proofs can be found, some incomplete. It is quite
easy to prove that g(z) is a polynomial if we know that 8 has finite order. The problem is

that we define
S I C

11 ;)

so showing that e8 has finite order involves finding a lower bound for [ [ E4, and yet this product
has zeros. These zeros are cancelled by zeros of f, of course, but a mere lower bound on the
product will not work.

We'll take a different approach. We will obtain a convenient formula for g(z). Differentiating
this formula many times gives similar formulas for the various derivatives of g. If we write the
formula for the pth derivative of g where p > p, we find that this pth derivative is zero, and
thus g is a polynomial. This approach ultimately uses the fact that f has finite order, which we
know, rather than the fact that e8 has finite order, which we will not know until we prove that
g(z) is a polynomial.

Remark: When we are faced with a product and want to differentiate, it is useful to compute
the logarithmetic derivative

f'@)

f(2)

because the derivative of the product is then the sum of the derivatives of the terms. For exam-
ple, the logarithmetic derivative of fg is

d
1 log f(z) =

fe+fe _f. &
fg f g
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2d
The logarithmetic derivative of E;(z) = (1 — z)eer 2 o d is therefore

—L+(1+z+z + ..+ 2971

and the logarithmetic derivative of E4 (/1) is

1 1 z z

The logarithmetic derivative of [ [ E4 (f) is

(- Lliz.2, 2
S\ h—z n T p T

We get a beautiful formula by differentiating this expression d times:

d z
e EHEd(Z-)

!

Since et = f (][] Ed)_l, taking logarithmetic derivaties of both sides gives g’ = r_ > % and

so f Eq
(d+1) d¢
8 - dd+1 +dl Z (/1 — d)d+1

This ends the easy algebra. To finish the proof, we need only show that if f(z) is entire of order
pandd < p < (d + 1), then

/ (o]
1
U dry, —
dd+1 f = (/11_ — d)d+1
The demonstration that this is true is ingenious, and starts with Poisson’s formula for harmonic

functions:

Theorem 130 (Poisson’s Formula). Let u(z) be a real-valued harmonic function on an open set
which contains the close disk D(0, R). Then u inside the disk is completely determined by its values
on the bounding circle of the disk, by the following formula:

; 1 [ R2 —y2 ;
u(re®) = 27 _/ (RZ — 2Rr cos(¢p — 0) + r2) u(Re'?) d




CHAPTER 18. HADAMARD’S THEORY OF ENTIRE FUNCTIONS 221

Proof: Find v(z) so f(z) = u(z) + iv(z) is holomorphic on an open set containing D(0, R). To
do this, solve the Cauchy-Riemann equations

su_ _ou
dx  dy
o0 _ ou
dy  ox

By standard advanced calculus, these equations can be solved on a simply-connected open set
because the integrability conditions below are satisfied, since u is harmonic.

2 (L) 2 ()
dy \ dy/ ox \ox

Now apply Cauchy’s theorem to f where y is the counterclockwise circle around the boundary

2
of B(0, R) and z is inside this circle, and thus RT is outside the circle:
z

omift - [ 1% _ [ 1048
¢

-z Je B
z

From here, the proof is easy algebra. Let z = rel® and ¢ = Re!® and note that

RZ

1 1 Z—? _ ZE—R2 —
(-z (& - (-gz-(T+ T dg‘(gzz—;zz—s“mzm)_

z

e R \&_( RopP &
=R? ra I
(since ¢¢ ) (§E+EZ 2P +R2)) ¢ <|z|2 —2R(z¢) +R2> ¢

R? — 2 iRe'®d¢ R% — 2 dé
=1
r2—2Rrcos(¢p —6)+ R2| Rei¢ r2 — 2Rr cos(¢p — 6) + R?

27 22
foety = [ f(Rei¢)( K1 )d¢
0

So

r2 — 2Rr cos(¢ — 6) + R?

In this last expression, everything is real except f on the two sides of the equation, so taking
the real part of each side gives Poisson’s Formula. QED.

Remark: For both holomorphic and harmonic functions, the values inside a disk are deter-
mined by the values on the boundary of the disk. But there is a crucial difference. If we start
with an arbitrary continuous function on the boundary of a disk, Poisson’s formula defines a



CHAPTER 18. HADAMARD’S THEORY OF ENTIRE FUNCTIONS 222

function inside this disk. It turns out that this function is C*® and harmonic inside the disk,
and converges to the given function on the boundary. So Poisson’s formula solves the boundary
value problem for the Laplace partial differential equation and becomes the first key result in
the theory of harmonic functions. Luckily, we do not need to know this result.

Remark: Our proof of Jensen’s formula started with the Cauchy Integral Formula. We obtain
a different useful result by using the same technique starting with Poisson’s formula.

Theorem 131 (Poisson-Jensen). Suppose f(z) is a holomorphic function on an open neighbor-
hood of the closed disk D(0, R), and suppose f(0) = 1 and f has zeros A, ..., A,, inside the disk
and no zeros on the boundary. Then for all z = re'® inside the disk,

lkZ

log | f(2)| = - Zlog Re—i)

1 (7 R? —r?
— 1 Rel®)|d
T -/o‘ R? — 2Rr cos(@ — ¢) + r? ogl/(Re™)lde

Remark: Since f has zeros inside the disk, the left side is sometimes undefined. But near these
points, | f(z)| is almost zero and log | f(z)| is almost minus co. Moreover, the first term on the
side right is also almost minus oo close to these points. So in a sense the formula is also true at
the zeros of f.

Proof: As in the proof of Jensen’s formula, define

_z
h(z) = f(2) H —

k)

The extra term cancels the zeros of f, so h(z) has no zeros inside or on the disk. Moreover,
as before the extra term has absolute value 1 on the boundary of the disk. Notice that h is
holomorphic so we can form a holomorphic function log h(z). The real part of this function,
log |h(z)|, is harmonic. Apply Poisson’s formula to log |h(z)|. The integral on the right side of
Poisson’s formula is exactly the integral in the Poisson-Jensen theorem because the absolute
value of our additional factor is one on the boundary of the disk. The rest of the formula follows
because

/‘lkZ

log |h(2)| = log|f(2)| + Zlog m

d !
Continuation of the Proof of Hadamard’s Theorem: We now construct a formula for d‘jT (%)

Notice first thatif f(z) = u(z)+iv(z) is any holomorphic function, we can compute Z—J; knowing
only u. Indeed
df _du  .0v _du L

dz " ox T'ox " ax 6y
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f'(@)

The complex derivative of log f(z) is — ) and the real part of log f(z) is log | f(2)|, so

fr_ 9 N

L= —i=1

7= ax og|f(2)| e og |f(2)|
We now compute each of these partials by differentiating the Poisson-Jensen formula for log | f(z)|:
f (5 ) R =Zz| | 1 fzﬂ R2_ 2 _
TR ) | R ey Rl M e e pwet G L

These partials applied to each term of the sum give the logarithmetic derivative of the terms
without absolute values by reversing the previous argument, so this term is

which we prefer to write

Proof Continued: It is useful to rewrite the Poisson kernel as R ( ) Indeed,

(§+z) 1 (§+z E+E> 1<2§Z+2zE+(zE—§E)+(§E—zE))
m = — + = = — — —
(—z) 2\¢-z ¢_z) 2 $¢— (28 +¢2) + 2z

RZ _ },2
"~ \ R2 —2Rrcos(6 — ¢) + r2

This is the only term in the integral which depends on z, and when we compute (ai — l;) of
x y

it, we just get the derivative of g—
-z

Putting everything together, we get

27

f@' _ i o A1 2Rei?

— > log | f(Re'?)|d¢
f(Z) k=1 k - Z k=1 R? — /1kZ 2 0 (Rel¢’ — Z)




CHAPTER 18. HADAMARD’S THEORY OF ENTIRE FUNCTIONS 224
Differentiating this d times gives

a (@) _ . 1 5 it
dzz(%>"dlzm+dlz—

k=1 i=1 (R2 — Ay z)d+1

2w l¢ )
+(d + 1)!—1 f _ 2Re? log | f(Re'®)|d¢
27T . d+2
0 (Re'®—2z)

Proof Concluded: Finally, we let R - oo. The first term of the above sum only depends on
the roots of f inside D(0, R), so it changes by summing over more roots. In the limit, this term
converges to exactly the result we need to complete the proof. To finish the argument, we must
use the hypothesis that f has order p to show that the last two terms converge to zero.

2

Consider the second sum. Suppose 2|z| < R. Then if |1;| < R we have |R? — ﬂz| > R?

( ﬂ ) ( 2 >d+1
- — S Y
R2 — /1kZ R
So if n(R) is the number of roots inside D(0, R), the second term is bounded by
d+1
2

12

d! ( R) n(R)

As a corollary to Jensen’s formula, we proved that n(R)log2 < log M(2R). In turn, this is at
most (2R)?*¢ for large enough R. So the second term is bounded by

and
d+1

d+1
2 1
di(2) —=Q@Ryt
(R ) log2 (2R)
This is a constant times

Rp+e—d—1

Since p < (d + 1), the exponent is negative for € small enough, and for such ¢ the term goes to
zeroas R — oo.

Finally we handle the integral term. Notice that

a Rei® ) d¢
/o. (Rei® — z)d+2 d¢ = (i) /;: (€ — z)d+2 d¢ =0

because the integrand is the derivative of another function over the entire path of integration.
Consequently we can replace log | f| by log | f| — log M(R) where M(R) is the maximum value
of log | f| on the boundary circle. We want to estimate

2 i¢ .
@rings [ =2 (log ke - logM(R) dg
T Jo (Rei¢ — z)
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If |z| < g,we have
2Re'®

2R

(g)d+2

Since M(R) > |f(Re®|, logM(R) > log|f| and M(R) — log|f| > 0, so the integral is at
most

Rd+1

1243, 1 (7 1
— — _
(d+1)! (271 /O log M(R)d¢ I /O.

1 2m 2d+3 i%
@ ins [ 2 (g MR - log f (Re)) d =
0

2

log| f(Re'®)|d¢)

27 Rd+1

By Jensen’s formula, and using f(0) = 1,

1 o R
_ ip = _
Zﬂl log |Re'?|d¢ E log ]

The term I/% > 1 because |1 | < R, so log If;l > 0and
k k

1 2
—_ ip
o fo log | f(Re'®)|d¢ > 0

Therefore the integral is bounded by

d+3 2d+3

log M(R) < (d + 1)l 2__Re+e

12
| —
(d+1)! 37 RA

27 Rd+1
This is a constant times R°*¢~4~! and since p —d — 1 is negative, the entire exponent is negative
for small enough € and then the expression goes to zero as R — co0. QED.

Corollary 30. Suppose f is an entire function with finite order that is not an integer. Then f has
infinitely meny zeros.

f(z)
IIGz-2)
zeros. Easy estimates show that h would still have order p. By Hadamard’s theorem, g(z) is
a polynomial, in that case h(z) = e8® would have order deg g, which is an integer. This is a
contradiction.

Proof: If f had finitely many zeros 4;, then h(z) = would be an entire function without




Chapter 19

More on the Zeta Function

19.1 Order of the Zeta Function

Recall that the Zeta Function {(z) is meromorphic on the entire plane. It has a pole of order 1
at z = 1 and no other poles. It has simple zeros of order 1 at z = —2, —4, —6, ...; all other zeros
are in the strip 0 < Rz < 1. This function satisfies the functional equation

{(z) = 2227 Lsin (%) I -z)X1-z)

Previously we rewrote this equation using properties of I'(z) and sin z:

1

77721 (g) {(z) = n~ =221 ( ) (1 -2)

-z
2

The new function is unchanged when z is replaced by 1 — z. The function I'(z/2) has simple
poles at 0, —2, —4, ... because I'(z) has simple poles at the non-positive integers. The poles of I

at negative even integers cancel the zeros of {(z) there, so the above function only has zeros in
the critical strip. It has simple poles at z = 0,1 and no other poles.

This caused Riemann to introduce the function
— N 7z2r (2
zl—2z)7m F(z)g’(z)

which is entire, is unchanged if z is replaced by 1 — z, and has zeros only in the critical
strip.

Theorem 132. The function f(z) = z(1 — z) 77%/2T (g) ¢(2) has order exactly 1.

226
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Lemma 14. The order of f(z) is at least 1.
Proof: We will prove this by looking at the growth of f(2n) as n — 0. Since

1 1
{(x)=1+2—x+3—x+...
¢ is a decreasing function of x. Thus for 2 < x we have
2
1<¢(x) < % <2

So we can ignore {. The remaining terms at 2n can be approximated using Stirling’s for-

mula:
-n _n/m\" /2m
2n(1 — 20)7"T(n)| ~ [2n(1 — 2n)| T (Z) ,/7

n
This is larger than 7" (E) n~1/2, We want to show that this expression grows faster than e>")
e

and thus that its logarithm is eventually larger than 2n. But this logarithm is
1 1
—nlogm +nlogn —n— 3 logn = n(logn —logm — 2) + (n - ilogn)

and eventually log n—log 7 —2 is greater than 2 and n— % log n is greater than zero. QED.

Lemma 15. The order of f(z) is at most 1.

Proof: By invariance when z is replaced by 1 — z, we only have to consider z with R(z) > 1/2.
It suffices to show that each of the terms in f has order at most 1. This is trivial for z(1 — z).

z

Notice, however, that this term cancels out the pole of T (2) at z = 0, so we can ignore the
poles of T in R(z) > 1/2 and only study growth for large |z|.

logm
2175~

We have |77%/2| = |e72/2187| < ¢ <el?l

Thus it suffices to study the growth of the gamma function and the zeta function. We begin with
the Gamma function. By Stirling’s formula for the complex gamma function, when R(z) > 0
we have

logI'(z) = (z - %) logz—z+ %log(Zn) +0(|z|™)

The singularity near the origin has been cancelled by the term z(1—z), so everything is bounded
for small |z|. Thus we can assume that R(z) > 0 and |z| > 1. It suffices to show that

|log ['(2)| < |z|'*¢
and this will follow if for all large |z| we have

(z — %)logz —z| < |z|'*




CHAPTER 19. MORE ON THE ZETA FUNCTION 228

But applying very gross estimates so we almost give away the farm gives

(-3)!
z—5)logz—z

and if € is given in advance, then (2log |z| + 27 + 1) < |z|¢ for sufficiently large |z|.

<2|z|(log|z| + )+ |z|] < |z|(2log|z| + 27 + 1)

To complete the proof, it suffices to control the growth of {(z). Very early in these notes, we
included a picture of the absolute value of the zeta function. Here is that picture again:

Figure 19.1: f(z) = {(2)

Notice that aside from the pole at z = 1, the absolute value of the function is actually very
small everywhere on R(z) > % We only need to estimate |{| on this set. This suggests that if
we play our cards correctly, the proof should be very easy. Keep that in mind while reading the
following argument.

The pole of { has been cancelled by the term (1 — z), so f is bounded on any disc |z| < B and it
suffices to assume R(z) > 1/2 and |z — 1| > 1. We’ll use an argument which analytically con-
tinues the zeta function to R(z) > 0 using an integral formula which can be easily estimated.
We start by assuming R(z) > 1 and writing

1 1 1 1 1 1 1 1 1
g(Z)=1+§+§+E+...=(E—§>+2<§—?>+3<§—E>+...=

) n+1 1 [ n+1 1 [ 1
zzln e dx=zZ [xsz+1 dx=z/1 [xsz+1 dx
n= n

n=1vn

Here | x| is the largest integer smaller than x. Notice that

z
z—1

o0 1 x—Z+1 ©
z X dx =1z =
) xz+l1 -z+1

1

So

$@) = = —zf (= x]) —— dx
1

z—1 xZ+1
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Here (x—| x|) gives the fractional part of x and thus is a sawtooth function which varies between
0 and 1. It immediately follows that the final integral converges. Consequently all previous
steps involved convergent series.

The final formula has several significant features. First, the pole at z = 1 has been isolated out
as the term il and is no longer part of the integral. Second, the integral actually converges

absolutely for R(z) > 0, because the absolute value of the integrand is bounded by x~#(®-1

and the integral of this expression is
oo

1
ch{(z) 1

which is finite.

Lemma 16. The integral converges absolutely and uniformly on R(z) > i and thus defines a

holomorphic function on this set. Since the entire expression including —Zl agrees with {(z) when
7
. . 1
R(z) > 1, it is the zeta function on R(z) > "

1
dx.
xz+1

Each of these expressions is holomorphic in z, so the integral from 1 to N is holomorphic in
z. It suffices to prove that it converges uniformly to the integral from 1 to 0. The difference
between the finite integral and the infinite integral is

/’@—upl dx
N

xZ+1

Proof: The integral from 1 to N is a sum of finitely many integrals of the form fnn+1(x—n)

and the absolute value of this expression is bounded by

o)

11
x R@) NG

1 11
v xR@+1 - N(z) xR
Since R(z) > i, the first term is bounded by 4 and the second term is bounded by %\/ﬁ There-

. . . . 1
fore this error goes to zero uniformly over the entire domain R(z) > " and we are done.

Lemma 17. The expression (1 — z){(z) has order of growth at most 1 on R(z) > %

Proof: Since (1 — z) is a factor of f(z), this estimate suffices for us. Note that

1
dx
xZ+1

(1-2X(2) = 2 +2(1 - ) f (= Lx])
1

The absolute value of the integral is bounded by

(o] —
f M@ gy — x—R@
1 —R(2)

(e 0]

1
= <2
T
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Consequently, the order of growth is far smaller than 1 on this set; indeed the absolute value
of our expression is bounded by a constant times |z|?. QED.

Completion of the proof: Finally, we prove that our integral defines a holomorphic function on
R(z) > 0. Notice that we only need this for R(z) > i because we only care about order on

R(z) > % We will restrict to this set because it will make the argument easier. Indeed, now
the integral converges uniformly on the entire space.

19.2 Infinitely Many Zeros in the Critical Strip

Theorem 133. The Riemann Zeta Function has infinitely many zeros in the critical strip.

Proof: Let f(z) = z(1 — z) 7~%/°T (5) ¢(z)and let g(z) = f (% - z). Now f is entire and its
only zeros are in the critical strip and f(z) = f(1 —z). So g(z) is entire and its only zeros are in
the strip —% <Rz < };1 and g(—z) = g(z). So g(z) can be given by a unique power series about
the origin, and yet when we replace z by —z, the power series does not change. It follows that
this series only has even terms, and thus g(z) = h(z?) for an entire function h.

Since f has order 1, g also has order 1 and h has order L. This is not an integer, so h has
infinitely many zeros, and therefore g and f have infinitely many zeros.

19.3 The Product Formula

Theorem 134. The zeta function is given by a product formula
—-z/2 Z — pAzZ Z -
zZ(z—-1)m /F(E)g(z)—e H(l—E)eP

over the zeros p in the critical strip, where A is some complex constant.

Proof: Thisis a consequence of the Hadamard Factorization Theorem, since this function is the
negative of z(1 — z) 7~%/2T (2) ¢(z), which has order one. We expect the first term to be eB+42,

and only need to prove that B = 0. To do that, we substitute z = 0. Then e? is —zI" (g) £(0).

But we proved earlier that {(0) = —%, o)

e = —timzr(3)(=3) = tm3 1 (3) = timr (5 +1) =

and B = 0. We will prove that A = log 2\/; —-1- g in the next section.
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19.4 A Product Formula for the Zeta Function

Using the previous result, we can find a product formula for the Zeta function. Since
-z z — LAz Z -
zz-1Drx /ZF(E)Q’(Z)—e H(l—;)eﬁ

we have

@)= ;o 1>”Z/zr(15)eAz I1(1-3)e
2

However, we earlier proved that

z

L:G(z)=ze}’zl_[(1+%)e7

F(Z) n>0
So . z
— z/ZE yz/2 i -z/(2n) ,Az ( _E) 5
{(2) z(z—1)7t Se H(1+2n)e e H 1 5 er
n>0
and so
Theorem 135.
1 eAZ+§ z z\ Z
— z/2 £ \,—z/(2n) _ 2\,
$(2) P > E(H_Zn)e H(l p)eﬂ

Remark: Notice that this product clearly shows the pole at 1, the trivial zeros at —2, —4, —6, ...
and the non-trivial zeros in the critical region.

Taking the logarithmetic derivative, we obtain
Theorem 136.
'(z) 1 In 7 4 1 1 1 1
_g(z) Tz—-1 2 _A_E_Z<Z+2n_%>_z<z—p +E>

n>0

Remark: We proved that £(0) = —%. We will prove that ¢’(0) = —i log(27) at the end of this
chapter. Substitution in the above formula shows that A = log(2\/;) -1- g

Remark: On the other hand, if R(z) > 1, we have {(z) = [| 1_11 . We computed its logarith-

Z

p
metic derivative just before proving the prime number theorem. We repeat that calculation
here.
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$'(z) Inp
cER e TR R >

nz
nzlp

If n is a positive integer, define
Inp ifnisapowerof p

An) =
0 otherwise

Theorem 137. IfR(z) > 1,

¢'(2) 3 A(n)

(@) &z

Remark: A glance back to the section on the prime number theorem shows that we introduced
the function

PY(x) = Z A(n) = Z logp

n<x pm<x
and proved that the prime number theorem is equivalent to the result W(x) ~ x.

Riemann’s ultimate goal in his paper was not a proof of the prime number theorem, but rather a
formula for the number of primes below a given limit. He found a rather complicated formula,
which ultimately depended on the non-trivial zeros of the zeta function. But he only sketched
a proof, and a rigorous proof was not found until 1895, in a paper by von Mangoldt. In this
paper, von Mangoldt found a much easier formula of the same nature for ¥(x), and almost all
later authors use that formula rather than Riemann’s. Here is von Mangoldt’s formula:

Theorem 138 (Riemann, von Mangoldt). The function W(x) is given by the formula

—2n
PY(x) = x — log(2m) — Z %o + Z x2n

n>1

Remark: This is an astounding formula, because W(x) is a discontinuous function, Tit rises
by a step at each power of a prime. It can only be a sum of continuous functions if the sum
does not converge absolutely, and Riemann’s sum doesn’t. This makes it difficult to draw other
conclusions from the sum, since the trick of rearranging the terms isn’t available. But the result
is so astonishing that we can admire it even when we cannot use it.

Notice that the initial term is x and the prime number theorem is equivalent to the assertion
that ¥(x) ~ x. So by that theorem, the first term dominates and the non-trivial zeros of the
zeta function cause smaller irregularities in the distribution of the primes.
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The last term comes from the trivial zeros of the zeta function. The function ¥(x) is counting
numbers that are prime powers, so we use it when x > 2. In that case the last term is at most

n
Zn>1 (%) = 1. So it is irrelevant, as are small constants. Therefore in essence the theorem
says
XxP
Yx)=x— ), —
)

and implies that the irregularities in the primes are entirely due to the zeros of ¢ in the critical
strip.

Remark: Actually, the last term can be evaluated explicitly. This term is

Z”“%L+L+L+>
2n \2x2  4x4  6x6

n>1
and its derivative is
(1+1+1+>_1 1 1 ! x
x30x5 X7 X3 1 x(x—1)(x+1) x x2-1
x2

so up to a constant it equals log(x) — % log(x?—1) = % (log x* — log(x? — 1)) and thus

1 1
-3og(1- )

Once we know this result, we can prove it an easier way. Start with %r =1+t+t*+..and

3
integrate both sides from 0 to x to obtain —log(1 — x) = x + x? + x? + ..., which is valid when

|x| < 1. Substitute iz for x to obtain the following when 1 < x2:
X

—lo <1_i>—i+li+li+
& x2)  x2  2x% 3x6 7

Divide both sides by 2 to obtain

Zx_zn—i_ki_ki_k —_110 (1_i>
2n 2x2  4x*  e6x6 T 2 & x2

n>1

Remark: Recall that the critical zeros are symmetric about the line x = % and about the line
y = 0. We have been a little sloppy about that term, since the formula requires that we compute
this sum by taking a limit of finite sums over symmetrical regions 0 < R(p) < 1,-T < J(p) <
T.
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Thus zeros on the critical line count with their conjugate, and zeros off the critical line count
with three other similar zeros. Let us determine the contribution of zeros on the critical line.
Such a zero has the form p = 5t iy and the contribution is thus

P xxV xx~v iy cos(y log x) + i sin(y log x
X _ \1/— 4 \{— _ \/;29{ - X — \/; 29{ (y g 3 (y g )

\/— cos(y log x) + 2y sin(y log x)
X l + 2
2Ty
Thus the size of the contribution from non-trivial zeros is approximately \/)_c and their contri-
bution oscillates, with an oscillation that is slower and slower as x increases. Riemann had a

wonderful expression for this feature. He said the non-trivial zeros caused alternating thick-
ening and thinning of the density of the primes.

The first non-trivial zero of the zeta function is at % + 14.1347i. Plugging y = 14.1347 into the
above formula and plotting gives

0.6}

So the first approximation to W(x) looks like

20
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Thelink http://ism.uqgam.ca/~ism/pdf/Hutama-scientificreport.pdf points to a paper
by Daniel J. Hutama, in which he calculates this formula using Sage and provides the graph
using the first ten non-trivial zeros, and then the first 100 non-trivial zeros.

—y(x) + lnﬂ(z )
(27

207 | —y(z) + log(27), 10 non-trivial zeros

20

ol — () + log(2m) o ~—
—'t,-"'[.(_r)—-—lnn( 7), 100 non-trivial zeros
15|
e
10
5_
5I 10 1|5 2|0

19.5 Sketch of the Proof

We'll give a very rough sketch of the proof, omitting all details.


http://ism.uqam.ca/~ism/pdf/Hutama-scientific report.pdf
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In analysis there are three important integral transforms, which convert one function to an-
other function; the Fourier transform, the Laplace transform, and the Mellin transform. We
discuss these in a later chapter.

Here is the Mellin transform with its inverse:

fo= [ xS
0

c+iT

- -y £
fx) = Sl 711m - xYf(y)dy forany large real c

This transform converts a function of a real variable f(x) to a function of a complex variable
f(), and the inverse transformation recovers the original f.

The proof will use the inverse transform without mentioning the direct transform. It is con-
venient to slightly change notation. So we define an integral transform from a function of a
complex variable f(z) to a function of a real variable f(x) by

o+oo z
oo = 5= f f(@)~ dz

We integrate along a vertical line in the complex plane with real part o. By Cauchy’s theorem,

the result should be independent of ¢ if f(z) has no singularities in the region from one o to

{'(2)

another. We will apply this transform to — , which has singularities whenever ¢ has a zero

z
or a pole. Since there are no poles for R(z) > 1, the transform should be independent of o
provided o is in this region.

The proof begins with a calculation known as Perron’s Formula, which almost immediately
explains why we find this integral transform useful.

Lemma 18 (Perron’s Formula). If f(z) = 1, then f(x) =0forx <1land1 forx > 1.

We will not prove this, but we will use it. Suppose, then, that f(z) = L. Then the transform
nZ

is
g+o0

1 x\? 1
— =) =-d
27i (n) z z
ag—0o0
and this is zero for I <1landoneforZ>1.1In short, it is zero for x < n and 1 for x > n. Thus

()

when we apply the transform to Z , integrating term by term, the result is

Z A(n) = ¥(x)

n<x
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So far, the integral does not depend on o, except that we require o > 1 so we can apply the
formula

Y@ <« An)
@ ‘§ n?

We now want to push o left. We no longer have the formula ) @, but we still have the
nZ

formula derived from the product formula of the zeta function. So we can use the terms of that
formula to determine the effect as we push left.

Notice, however, that the transform of any constant is a function which equals that constant
right of 1, but zero left of 1. So we must add any constant in our formula on the left to our
formula for W(x) to insure that our calculation still gives the value of W(x).

More generally, any term g(z) on the left contributes g(0) to our formula for W(x).

But in addition, terms with poles or zeros contribute other terms as we move left. Consider,
1 oo . o
for example, the term g Let us compute the contribution from moving across this singular-
—

ity.

Let us write /. for L times the integral over the vertical line with real part o. Then

LA )1

The second expression is essential a contour integral around the singularity, so

zZ —

Y(x)=x+ /
1—€

In this way, we have unfolded the first term in the explicit formula for W(x).

1 xZ
[_6=W(x)—Res1< 1?>=lP(x)—x

In short,

But notice that the term - also contributes its value at the origin, which is —1. So in total this
term contributes x — 1.

Next come several constants, and they contribute themselves to the formula.

Consider next (L + l). This term contributes

z—p P
1 z P
Resp< x_)zx_
zZ—p z
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But the term — also contributes its value at the origin, —L. The additional term - contributes
z—p P P

0
l. So the full term contributes .
e P

Lo L). This ends our sketch.
2n

The same story holds at (z+2n

A rigorous proof will replace these infinite integrals with integrals from o — iT to o + iT and
complete the contour with a line at the top moving left to x = —T, and then down, and then
right to form a rectangle around finitely many non-trivial zeros and finitely many trivial zeros.
This integral can be computed using the residue formula. Then as T — oo, estimates are
required to show that the integral over the three added segments goes to zero. Details are in
many books about the zeta function.

19.6 Postlude

Recall that X
(x) = Z 1~
o log x
$(x) = Y, logp ~x
p<x
Y(x) = Z logp ~ x
pm<x

The function 7z(x) counts the number of primes below x, ¢(x) counts these primes weighted by
log p, and ¥ counts prime powers weighted by log p. Each of the three estimates is equivalent
to the prime number theorem.

Although the first formula is directly related to numerical data gathered from tables of primes,
all three approximations yield the same rule of thumb in the end: the probability that an integer

. . . 1
n is prime is about —
ogn

For instance, the statement 7z(x) ~ li =X (%) says that the proportion of primes among
ogx ogx

. .1 . . . 1.
the first x integers is P Since log x is very flat, the expression v~ is constant over much of
ogx ogx

its range, so this number gives the probability that a number in this range is prime.

The rule of thumb suggests that in an interval of length log p starting at p there should be about
one prime, so the second sum over this interval should give about the length of the interval.
Summing over a union of such intervals below x should thus give x. So ¢(x) ~ x.

The function W(x) sums over powers of primes. But if p? < x, then p is considerably smaller
than x, so most primes will only contribute log p to the sum, and only a few small primes will
contribute 2 log p or more. In short, the extra terms should not matter.
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The graph of the logarithm is very, very flat for large x because % logx = i Andyetlogarithms
converge to infinity in the end. This convergence is very slow, so even enormous numbers
have small logarithms. Consequently, our rule of thumb says that primes remain abundant,
even for very large numbers. Ultimately primes become scarce, but only for outrageously large
numbers. Consider, for instance, numbers with about 100 digits. Since

1 1 1 1
log(10190) ~ 100log10  100-2.30 = 203

about one in every 200 numbers is prime. And since half of them are even, the chance of
guessing a random prime of this size are about one in a hundred. Contrast that with the chance
of randomly guessing a perfect square, which is about one in 10°°. If someone used a laser to
inscribe your initials on a grain of sand and deposited it on a random sandy beach somewhere
in the world, your chance of randomly picking up that particular grain of sand are better than
your chance of guessing a perfect square.

Let us stop a moment and recall the long history of {(z) and the distribution of primes. Leibniz
began his mathematical career by discovering that

D)= (- DY e

This led him to study ), iz which he could not evaluate. But rumors suggested that Newton
n

knew the value, and the two men briefly corresponded using as intermediary the secretary of
the Royal Society in London. Newton knew many things, but not the sum of this series.

Newton had few students, but Leibniz influenced the Bernoulli’s: Johann, Jacob, Daniel, and
others. These men came from Basel, Switzerland, and were a contentious bunch. Daniel’s
father Johann threw him out of the house when Daniel’s reputation eclipsed his own, and
bore a grudge until his death.

Euler was born in Basel, and his father knew the Bernoulli family. Euler’s family moved to
Riehen, Switzerland when he was very young, but he was eventually sent to Basel to live with
his grandmother, and was tutored by Johann Bernoulli. When Euler was 13, he enrolled in the
University of Basel. When he graduated, he applied for a job there, but was passed over. This
is the greatest hiring mistake in mathematical history.

Euler ended up in Moscow., and there he eventually solved the Basel problem by proving that
2
6

the incredibly important formula

> % = Z. His argument gave the values of ¢(n) for all even integers. This eventually led to
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relating the zeta function to prime numbers. From this, Euler deduced the first real advance-
ment in the theory of primes since the Greeks: )] 1= .
p

After Euler’s death, Dirichlet used Euler’s techniques to prove that there are infinitely many
primes in any arithmetic progression, by showing that the series of their reciprocals diverges.
This proof demonstrated the power of Euler’s methods.

Twenty years later, Riemann discovered the analytic continuation of the zeta function and its
functional equation. The functional equation contained a sin term and a T function. The zeros
of the sin and the poles of I' cancelled at odd negative integers to give finite values, and the
functional equation then converted these to finite values at the even positive integers, proving
Euler’s computations in an easier way. But the sin did not cancel poles of I at even negative
integers, so instead these poles are cancelled by zeros of the zeta function. Applying the func-
tional equation then gives 0 = 0 rather than a value of zeta at odd positive integers. Thus
Riemann explained why Euler could compute values at even positive integers, but not odd
positive integers.

The even greater discovery of Riemann is that the zeta function has zeros in the critical strip.
The product formula for the zeta function shows that these zeros essentially determine the
entire zeta function, so information about prime numbers is hidden somehow in those ze-
10S.

The explicit formula shows in a spectacular way that these zeros understand the prime num-
0

bers. Namely, the sum x — ) T converges to a flat function with jumps exactly at the primes
Il

and their powers.

Each of these men pushed the theory forward. And yet most were dead before their result was
rigorously proved, or its consequences understood.

19.7 The Calculation of {’(0)

While not of great importance, the calculation of ¢{’(0) is a nice juggling act using several of
our key formulas. According to the functional equation of the zeta function

¢(z) = 277 L sin ( ) T -z)(1—2z)
Change each z to 1 — z and notice that sin (@) = COS ( > ) to obtain
(1 —2z)=2"27"%cos ( ) I'(z)¢(z) = 2(2m)~% cos ( ) I'(z)(z)

Take the logarithmetic derivative to get

_¢a-2
{0 -

712) N F'(Z) '(2)

= —log2m) = Jan () + T+ 55
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To get a value for ¢’(0), we will set z = 1 in this equation, but before doing that we face three
!

problems. First we need to compute % Second, the tangent term and the zeta term on the

right have poles at z = 1, so we need to expand both in Laurent expansions to show that these

poles cancel out.
The required T calculation is easy using the product rule I'(z) = G(z)~! where
z\ %2
=z ol? Zle
G(z)=ze g(1+ n)e

Taking logarithmetic derivatives,

I'z) 1 . 1] 1 11
TE R D) Pt B-R )] ey

When z = 1, this gives

ety (3-1)- -3

Expanding the tangent term about z = 1 gives

sin ZZ
T

T nz _ T 2 _
—n(3)=-3 o5 2
2
. T y /9
K smz+5cosz(z—1)+... oz 1+ . 1 f0se(zo1)4
2 cosZ—ZsinZ(z-1) 21 Zz-D+.. z-1 !
2 2 2 2
At the end of the proof we will show that
{2 1
) =—>—7 +y+di(z—1)+..
Using this, we can finally put z = 1 in the formula at the bottom of the previous page to
get
') _ 1 1 _
_ é‘(o) = —IOg(Zﬂ') + (m) -7+ (—m + )/) = —10g(271')

We earlier proved that {(0) = —%, o)

¢'(0) = —% log(27) = —log\/ﬁ
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To complete this argument, we show that the expansion of { near z = 1 is

(@)= —g+r+
Then it will follow that
-1

— +Cc+..

¢'(2) (-1 1 (14+c(z=1)+.. 1
= =—_ = ———(1+c(z=1)*+.. ) (1=y(z=D)+... ) =
$(2) z_i1+7/+'" z=1\1+y(z—1)+... z—1( )( )
1

Z_l(l—y(z—1)+...)=—%+7/+...

We use the formula below, developed when we determined the order of zeta. This formula
analytically continues ¢(z) to R(z) > 0.

_ .z ®x—|x] 1 B ® x —|x]
g“(z)—z_1 z/1 e dx——z_1+1 z[ e dx

To prove that {(z) = % + ¥ + ..., we need only prove
—

l—f x — lx] dx =y
1 x?

It is useful to rewrite this slightly, using the result f1°° 2 gy = %
xZ

+1

l_fwx—[xj—l/zdxzy
2 L

x2

Note that on each interval [n, n + 1], the function x — | x| — % is linear with value —% on the

left and % on the right. So this function is x — n — % on [n,n + 1] and the integral is the limit
as N — oo of
1
N n+1 n+-
1 2
-2 / T 2 | =
n=1vn X X

%—n]z::l (log(n +1) — 10g(n))+é (n + %) (n _1|_ T~ %) = %—log(N+1)—é (n + %) (n _1|_ T~ %)

In this last sum, the term % occurs in both the nth and n + 1th terms. The entry multiplying
n

n+1x_n_l

al 2

n=1vn

N
N

. 1, . . .
it, n + 5> is one larger in the second appearance than in the first appearance. So the sum is
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N .

actually Zn—1 i leaving two stranded terms —% and (N + i) (L) We conclude that the
- n

entire expression is

N+
1 11 1\ 3 >
5—10g(N+1)+<—+—+...+—> 2

273 Nt N+
N 1
1—10(N+1)+<1+1+1+ +l)— >
& 2737 TN) T N+1
Recall that

. 1 1
y—]\lrl_r)r;o[(1+§+...+N)—log(N+1)]

The previous expression thus converges to y as N — oo because the last term converges to —1
and cancels the initial 1. QED.



Chapter 20

Dirichlet Series

20.1 Abscissa of Absolute Convergence

Many of the proofs in this chapter are taken from J.P. Serre’s book on number theory, A Course
in Arithmetic.

Definition 45. A Dirichlet series is a series of the following type, where the a; are complex num-

be’ S.
Z
nZ
k>0

Theorem 139. Suppose ), 2 is a Dirichlet series.
nZ

« Ifthe series converges absolutely at z, it converges absolutely at z whenever R(z) > R(z,).

o There is a real number o, called the abscissa of absolute convergence, such that the series
converges absolutely for R(z) > o, and does not converge absolutely for R(z) < o,. This
number could be co or —co.

Proof: The first item follows from the comparison test, since |n?| = n* > n* = |n®| and
ax 3
k< | 2k

therefore < .
nZo

nZ

The second item is an immediate consequence of the first.

244
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20.2 Key Results

Theorem 140. Suppose ), 2 is a Dirichlet series.
nZ

« If the series converges conditionally at z,, then it converges conditionally on any “wedge”
with angle less than 7 anchored at z,. Convergence is uniform on the closed wedge. (See
the picture at the top of the next page.)

o There is a real number o, called the abscissa of conditional convergence, such that the
series converges conditionally for R(z) > o, and does not converge for R(z) < a..

+ The sum of the series is holomorphic on the half plane R(z) > o..

« Wehaveo,—1<o0,<0,.

Figure 20.1: Conversion Widge

Proof: The first item clearly implies everything except the last item. Let us clear the decks by
proving the last item first. Trivially, o, < g,. Let € > 0 and select z, with o, < R(z,) < 0. + %

7" — 0. Therefore, these terms are bounded; choose a
<B.

a, a
Then ), kT’; converges, and therefore P

ai
20

bound B such that for all kK we have p

IfR(z) > 0. + 1 +¢, then R(z) > R(zy) + 1 + g S0

ag
kz

i
ko

1
k1l+e

1
kl+e

Since the sum of the final terms converges absolutely, D, % converges absolutely whenever
R(z) > 0. + 1 + ¢, for any epsilon, and thus whenever R(z) > 0.+ 1.Soo, <o, + 1.
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Proof: Finally we prove the “wedge theorem.” We can suppose z, = 0 because

ax
o _ (i)
D = 2

Therefore assume ), a; converges, and thus by the Cauchy condition, for any € > 0 there is an
N such that m,n > N implies ‘Ek ak' < €. We are going to show a similar inequality for

Z k=m ak for z in the wedge. Indeed, our new inequality will be uniform for z in a compact
subset of the wedge, and that will complete the proof.

Lemma 19 (Abel). Given sequences a, and b, we have

n
Z aiby = a;(by—by)+(a;+a,)(by—b3)+...+(a; +a,+...+a,_;)(b,_;—b,)+(a; +a,+...+a,)b,
k=1

Proof of lemma Induction on n. The result is clear for n = 2. To get from the nth stage to the
n + 1st stage, we must convert

apy1bpy + (@ +ay +..+a,)b, » (ay +ay+ ... +a,)(b, — b))+ (a; +a, +...+a,,.1)bu
and this is clearly true.

Continuation of Wedge Proof: Apply Abel’s lemma to a shifted sequence, so that the sum starts
with k = m rather than k = 1. By the Cauchy condition, all sums a,, + a,,,; + ... have absolute
value less than €. Consequently,

Z akkz

-1

Z

1|
kz  (k+1)?

In(k+1)
1 1 gt
1 - dt
(kz k + 1)z> z L .

and the absolute value of this expression is bounded by

1n(k+1) |Z| 1
()
2] f & (k+1)

<eZ L 4 el Wehave R(z) = x > 0 because at the start of the proof
x m* nx

1

Note that

Consequently 'Zzzm :—i

we shifted the picture to the right half plane, so L and = are at most 1. Therefore
mX nx

oy |1z
Z k_ _€<1+7)

k=m
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1
—— and
cos 6

The diagram below shows that if 6 is half of the total angle of the wedge, then k2l <
P

|zl

thus 1 + — is bounded by a constant on the wedge. This completes the proof.

P

izl

-

Figure 20.2: 1l is bounded
X

Remark: We end with a very specialized result, because we use it in the crucial step of the next
chapter.

Theorem 141. Suppose f(z) = ), % is a Dirichlet series with a;, real, a, > 0. Suppose this series

converges for R(z) > p, and suppose f(z) can be extended to a function holomorphic in a small
disk about z = p. Then o, < p and thus the series actually converges on a larger open half plane.

Proof: Replacing z by z — p, we can assume p = 0.

Since f(z) exists in a small disk about the origin and in the half plane R(z) > 0, it exists on
a disk about z = 1 of some positive radius 1 + €. Shrink ¢ slightly so f is holomorphic on the
closed disk of radius 1 + €. So the Taylor series about z = 1 converges in this closed disk.

The idea of the proof is simple. We will compute this Taylor series. Then we will rearrange it
and discover that it equals the Dirichlet series at z = —e. So this Dirichlet series converges to
the left of p and we are done.

Here are the details. The Taylor series is

(n)
f@ =3By

n!

The derivatives of f at 1 are ), ak~Z at 1, which is D, %, and )] ai(—Ink)k™2 at 1, which is

2
i lnI;ak, and Y. ay(—Ink)*k~% at 1, which is Y % etc. So the Taylor series is

(- Inkyay)
fo) = 3, 2y

n

and therefore

2 CD)MIn k) a (1) (e + 1" 1Ink)"
f(—€)=z k kn’; zzg((e"‘lz;)ak

n
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All the terms in this series are real and positive, so the series converge absolutely and thus can
be rearranged to

G e+ DK S @ pymk v ko e
;?;T_Z?e —Z k —Zk:F—f(—E)

k k

Therefore, the Dirichlet series actually converges at —e, and indeed to f(—e¢).



Chapter 21

Dirichlet’s Theorem

This optional chapter proves Dirichlet’s theorem on primes in an arithmetic progression. The
chapter shows that the techniques of the previous chapters can be used to prove other results
in number theory.

21.1 Characters of a Finite Abelian Group

Definition 46. Let G be a finite abelian group. A character of G is a group homomorphism
¢ :G—S.L

Example: Suppose G = Z/nZ. A character ¢ is determined by ¢(1) = ¢ and p(1)" = 1. So
@(1) = e2™k/" where 0 < k < n. Therefore G has n characters

() = e2mitk/n

Example: Suppose G = G; X G, X ... X G,,,. If ¢ is a character of G, we can restrict ¢ to G, and
get a character of Gy. Call the resulting characters ¢y, 5, ..., ¢,- Then clearly

(g1 X g2 X .. X 8y) = 1(81) - 92(82) - - Pn(8n)

Since every finite abelian group has the form Z/nZ X Z /n,Z X ... X Z /n, Z, these observations
quickly give all characters of all finite abelian groups.

Remark: The characters of a finite abelian G themselves form a group G, whose group operation
is multiplication of values of characters. The previous results easily show that G is isomorphic
to G.

249
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Definition 47. Let L(G) be the vector space of all complex valued functions on G. Define an inner
product on L(G) by

<f.g>=— [ f(x)gx)
/g Tel f fx)g
where integrating over G is just summing over G. Thus this formula is actually
<f.g>=— >, fx)gk)
|G| x€eG

Remark: We prefer the integral sign because this entire theory generalizes to situations where
the sum becomes an integral sign. But those generalizations do not appear in this chapter.

Theorem 142. Let G be a finite abelian group. The characters of G are orthonormal in L(G).
Proof: Let ¢ and 9 be characters. Fix y € G; then

<@ >=— > P(P(X) = — > pCPP(xY) = — < ¢, > p(P(Y)

IGlxeG IGIXE(; IGI

So either < ®, 1,[) >= 0 or else qo(y)l,b(y) = 1forally € G. Since ¢(y) € S*, go(y)qo(y) =1. So

() = ? and p(3)¥(y) = 1 if and only if () = p(»).

Moreover,

<¢,¢>=ﬁf@¢(x)=ﬁfl=l

Corollary 31. Let G be a finite abelian group. The characters of G form an orthonormal basis of
L(G). Consequently, for any function f on G, we can find constants c, such that

f0) =2 cop(x)
¢

Proof: Clearly L(G) has dimension |G|; by comments above, this also equals the number of
characters of G.

Corollary 32. In the previous sum f(x) = }; c,¢(x), we have
c=<¢,f>

Proof: This proof repeats the initial step in Fourier theory. Namely, for a fixed character y,
write
<x,f>=< )(,ch,go >= cho <X, p>
Since the ¢ are orthnormal, the only term that matters in the sum is the term when ¢ = y, and
we obtain
<x.f>=c,
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21.2 Statement of Dirichlet’s Theorem; L Functions

Theorem 143 (Dirichlet’s Theorem). Let a and b > 2 be positive relatively prime integers. Then
there are infinitely many primes in the arithmetic progression a + bk. Said another way, in base
b there are infinitely many primes whose base-b expansion ends in a.

Indeed, more is true. Let ¢(b) be the order of Z; . Let m(x, a) be the number of primes less than or
equal to x and congruent to a modulo b. Then

X

7T(x, a) ~ @m

Hence each residue class contains about the same number of primes.

Example For example, suppose b = 10. Then when written in base 10, about i of the primes
end in each of 1, 3,7,9.

Proof: Dirichlet proved this using Euler’s argument and a modified zeta function with a modi-
fied product formula. It is tempting to start with ) % using only n whose prime factorization
contains primes congruent to a modulo b. But this causes many problems, not the least being
that we don’t know that any such prime exists. Dirichlet’s trick is to assign a “weight” ¢(p)
to each prime, multiplicably extend ¢ to all positive integers, and then study ), &Z). Many
choices of ¢ are possible, and by manipulating the choices, Dirichlet eventually pnroves that
sza (mod b) i diverges.

It is crucial that )] p) satisfy a product formula, and an easy calculation shows that this will
nZ

happen if the weights form a character of the group Zb* of all invertible elements in Z,. This
group is, equivalently, the set of all elements of Z, whose representatives a are relatively prime
to b.

Example The group Zg has elements represented by {1, 5} and the group Zfz has elements
represented by {1, 5,7, 11}. The group Z;( has elements represented by {1, 2, 3,4, 5, 6}.

Definition 48. Let b > 2 be a positive integer. Let ¢ be a character of Z; . Then we define the
Dirichlet L-function associated with ¢ by

Lz, ¢) = Z ?’(’:)

n>1 n

Here ¢ has been extended to be zero on integers that do not represent elements of Z;.

Theorem 144. Each L(z, ¢) converges absolutely on R(z) > 1 to a holomorphic function. This
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function has a product representation

1
Lizp) =] ——=
p (1 - @>
pZ
Remark: Notice that primes p not relatively prime to b contribute 1 to this product.

Proof: The proof is a completely straightforward rewording of the similar proof for the zeta
functions.

Remark: The function L(z, 1) is

Lz =] ——

o (1‘;)

The final product has finitely many terms, so it follows that L(z, 1) can be analytically contin-
ued to a meromorphic function on the entire complex plane with a pole of order 1 at the origin

Hb( =)@

and no other poles. The residue of this pole is le b (1 — i) Notice that this residue equals
%, the order of Z* divided by b. Indeed

Z Kk Iy k,_Zk1>< XZk,
P Pyt p,

50 B0} Bl') = S} OB . ¢k, Moreover p(p) = p = pt=t = pt (1= 1)

Remark: The remaining sections of this chapter complete the proof of Dirichlet’s theorem.

21.3 Analytic Continuation

Theorem 145. If ¢ # 1, L(z,¢) can be analytically extended to a holomorphic function on
R(z) > 0.

Proof: Let A(x) = Zn <, #(n). Notice that < ¢,1 >= 0 and therefore > ¢(g) = 0. It follows
that A is a bounded function.

By a familiar argument, we have
n+1
A(t) =
z fl o d 2 A(k) —

Y, (Ale+ 1) = A 7 -
k=1

k+1

__Z Alk )<(k+1)z k1>

An) Z": p(k)  An)
(n+1)y [Z k* (n+1)
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and so

" pk) A " A®)
“okr T (n+1) +Z_/ e 4

Let n — oo and recall again that A is bounded. If Re(z) > 0, we obtain
k o0
Z fP( ) _ /' AW o
1 tz+1

The right hand sum converges to a holomorphic function if R(z) > 0 and we are done.

21.4 Proof of Theorem Modulo L(1,p) # 0 for ¢ # 1

In the previous chapter we proved

@) Z Inp Z
¢(2) p? pz(pZ - 1)

and observed that the second term is holomorphic for R(z) > 0. Since the product formula for

L(z,1) excludes primes p which divide b, we obtain

L'(z,1 In In
_L<(zzl))=z R =y
’ plb plb PP

A similar calculation when ¢ # 1 gives

-2
- (1 - @) (¢(p) Inp iz)
p p

RACK Dy _y_¢@) Inp
L(z, ) pib (1 _ @)_1 plb pz (1 - M)
= p*

In 2In
Y ¢(p;Z P,y qu(zzn)_ (p :
oib o P7\P” —¢(p
All of this holds for R(z) > 1.

Notice, however, that the final term of this formula is holomorphic for R(z) > % The key
inequality establishing this is |p? — ¢(p)| > ||p?| — le(p)|| = |p* —1| = p* - 1.
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Now consider the function f € L(Z;‘ ) that equals 1 on a and 0 everywhere else. By an earlier
result, this function and indeed every element of L(Z ;‘ ) can be written as a linear combination
of the characters. So there are constants c, such that f(x) = Zcp Cop(x). Form

L'(z,¢) Cp ¢(p) Inp ¢, 9(p)*Inp
%: Ly Z(p:pzw Z Z % p*(p? — ¢(p))

Using the defining property of c,, this equals

L(z, cp) Inp ¢, (p)*Inp
ch: *Lze) p=a z(r;md b P° %J pzb:b p*(p* — #(p))

This formula holds if R(z) > 1. On the other hand, the final term in the formula is holomor-
phicfor R(z) > % and the initial term on the left is meromorphic on R(z) > 0 and holomorphic

. - L
except on singularities of T

Restrict to real x and imagine taking a limit as x — 1 from above. The limit of the final term
is finite. The limit of the middle term is

Inp
p=a (modb) P
This term is finite unless there are infinitely many primes congruent to a modulo b.

So Dirichlet’s theorem will follow if the limit of the left side is infinite. We know that L(z,1)
has a pole at x = 1, so this term has an infinite limit. We know that L(z, ¢) for ¢ # 0 is
holomorphic on R(z) > 0, so it certainly does not have a pole. On the other hand, such an
L(z, ) might vanish at 1.

Consequently, Dirichlet’s theorem will be true if we can prove

cc;#0
cifp #1,L(L, qo)aeo
Butc; =< 1,f >= — G Zx G 1(x) fx)=— because every term in the sum vanishes except

the term corresponding toa € Z;'. *

Remark: We are reduced to proving that is ¢ # 1, then L(1,¢p) # 0. It is at this point that
Dirichlet’s proof becomes miraculous. Having invented group characters, L-functions, and the
apparatus of analytic number theory, there remained this final barrier. But Dirichlet discovered
that Gauss had computed the class number of various algebraic number fields, and one of these
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formulas expressed the class number as a product of various terms including L(1, ¢). Since the
class number is a positive integer, L(1, ¢) # 0.

Luckily, an argument was later found which avoids this step.

215 L(l,p) #0ifp #1

This argument is taken from Serre’s book A Course in Arithmetic

JJEZERY)
¢

All terms in this product are holomorphic on R(z) > 0 except L(z, 1), which has a pole at 1. If
some L(1, ) = 0, the pole will cancel in the product and the entire product will be holomorphic
on NR(z) > 0.

Consider the product

Let us sketch the argument which contradicts this possibility. We will reduce the above product
to a single Dirichlet series, and this series will turn out to have nonnegative real coefficients.
Consequently, the last theorem of the previous chapter says the product has a singularity on
the real axis at o.. So g, < 0. However, we will discover a singularity on the positive x-axis,
and this contradiction will establish the theorem.

Now the details. Fix a prime p A b. Suppose p has order g in Z;. Then ¢(p) is a gth root of
unity. If w varies over all gth roots of unity, we have

J[x -w)y=x5-1
w
We claim that the ¢(p) are exactly these w, each repeated 20 times. If that is true, then
g

TTex - o)) = (x8 — 1P
¢

Indeed, p generates a cyclic subgroup Z, C Z; . This subgroup has g distinct characters, each
determined by its value on p. Hence the values of these characters on p must run through all
of the w. To finish, it suffices to show that each character of Z pcan be extended to a character
of Z)¥ in exactly | Z} /Z,,| ways.

More generally, suppose G is a finite abelian group and H is a subgroup. We then have an exact
sequence
0-H->G—->G/H-O0
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This sequence induces a similar sequence of character groups
0H <G« (T/T—I <0

and a brief check shows that this sequence is also exact. The tricky part is exactness on the left.
This follows from a counting argument: If we replace H in the sequence with the image K of
(G), then we certainly get exactness, so

K| = [(G)| — |G/H| = |G| - |G/H| = |H| = |H|

Therefore, K is all of H. So each character of H comes from at least one character of G, and
indeed from exactly |G|/|G/H| such characters.

Continuation of Proof: We just proved

T - o)) = (x& — 1y?®/%
P

Each side has ¢(b) copies of X; divide by these to get the rational formula

o(p) _ 1 ¢(b)/g
1}(1‘7)—(1‘@

Replace X by p?, invert, and take the product over p to obtain

$(b)/g

1 1
HL(Z,§0)=H 1_@ :H 1

1—
P = pyb ez

The product on the right equals

¢(b)/g
1 1
| | 1+ + + ...
( pgz p2gz )

pVb
When expanded, this will be a Dirichlet series with real nonnegative terms, as promised.

To complete the proof, we must show that this series diverges for some positive real z. Note
that the pth term is larger than the result by simply raising each term to the power ¢(b)/g and
ignoring cross terms:

1 1
(1+W+W+m>



CHAPTER 21. DIRICHLET’S THEOREM 257

The product over primes p [ b is larger than

1
| he®)z

(n,b)=

Ifz= %, a positive real number, this sum is

>

(n,b)=1

This sum diverges because Zp L diverges and all but finitely many terms of the last sum are
p
1
terms of 3}, ) -
This completes the proof of the first half of Dirichlet’s theorem. We will diverge from Serre’s
book at this point, and prove the second half using a generalization of Zagier’s exposition of
Newman’s proof of the prime number theorem. The generalization comes from a short paper
by Ivan Soprounov at the University of Toronto.

X

21.6 Proofof 77(x,a) ~ ——
$(b) In x

Proof, Step 1: For all ¢, L(z, ¢) has no zeros on the critical line R(z) = 1.

We already know this is true at z = 1 by the crucial lemma used to prove Dirichlet’s theorem.
It suffices to prove that A(z) = qu L(z, ) has no zeros at complex points of the critical line.

Suppose the product has a zero of order i at 1+icc. There may or may not be a zero at 1+2ia; let
v > 0 be the order of this zero. Observe that L(z, ¢) = L(z, p) and that ¢ is another character.

It follows that H¢ L(z,p) = H¢(E, ®). Thus 1 —ia and 1 — 2ia will have zeros of orders y and
nu.

Taking the logarithmic derivative of A = [ [ L(z, ¢) and using the results at the start of section
19.4, we have

Al(z 3 ¢(p)Inp

— = + terms holomorphic on R(z) > 1
A(z)

2

Let f(z) = Zqo #PIP s function has poles with residue —1 at 1 + ix, 1 — ia, and possibly
pZ
at1 + 2ic and 1 — 2i and a pole with residue 1 at 1. Form

fA+2ia+e)+4f(Q+ia+e)+6f(Q1+e)+4f(Q—ia+e)+ f(A—2ia+e)
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This expression equals

¢(p)Inp (1 1 1 ¢(p)Inp 1
Z p1+€ (leCC + 4% + 6 + 4p—lC( p—21a> Z p1+€ (pla + p—ia)

4

Multiply this expression by € and then take the limit as € approaches zero. The expression goes
to —2v — 8u + 6.

On the other hand, this expression is a non-negative real number, for reasons to be given
shortly, so —2v — 8 + 6 > 0 and therefore u = 0.

Indeed, everything in sight is positive except possibly Z(p o(p). If (p,b) # 1, all ¢ vanish on

p and Zqo o(p) = 0. If p = 1 (mod b), all p(p) = 1 and Z¢ p(p) = |1Z)| = ¢(b). If p # 1
(mod b), then there is character r with 7(p) # 1, since otherwise the subgroup of Z* generated
by p, H, is nontrivial and all characters are actually characters of Z I’; /H, but then there would

be fewer than |Z;| characters. So )] ¢(p) = X (pot)(p) = (X ¢(p)) t(p). Since 7(p) # 1,
2 ¢(p) =0.

21.7 Final Steps in Proof

Let (a,b) = 1. Let mp(x, a) be the number of primes p less than x such that p = a (mod b).
Recall that Dirichlet’s theorem states that

X

1 x
¢(b)Inx

m(x,a) ~

Just as earlier in this chapter, consider the function f € L(Z;‘ ) that equals 1 on a and 0 every-
where else. This function can be written as a linear combination of the characters. So there
are constants ¢, such that f(x) = qu Cop(x). Form

L'(z,9) Cp @(p) Inp ¢, p(p)*Inp
Z;‘ “Lze) Z@:pr Z@:pzb:b p=(p* — ¢(p))

The expression on the right is holomorphic for R(z) > %, and plays no further role in the proof.
The middle term is
Inp
Z pZ

p=a (mod b)

Following the previous proof of the prime number theorem, define

$p(x,a) = D Inp

p<x,p=a (mod b)
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Lemma 20.

1 o0
> np :zf ¢y (t, )t~ dt
1

p=a (mod b) p*

Proof of lemma: In the interval [n, n + 1], ¢, (¢, @) is constantly equal to ¢, (n, a), so the integral
is
n+1 —z

z ), ¢p(n,a) 7= ldt =z Z ¢p(n, a) t—
n=1 n

n+l Z ¢p(n, <( T %)

This sum is

RO S CHCN B CN) ERT CHEND I NCN) ENUNE YL

p=a (mod b) n

Returning to the Proof of Dirichlet’s Theorem: Now turn to the expression

L'(z,9)
Zga: “*Lze)

If ¢ # 1, we have proved that L(z, ) is holomorphic for R(z) > 0 and has no zeros on the line

(qo)

R(z) =1. Consequently, > is holomorphic on an open set which contains the half plane

R(z) > 1.
Recall that

Lz =] (1-2)¢@

plb

It follows that —% has a pole at z = 1 with residue 1.
z,

The constant ¢; = IFll Je 1f where f equals 1 at one element and zero elsewhere. So ¢; = ﬁ.
It follows that the function below is holomorphic on an open set containing R(z) > 1:
Y e Uze) 1 1
PLiz,p) ¢b)z-1
Putting this together, we conclude that the following function, defined and holomorphic on

R(z) > 1, can be analytically continued to a function holomorphic on an open set containing
R(z) > 1:

1
¢(b)Z—1

f op(t,a)t=271 dt —
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Note that
z 1

o0 t—Z+1 b
z tZdt=2z = =1
_[ —z+11 z—1 +z—1

We conclude that the following function, define for R(z) > 1, can be analytically continued to
a function defined and holomorphic on an open set containing R(z) > 1:

1
o ¢p(t,a) — —t
Z/ T s
1

tz+1

Reducing to Convergence of an Integral We cannot automatically conclude from the ability to
analytically continue this expression that the integral still converges when z = 1:

1
t, - —t
f°° ¢p(t,a) #0)
1

2 dt
However, if this integral converges, then we conclude exactly as before that ¢, (x, a) ~ ﬁ X.
The proofis exactly the same as the proof of theorem 135 and need not be repeated here.
The statement ¢, (x,a) ~ % x implies the statement 7,(x,a) ~ ﬁli by the argument
nx
given in the proof of theorem 132. Indeed if 0 < € < 1 then
X, a In |
¢b1( ) _ : P ln_x = my(x,q)
nx p<x,p=a (mod b) nx p<x,p=a (mod b) nx
= D 1+ > 1
xl-¢<p<x,p=a (mod b) p<x1—¢,p=a (mod b)
_ le—espr,pEa (mod b) Inp 4 xl—c < ¢p(x, a) 1—¢
In x1—¢ T (1-¢)lnx
Taking the most important terms:
X,a X,a
¢p(x,a) < my(x.a) < dp(x, @) e
In x (1—¢)lnx

Multiply by In x and divide by x to get

¢b(x’a) < ﬂb(xaa) < ¢b(x1 a) i
x T x/Inx T (1-e)x Xt

1f 20 ﬁ, then for a fixed § > 0 and large enough x,
X

1 m,(x, a) 1 1
— —0X< < +
$(b) x/lnx — 1—€¢(b)
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This holds for all 0 < ¢ and &, so
T (x, a) 1

x/Inx  $(b)

Turn back to theorem 136, the essential analytic idea behind Newman’s proof of the prime
number theorem. This theorem applies to the above case provided the integrand of the first
integral is bounded. But ¢,(x,a) < ¢(x) < 2x so the bound is trivial. This completes the
proof.

21.8 Summary

The Prime Number Theorem and Dirichlet’s Theorem on Primes in an Arithmetic Progression
are among the greatest theorems in mathematics. The proofs we have given involve many
details. It is useful to look back and list the key ideas.

» Both the zeta function and Dirichlet’s L functions satisfy product formulas. In our proofs,
¢'(2) L'(z,9)
{(@) L(z,p)

+ The resulting formulas shift attention from 7(x) = Zp 1to ¢p(x) = Zp In p and from
mp(x,a) to sza (mod by 1D P

these products was disguised by taking logarithmic derivatives: —

« Both ¢ and L(z, ¢) extend to meromorphic functions left of the critical line R(z) = 1.
In the case of ¢, this required an actual analytic continuation. For L(z, ¢), it required a
very delicate convergence argument. The prime number theorem did not require the full
analytic continuation or ¢ or L to the entire plane.

« The polesof {(z) and L(z, 1) at z = 1 play crucial roles, and in some sense give the correct
order of magnitude of ¢.

« The proofs depend critically on proving that there are no zeros of { or L(z, ) on the
critical line.

« Dirichlet’s theorem, both in its naive form and its full form, requires proving that L(1, ¢) #
0. This step is not implied by the previous item; instead it requires a separate proof.

+ In the end, both proofs requiring moving an integral on R(z) > 1 to the line R(z) = 1.
The conventional proof of this requires the Ikehara Tauberian Theorem, but here is given
by Newman’s beautiful argument.



Chapter 22

Elliptic Integrals

The chapter following this one is about doubly periodic functions. Many mathematicians in
the 19th century contributed to this theory, polishing and reorganizing the results until now
they glisten with a sense of logical inevitability.

But the theory was built on earlier strands of mathematics: isolated but surprising examples,
specialized integrals, hints of connections between analysis and number theory. This chapter
is about those isolated results, discussed informally and meant to be skimmed for enjoyment.
We include a few detailed calculations to keep us honest.

This is a chapter about history rather than mathematics.

22.1 De Analysi per Aequationes Infinitas

We begin with the first public paper on the calculus, written by Newton in 1669 and deposited
in the Royal Society in London, where it was read by visiting scholars including Leibniz. This
paper was published in 1711.

In the first sentence of the paper, Newton states that his recent discoveries will be “briefly ex-
plained rather than narrowly demonstrated” and then he summarizes the calculation of areas
by three rules, each followed by explicit examples.

n+1

. X
Rule 1: The area under x" is —
n+

Rule 2: The area under f + g is the sum of the areas under f and g.

Rule 3: But if f is more complicated than just a polynomial, then expand f in an infinite series
and integrate term by term.

262
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Immediately following this rule, Newton computes

1
— =1-x+x*—..
1+x
by using ordinary grade school division, and then integrates term by term to obtain the area
under this curve,
2 43
logx=x——+——..
2 3

In a private unpublished paper, he computes In(1.02) to 79 places using this series.

Since expressions involving square roots come up via conic sections, Newton shows that they
can be handled the same way. He considers the function y = /1 + x2 and thus the hyperbola
y? — x? = 1, and expands in an infinite series using the method of computing square roots by
hand which I still learned in grade school:

2 4

X X
Vi+x2=1+=—-=+..

2 8
Integration term by term gives the area:

30 45
area=xX+ —— — +..
* 6 40 +
After writing the first paper, Newton discovered the binomial theorem for non-integer expo-
nents, greatly simplifying this calculation.

More pages on integration follow, and Newton’s method of solving equations numerically comes
up in the bargain. Newton then writes “Let these observations on investigating the areas of
curves suffice. Indeed, since every problem on the length of curves, the quantity and surface

of solids and the centre of gravity may ultimately be reduced to an inquiry into the quantity of
a plane area bounded by a curved line, there is little necessity to comment further. But I will

speak very briefly about these matters.”

So in this amazing paragraph, Newton tells us that calculus is a general method, not just an al-
gorithm for computing areas. He immediately turns to lengths of curves, essentially obtaining

the formula
dy 2
length = [ V@2 +@y2 = [ +/1+ (E) dx

One of his initial examples is the circle y = V1 — x2, whose length between 0 and x turns out

to be [ 11 - dx. Expanding and integrating term by term gives
—X

1 3 5
1 h = X=X+ —x"+ ...
engt x+6x +40x +112x +
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Of course the length of the circle from 0 to x is 6 = arcsin x where 0 is the angle from the
y-axis to the point on the circle, measured in radians. Astonishingly, Newton then instructs us
to solve this equation for x in terms of 8, getting

Sind =0 — %e3 + %es _ %97 +.

Newton writes “let it be noted that when you know 5 or 6 terms of those roots you will be
able to prolong them at will by observing analogies,” and his modern editor, D. T. White-
side, writes “The series for the sine and cosine appear here for the first time in a European
manuscript.”

A footnote in Whiteside’s edition tells us that Indian mathematicians had obtained the series
one hundred years earlier by a completely different method.

I first read this paper while preparing a talk for high school mathematics teachers on the history
of calculus. Then I decided that I ought to know something about Newton the man, so I went
to the University of Oregon main library and looked for a biography in the card catalog. To my
surprise, the catalog listed some books in Latin by Newton, and after investigating I discovered
that the University of Oregon owns an original edition of the first 1711 publication of Newton’s
paper. We obtained it around 1930 for about $2.

22.2 The Length of an Ellipse

Newton’s techniques allow us to compute the length of an ellipse. Recall the standard formula
for an ellipse:

x2 )2

—+==1

a? b2
We always assume a > b. It is easy to calculate the area of such an ellipse. The area of a circle
of radius 1 is 7. Magnify in the x direction by a and in the y direction by b; the resulting object
is the ellipse. The first magnification changes the area to 7ra and the second one changes it to

wab.

Unfortunately, magnification in only one direction has a complicated effect on lengths, so there
is no simple formula for the length of an ellipse. But we can apply Newton’s formula to y =

x2
b4/ bt
* -2x ? X x
b( 2) _ b2x2 a* —(a? — b2)x2
1+ 2| 1+a4—a2x2_ at — a2x?
24/1-%
a2
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Assume a > b and define
a2 — b2
a2
This number is called the eccentricity of the ellipse. It does not depend on the size of the ellipse,
since multiplying both a and b by 1 > 0 leaves it unchanged. Notice that 0 < k < 1, where
k = 0 corresponds to a circle and k = 1 corresponds to a line without interior.

k =

The length of the ellipse is then

a2 — k2x2

dx

Substitute x = au to obtain the final result

V1 - k2u2 p 1 — k*u?

a —au=a du

V1 —u? VA = u2)(1 - k2u?)

This integral is called an elliptic integral of the second kind, because it gives the length of an
ellipse and because it is one of three kinds of such integrals classified by Legendre. Giant
tables of this integral can be found in the Handbook of Chemistry and Physics, and later as one
of the functions built into Mathematica. Notice that the integral depends on two parameters,
the top limit of integration u and the eccentricity k.

22.3 Explicit Integration

2x345x42

xX24x+1
of the beautiful theorems of calculus states that every rational function can be explicitly inte-

grated. This isn’t obvious because

/ 1 dx =logx and / ! dx = arctan x
X 1+ x2

Recall that by definition a rational function is a quotient of polynomials, like . One

The theorem is easier to state and prove in the complex case:

Theorem 146. Any rational function can be integrated explicitly as a sum of rational functions
and logarithms.

Proof: Let R(z) be rational. The denominator Q(z) has only finitely many zeros, so R has only
finitely many singularities. Subtract from R the principal part of R at each of these singulari-
ties. The result is a rational function with no finite poles, and thus a polynomial. So we can
write

ny 1
R(z) =P —
(2) = P(2) + ;Z‘;ak Coi
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This is just the partial fraction decomposition of R used in calculus. Every term in this ex-

pression has an explicit rational integral except the terms of the form %, whose integrals are
—

logarithms. QED.

. dx . ..
Remark: In calculus we would write f o T arctan x. In complex analysis, this is eas-
+Xx

ier:

The reader can show that this expression can be rewritten to give the calculus expression.

Remark: The previous theorem is usually extended in calculus by adding square roots of quadrat-

ics to the mix. Let y = v a + bx + cx? and let R be a rational function of x and y. Expressions
of this type were already integrated in Newton’s first paper, and can always be explicitly inte-

grated. We restrict attention to the special case when the radical is /1 — x2 because everything
else is trivial algebra. Over the reals, V1 — x2 only makes sense when —1 < x < 1, so we can

substitute x = sinu and then V1 — x2 = cosu and dx = cosu du. Thus it suffices to integrate
a rational expression in sin u and cos u.

Now comes what Spivak calls “the world’s sneakiest substitution”. Substitute

1—1¢2 p 2dt

—— cosu= Uu=——
1+1¢2 1+1¢2 1+1¢2

to convert the integral to the integral of a rational function and reduce to the previous case.
Where does this substitute come from? It comes from the following picture.

sinu =

Ky

(-1,0)

Figure 22.1: Rational Parametrization of Circle

The number ¢ is allowed to be any point on the y-axis, not necessarily inside the circle. As ¢
moves, the point (x, y) traces out each point on the circle except (—1,0). To find (x,y), it is
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only necessary to solve the equations x? + y?> = 1 and y = t(x + 1). Substituting the second
equation in the first one gives a quadratic equation in x, but we already know that x = —1 is
one solution, so the other solution can be obtained by factoring.

Notice that if x and y are rational, the slope ¢ will be rational. Conversely if ¢ is rational, we get
x by solving a quadratic equation with rational coefficients. But x = —1 is one solution, so the
other solution is also rational. Thus we obtain a one-to-one correspondence between all ratio-
nal numbers ¢ and all points (x, y) on the circle with rational coefficients except (—1, 0).

If (x, y) is on the circle and x = 3, y = 2, then a? + b? = ¢2. So our map essentially tells us
C C

how to find all right triangles with integer sides: just choose a = t2 — 1,b = 2t,¢ = t? + 1.
Precise details can be worked out by the reader or found in any book on number theory. This
parametrization is ancient. Large tables of Pythagorian triples have been found in cuneiform
tablets, and it seems likely that the authors created them using rules essentially equivalent to
our parametrization.

22.4 Legendre

Since integrals of rational expressions in x and the square root of a quadratic can be explicitly
found, it was natural to next consider rational expressions in x and the square root of a higher
order polynomial. We earlier found that the length of ellipse is given by an integral involving
two different square roots of quadrics, or equivalently one square root of a quartic. So mathe-
maticians at first restricted attention to the case when the higher order polynomial has degree
3 or 4. In hindsight that was a lucky choice, because these integrals have special properties not
shared when the degree of the polynomial is larger than 4.

Interest in these integrals, called elliptic integrals, increased dramatically after a discovery by
an Italian mathematician named Fagnano, which caught the attention of Euler. This discovery
will be explained in the following sections.

In 1825 through 1832, Legendre published three volumes of a work titled Traité des fonctions
elliptiques et des intégrales eulériennes in which he showed that elliptic integrals could always
be transformed to a combination of three specific forms, known as elliptic integrals of the first
kind, of the second kind, and of the third kind. These integrals have a parameter called the
modulus which corresponds to the eccentricity of the ellipse; the length of a very flat ellipse
differs from the length of an almost circular ellipse.

To give a flavor of these results, the elliptic integral of the first kind has the form

/r dx
0 V(1 —x2)(1 - mx2)

where m is the modulus. Notice that m = 0 gives arcsin(r) and thus trigonometric functions.
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Care must be taken when consulting tables of these integrals because the notation is some-
times changed in subtle ways. For example, elliptic integrals of the first kind are built into
Mathematica using the notation

dx
V(A = x2)(1 — mx?)

sin(¢)
EllipticF[¢, m] = f
0

However, shortly after these volumes were published, the field was dramatically altered by Ja-
cobi, Abel, and later Weierstrass, who discovered that the inverses of functions given by elliptic
integrals are much more tractable and interesting. This will also be explained shortly.

22.5 Gauss and Dividing the Circle

One of the most important books in mathematics is Gauss’ book on number theory, Disquisi-
tiones Arithmeticae. Written when he was 24 years old in 1801, this book contains the defini-
tion of congruence, the first proof of the law of quadratic reciprocity, the introduction of Gauss
sums, the theory of binary forms, and much, much more.

About fifteen years ago, an academic named George Van Schach retired to Eugene. He was
trained as a mathematician, but spent his career as a librarian in a biology department. Van
Schach liked to prowl the UO library, and one day he was allowed to visit the storage area in
the basement where books are kept that are no longer in demand but not disposable. There,
Van Schach discovered an original edition of Gauss’ book on the shelves! It had a UO library
card and everything.

The book is in Latin; it is small and unobtrusive because the publisher didn’t know that Gauss
would become Europe’s greatest mathematician. You can find this original edition in the Uni-
versity of Oregon Library’s rare book room. There is a modern English translation published
by Yale University Press.

Gauss’ book has seven chapters and the most unusual is the last, on trigonometry. Gauss
writes

Amont the splendid developments contributed by modern mathematicians, the
theory of circular functions holds a most important place. Since the most brilliant
modern mathematicians by their industry and shrewdness have formulated for it
an extensive discipline, we can hardly expect that any part of the theory, partic-
ularly the elements, can be significantly expanded. I will speak of the theory of
trigonometric functions as related to arcs which are commensurable with the cir-
cumference, or of the theory of regular polygons. Only a small part of this theory
has been developed so far, as the present section will make clear. The reader might
be surprised to find a discussion of this subject in the present work which deals
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with a discipline apparently so unrelated, but the treatment itself will make abun-
dantly clear that there is an intimate connection between this subject and higher
arithmetic.

The second paragraph of chapter seven contains a mysterious statement. Gauss writes

The principles of the theory which we are going to explain actually extend
much farther than we will indicate. For they can be applied not only to circu-
lar functions but just as well to other transcendental functions, e.g. to those which

depend on the integral f L dx. Since we are preparing a substantial work on

1-x4

transcendental functions, we have decided to consider only circular functions here.
Gauss never finished his work on transcendental functions. But in 1829, Abel published a 200
page paper on elliptic functions, and Gauss acknowledged that his own results could be found
in Abel’s paper. Sadly, Abel died in 1829.

The main result of Gauss’ chapter seven is a determination of all integers »n such that an n-sided
polygon can be inscribed in a circle using straightedge and compass. Gauss shows that such a
construction is possible if
n=2pp,..p

where the p; are distinct odd primes, each of the form 22" + 1. At the end of the chapter he
states that no other case is constructible. So the cases n = 7 and 9 are not constructible, but 17
is. The list of such primes begins 3, 5,17,257, 65537, ... and in fact no other primes on this list
are known. There are plausibility arguments that the list should be finite and contain roughly
four to five elements.

The theory of regular polygons inscribed in a circle is equivalent to the theory of algebraic
values of cos (2—”) . We can inscribe an octogon because cos % = L; we can inscribe a hexagon
n

V2
because cos % = %, and we can inscribe a pentagon because cos g @ Near the end of
the chapter, Gauss writes “it is certainly astonishing that although the geometric divisibility of
the circle into three and five parts was already known in Euclid’s time, nothing was added to
this discovery for 2000 years,” and he proudly displays the value

x A17-1 \/34—2V17 \/17+3\/17—\/34—2\/17—2\/34+2\/17
= + +
16 8

COSﬁ— 16

1

1—x*

We are about to explain that mysterious elliptic integral dx.
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22.6 The Lemniscate

Recall that an ellipse with foci p; and p, is the set of points for which the sum of the distances
to the foci is constant. Analogously, we can consider the curve obtained by requiring that the
product of these distances be constant. If we place the foci at (+a, 0) and call the constant c,
we obtain the equation /(x + a)? + y2 - \/(x — a)? + ¥2 = c or equivalently

[(x% + y? + a®) + 2ax] - [(x® + y? + a?) — 2ax] = 2.

It turns out that the shape of this curve depends on the constant. When c is small, we obtain two
ovals surrounding the foci. As the constant increases, these ovals enlarge and merge into one
curve. At the exact moment when they merge, we obtain a figure eight shaped curve known
as the lemniscate. It was introduced by Jacob Bernoulli in 1694.

By symmetry, the ovals merge at the origin and this occurs when ¢ = a2. So the equation of the

lemniscate is [(x? +y? 4+ a?) + 2ax] - [(x* + y* 4+ a?) —2ax] = a* or (x? +y? + a?)? —4a’x? = a*.
2

Expanding, we obtain (x? + y?)” + 2a?(x? + y?) — 4a*x? = 0 and so

(2 +y?)" = 2a%(x2 — )?)

In polar coordinates, this becomes r* = 2a®r? cos 20. Changing the value of a shrinks or mag-
nifies the lemniscate, so it is convenient to choose the particular value a = —. Then the polar

V2
form becomes

2 = cos26.

(x.y) = <\/r2;r4,\/r2;r4)

Thus if we know a point (x, y) on the lemniscate, we can compute r = 1/ x2 + y2 with straight-
edge and compass; conversely, knowing r, we can compute x and y. For this reason, we will
think of r as the central variable of the theory and gradually eliminate 6.

r

We easily deduce
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22.7 The Length of the Lemniscate

Trigonometry is intimately connected to the constant 7 which gives the length of half of a
circle. Similarly the theory of the lemniscate involves a constant w which gives the length of
one lobe of the lemniscate. Using calculus we will calculate this constant.

The picture below shows a typical curve length calculation in polar coordinates.

length = f\/ (dr)? + (rd6)?

Since we want to use r as independent variable, we write this as

/ do\’
length = 1 —
engt f + (r dr) dr

2
Differentiating r?> = cos 26 with respect to r gives 2r = —2sinf Z—e and thus rZ—e = — rze'
r r sin

So R

do 4 4 4 1

1+<r—> =1+ =1+ =1+ — =

dr sinZ 20 1 — cos?26 1—-@2? 1-1r

Therefore

[ 2
length = / 1+ (;f@) dr = f ! dr
dr V1-—r4

So the integral Gauss mentions in chapter seven gives the length of a lemniscate.
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We can use this same integral to find the length of any portion of the lemniscate. We summarize
this with a picture. The illustration below shows the radius r and the distance d along the
lemniscate to the point determined by r, and these numbers are related by a transcendental
equation

,
dzfd_x
0 V1 —x4

22.8 Fagnano

The theory of the lemniscate was transformed in 1718 when an Italian count named Fagnano
9X_ He failed. But

1—x*

made an astonishing discovery. Fagnano tried to compute the integral

he discovered something interesting along the way.

Fagnano’s idea was to modify the world’s sneakiest transformation slightly for the lemniscatic
integral:

144
Va4 1t dx _ 40—t = 12a- 5, Vi 20
Thenvy1—x 1 prvrhalewyr and 2x " Ly andsodx > L dt NETRRTIVEY dt

or simplifying dx = \/El_—[4 dt. Therefore

(1+14)3/2

r N 4 _4 N
/ 1 dx:\/af 141t 1-t dt=\/§f
0 0 0

—x 1—t4 (141432

1
dt
V1+t4
provided
2 252
144
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Fagnano’s substitution has converted the integral into an equally difficult integral. Undeterred,
he tried the same trick on the new integral, using the slightly modified substitution

2 2u?
1—ut

4u 14ut dt 4u(1+u®) 1 2u(1+u*)
4 = = —_ = = - =
Then V1 +t 1+ Ey - and 2t ™ iy and so dt  ay du

Vi-ut 2u(1+u?) . o _ 14ut
\/Eu (1—u#)? du or Slmphfylng dt = \/E(l—u4)3/2 du. Therefore

| “1—u*  1+ut S |
f dt:x/Ef - du:\/Ef —— _du
0 V1414 o L+ut (1—u4)’? 0 V1—u4

where
, 207

T 1—4

We seem to be back where we started. But wait. Putting the two substitutions together, we

obtain . v
1 1
f Ll =2 f Ll du
0 V1—r4 o V1-—ut
UZ
42 201 1,4 N
= WAY) op p = 2V Rewriting so

1+m (1+v4)2 1+v4

the variable of integration is always x, we obtain

2u?
where 12 =

202
and u? = =— andsor? =
1+u? 1—v4

Theorem 147 (Fagnano). Ifr = 2S1+1:S4, then
S

/r dx —Z/S dx
0 \V1—x* 0 V1—x4

This has an astonishing consequence. Suppose we are given a point on the lemniscate with
distance s to the origin. Let d be the length along the lemniscate to this point; we can only
approximate d since it is given by a transcendental integral. Continue along the lemniscate an
additional distance d, obtaining a new point whose distance along the lemniscate is double the
original distance. This new distance can only be approximated. But the new point can be con-
structed from the original point using a straightedge and compass! Indeed r is determined from s
by an equation which only involves addition, subtraction, multiplication, division, and square
roots. Thus we can “double an arc of the lemniscate” with straightedge and compass.
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25V 1—s4

1+4s4
can be solved for s in terms of 7 and the solution involves only elementary operations and square

roots.

In exactly the same way, we can “bisect an arc of the lemniscate” since the equationr =

22.9 Inverting the Length Integral

Three people worked on elliptic function theory independently: Gauss, Abel, and Jacobi. Each
of them had the same wonderful idea: “elliptic integrals define functions, but nicer functions
can be obtained by taking of the inverse of the integral.”

Recall the integral d = for % from section three. This integral defines a function [-1,1] —
—X

w . . . oy . . .
[—;, Z] whose derivative is - and so positive. Therefore this function is one-to-one and
1-x

onto.

0.5

-0.5




CHAPTER 22. ELLIPTIC INTEGRALS 275

Call the inverse of the function sn(x), so r = sn(d). This is Jacobi’s notation. Gauss wrote
sinlemn(d) and Abel wrote ¢(d). If we trace the lemniscate as in the first picture below, then d
is defined for all real numbers, and the number r depends on d in a periodic way. It is natural to
let r be negative for points on the left side of the lemniscate. Thus our inverse can be extended
periodically to all d, as shown in the second picture below.

Geometrically, the new function starts with a distance d along the lemniscate, perhaps deter-
mined with a tape measure. The function sn(d) gives the distance r from the endpoint to the

origin r. Recall that (x,y) = (w/ rz-;r“, 1/ r2;r4>’ so in a sense sn(d) gives the coordinates of

the resulting endpoint on the lemniscate. Thus sn(d) is the analogue cos 6 and sin 6 on the
unit circle, since 6 in radians represents a distance along the circle and cos 6 and sin 8 give the
endpoint of this arc.

Finally, we want to translate Fagnano’s result into an analogous result for sn(x). According to
Fagnano,

fr dx —Zfs dx
0 V1—x4 0 V1—x4
r_2sv1—s4

1+ s*
Apply this equation when s = sn(d) for some d. Since sn is inverse to the integral, we have

d=Jfy \/% and so the right side of the first equation is 2d. Therefore % =2d,sor =

sn(2d). Putting these values in the second equation, we have sn(2d) =

provided

2 Sn@\/ 1-sn*(d)
1+Sn*(d)
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Definition 49. cn(x) = /1 — sn*(x)

Theorem 148 (Fagnano).
2sn(x)en(x)

sn(2x) = 1 + sn*(x)

Remark: Notice that this is analogous to the double angle formula sin(2x) = 2 sin(x) cos(x)
in trigonometry!

22.10 Inscribing a Square in a Lemniscate

Suppose we wish to inscribe an octagon in a circle with straightedge and compass. We need to
construct the point with angle 6 = %; it suffices to construct sin 6. If we know no geometry, we

can still compute this value with the double angle formula. Indeed sin 26 = 1,s02sin8 cos 6 =
1. Squaring, 4 sin® 6(1 — sin’ 0) = 1 and so sin 9 satisfies the equation

4 2 1 2 1\
sin’ 6 — sin 6+Z=<sm 9—§> =0

Thus sin8 = %, a value which can be constructed with straightedge and compass. In chap-

ter 7 of his book, Gauss constructed regular polygons with n sides using a similar analysis of
equations satisfied by sin iy
n

We can do the same thing for the lemniscate using Fagnano’s formula. An octagon in the full
lemniscate is the same thing as an equal division of one lobe of the lemniscate into four equal
pieces. If x is the length of one of these pieces, then sn(2x) = 1, so

2sn(x)en(x)
1+4sn*(x)

Squaring and moving the denominator to the other side gives 4sn’x(1 — sn*x) = (1 + sn*x)?
or
sndx + 4snx + 2sn*x —4sn’x+1=0

Miraculously, this polynomial in snx factors:
(sn*x 4+ 2sn’x —1)2 =0

Sosn?x = —1+ \/5 Since it is positive, sn®x = \/5 —1land

r=snx=\/\/§— .
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Recall that (x,y) = (W’ W) 50

((\/5—1)+(\/5—1)2 (ﬁ—l)—(ﬁ—1)2> (2—v5 3\/5—4)
2 ’ 2 2 2

(x,y) = =

22.11 Euler

We have been describing the work of Fagnano in 1718 as interpreted by Jacobi and Abel in
1829. But something very important happened between those two dates, when the subject was
picked up by Euler in 1752.

Fagnano’s formula generalizes the double angle formula sin(2x) = 2 sin x cos x. Butin trigonom-
etry, this is just a special case of the addition formula sin(x+y) = sin x cos y+cos x sin y. Euler
discovered that Fagnano’s result is similarly a special case of an addition formula:

Theorem 149 (Euler).
sn(x)cn(y) + cn(x)sn(y)
1 + sn2(x)sn?(y)

sn(x+y) =

Remark: Here is what Andre Weil says in his wonderful book Number Theory about this de-
velopment:

Euler had closely followed contemporary work on elliptic integrals. On 23
December 1751 the two volumes of Fagnano’s Produzioni Matematiche, just pub-
lished, reached the Berlin Academy and were handed over to Euler; the second vol-
ume contained reprints of pieces on elliptic integrals which had appeared between
1714 and 1720 in an obscure Italian journal and had remained totally unknown.
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On reading these few pages, Euler caught fire instantly; on 27 January 1752 he was
presenting to the Academy a memoir with an exposition of Fagnano’s main results.
The most striking of Fagnano’s results concerned transformations of the “lem-

niscatic differential”
dz

how he had reached them was more than even Euler could guess. “Surely his dis-
coveries would shed much light on the theory of transcendental functions”, Euler
wrote in 1753, “if only his procedure supplied a sure method for pursuing these in-
vestigations further; but it rests upon substitutions of a tentative character, almost
haphazardly applied ...”

With characteristic generosity Euler never ceased to acknowledge his indebted-
ness to Fagnano, but surely none but Euler would have seen in Fagnano’s isolated
results the germ of a new branch of analysis. His first contribution was to extend
Fagnano’s duplication formula for the lemniscate to a general multplication for-
mula.

w(z) =

Proof: We'd now like to give Euler’s proof of the addition formula. Euler did not know about
the inverse sn(x) of the elliptic integral, so his results were stated and proved as equations in-
2uV1—ut

1+u4
Euler guessed that the generalization would relate the upper limits of three integrals via the

formula

volving integrals. Recall that Fagnano related the upper limits of two integrals viar =

u\/l—v4+v\/1—u4
r= .
1+ u2v2

In this equation, think of r as a fixed number, and imagine that the equation determines v as a
function of u. Differentiate both sides with respect to u. The equation is symmetrical in  and
v and we’d like to preserve this symmetry, so whenever we differentiate u we will write du and
whenever we differentiate v we will write dv. In the end we will divide everything by du, so
the derivative of u will become Z—u = 1 and the derivative of v will become Z—v and everything
will be fine. ’ !

‘We obtain

1 1
—4v3dv) +dvVl—ut+v
2 1—U4( ) 2V 1—u#

(1 + u2v2)?

1+ u?v?) (du 1-v4+u (—4u3du)>

0=

V1 —v*+ V1 —ud) (2uvdu + 2uvdv)
(1 + u?v?)?
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Factoring out terms with du and terms with dv, we obtain

0:%[(1+u2v2)(\/1—u4 1—v4—2u3v)—2(u\/1—u4 1—v4+v—vu4)uvz]

[(1+u202)(\/1—u4 1—v4=2uv ) (v\/l—u4\/1—v4+u—uv4)u2v]

1—v4

We claim the two expressions in square brackets are equal. This can be left to the reader; most
terms are symmetrical and so equal, and the others are easily equated. Consequently we can

du

Vi1-u# \/1U
B 1 dv/du
\/1—u4 \/1—04

Replace u by x and v by v(x) and integrate from x = 0to x = u:

cancel the terms in square brackets and obtain 0 = . Divide by du to obtain

O_f“ dx +f v (x) dx
0 \1—x* 0o \1-—v4

In the second integral, substitute y = v(x):

v(u)
o- [ =, =
1—x4 v(0) 1—y4

V1—v4+ovV1—ud
Here y is adummy variable, so it can safely be replaced by x. From the equationr = u11u++1u
u<v

we discover that v(0) = r, so

O—fu dx +/U dx

or equivalently

/'r dx _fu dx +/'U dx i r_u\/l—v4+v\/1—u4

b Vi d Vi—w b ioo T+ u?

The addition formula we stated follows from this integral equation exactly as the doubling
formula for sn(x) follows from Fagnano’s integral equation.
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22.12 Inscribing a Triangle in the Lemniscate

Suppose we wish to inscribe a hexagon in a circle. This involves constructing the point 6 = %ﬂ
or equivalently sin 2?7[ If we do not know geometry, we can obtain this value from the addition
formula for sin . Indeed sin(36) = 0, so sin 26 cos @ + cos 20 sin 6 = 0 and therefore
(2sinfcosf)cosO + (1 —2 sin” 6)sin6 = 0.
Since sin 6 # 0, we obtain
2c0s20 + (1 — 2sin26) =2(1 —sinze) +(1 - 2sin26) =3—4sin’6 =0,

\V3

sosin’6 = Z and sinf = 2 number which is constructible by straightedge and com-
pass.

Similarly, suppose we want to divide the lemniscate into six equal distances, which is equiv-
alent to dividing a lobe of the lemniscate into three equal distances. If x equals any of these
distances, then sn(3x) = 0, so

sn(2x)cn(x) + cn(2x)sn(x)
1 + sn2(2x)sn2(x) B

So sn(2x)cn(x) = —cn(2x)sn(x). Squaring, sn?(2x) (1 —sn*(x)) = (1 —sn*(2x)) sn?(x). By
the duplication formula,

2 4
2sn(x)cn(x) _— 1 2sn(x)cn(x) )
( 1+ sn*(x) ) (1-sn(0) =1 1 + sn*(x) l SI(x).
Cancelling sn?(x), we obtain
4cn?(x) B 16sn*(x)cn*(x)

(1-sn*(x)) =1

(1 + sn4(x))* (1 +snt(x)’*

and so 5 5 s 5
4(1—sn*(x)) (14 sn*(x))” = (1 +sn*(x)) —16sn*(x) (1 —sn*(x))

Let X = sn*(x); we have
41-X?? =1 +X)*-16X(1 - X)?

and so
3X4 +12X3 —46X%2 + 12X +3=0
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By a miracle, this factors:
X?+6X-3)(3X?>-6X—-1)=0

2_\3/3 +1, —¥ + 1. But only one of

these numbers is between 0 and 1, so sn*(x) = 2\/— —3and

r =sn(x) = \4/ 2\/5— 3

Thus X = sn*(x) is one of four roots: 2\/_ —3,-2¢y/3-3,

Therefore
it [P V2V3-3+23-3 |\/2V/3-3-2/3+3
(x,y) = > | = 5 , 5

How about dividing a lobe of the lemniscate into five equal parts? Gauss kept a mathemati-
cal diary from 1796 to 1814, but it was not found until 1898. It has 146 short entries listing
new discoveries. The entry of March 21, 1797 states “divide the lemniscate into five equal
parts.”

It is clear that the algebra given by the addition formula becomes more and more complicated.
But Abel worked his way through this algebra. His 1829 paper contains the following aston-
ishing result:

Theorem 150 (Abel). The lemniscate can be divided into n equal parts using a straightedge and
compass exactly when a regular polygon with n sides can be inscribed in a circle with straightedge
and compass.
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For example, the lemniscate can be divided into 17 equal pieces with straightedge and com-
pass, but not into 7 or 9 equal pieces. For a modern proof of this result with many historical
references used in this talk, see Abel’s Theorem on the Lemniscate by Michael Rosen, in the
June-July issue of the Mathematical Monthly for 1981.

22.13 Introductio in Analysin Infinitorum

In 1748, Euler published a large textbook on analysis, Introductio in Analysin Infinitorum. This
book was overwhelmingly influential; Euler developed trigonometry using ratios of sides of a
right triangle for the first time, based analysis on the notion of a function for the first time,
proved that e = —1 and e'® = cos x + isinx, showed that that Y, % = %2 and ) % = Z—;,
developed the theory of the Riemann zeta function and its connection with number theory,
and on and on. We use the letters e and 7 because Euler used them in this book.

The web page http://math.dartmouth.edu/~euler/pages/E101.html contains a large pdf zerox
copy of the original edition of both volumes of this work, in Latin. Springer published an
English translation in 1988. About ten years ago, the author of an article in the Mathematical
Monthly wrote an article titled “The Most Influential Textbook of Modern Times” in which he
claims that Euler’s book is as important for modern mathematics as Euclid was in the ancient
world. While writing this report, I typed “most influential textbook of modern” into Google;
notice that I didn’t even add the word “mathematics.” The first entry in Google’s return list
was Euler’s Introductio. The second entry was the Communist Manifesto.

Astonishingly, the University of Oregon owns an original edition of Euler’s book, housed in
the rare book room.

On of the major points Euler makes in this book is that real valued functions should always be
extended to the complex plane and studied as functions of a complex variable. A famous result
of complex analysis asserts that if a function f(x) can be extended to an open set in the complex
plane such that the extension has a complex derivative, then the extension is unique. So it is
never a matter of finding a particularly clever extension; instead it is a matter of discovering if
God intended an extension.

Therefore it was a foregone conclusion that the new inverses of elliptic integrals would be ex-
tended to complex numbers. This step was first taken by Abel and by Jacobi, and both made an
astonishing discovery. The functions sn(x) and cn(x) are periodic, so it was expected that their
complex extensions would be periodic. But it turned out that these extensions were doubly pe-
riodic, that is, periodic in two independent directions. We’ll use Fagnano’s integral \/ﬁ dz

to show how this conclusion first arose shortly. But first, a word about the work of these two
geniuses.
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22.14 Abel and Jacobi

Recall that in 1825 through 1832, Legendre published the three volumes of a work titled Traité
des fonctions elliptiques et des intégrales eulériennes in which he showed that elliptic integrals
could always be transformed to a combination of three specific forms, known as elliptic inte-
grals of the first kind, of the second kind, and of the third kind. These integrals depend on an
additional parameter called the modulus. To give a flavor of these results, the elliptic integral
of the first kind has the form

f ’ dx
0 V(A —x2)(1 —mx2)
where m is the modulus. Notice that m = 0 gives arcsin(r) and thus trigonometric functions;
1
m = —1 gives the integral
g gral [ —
Care must be taken when consulting tables of these integrals because the notation is some-

times changed in subtle ways. For example, elliptic integrals of the first kind are built into
Mathematica using the notation

dx associated with the lemniscate.

dx
V(I = x2)(1 - mx?)

sin(¢)
EllipticF[¢, m] = /
0

Shortly after Legendre’s book, Abel and Jacobi had this idea of inverting these integrals. Abel’s
work was published in volumes 2 and 3 of Crelle’s journal in 1828 and 1829, in a 197 page article
titled Recherches sur les fonctions elliptiques. Abel died in 1829; he was 26 years old. Jacobi pub-
lished his results in 1829 in a book titled Fundamenta nova theoriae functionum ellipticarum.
This book is still read today; for example, when the largest sporadic simple group, the Mon-
ster group, was discovered and its irreducible representations computed, John Conway ran to
the library and found the dimensions of these representations in a power series expansion in
Jacobi’s book. Legendre, incidentally, was very supportive of these developments by Abel and
Jacobi.

Jacobi’s notation for the inverse of the elliptic integral of the first kind (as defined in the top
displayed formula above) is sn(x, m) as in the talk. This function is build into Mathematica
as

JacobiSN|[x, m]

However, in this report I took liberties with cn(x) = 4/1 — sn*(x) to make the analogy with
trigonometric functions clear. Jacobi divides this into two functions, writing

cn(x) =4/ 1 —sn3(x)
dn(x) =4/1 — m sn?(x)
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These functions are built into Mathematica as JacobiCN[x, m] and JacobiDN|[ x, m]. With these
changes, the duplication formula becomes

2sn(x)cn(x)dn(x)
1 — m sn*(x)

sn(2x) =

and the addition formula becomes

sn(x)cn(y)dn(y) + sn(y)cn(x)dn(x)
1 — m sn?(x)sn3(y)

sn(x+y) =

In particular, when m = —1 for the lemniscate,

cn(x) =4/ 1 —sn3(x)
dn(x) =4/ 1 + sn?(x)

and the duplication and addition formulas become

2sn(x)cn(x)dn(x)

sn(2x) = 1+ sn*(x)

sn(x)cn(y)dn(y) + sn(y)cn(x)dn(x)
1+ sn?(x)sn3(y)

sn(x +y) =

Jacobi’s change simplifies the parameterization of the lemniscate given in this report as (x, y) =

(w / rz.zm Y ﬂ;r4> . Recall that r = sn(x) where x is the distance along the lemniscate from the
origin to the point. It is easy to deduce that

(x.y) = (sn(x)dn(x) sn(x)cn(x))
’ V2o 2
Below are graphs of sn(x), cn(x), and dn(x) for m = —1, that is, for the lemniscate. Notice that

the cn graph is much broader at the top than the sn graph, so a periodic displacement of sn no
longer gives cn. When m = 0, sn(x) = sin(x) and cn(x) = cos(x) and dn(x) = 1.
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22.15 Doubly Periodic Functions

Following the hints from Euler’s work, we now study our integral over the complex numbers.
Define a map as below, where we integrate over some path from the origin to z.

|
()=f dt
1z 0o V1-—1r4
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We have to worry about points where the integrand blows up; these are the points satisfying
1 —t* = 0; so +1, +i. Since the square root has multiple complex values, we would like to
restrict z to a simply-connected region on which we can choose a unique value for the square
root. The easy way to do this is to remove four rays from the plane, as shown in the picture
below. The function f is well-defined on the plane minus these four rays.

Next we would like to find the image of our map. We start by finding the image of the first
quadrant, and we imagine that the boundary of this quadrant has four pieces, illustrated below.
Notice that the forbidden rays are included; this is legal if we push the vertical cut slightly left
and the horizontal cut slightly down, so the rays are in our region. We will show that these
four paths map to the sides of a rectangle, as on the right below, and conclude that f maps the
first quadrant to this rectangle.

Een s s - W .

To see this, look first at the horizontal x-axis, which is broken into two paths. On the first path,
f is defined by jE)x ﬁ dt and has the graph shown at the beginning of section 21.9. Thus the

image moves along the x-axis until it comes to half the length of a lobe of the lemniscate. On
the second path 1 — * is negative, so f(x) = i f1x % dt. This function gradually increases,
14—

~ < and the integral of this to infinity converges. So the
t2

. 1
but it has a finite limit because
V-1

image is a finite vertical line.
Next consider the vertical side of the quadrant, which is also broken into two paths. We can
. 1 1
arameterize the first path by y(t) = it for 0 < t < 1. Then = ,but dy = idt and
p z path by y(¢) <t< Wil Y
so the integral is imaginary and gives a vertical line in the image. The same sort of analysis
produces the top segment.
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We analyze the remaining quadrants in the same way, but there is a trick to make this easy.
Suppose we multiply the first quadrant and its bounding paths by e/*7/4). This leaves the
integrand invariant, but the final integral is multiplied by the same amount because dy is mul-
tiplied by that amount. So the pictures for the remaining quadrants give the previous picture
appropriately rotated. See below.

£

il o e
T—— o | X _:'.'!F_L: 1
e T +

I
+ T

—tl 5 T

——t

In the end, then, the entire plane is mapped by our integral to the rectangle shown below.
The origin is mapped to the center of the rectangle and the four bad points are mapped to the
centers of the four sides. Something strange happens at the four bad points because the angle
between the two horizontal paths we used to get the first rectangle is 7 and yet it becomes 77 /2
in the rectangle.

The shading shows that the region close to infinity in the plane is mapped to four quarter-disk
regions around the four corners of the rectangle.

= g
— D e — L—-" W)
4 - Q b
ey * % | l
o s 4 ._ | - P

We are going to argue that the inverse mapping from the rectangle back to the plane is much
nicer than the map given by the integral. The inverse mapping has poles (or rather four pieces
of one pole) at the four corners. It has one zero in the center. And at the bad points, the
map doubles angles (just like z? doubles angles at the origin); an angle of 7 in the rectangle
became an angle of 27 in the plane. This is what we would expect if the derivative of the inverse
mapping vanished at the images of the bad points.

But there is more to come. If we rotate the plane on the left about the origin by 7, the inte-
gral just changes sign. So the values of the inverse mapping on the left and right sides of the
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rectangle, and the top and bottom of the rectangle, differ by a sign. It follows that we can glue
multiple copies of the rectangle together to get a well-defined inverse mapping on the entire
plane, as illustrate below. In this picture, the inverse mapping is given by our original map
on rectangles with a plus sign, and by the negative of our map on rectangles with a minus
sign.

A portion of the picture on the right is shaded in red. Our inverse map is doubly periodic on the
entire plane, and this red portion is a fundamental region; its translations left and right and up
and down cover the entire plane. The inverse map is completely determined by its values on
this fundamental region. Moreover, the values on the left and right sides agree, and the values
on the top and bottom sides agree, so we could glue the left and right together and glue the top
and bottom together, and argue that the inverse map is really defined on a torus.

As we will see in the next chapter, doubly periodic maps on the plane are either constant or
else have poles. Our inverse map is meromorphic with a pole in the center of the red rectangle
and a pole shared among the corners. We get a second fundamental region by just pushing the
red boundary left and down slightly, and then there are two regular poles inside.

Another result from the next chapter states that a non-constant doubly periodic function takes
each complex value the same number of times counting multiplicities. Our map clearly takes
most values exactly four times. So it takes every value four times. Thus the two poles must
each have order two. Notice that our map has four zeros, one in each of the four pieces. But
something interesting happens at the images of the four bad points. There are four of these
images inside the red boundary and eight images along the boundary. But opposite boundaries
are glued together, so there are really only four images on the boundary. Thus the four bad
points correspond to eight unusual points in the red fundamental region. We would expect 16
points in this region if each value in the plane on the left is taken four times. The reason is
that the images of the bad points become zeros of the derivative of the inverse mapping, so the
inverse mapping at these image points is not conformal, but instead wraps around twice.



CHAPTER 22. ELLIPTIC INTEGRALS 289

Finally, here is a picture of the inverse mapping generated by Mathematica. In truth, the picture
shows the absolute value of the function. Notice the double periodicity of this function. Notice
the zero in the center between the four poles. And notice the flat “passes” half way between
two poles where the derivative turns out to vanish.

Remark: Abel and Jacobi showed that elliptic integrals evaluated over the complex numbers
have inverse maps which are doubly periodic. It soon became clear that it was much easier
to develop the theory in reverse. Rather than starting with an elliptic integral, obtaining an
inverse, and showing that it is doubly periodic, it is simpler to develop a general theory of
doubly periodic meromorphic functions; then elliptic integral pop out in the end.

The theory of these doubly periodic functions by Abel and Jacobi was later simplified by Weier-
strass, and we will follow his approach in the next chapter.

This long history began with Fagnano’s formula for doubling the length of the lemniscate, and
Euler’s generalization to an addition formula for elliptic integrals. We seem to have dropped
that topic. But just wait. It will come up naturally in the next chapter.



Chapter 23

Doubly Periodic Functions

23.1 Definitions

Definition 50. A meromorphic function f(z) on C is doubly periodic if f(z + w;) = f(z) and
f(z + w,) = f(2) for two complex constants w, and w, linearly independent over the reals.

In that case the constants generate a lattice Zw; + Zw, and f is completely determined by its
values in the parallelogram with sides w, and w,. Since f takes the same values on opposite
sides of this parallelogram, we can glue these sides together to form a torus. Thus equivalently,
a doubly-periodic function is a function on this torus.

Definition 51. Let f(z) be a meromorphic function on the complex plane. A period of f is a
number w such that f(z + w) = f(z) for all z. The set of all periods of f is a subgroup of C.

290
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Theorem 151. If f(z) is meromorphic and non-constant, the set of all periods is a lattice. So
if there are any nongzero periods, then either the periods consist of all integer multiples of a non-
zero w, or else they consist of all integer combinations mw, + nw, where w, and w, are linearly
independent over the reals.

Proof: The group of periods cannot contain an accumulation point, else there are periods w;
such that w; —» @. Thus f(0) = f(w;) — f(w). But then by the identity theorem, f is a
constant.

It follows that there are only finitely many periods in any closed disk of radius R. If the set of
periods is not just {0}, we can find a non-zero period w; of smallest positive absolute value. If
all periods lie on a line, then any other period p would be between two adjacent multiples of
w1, say between kw; and (k + 1)w;, and then p — kw; would be a nonzero period with smaller
absolute value.

If the periods are not all on a line, find w, a period of smallest absolute value not on the line. If
there are other periods not in the lattice spanned by w; and w,, then by subtracting appropriate
multiples of w; and w, we can find a period of the form rw; + sw, with r and s real and between
—% and % So |rw; + sw,| < %lcoll + %la)zl < |w,|. If this is a strict inequality, it contradicts
the choice of w,. So it must be an equality, and |w;| = |w,| and |r| = |s| = % But then +w;
and +w, lie on a circle and rw; + sw, is in the middle of a line joining one of these points to
another. However, no point in the middle of such a line can be on the circle.

Remark: If w # 0is a period of f(z), we can find A such that f(1z) has period 27i. Note that
e has this period.

Theorem 152. Every meromorphic function with period 27ti can be written g(e?) where g(z) is
an arbitrary meromorphic function on C — {0}.

Proof: The function f is completely determined by it’s values in the strip 0 < $5(z) < 27i. The
function e? maps this strip to C — {0} and the map is one-to-one and onto. The result follows
immediately,

Remark: Note that cos(—iz) is periodic with period 27i. So cos(—iz) = g(e?). Indeed

eiz + e—iz
cos(z) = —s
and )
w4+ =
w
g(w) =
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23.2 Fundamental Theorems

We prove some easy but beautiful theorems fundamental to the subject.
Theorem 153. A holomorphic doubly-periodic function is constant.

Proof: The values of the function are completely determined by values on the closed funda-
mental parallelogram generated by w; and w,. This parallelogram is compact, so the function
is bounded. A bounded entire function is constant.

Theorem 154. A non-constant doubly-periodic function cannot have only one pole, of order one,
in the period parallelogram. Indeed the sum of the residues of the poles in this region must be zero.

Proof: By translating the parallelogram slightly, we can assume that all poles are strictly inside.
Let y be the path obtained by tracing the parallelogram counterclockwise around its boundary.

We form
1
ﬁ —/J;f(Z) dZ

This integral then gives the sum of the residues of the poles. But integration over opposite sides
of the parallelogram cancels out because f is periodic, so the integral is zero. QED.

Theorem 155. A non-constant doubly-periodic function takes each complexvalue, including oo,
the same number of times in the period parallelogram if we count multiplicities.

Proof: By the argument principle,

1 ([

i) 7O d¢ = Z order(z;)

zeros and poles

Our f(z) has only finitely many zeros and poles in the fundamental parallelogram, so we can
translate the boundary of this parallelogram by a small amount so no zeros and poles are on the
boundary. The integral around this boundary is zero by periodicity, so f has the same number
of zeros as poles. Applying the same argument to g(z) = f(z) — z, shows that f equals z, the
same number of times. QED.

23.3 The Weierstrass g-Function

We now set out to construct a doubly-periodic function for the lattice generated by w; and w,.
By a theorem in the previous section, a non-trivial doubly-periodic function must have at least
one pole, and if it only has one pole, the pole must have order at least two. We’ll produce such
a function. It is easiest to place the poles at the lattice points. This suggests defining

@)=y L

o (z — mw; — nw,)?




CHAPTER 23. DOUBLY PERIODIC FUNCTIONS 293

Unhappily, this sum does not converge. But the Mittag-Leffler theorem tells us how to fix that.
We should expand each term in a Taylor series about the origin and subtract the first few terms
of this series to make the remaining portion small near the origin. To save ink, let us write w
for the general term of the form mw; + nw,.

Definition 52. The Weierstrass g-function is

fo(z) = Z ((z —w)? é)

w#0

Remark: Suppose we have a compact subset of the complex plane. This subset is contained in a
disk of radius R, and on or inside this disk there are only finitely many lattice points. The above
formula is interpreted to mean that go(z) is the finite sum over these terms, plus the infinite
sum of other terms. The first sum is certainly meromorphic; we will prove that the remaining
sum converges uniformly on the disk.

Theorem 156. The infinite sum for go converges uniformly on compact subsets of the plane. Con-
sequently, the derivative of the function can be computed term by term, giving

, -2
%'(z) = Z T

The function g(z) is even; g(—z) = g(z). However '(z) is odd; ¢'(—z) = —g'(z). Finally,
both g(z) and ¢’ (z) are doubly periodic.

Proof of Convergence: We must estimate

1 1

|22+ 2zw
(z—w? | |(z-w2w?

(z — w)2w?

We only need estimate for z in a compact set, so we can suppose that |z| < R. We only need
consider large w, so we can suppose 2R < |w|. Then | — z2 + 2zw| < |z||w]| + 2|z||@| < 3R|w|.
Also |z —w| > |w| — |z] > |w| — |@|/2 = |w|/2. Putting this altogether,

1 1
(z—-w)? w?

12R
" el?

From here we first give the rough idea. There are roughly 27r|w| lattice points near the circle
with radius |w|. So the total contribution from this annulus is

12R 24Rm
— 27m|w| =
|| ]2

Therefore, the sum over lattice points in all annuli converges.



CHAPTER 23. DOUBLY PERIODIC FUNCTIONS 294

In the rigorous proof, we start with the origin and then form the series of larger and larger
parallelograms about it. The number of lattice points in the boundaries of these parallelograms
is 8,16,24, ..., so 8N in the Nth ring. Let @ be the closest lattice point to the origin in the first
ring. Then N@ is the closest lattice point in the N'th ring. For large N, the total contribution to
the sum from lattice points in the N'th ring is at most

24R
_Aﬂ.gN
IN@|3

L . 1 1
which is a constant times —, and ), — converges.
N? N2

Proof of Remaining Claims: Once we know that our series converges uniformly on compact
subsets, we can differentiate term by term, giving the formula for ¢’(z). Notice that this func-
tion is automatically doubly periodic because all the roots are treated equally. That isn’t true
in our formula for go(z); the origin has no correction factor. So we must prove that go(z) is also
periodic.

Notice that go(z) is even because whenever w is a lattice point, so is —w. Similarly ¢’(z) is odd.
By periodicity of g'(z), ¢(z + w,) and go(z) have the same derivative. So there is a constant C
such that go(z + w;) — go(z) = C. Set z = —%. Then

o(3)-0(-2)+c-0(2) ¢

So C = 0and g(z + @) = g(2). Similarly g(z + ;) = g(2).

Remark: Here is a picture of |g(z)| drawn by Mathematica.
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23.4 Formula for All Doubly Periodic Functions

X2 +5x+2

Recall that a rational function is just a quotient of two polynomials, like -
2

Theorem 157. Every doubly periodic function has the form

R1(9(2)) + Ry(92(2)) ' (2)

for rational R, and R,.

303 (2)+2¢0(2)+1 3 ’
_— 4 — z
gp*(2)-1 $(2) #'(2)

Proof: Let f(z) be doubly periodic. Write
f@+f(=2)  [f@)-f(=2)
+
2 260 (2)

Both fractions are even, so it suffices to prove that every even doubly periodic function is a
rational function of ¢(z).

Example:

f2) = %'(2)

Let f(z) be an even doubly periodic function. We can think of f as a mapping the torus to the
Riemann sphere. This sphere is CU{o0}, so f takes regular points to their values in C and poles
to infinity.

Consider the diagram below. It is possible to define a meromorphic g(z) completing the di-
agram, by an argument given shortly. Since every meromorphic function on the Riemann
sphere is rational, f(z) = R(g(z)) and we are done.

Now we prove the existence of g. The function go(z) takes each complex value the same number
of times. It has one pole of order 2, so it takes each complex value twice. But ga(z) = g(—2z),
so the two points on the torus giving a particular value differ by a sign. Since f is an even
function, it takes the same value at z and —z. So we can define g by using go~! to go backward
to two points, and then selecting the value of f at these points.
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We must pay attention to multiplicities. The value o is only taken at one point, but then there
is no ambiguity about the value of g(co0). Other complex values may come from only one point
if taken with multiplicity greater than one, but again there is no ambiguity defining g at these
points.

We also have problems if z = —z up to a lattice point, because then we only have one inverse
point rather than two. But ’(z) = —’(—z) and so ’(z) = 0 and such points. Therefore they
take their values with multiplicity greater than one, so these values are only taken once.

If go(zy) # 0, then f is a local diffeomorphism near z, with holomorphic inverse. So g is
holomorphic except at finitely many points where it is merely continuous. But then each of
these points is a removable singularity and g is holomorphic everywhere. This concludes the
proof.

23.5 The Differential Equation Satisfied by ¢(z)

The meromorphic functions on the torus form a field, so they can be added and multiplied. We
know that these functions have the form

Ry(§(2)) + Ry((2)) §'(2)
It is clear how to add two such expressions. To multiply, we need to know (g'(z))?.

Theorem 158.

dz
where g, and g5 are the following constants:

deon2
<£> =40 — P — g

1 1
g=60) —  g3=140), —
a);éOw co;éoa)

Proof: Both sides of the equation are doubly periodic and have poles only at the lattice points.
We will show that that the Laurent expansion of the difference at the origin has only posi-
tive powers of z. It follows that the difference is a doubly periodic holomorphic function, so
constant, and so zero.

We have the following, where g(z) and the remaining sums are over non-zero lattice points:

1 1 1 1
p@=5+3 )= % +e@

(z—cu)Z_E

g) =), —2

(z —w)3
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1" 6
g (Z)=Z(Z_w)4

" _ —24

g (Z)—Z(Z_w)4
" _ 120

g"@ =7, o)

S0 g(0) = 0,8'(0) = 0,8(0) = —g>,8"(0) = 0,""(0) = Zg3 and
Lt 1 a1
g(z) = = t 55827 + 587 +

2
@' (z) = 10g22+ 832 + .

Ignoring positive powers of z, we get

1

(@(Z)) = — 20g2 + 28g3z + .
3 1 3 gz
(g(2)) = — + 052" 28g3 + ..

(9’ (z))2 —4(9(2))’ + 240 + g3 = 0 + terms in positive powers of z
QED.

23.6 Elliptic Integrals

Once we know the differential equation satisfied by the go-function, we can begin making con-
nections of our theory to other fields of mathematics. This section and the next sketch briefly
two of these connections. After that, we will return to systematic development of the the-
ory.

Suppose we want to compute the elliptic integral

f dz
Vaz? — g2 — g3

Make the substitution z = go(w). Then dz = g’(w) dw and the integral becomes

' (w) dw B gp’(w)dw_fdw_w
Vag(z) — g240(2) — gs /(W)
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and the integral is given by the inverse of the go-function. This is the reverse of how the theory
was discovered historically. TThe integral came first, and later its inverse was discovered to be
doubly-periodic.

There is still work to do. Fairly easy algebra shows that any elliptic integral can be transformed
into one involving the Weierstrass cubic, so this substitution can be made. But we need to show
that a lattice can be found giving g, and g;. We will prove later on that such a lattice exists, but
won’t explain how to actually calculate its generators w; and w,.

23.7 Field Theory

We can view the field of meromorphic functions on a torus purely algebraically, completely
forgetting that the elements of this field are really doubly-periodic functions, or even functions
of any sort. Suppose we let X stand for go(z) and Y stand for ¢’(z). Then among the elements

3
AShiSay Algebraists call this

the field of rational functions and denote it C(X). It as one of the elem:entary fields from which
more complicated fields are constructed.

of the field are all rational functions in X, that is, expressions like

A typical way to construct more complicated fields is to start with a ground field, introduce a
polynomial P(Y') with coefficients in the ground field, and add a root of this polynomial to the
field. Fields constructed in this way with ground field Q are called algebraic number fields and
are extremely important in number theory. For example, the field Q(i) consisting of all g; + g,i
is formed from Q by adding a root of Y2 + 1 = 0.

The field of meromorphic functions on a torus is formed in exactly this way. The ground field
is all rational expressions in X and we then add a root of Y2 — 4X3 + g,X + g5. Large portions
of our theory can be developed purely algebraically using this idea.

Here’s an example. There are many tori, depending on the choice of w; and w,. Some of these
complex tori are conformally equivalent and some are not. We will study this in detail shortly,
but we have already seen a hint of it, because the theory of elliptic integrals depends on an
extra parameter m. It turns out that two tori are conformally equivalent if and only if their
associated fields are isomorphic by an isomorphism which is the identity map on the complex
numbers. So conformal equivalence can be determined by g, and g3, and we will show how
later on.
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23.8 Thee;

We now return to the rigorous theory. We know that ¢(z) takes each value exactly twice,
counting multiplicities. We are going to show that there are exactly three complex values taken
only once on the torus, because the multiplicity at these points is 2. The value o is also taken
only once because our pole has order two.

Recall that g(z) = —¢o(—2z). This gives two different points unless z and —z are equivalent
modulo the lattice. In that case, z = —z + mw; + nw, and so z = Ewl + ng. This gives

exactly four points in the canonical period parallelogram, as shown below. Notice that opposite

boundary points are identified.

/

There is no need to name the origin. We name the remaining points

w1 )

W Wy
61—2 82_2 = — —

GB=5 15

Notice that g'(—e;) = —g/(e;), but also g’ (—e;) = ¢'(e;) by periodicity. So ¢'(e;) = 0. Be-
cause ¢’ has exactly one pole of order 3, it takes each complex value three times counting
multiplicities. So ¢’ vanishes exactly at e, e,, e;. The vanishing of g’ indicates points of g
with values of multiplicity greater than one. So the values go(e;) are taken exactly once.

It is easy to calculate values taken exactly once because ¢’(e;) = 0 and so the differential
equation gives

4go(e;)’ — gago(e) — g3 =0
Therefore go(e;) are the three roots of the cubic 4X3 — g, X — g;.

Since the three values go(e;) are distinct, so are the roots 1;, 15, 1; of 4X3 — g,X — g5, and there-
fore (11 — 2,)*(4; — A3)*(A, — 13)? # 0. This expression is unchanged under all permutations
of the roots, and a famous theorem in algebra then guarantees that it can be written in terms
of the coefficients of the polynomial. In the case of the above cubic, this value is gg — 27g§ up
to a nonzero factor. We have proved
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Theorem 159. Lete, = %,ez = %,63 = % + % Then

« The e; are the three zeros of g'(2).

 The function go(z) takes the values g(e;) exactly once; all other complex values are taken
twice.

« The exceptional values g(e;) are the roots of 4X> — g,X — g5.
« We have gé’ - 27g§ # 0.

23.9 Determining an Elliptic Function by its Zeros and Poles

A doubly periodic function is essentially determined by its zeros and poles and their orders.
Indeed suppose f(z) and g(z) are doubly periodic with the same zeros and poles and the same

orders. Then % has no singularities and thus is a non-zero constant, so f(z) = Ag(z) for a
g(z

constant A.

A finite formal sum D = )] d,z;, where the d;are non-zero integers and the z; are points in the
torus, is called a divisor. In such a sum, the z; are mere formal symbols, to keep track of certain
points in the torus. Think of a divisor as a request to form a function with zeros of order d; at
the points attached to positive coefficients, and poles of order d; at points attached to negative
coefficients. The degree of a divisor is the integer ), d;. We say D is the divisor of a function f
if f has zeros and poles at the indicated spots of precisely the indicated orders.

Theorem 160. If D = )] d;z; is the divisor of a doubly-periodic function, then
« the degree of D is zero
« the actual sum of complex numbers ), d;z; is a lattice point

Proof: If D is the divisor of f, then the sum of the positive d; is the number of times f is zero
and the sum of the negative d; is the negative of the number of times f is infinite, and f takes
each value the same number of times.

Form

1L
27t ), Q)

where the integral is taken counterclockwise around the boundary of a fundamental parallel-
ogram. Translate this parallelogram slightly if necessary to insure that f has no zeros or poles
on the boundary. Then the integral is the sum of the residues at singularities. There are two
kinds of singularities: zeros of f and poles of f. If z, is a zero, then near z, we can write

d¢
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f(2) = (z — zp)¥g(z) and

'@ _kz-2)""8(@)+(z-208'@) _ _k 4 g'(2)
f(@) (z - zo)*g(2) z—2 g(2)

Since z = (z — z;) + zy and

2f() . kzy | zg(2)
@ T imn T e

and the residue is kz,. At a pole the same calculation applies except that k is negative, and the
residue is still kz,. So the sum of the residues is ), d;z;.

Now we calculate the integral. We’ll omit the 277i for now. The vertical sides of the fundamental
parallogram are parameterized by y(t) = tw, and tw, + w; for 0 < ¢t < 1. Keeping track of the
direction of these paths, the integral is

(e ey [ s+ o)f (e + )
0 ftwy) 0 J(tw, + w;)

Since f is periodic, this difference is

w2 dt

1 ) 1
-/o‘ wlj}((ttgj)) w, dt = w; log f(tw,) .

The values of the function at the two endpoints are the same, so their logarithms differ by
a multiple of 27zi. Since our integral has this factor in the denominator, we get an integer
multiple of w;. Similarly the top and bottom contribution to the integral is an integer multiple

of ws.

-

In this proof we used the standard boundary of the parallelogram. If any zeros or poles are on
this boundary, just translate the path slightly. QED.
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Theorem 161. Conversely, if D = Y, d,z; is a divisor with degree zero, and Y. d;z; is a lattice
point, there is a doubly-periodic function with divisor D and the chosen zeros and poles. It is
unique up to a constant multiple.

Proof: Suppose we had a doubly periodic function o(z) with simple zeros at the lattice points
and no other zeros and poles. Then [] o(z — z;)% would be the desired function. But of course
no doubly periodic function has these properties. We will construct a function which is not
doubly periodic, but has these properties. Our function changes in an easy way when we add
w; or w, to z, and we will be able to show that the quotient doesn’t change at all.

Recall the lemma that |z| < 1implies |1 — E,(2)| < |z|**1. Taking a product over lattice points,
this lemma implies that o(z) = z [ [  E, (5) converges uniformly on compact subsets because
]
3 3
if z is restrited to a compact subset then for all large w we have ’Ez (5)| < |3‘ and ),
w w
converges.

z
w

We then get the following formulas; it is traditional to name the second function {(z), but it
will only appear in this section.

o(z)=z H (1 - %) e(i)%(if

w#0
_9d@ _1 1 1,2
§(z)—a(z)—z+c§0<z_w+w+w2>
d (d@)\_ 1 1 1) _ _
E(a(z)>__§_6§)<(z—w)2_ﬁ>_ #(2)

Since the derivative of {(z) is periodic, {(z) is periodic up to a constant. Itis traditional to name
these constants 7; and 7,. So {(z + w;) = {(z) + n; and {(z + w,) = {(2) + n,.

Lemma 21.
Ny — Ny = 271

Proof of lemma: Form [ {(z)dz around a fundamental parallelogram. Shift this path down and
to the left slightly to avoid the pole of {(z). Since ¢ has only one pole with residue one inside
this path, the result is 27i by the residue theorem. On the vertical portions of the path, {(z) is
7, larger on the right than on the left, so taking account the direction of integration, the sum
of these integrals is 7, w,. Similarly the top and bottom integrals give —n,w;.

Continuation of Main Proof: The formula {(z + w,) = {(z) + 1, can be rewritten as

dz+w) d(2) % (0(2)e™*)

o(z + w; " o(2) 1= o(z)emz
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/

But if f(z) and g(z) are two functions satisfying f7/ = g—/, then f'g — fg’ = Oor <i) =0, so
4 g
there is a constant C with £ = C. In short, f = Cg. We conclude that
g

0(z + w,) = Co(z)em*

To determine C, substitute z = —% and notice that o is an odd function. Thus
@i @y —17?1@1
ol=])=Co|——=)e 2
(3)=co(-%)
and :
C=— 65771501

A similar argument works for w, and we conclude that

1
o(z + ;) = —o(z)eM* M

1
o(z + w,) = —o(z)e™* 27

We are finally able to prove our theorem. Recall that we want a periodic function f with divisor
Z dizi. Let
f@) =] otz -z

We need only prove that this is doubly-periodic. It suffices to study w; and calculate

1 di
fz+w) = H o(z —z; + wl)di — H (—U(Z _ Zl_)em(z—zi)+5771w1>

Since the sum of the d; is zero, the initial signs cancel out and our expression equals

f(z)eE di(nl(z_zi)"'%’hwl)

Because )| d; = 0, this reduces to
f(z)e m X dizi

We are assuming that ) d;z; is in the period lattice. If it equals zero, we are done.

Otherwise a minor trick fixes the problem. Instead of writing D = )’ d;z;, simply write the
z; multiple times. Separate the zeros, now called g;, from the poles, now called b;. So D =
Y. a; — D, b;. If this sum equals the lattice point w, replace one q; by a; — w. Now the sum of
the terms in D is zero.

Important Remark: Up until this theorem, the restrictions on zeros and poles have been topo-
logical: there must be the same number of zeros and poles, there cannot be a single pole of
order 1, and so forth. But according to this theorem, if we are given the points z; in the torus
where f has zeros and poles and we move one of the points very slightly, our multiply periodic
function will cease to exist. So the condition in this theorem is analytical.
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23.10 Algebraic Curves

Rene Descartes is credited with the invention of analytic geometry. He considered polynomials
in two variables X and Y and studied curves in the plane formed by their solutions. Thus
X% +Y? = 1gives acircle, X? — Y2 — 1 gives a hyperbola, and so forth.

The theory of doubly-periodic functions has led us to the polynomial Y? —4X3 + g,X + g;. The
constants g, and g; may be complex, but they certainly can be real and then we get a plane
curve from Descartes. It is instructive to graph this curve.

The function 4X3—g,X —g; isa cubic, so it is negative to the left, and positive to the right. When
itis positive, there are two possible Y’s for each X, differing by a sign. When it is negative, there
are no real Y’s solving the equation. The picture below shows several cubic functions on the
left, and the resulting curve Y2 — 4X3 + g,X + g5 = 0 on the right.
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The analytic geometry of Descartes gradually evolved into the modern field of algebraic geom-
etry. One early discovery was that it is better to work over algebraically closed fields, and thus
in our case over the complex numbers. Another was that points at infinity should be added to
curves by working in projective space. Since we want to do both things, a few more words are
appropriate.

When we work over the complex numbers, the enclosing space becomes C? rather than R?, so
a 4-dimensional space rather than the plane. Curves like X?+Y? = 1 become two dimensional
surfaces in this four-dimensional space. It takes time to develop geometric intuition. One of
the trickiest points involves intersecting curves. In real space, we are used to lines and curves
intersecting in points. When we switch to the complex case, these lines and curves become
planes and surfaces and our intuition tells us that these objects intersect along curved lines. But
this intuition is wrong. We are in 4-space rather than 3-space, and surfaces in 4-space usually
intersect at isolated points. Think, for example, of the xy and zw planes, which intersect at the
origin.

For this reason, it is convenient to draw ordinary pictures in the plane even if we are work-
ing over the complex numbers, because these plane pictures correctly show how intersections
work.

As for points at infinity, we do not add a single point as we did for the Riemann sphere, but
instead add different points in different directions. On the other hand, we do not add a point
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infinitely far in front of us and a second one infinitely far behind us; instead these two points
are identified. Examples gradually show that this is the correct thing to do.

We'll explain in detail how projective space is constructed, but this section can be skimmed
because in the bitter end it will turn out that we add exactly one point at infinity to the curve
Y? = 4X3 — g,X — g;, and this point works over the rationals, or the reals, or the complex
numbers.

The construction of the real projective plane is best understood from the following picture. The
picture shows R? and inside it the plane z = 1. We identify (x, y, 1) in this plane with (x, y) in
the usual plane, so all of the ordinary points we know and love are in z = 1.

e e

Loy
/

A point (x,y, 1) generates a line in R? through this point and the origin. We will identify the
point (x, y, 1) with this line. Almost all lines through the origin in R* are accounted for in this
way. The lines that aren’t are those in the plane R? C R3. If we jiggle such a line just a little,
then it will intersect the plane z = 1 far out toward infinity. So lines through the origin in the
plane z = 0 behave like points at infinity in our z = 1 plane. Notice that there is one such line
for every direction.

We now define real projective space to be the set of all lines in R® through the origin. Most
such lines hit the z = 1 plane and correspond to ordinary points in z = 1. The remaining lines
correspond to points at infinity for z = 1.

Complex projective space is constructed in the same way. A point in this space is a one-
dimensional complex subspace of C3. The plane at z = 1 still consists of all (c;, ¢,, 1) and thus
can be identified with the complex plane (c;, ¢;). A complex line in the direction (v;, vy, U3) is

formed by the set of all (v, Av,, Av;), and intersects our plane in a single point when 4 = Ul
3

unless the line is parallel to this plane because v; = 0.

Suppose we have a curve, say Y2 — X2 = 1. There is an easy way to add points at infinity to this
curve. Add enough Z’s to each monomial to make the polynomial homogeneous. In our case
we obtain Y? — X? = Z2. Notice that if (a, b, c) satisfies this equation, then (ra, rb, rc) satisfies
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it for all r. So the solutions of this homogeneous polynomial are lines through the origin,
and thus points in projective space. Notice that the line through (a, b, 1) satisfies the equation
exactly when (a, b) satisfies the original equation. So the solutions of this new homogeneous
equation are just the old solutions together with certain solutions at infinity. In the particular
case illustrated, a solution at infinity would have the form (1a, Ab, 0) and then (1b)? — (1a)? =
02,50 b*> — a? = 0, so b = +a. This gives two points at infinity, one in the direction y = x and
one in the direction y = —x. Since our curve is a hyperbola, this is a reasonable result.

Let us finally come to our equation Y? = 4X3 — g,X — g;. The homogeneous equation is
Y?Z = 4X3 — g,XZ? — g;73. Points at infinity are given by setting Z = 0 and solving 0 = 4X3.
So they are lies of the form (0, Y, 0); this corresponds to the vertical direction in the plane. In
short, there is only one point at infinity, far up in the picture. Our pictures of the curve make
this result reasonable.

Remark: So the solutions of Y? = 4X* — g,X — g; in C?, together with its point at infinity,
correspond to some surface sitting in four dimensional space. What does that surface look
like? It seems like a hopeless question, but isn’t. The surface is a torus.

Theorem 162. The map z — ((2), §'(2)), together with the provision that lattice points map
to the point at infinity, is one-to-one and onto from the torus to the projective algebraic curve
Y2 =4X3 - g,X —g..

Proof: The image is on the curve because ¢ satisfies the appropriate differential equation.

Suppose (X, Y) is a point on the curve. Since g(z) takes every complex value, there is a z such
that X = ¢(z). Then g(z) = g(—z) and g'(z) = —g'(—2z). If z is not one of the exceptional
points e;, e,, e5, then z and —z are different and ¢’(z) # 0 and thus ¢’ takes different values
at z and —z. And indeed, there are exactly two points (X, +Y") with first coordinate X.

If z is one of ey, e,, e3, then there is only one z with go(z) = X. But in that case go(z) = X isa
zero of the function 4X* — g,X — g5 and therefore Y = 0. So there is only one point (X, 0) on
the curve with first coordinate X.

QED.

23.11 The Addition Formula

We now come to the climactic moment of our discussion. The theory of doubly-periodic func-
tions began when Fagnano discovered the doubling formula for the lemniscate. That led Euler
to find an addition formula for elliptic integrals, and a corresponding addition formula for their
inverses. We are about to formulate this theorem in the language of Weierstrass and give its
modern proof.

The theorems we will prove are related to the addition formulas of trigonometry. These results
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are mysterious and powerful in high school, but later we rewrite them
(cosB; + isin6;)(cos B, + isinB,) = cos(6, + 6,) + isin(6; + 6,)
and then
001162 — pi(61+6)
and ultimately we are looking at a group homomorphism R — S given by 6 — ¢'®.
The torus T2 is a group induced by adding complex numbers modulo a lattice. Let us tem-
porarily introduce C for the points of the projective curve Y? = 4X3 — g,X — g5. We have just
defined a map
T? - C
and our addition theorem is going to claim that this map is a group homomorphism. This will
be trivial if we use the map to identify the two objects and define the group structure in C as
the one induced by the structure in T2. We will not do that.

If we look back at the old result of Fagnano, the remarkable feature is that the limits of the
integral giving the doubled length are simple algebraic expressions in the limits of the inte-
gral giving the original length. What we would like is a group structure on € given by simple
algebraic expressions.

The key point is that 4X3 — g,X — g5 is a cubic, and thus this curve intersects lines in three
points. So if we are given two points on €, we can draw the line through these points and find
the third intersection point. Call these three points p;, p,, p;. The three points play completely
symmetric roles, so we cannot expect p; = p; + p,. Instead we expect p; + p, + p; = e, where
e is the identity of the group. And indeed, the grand generalization of the research of Fagnano,
Euler, and many others, is that this operation makes € into a group, and our map T> — Cisa
group homomorphism.

That is the idea, but there are a wealth of ambiguous details. And maybe the first is: what is
the identity of the group C? If our theorem is correct, the map we have defined will take the
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identity 0 € T? to the identity of C. Since go(z) has a pole at 0, we must choose co € € to be
the identity of that group.

Recall that oo is in the vertical direction. So the straight lines through oo will be vertical lines
in the plane. Such a line goes through (X,Y) and (X, —Y). So the inverse of (X,Y) must be
X,-Y).

This allows us to precisely define the group operation. Given p; and p, on our curve, find
the straight line through p; and p, and find the third intersection point p; = (X,Y). Then

p1+p=X,=Y).

Theorem 163 (The Addition Formula). The map z — (g’ (z), 2(z)) from the torus to the curve
Y? = 4X3 — g,X — g5 is a group isomorphism:

Proof: Let w; and w, belong to the torus. Find constants a and b such that
' (wy) — agp(wy)) —b =0

wp'(w,) — ag(w,) —b =0

The function ¢'(z) — ag(z) — b is doubly periodic with a pole at the origin of order 3 and
no other poles. Therefore this function has three zeros, namely w;, w, and one more. By the
theorem on zeros and poles of doubly-periodic functions, the sum of these zeros must be 0 in
the torus (that is, a lattice point). So the third zero is —(w; + w,). Since g is even and ¢’ is
odd, the corresponding point on the line is (—g’(w; + w,), g(w, + w,)). This point is also on
the curve, but it is not the sum of the images of w; and w, because our rule says that we find
the third point on the line and then change the sign of its Y component. So the actual sum of
the images of w; and w, is

(' (w1 + wy), go(w; + wy))
QED.

Remark: We did not actually prove that our addition formula makes the curve into a group.
The set certainly has an identity, and each element has an inverse. The missing axiom is as-
sociativity. This axiom is true but rather difficult to prove algebraically. But we do not need
to give the proof because associativity follows from the addition formula since addition on the
torus is associative and our map preserves addition and is one-to-one and onto.

There is still a minor gap. Our proof only works for curves which have an associated lattice and
thus associated doubly-periodic functions. We will later prove all curves satisfying gg —27g§ #0
have such an associated lattice. If this quantity is zero, the curve has a singularity and the group
law fails.
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23.12 Concrete Addition Formulas

Theorem 164. The following are concrete addition and duplication formulas for g(z):

2
P +v) = %(%) ~ () ~ (0)
2
")\ fou) (69(w) — 3¢
SRR O AR it 2]

#'(1) = 65°() — 3240)

Proof: Suppose (X;,Y7),(X,,Y,), and (X3, Y3) all lie in both the line Y = aX + b and the curve
Y? = 4X3 — g,X — g;. Then all three X; solve (aX; + b)* = 4X? — g,X; — g;. This equation has
three roots and thus factors, so

4(X = X)X = X)X — X3) = 4X3 — g,X — g3 — (aX + b)?
Equating coefficients of X:
—4(X; + X, + X3) = —a?
4(X, X, + X1 X5 + X,X3) = —g, — 2ab
—4(X,X,X;) = —g3 — b?
We only use the first of these results. From it, we can determine X5 if we know a. It is easy to

find a since Yl — aX1 + b and Y2 = aXZ + b, and thus a = <§1_§2>.
1742

Consequently the first equation above gives

1/Y,—-Y,\
X3‘Z<X1—X2) KX

The sum of (X, Y;) and (X,, Y) is actually (X3, —Y3), but no adjustment is needed for the first
coordinate. This gives the first formula of the theorem.

The second formula is a consequence of the first if we let v = u + Au and notice that the limit
of

1 (@'(u) — %/ (u + Au)

2
4\ o) — gp(u+ Au) ) — o) — p(u + Au)
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equals the limit of
2
%' (w)—g' (ut+du)
LY VS
41 puw)-p(ut+iu)
Au

— @) — go(u + Au)

Finally, the third result arises from differentiating the equation

2
d
( Z)EZ)) = 49%(2) — g,9(2) — g3

23.13 Full Group Law on the Elliptic Curve

There is a piece of terminology we have not yet used. The curve Y? = 4X3—g,X —g, is called an
elliptic curve, and sometimes more specifically an an elliptic curve in Weierstrass form. History
has played a trick on us. The theory started by trying to find the length of an ellipse, and the
resulting integrals were called elliptic integrals. Inverting these integrals gave doubly-periodic
functions, also called elliptic functions. These solve a differential equation and lead to class of
curves called elliptic curves. But these curves are not ellipses.

Elliptic curves are studied over many different base fields; in these cases, g, and g5 are elements
of the base field. We looked at the fields R and C, but the field Q is intensely studied in number
theory. It is also possible to select a finite field and count the number of solutions over that
field. In each of these cases we get a group, because the group laws we are obtaining are purely
algebraic involving only field operations and not even a square root.

A curveis singular if it does not have a tangent line at some points. Our elliptic curve is singular
if and only if g§ — 27g§ = 0, a case we have proved does not arise from elliptic function theory.
The group law fails if the elliptic curve is singular.

We are going to give the full group law for non-singular elliptic curves. The law falls into two
general cases and some exceptions. The first two formulas on the next page cover the so-called
chord case: we are given two distinct points which are not vertical, draw the chord between
them, and find the third intersection point of this chord.
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The next two formulas cover the so-called tangent case. We select one point whose Y coordinate
is not zero and draw the tangent line to the elliptic curve at that point. This line intersects the
curve twice at its tangent.” We find the other intersection point.

The final cases cover the cases when the tangent line to our point is vertical. This can only
happen when the curve crosses the x-axis.

Theorem 165. The full group law on the elliptic curve Y? = 4X3 — g,X — g5 is given by the
following equations for (X1,Y) + (X5, Y,) = (X5,Y3):

1 1/1—Y2>2 :
X3 - 4<X1 _X2 Xl X2 #Xl #XZ

Y, -Y, .
Y; = (m) X1 -X3)-Y, X1 #X,

2
1

1 X1 (6X1 - 582) )

X3=Z Y—l _ZXl l‘fX1=X2andY1=Y2andY1§é0

1
X (6X1 - Egz)
Y3= Y—l (XI_X3)_Y1 lf‘Xl =X2andY1=Y2andY1$éO

X1,Y1)+ (X,,Y,) = inall remaining cases
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Proof: The two formulas for X; were obtained in the previous section. The third point is on
the line Y = aX + b, but the group law changes the signof Y. So Y = —aX — b. We have
already determined a formula for a, and since Y; = aX; + b, we have b = Y; — aX;. So
Y; =—aX;—-Y; +aX; =aX; —X3)—-Y;.

23.14 Fermat and the Group Law on Elliptic Curves

Surprisingly, these formulas were used by Fermat to solve problems in number theory long
before groups were invented. Fermat carefully read a recently printed version of the works
of Diophantus of Alexandria, who lived from approximately 200 AD to 290 AD. Diophantus
wrote about solving algebraic equations, but in words without our modern algebraic notation,
and he was often interested in integer or rational solutions of these equations.

Wikipedia quotes Hermann Hankel about Diophantus as follows: “For our author (Diophan-
tos), not the slightest trace of a general, comprehensive method is discernible; each problem
calls for some special method which refuses to work even for the most closely related prob-
lems. For this reason it is difficult for the modern scholar to solve the 101st problem even after
having studied 100 of Diophantus’s solutions.”

Many problems considered by Fermat involved polynomials P(X, Y)) with rational coefficients,
and attempts to find solutions of P(X,Y) = 0 with both X and Y rational. Scholars today
usually assume that P is irreducible and the resulting curve is non-singular. In that case, the
complex solutions in projective space form a compact surface of genus g for some g > 0. Sur-
prisingly, this g has a strong influence on the rational solutions of the equation. When g = 0,
we say the curve is rational and in that case the method we used to find rational points on the
circle X? + Y2 — 1 often generalizes. When g = 1, we say the curve is elliptic and then the
techniques of this section come into play. When g > 2, a celebrated theorem of Gerd Faltings
proved in 1983 says that there are only finitely many rational solutions.

Fermat is essentially the first mathematician to seriously investigate the elliptic case. An ex-
ample shows how very simple problems can lead to such equations. Fermat tried to find a
Pythagorian triangle whose area is a perfect square. This is a problem in integers, but it im-
mediately translates into a problem about rational numbers because a? + b? = ¢? if and only

2 2
if (5) + ( 2) = 1. If the area of the resulting triangle with rational sides is a rational square,
c C

then we can go backward and find that the area of the triangle with integer sides is an integral
square.

But we know that rational points on the circle are given by

(x.y) = 1—t> 2t
VE\Tre 1+ e
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and the area of such a triangle is

1 t(1—1t?)

_xy e
2 1 +12)2
So we are looking for a rational ¢t making this last expression a square, or equivalently a point
on the curve Y2 = t(1 — t?). This curve has rational solutions since (0, 0), (0, 1), (0, —1) are
on the curve, but unhappily each gives a degenerate triangle. Fermat wanted to find other

solutions.

Eventually Fermat proved that there are no other rational solutions using a technique he in-
vented called the method of infinite descent. He assumed he had a non-trivial solution and then
showed that from such a solution he could produce a “smaller” solution. Here the size of a so-
lution is measured by the complexity of the numerators and denominators of the solution. But
it is impossible to have infinitely many smaller and smaller solutions, so none can exist.

In many other elliptic cases, however, Fermat found many solutions using what he called the
“chord and tangent method.” These are exactly our rules for addition on elliptic curves. For
instance, given a solution, he found the tangent line to the curve at that point. This line in-
tersected the curve twice at the solution and once somewhere else. That third point must also
have rational coordinates since it can be found by elementary algebra. Continue. One rea-
son this method was attractive was that it very rapidly led from simple solutions to solutions
given by fractions with incredibly large numerators and denominators. If a reader didn’t know
about the chord and tangent method, it would seem miraculous that such a solution was ever
found.

23.15 Brief Survey of Modern Results

The study of rational solutions of an elliptic curve is an extremely active area of modern re-
search. Perhaps a starting point came around 1901, when Poincare observed that the rational
points on an elliptic curve form a group and asked if this group is finitely generated. That s, are
there finitely many solutions such that all other solutions are given by the chord and tangent
method.

In 1922, Louis Mordell proved that there are. Indeed he proved that the group of rational points
is a finitely generated abelian group, and thus has the form

ZXZ X Z X Zny X e X Ly,

Mordell’s proof involved a beautiful generalization of Fermat’s method of descent. At one cru-
cial point, the proof is nonconstructive, so for example it does not explain how to find the
number of Z factors.

However, using hints from the proof and other special tricks, the number of Z’s can often be
determined. For the torsion portion of the group, the situation is very much better. For each
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special case, there is an algorithm to determine the torsion component. Moreover, it is easy to
prove that it always has the form Z,, or Z, X Z,,. In 1978, Barry Mazur found a list of the exact
possible groups. They are Z, forn = 1,2,3,4,5,6,7,8,9,100r 12 and Z, X Z,, for n = 2,4,6, 8.
So there are exactly 15 possible torsion groups.

As for the rank of these groups (the number of Z terms), the highest known rank is 24, found
in 2000 by Martin and McMillen. In 2006, Elkies found an example where the rank is un-
known, but at least 28. The site https://web.math.pmf .unizg.hr/ duje/tors/rankhist.
htm1 lists equations and generators for these examples and others.

It is unknown whether the rank can be arbitrarily large. But gradually a conjecture has devel-
oped about average ranks. According to the conjecture, half of elliptic curves have rank zero
and half have rank one. That is, if you pick a curve at random, it might have high rank, but
chances are that it will have rank either zero or one.

I do not know the current status of these conjectures, but important work has been done by
Manul Bhargava and Arul Shankar. As of 2014, they had proved that at least 20.6% of elliptic
curves have rank 0 and at least 83.75% have rank either zero or one. See https://mattbaker.
blog/2014/03/10/the-bsd-conjecture-is-true-for-most-elliptic-curves/andsearch
the web for more recent results.

Itis also possible to compute the size of elliptic curves over finite fields Z ,. It is easy to estimate
the rough size of these groups. The Z, plane has p? points, and evaluating Y? —4X3 — g, X — g,
on a point can give p different values. If each of these values is equally likely, then we expect
about p?/p = p to be zero. So when we calculate the actual number of points, we get values
which hover around p, sometimes a little larger and sometimes a little smaller.

Now a very rough conjecture. If these numbers are more often a little larger than p, then per-
haps the curve has a lot of rational points and so positive rank. But if these numbers are often
a little smaller than p, then perhaps the curve has few rational points and so zero rank. In the
early 1960’s, Peter Swinnerton-Dyer computed the number of points modulo p for a large num-
ber of primes. From these calculations, Birch and Swinnerton-Dyer made an initial conjecture
making more explicit the idea that many solutions over p implies positive rank. This conjecture
was then made far more explicit, eventually leading to a formula for the rank from information
about the number of solutions over p. This conjecture of Birch and Swinnerton-Dyer is one
of the million dollar prize problems of the Clay institute, and specific details about the con-
jecture can be found at their web site http://www.claymath.org/millennium-problems/
birch-and-swinnerton-dyer-conjecture.


https://web.math.pmf.unizg.hr/~duje/tors/rankhist.html
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23.16 Appendix on Discriminant
Earlier we introduced the quantity gg — 27g§, which measures whether the polynomial
P(X) =4X> — 22X — g3 = 4(X —e))(X — e))(X —e3)

has multiple roots. This expression is called the discriminant of the polynomial.

Theorem 166. If the roots of a polynomial P(X) = 4X> — g,X — g are ey, e,, es, then
1
g —27g = Z(el —ey)*(e; —e3)*(ey — e3)?

Remark: This expression is symmetrical in the roots; any permutation of the roots leaves it
invariant. In turn, the coefficients of the polynomial are given by the elementary symmetric
polynomials

O0=¢e +e,+e;

&2
—I = 6162 + 6163 + 6263

83
—=2= =g e,e
2 1€2€3

A general theorem in algebra states that any symmetric polynomial P(X}, ..., X,,) can be written
as a polynomial in the elementary symmetric polynomials Q (o;(X1, ... , X;,), - » (X1, - s X11))
and if P has integer coefficients, so does Q. The discriminant (e; — e,)*(e; — e3)?* ... (e,_1 — €,)?
of any polynomial can be written as an integer combination of the roots. This expression is
very complicated.

Proof: Differentiating 4X> — g,X — g5 gives

12X2 — g, =4[(X —e)(X —e3) + (X —e))(X —e3) + (X — e))(X — ey)]

and so
123% — 8 = (e —e)(e; —e3)
1293 — g =(e;—e;)(e; —e3)
12e2 — g, = (e3 —ey)(e3 — €3)
or
(12¢ — g;)(12¢5 — g,)(12¢3 — g,) = —(e; — e2)*(e; — e3)*(e; — e3)?
or

(e1 —ey)%(e; —e3)*(e; — e3)? =

—(12)*(ereze3)* + (12)°gy(e2e3 + e2e3 + esel) — 12g5(e; + €3 +€3) + g5
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Notice that
0=(e;+ey+e3)* =e +e+e2+2ere, +eje; + eyes)

and so g
e+ e2+ el =—2(e;e; +eje; +exe3) = ?2
Also e;e,e; = —%3. We only need a formula for one more term in the formula at the bottom of

the previous page to complete the argument.
We have

2
82 2 2,2 4 ,2,2 4 2,2 2 2 2
<?> = (—2(eje; + e1e3 + eye3))” = 4(eje; + ejes + ejes) + 8(ejese; + esees + esee;)

The last term on the right is e;e,es(e; + e, + e3) = 0, so

g
2,2 4 2,2 4 2,2 _ 52
eje; +eje; +ejes = 16

This gives us enough information to complete the formula at the bottom of the previous page,
and we obtain
(e1 —ex)*(ey — e3)*(e; —3)* =
2

—(12)3 (—‘%3)2 +(12)°g, (f—é) —12¢g; (%) +g =

—27 - 4g3 +9g; — 62)2° + g5 = 4(g; — 27g3)
QED.



Chapter 24

The Modular Group

24.1 Conformal Equivalence of Tori

We now begin the second half of our investigation, which involves studying when two tori are
conformally equivalent. Historically this investigation traces back to the discovery that elliptic
integrals contain an extra parameter m related to the eccentricity of the ellipse.

Notice first that each torus has a large number of conformal automorphisms, namely transla-
tions. Eventually we will find the full automorphism group, which depends on the particular
torus.

Given two tori Ty and T,, we want to study holomorphic maps f : T; — T,. Following f with
a translation if necessary, we can assume that f(0) = 0. Each torus is formed by identifying
points of the plane equivalent via a lattice, so we get the diagram below:

C C
o
We claim that the map f can be lifted to a map fmaking the diagram commute:

f

c — C

lnl lnz

318
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Since C is simply connected and the maps C — T are covering maps, covering space theory
shows that the lift of this map toamap C — C exists. If we include base points and require that
all maps take 0 to 0, this map is unique. Because the lift is locally f, it is holomorphic.

Suppose [ is a conformal equivalence. Then we can repeat the same argument using f~! and
obtain a unique lift of f~! sending 0 to 0.

Composing the lift of f with the lift of f~! gives a lift of f~lof : T; — T;. This is the identity
map, and one such liftisz : C — C, so the composition of our lifts must be this map. Similarly
we get the identity when we compose in the other order. So each lift is one-to-one and onto
and thus an automorphism of C. We already know that every such automorphism has the form
z — Az + 7 for constants 4 and . Since our lifts map 0 to 0, they have the form z — Az for a
non-zero constant 4. We have proved the following theorem:

Theorem 167. Every conformal equivalence from T, to T, sending 0 to 0 is induced by a map
from C to C of the form z — Az.

Note: Readers who have not studied covering space theory can still convince themselves that
f exists. Indeed we essentially gave the proof when we defined complex integration over an
arbitrary continuous path. Suppose y(t) is a path in C from the origin to some other point z.
Then 7(y(¢)) is a similar path in T; and fom(y(t)) is a similar path starting in 0 in T,. We can
lift this path to a path in C starting at 0 by the argument given in that chapter on integration.
Define f(z) to be the end of this lifted path.

If we have two different paths in C starting at 0 and ending at z, then they are homotopic by a
homotopy which fixes 0 and z. So the projected paths in T; are homotopic, and after applying
f, the corresponding paths in T, are homotopic. By the exact argument we gave in integration
theory, the lifts back up to C are homotopic and thus end at the same point. So our induced
map from C to C is well-defined.

It is now a matter of cleaning up the pieces to finish the argument.

24.2 Consequences of the Lift

Suppose a torus T corresponds to a lattice with basis w; and w,. Map C to C by z — Az where
A = —. We obtain a new lattice whose first generator is 1. If the second generator winds up in

@
the lower half plane, we can replace it by its negative.

Consequently every torus is conformally equivalent to a torus associated with a lattice with
basis {1, 7} where 7 is in the upper half plane.

You might think this would be the end of the story, but it isn’t because the basis for a lattice
is not unique. If w; and w, form a lattice basis and a, b, c, d are integers, then aw, + bw; and
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cw, + dw; are in the lattice. If the determinant of the matrix

(2]

is one, the inverse matrix also has integer coefficients and thus w; and w, can be written as
integer combinations of aw, + bw; and cw, + dw;, It follows that these two numbers form a
new basis for the lattice. Requiring the determinant of the matrix to be 1 rather than —1 makes
the map preserve orientations, so if w, is in the plane left of w;, the new basis will still have
this property. The group of such matrices is called SL(2, Z).

So if we want to determine if two tori T; and T, are conformally equivalent, we can replace T
by a conformally equivalent torus generated by 1 and 7; in the upper half plane, and we can
replace T, by a conformally equivalent torus similarly generated by 1 and 7,. Then we want to
determine when we can find 4 so A times the second lattice is the first lattice. This will happen
exactly if the lattice generated by 4 and Ar, is the lattice generated by 1 and ;. So it happens
exactly if we can find a matrix in SL(2, Z) such that A = ct; + d and A1, = at; + b. And these

aﬁ:s. We have proved the following theorem:
cTy

equations will be true exactly if 7, =

Theorem 168. Every torus is conformally equivalent to a torus given by a lattice with basis {1, T},
where T is in the upper half plane. Two points 7, and t, represent conformally equivalent tori if

and only if there is a matrix Z in SL(2, Z) with
_ar+b

C et +d

Definition 53. The set of all maps from the upper half plane to itself given by actions of SL(2, Z)
as above is called the modular group.

Remark: Notice that we can change the sign of all four a, b, ¢, d without changing the map.
The element ( _01 _01 ) is in the center of SL(2, Z) and generates a subgroup of order two,
and so the modular group is

SL(2,Z)/{=I}

24.3 The Modular Diagram

Since ( (1) ’il ) belongs to SL(2, R), the map 7 — 7 + n is in the modular group. In particular,

-1
the map 7 — 7 + 1 is in the group. Since ( (1) 0 ) belongs to SL(2,R), the map 7 — -
T
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belongs to the group. It will eventually turn out that these two elements generate the entire
group.

Because the first element is in the group, every torus is conformally equivalent to a torus with
—% <S(r) < % Since the second element is in the group, every torus is conformally equivalent

to a torus with |t| > 1. It is not clear that we can map any 7 to an element satisfying both
conditions at once, but we will prove that this can be done. See the picture below.

Indeed, further investigation leads to the picture on the following page, one of the most famous
in the entire mathematical literature.

/\'

’“‘f"T‘f._"-/ S 7"\~ / D
S S e@& VA Y vl

—15 = -0.5

Definition 54. The fundamental domain of the modular group is the set of all t satisfying the
inequalities —1/2 < Im(t) < 1/2and |t| > 1. If |t| = 1, we require Im(t) < 0.

Remark: In short, the fundamental domain is the shaded region pictured above, but we only
take boundary points on the left side of the region.

Members of the modular group map the fundamental domain to the other connected regions
in the diagram. Each of these regions comes from a unique element of the modular group, so
the modular group is essentially the set of these connected regions. The picture clearly shows
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the regions obtained by translating the fundamental region left and right. If we first apply —i

and then translate, we get the large triangular regions below the fundamental region, and so
forth.

Theorem 169. Any point in the upper half plane can be mapped to a point in the fundamental
region by an element of the modular group. This point is unique.

Proof: We first claim that

m(ar+b)_ Im(t)
ct+d/) et +d|?

This follows from the brief calculation below because ad — bc = 1:

atr+b (at+b)ct+d) (ad+ bc)Re(r) + (ad — be)Im(t)
ct+d  (ct+d)cT+d) et +d|?

Next we notice that for each positive integer k, there are only finitely many integers c and d with
lct +d|? < k. Indeed, this expression is (cRe(t) + d)? + (cIm(7))?. Only finitely many integers
¢ satisfy (cIm(t))? < k, and for each such integer the values of ¢cR(z) + d form a sequence of
numbers along the real line, each of distance one from its neighbors, so only finitely many of

them have absolute value bounded by \/E

From these facts, it follows that any point in the upper half plane has a representative of maxi-
mal height. Select one of these representations and translate it by z — z + n until it is between
—1/2 and 1/2 and on the left boundary if there is a choice. The new representative must have

absolute value greater than or equal to one, for otherwise —! would be higher. If the new
T

representative has absolute value exactly 1 but is on the right side, — L will map it to a point
z

with absolute value 1, but on the left side. Hence every point can be mapped to a point in the
fundamental region.

We now must consider cases when 7 is in the fundamental region, M # I is in the modular
group, and M(7) is also in the fundamental region. In this case, we can suppose that Im(r) <
Im(M(1)), since otherwise we can work with M~! instead. Thus

Im(7)
mlD)
et ap 2 1m@

andso |ct+d| £ 1.

Notice that all points in the fundamental region has imaginary part greater than or equal to

?. So if 7 and M(r) are both in the fundamental region, Im(zr) > g and llni(zz > ? Write
CcT
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. 3
T=u+lv,s002£.Then = >
2 let+d|? (cu+d)2+(cv)? 2

\/E v v 1 1

= <
2 7 (cu+d)X2+(cv)? ~ (cv)2 v~ c2£
2

1%

Im(t) v

. So

and ¢ < i. Soc=-1,0,0or 1. Ifc = 0,thenad = 1,soa =d = 1ora = d = —1. Changing
the sign of all matrix elements gives the same map, so we can assume a = d = 1 and the map
is a translation. No non-trivial translation maps a point in the fundamental region back into
the fundamental region. So we can assume ¢ = +1. If ¢ = —1, change the sign of all matrix
elements, leaving the map fixed. So from now on, ¢ = 1.

. d-1 . _
Thenad—b = 1,s0b = ad—1. Thus thematr1x1s< ;l ¢ p )andthe mapist — a”j‘; L.
T
a — —. Recall that [e7 +d| < 1,50 |t +d| < 1. Thus [u + iv +d|? = (u+d)* +v* < 1,50
T
lu+d| <1.So |d|—% <|d|—|u| £ |d+u| <1impliesthatd =0, 1,—1,andthemapisa—i
T

or @ — — or a — +. Note that each of these maps is a specific map followed by a translation.

-1 T
We concentrate on the action of the specific map and then consult the modular picture to see
if any translation of the image of the map will get us back into the fundamental region.

For example, the map 7 — —% reflects across the circle and sends the fundamental region into

the triangular area with vertex on the x -axis. None of these points could translate to belong to
the fundamental region, except points on the circle. But on the circle our map is

1 T —
_ === —T
T TT
sou +iv — —u +iv. The point i is left fixed; other points inside the fundamental region move
outside and translations leave them outside. But there is one exception. The bottom left corner

moves to the bottom right corner, and if we translate by —1, we are back where we started. So
~1 _1leaves -1 + ﬁ fixed.
z 2 2
The map —Tll leaves —% + g fixed; this is again the bottom-left corner of the fundamental re-
T
gion. A brief calculation shows that if we compose —I _1with itself, we get _T11 If we linearly
z z

approximate these maps at the fixed point, our picture shows that —2 1 rotates counterclock-

z
wise by 2?71, so the composition _—11 rotates around the fixed point by 22?”. Thus it maps the

z+
fundamental region into the triangle with two curved sides and one straight side, and non-
trivial translations of this triangle are never in the fundamental region.
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Finally we study the map a — % When a = 0, a brief calculation shows that this map fixes
—

% + gi. So it must send the fundamental region to a rotated region at this point. We can

measure the rotation by calculating the derivative at the fixed point. The derivative is

2
gi is (é + ?1) , which is a rotation of 22?”. The picture then shows
that the fundamental region rotates into a triangle with one straight side hanging down from
the fixed point, and no translations of this triangle intersect the fundamental region except
at images of the fixed point. But we are studying situations where 7 is in the fundamental

region and M(7) is also in the fundamental region. If our M is a — L, then the only possible

(z-1)

and the value of this at % +

1-z
7 in the fundamental region satisfying this condition is the fixed point, but that is not in the
fundamental region.

This finishes the entire proof. The special transformations we discovered in the second half of
the proof will be important for us, so we study them next. QED.

24.4 Non-Euclidean Geometry

This is an aside, not used elsewhere in the notes.

In differential geometry, it is common to describe a distance function infinitesimally near each
point. The lengths of curves can then be determined by integration. Using the calculus of vari-
ations, it is possible to deduce the differential equation satisfied by geodesics, which are the
shortest curves between points. Solving this equation then gives the geodesics of the geome-

try.
For example, to get Euclidean geometry in the plane, we let distance be ds = 1/dx2 + dy2. This

means that if a curve moves from a point (x, y) to a point x + dx, y + dy, the distance it travels
isds = 4/dx2 + dy?. The length of a parametric curve y(t) = (x(t), y(t)) is then given by

b b d 2 d 2
f Vdx2 + dy? dr:f J(—x) +(—) dt
- IV \ar dt

This integral can be taken to be the definition of the formula for infinitesimal distance. The
differential equation for geodesics turns out to be y”'(t) = 0 and thus geodesics are straight
lines y(t) = p + tv.

A second important example is obtained by providing the unit disk with the distance func-

tion
2¢/dx2 + dy?

ds =
I
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According to this formula, distance near the origin is what we think it is, but distances near
the boundary are much greater than shown in the picture. The 2 is there for historical reasons
and can be ignored.

It turns out that with this metric, geodesics are straight lines through the origin and circles
which meet the boundary at ninety degrees. One of Escher’s most famous pictures was drawn
using this geometry. The picture is called Angels and Devils.

In the geometry, all of the angels have the same size and all of the devils have the same size.
Notice straight lines of symmetry through the origin which bisect both angels and devils. Then
notice similar bisecting curves nearer the boundary which form circles perpendicular to the
boundary. The picture contains infinitely many angels and devils.
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Where does this geometry come from? Recall that Euclid assumed a parallel postulate. The
modern version of this postulate states that whenever we have a straight line L and a point
P not on L, we can draw a unique line through P parallel to L. It was commonly believed in
ancient times that this should have been a theorem rather than a postulate, and many people
tried to give a proof. Even Legendre gave such a proof. But around that time, Gauss, Bolya, and
Lobachevsky realized that there could be no such theorem because there is a second geometri-
cal object which satisfies all of Euclid’s postulates except this one, and in which infinitely many
lines through P are parallel to L. Miraculously, it turns out that there is only one such geom-
etry, which we now call Non-Euclidean Geometry. Much later, Poincare realized that the unit
disk, with the above metric, is a model of Non-Euclidean geometry, That is why this particular
metric is so important.

Earlier in these notes we proved that the upper half plane and the unit disk are conformally
equivalent. It follows that the upper half plane is also a model for Non-Euclidean geometry if
we give it the correct metric. It turns out that the appropriate metric is

\Vdx? + dy?
ds = ————
2
In this metric the geodesics are straight vertical lines and circles which meet the x-axis at ninety
degrees.

Notice that the modular picture is constructed using such curves. In Non-Euclidean geometry,
triangles can have one vertex at infinity and yet have finite area. The modular diagram is a
tiling of the Non-Euclidean plane by such triangles. Each triangle in this tiling has the same
size in Non-Euclidean geometry.
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It is possible to draw the modular diagram in a disk rather than the upper half plane. We
then get a picture similar to the picture of Angles and Devils, but using only lines and circles.
Escher’s picture is a tiling of the Non-Euclidean plane, but not the modular tiling.

24.5 Conformal Automorphisms of Tori

The covering space argument at the beginning of this chapter shows that every automorphism
of one of our tori T is covered by a map of the form A(z) = az + b. This map induces a map
from T to T exactly when it preserves equivalence classes of points. If L is the lattice, this means
that z; — z, € L should imply A(z;) — A(z,) € L. Simple algebra shows that this condition is
equivalent to requiring thatif z € L, then az € L.

Automorphisms are maps whose inverses are also well-defined, so A(z) = az + b is an auto-
morphism if al. C L and a~'L C L. It is easy to see that if both conditions hold, @ must equal
e® for some 6 and thus our map is a rotation followed by a translation.

The conditions required of a obviously hold when a = +1, so for any lattice or torus, transla-
tions induce automorphisms and maps A(z) = —z + b induce automorphisms.

In C, the map —z + b has a unique fixed pointat z = g. So the map is rotation about this point
by 7.

The action on the torus is a little trickier. Let us first assume b = 0 and search for fixed points.
Apointisfixedifz = —z+myw; +w, orz = %wl + %wz. Thus this map has four fixed points
in a torus, the origin and ey, e,, e3. Near these points our map looks like a rotation by 7.

The same result holds for the map A(z) = —z + b, but the fixed points are simply translated
slightly. It may be difficult to imagine how four points at once can be fixed by a rotation. But
look at the following torus, stick a pin through the four indicated points, and flip the torus up
and over while holding the pin fixed. The four pin holes are fixed by this map, which rotates
around each fixed point by 7.

Translations and these rotations by 7 are the only automorphisms of most tori. Bu we get

\/—

special toriwhent =ior7t = —% + 73i. These 7 give the two famous symmetric lattices in the
plane, the square lattice and the hexagonal lattice.
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In the square case, multiplication by a preserves the lattice only if a = +1 or +i. These are ro-
tations by 0, /2, 7, or 37 /2. In the hexagonal case, multiplication by a preserves the lattice ex-

actlywhena = +1, + (% + gi), or+ (—% + gz) These are rotations by 0, 7 /6, 27 /6, 7w, 47 /6,

or 5m/6. We leave it to the user to determine the fixed points of these rotations in the torus
when there is no translation, and then in general.

24.6 The Modular Function j

We now begin a search for a holomorphic function on the upper half plane which is invariant
under the action of the modular group. Such a function would attach a number to each torus,
and conformally equivalent tori would be assigned the same number. So these numbers could
help distinguish tori which belong to different conformal equivalence classes. That is essen-
tially the role of the eccentricity in the theory of elliptic integrals, so we are attempting to find
an analogue for doubly-periodic functions.

The differential equation satisfied by an elliptic function depends on two parameters g, and g5
and the formulas for these parameters are

g2—6OZ— g3=1402i6

cu;éO w#0 @

We can think of these as functions on the upper half plane by writing

8, =60 Z

w#0

g=140) —————

bywr (mlr + m,)0

(ml‘r + m,)*
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It is natural to generalize and write

1
(myt + my)?k

Gay(7) = Z

w#0

These series converge for k > 1 and are not defined for odd indices because the terms would
cancel out in the odd case. The sums are called Eisenstein series after the mathematician who
first introduced them. Each is a holomorphic function on the upper half plane.

Eisenstein series are not invariant under the modular group, but they do satisfy simple trans-
formation formulas.

Q

Theorem 170. For each < c d

b ) e SL(2,2),

atr+b
G (S222) = (er + 4P G(o)

Proof: Since 7,1 and at + b, ct +d are different lattice bases for the same lattice, we have

1 1 1
Gy (1) = =
LD 2SS 2P (mr (Z2) 4 ma)
T+

and the final sum is

1 G (ar+b)
(et + d)%* Z*\er+d

Remark: Now we would like to form an expression in these G,; which is invariant under the
modular group. This will involve dividing two polynomials in the terms. Recall that gg —

27g§ is never zero. This is a perfect denominator; it changes by (¢t + d)® under a modular
3

transformation. The term gg changes by the same factor, and therefore j(7) = — g227 > does not
2 g

3

change at all.

Definition 55. The modular function is the following function, holomorphic on the upper half
plane and invariant under the modular group:

g

J@) = s
g —27g;

Warning: Some authors multiply our quotient by 1728. We will see why shortly. Caution is
required when reading other sources to understand the conventions being used.

We obtain the following astonishing theorem:
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Theorem 171. The function j is one-to-one and onto from the fundamental region to the complex
plane. Consequently, two tori are conformally equivalent if and only if they are associated with
the same value of
3
&
g —27¢?

Remark: The ancient theory of ellipses, which began our theory, introduced a single parameter
called eccentricity to distinguish ellipses in a fundamental way. And now, at the end of this
long development, we have again found a single parameter to distinguish lattices and fields of
doubly-periodic functions.

It is particularly fortunate that this parameter is defined using g, and g; and thus makes sense
algebraically when studying abstract fields and algebraic curves associated with doubly-periodic
functions.

Proof: The proof of this result is one of the most beautiful in complex analysis. We start by
glueing the boundary of the fundamental region together to make a new geometric object. The
modular transformation z — z+ 1 maps the left side to the right side and identifies these sides.
The modular transformation z — — maps the left half of the bottom circle to the right half and
identifies these sides. After makiné the two identifications, the fundamental region becomes
homeomorphic to the plane. Moreover, the points in the upper half plane with great height
correspond to points far from the origin in this new topological plane.

So we can introduce a point at infinity, exactly as we did when we constructed the Riemann
Sphere. With this extra point, the fundamental region together with the point at infinity form
a space homeomorphic to a sphere.

Next we give this space a complex structure in the sense that each point has a neighborhood
that looks like an open set in the plane and these neighborhoods glue together by holomorphic
maps. After this is done, the function j becomes a holomorphic function on the space, except
at co. We will show that oo is a pole of the function, so j is meromorphic on our sphere.

We easily prove that any meromorphic function on our new space must take each value the
same number of times. To finish the argument, we need only prove that our function takes
oo once, including multiplicities. Therefore, all of this abstract nonsense reduces the proof to
showing that oo is a pole of j of order one.

At the end of the argument, we will avoid the abstract nonsense entirely with a trick. Thus
we concentrate on the crucial step. The proof of this step connects our theory to number the-
ory. This connection is just the tip of an iceberg and leads to powerful results in number the-

ory.

Beginning of Formal Proof: Suppose f(z) is holomorphic on the upper half plane and invariant
under the modular group. Then it is invariant under z — z+1 and thus periodic with period 1.
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So we can write f(z) = g(e?*'?) where g is holomorphic on 0 < |z| < 1. Itis traditional to write
q = e*™2, Here q takes values in the unit disk and can be regarded as the independent variable
describing these points. Since g is holomorphic on the punctured disk, it can be expanded in
a Laurent series ), _, g

Recall that 5
. z
msin(rz) =z [[(1 - ﬁ)
Taking the logarithmetic derivative,

-2z

cosmz 1 n? 1 2z 1 1 1
T— =-+ ==+ ) ——=—-+ +
sinrz z Zn2—z2 z Zz2—nZ z Z(z—n z+n)

n2

It is easy to see that the function on the left has period 1, so it has the form g(e?*#). In-
deed,
e7riz+e—7riz .
coS 71z 2 cemiz 41 g+1
V4 = = i

. =TT— — =Tl - =T
sin7rz emiz__p—miz eZﬂlZ _ 1 q — 1
2i
SO

+1 1 - -
glq) = m'g 7= —mi (1+ q)m = —7mi(1+q) Z q" = —mi — 2mi Z qm
m=0

- m=1

Differentiating g(e?*'?) with respedt to z gives g’(e2"?)(27i)e?™? = (2ri)q g’(g). The straight-
forward derivative with respect to z is:

1 1 1 1
_Z_Z<(z—n)2+(z+n)2>:_z (z —n)?

n>0 nez

The corresponding operation on the g formula is

o0

d ,
—-8(q(2)) = —Q7i)* 3} mq"
Z .
m=1
In short 1
-y, ——— = —(27i)? Z mq™
nez (Z - I’l)2 m>0

This formula implies that we should substitute g = ¢2**Z in the end. Differentiating after this
is easy and we find that

D)k —1) > B 3 mk-ign

nez (Z - n’)k m>0
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We now apply this formula to G, (1) = This function is periodic in 7 with

1
ZC"#O (mr+nyk’
period 1, so everything we have done applies when we set z = mt. However, m = 0 will be

troublesome, so we sum this term first. It will be

=22 = %K)

n#0 n= 1

Therefore

Goy (1) = 2¢(2k) + 2 Z >

m=1neZ (WI'T - n)Zk

At this point we want to evaluate the inner sum by the previous formula, where z = mrt. But
that previous formula was a sum over m. To avoid trouble, we change the m in the previous
formula to j getting

_ o (2mi)* 2k—1 ]
o) = 24 (2k) — 2 mZ;l =TT ; gl

In this formula, we are supposed to set ¢ = 277 = (¢277)" We want to use g = > in the
final formula, so we write this as or

(2ri)?k CLOMIES
Go(T) = 24 (2k) + 2 Z Ko 1)'; Pl = 2@k + 25 mzllgﬂk g

We now define a number theoretic function o (n) = de d¥. Soo01(6) =1+243+6=12
and 0,(6) = 12 + 23 + 32 + 62 = 50. A little thought shows that

(2mi)%

Gau(6) = 82 + 25

Z Oae_1(M)q"

where q = €277,

In particular,

4 (o]
82 = 60Gy4(7) = 60 (25” 4+ 2(2;) 2 Ga(m)qm>

m=1

g3 = 140G¢(1) = 140 (2;(6) + 2(_(2—?)6) > O'S(m)qm)
: m=1
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m* 7°

Recall that {(4) = e and {(6) = el A brief calculation gives

4 o
g = g7{4 (1 + 240 Z 03(m)qm)

m=1

8 (o]
g3 = ﬁﬂ6 (1 —504 )" cs(m)q’”)

m=1

Now notice that the outside factor of gg is

and the outside factor of 27g2 is

2 3
8 4
27 12 _ (_) 12
(27) i 3) ”

so when we form the modular function, these constants cancel and we get

(1+240% 03(m)qm)3

j(@ = 3 >
(142403 o3(m)gm) — (1504 %> o5(m)gm)
_ (1+ 2409 +..)° ~ 1+ 32400 + ... _
(1+240g+..) —(1—504g +..)> (1+3-240g+.)—-(1—-2-504g+..)
1+720g+.. 1 1,
1728q +..  1728¢q

This explains the strange factor 1728 used by some authors.

We claim that this formula shows that the modular function has a pole of order 1 at oo0. The por-
tion of the modular picture higher than 1 consists of equivalent vertical strips; the fundamental
region contains one of these strips, with —% <R(z) < % The periodic function g = ¢2** maps
each of these strips to the punctured disk 0 < |z| < e~27, where this last bound is provided so
we only consider the portion of the strips above J(z) = 1. It follows that we can think of g as
giving coordinates on the fundamental region for all points J(z) > 1. The missing pointq = 0
corresponds to the point at co. Consequently our expansion of j in terms of g shows that j has
a pole of order one at co.
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End of the Formal Proof: We now supply a trick to complete the proof. Recall the argument
principle, which states that the following integral computes the sum of the zeros and poles
inside y, with multiplicities which are positive for zeros and negative for poles.

1 [f©)
2ri J, f(§)

Apply this to j(z) and the following path. The integral around the solid lines cancels out and
we are left with the integral across the dotted line. Apply the map T — e¢?*' to map the upper
portion of the fundamental region to a disk and the dotted path to a dotted path in this disk as
pictured below.

d¢

\ et
1 | " * \
| 2 1
T\ \ T |
h
|
J

“z B of gy

\]|«
l._/’*\

The integral in the half plane counts zeros of j(7) including multiplicities. There are no poles. If
the dotted path is high enough, there will be no zeros above it because according to the second
picture these values are very large. The second picture counts poles, but we must consider
how the change of variable affects the integral. Our dotted path in the upper half plane is
y(t) = —t +ih for —% <t< % The corresponding curve in the disk is e?7{(~{+ih) = g=27hp=27it
The first term is an irrelevant constant, while the second term is a clockwise path around the
origin.

We are integrating % If we express z in terms of q as z(q), then f(z) becomes f(z(q)) and

"(z
the derivative of this with respect to q is f’ (z(q))Z—Z. However integration requires that we also
q

d o
transform dz to d—qu. So the entire integrand changes from
q

f(2)
f'(@)

dz

to

fe@) bz, JE@) ,,
fe@)Zde " 2 (g
q q
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This is miraculous and tells us that the integral in the g disk still counts zeros and poles, but
with a change of sign because the direction of the path is reversed. Usually zeros are counted
positively and poles are counted negatively, but our integral counts zeros negatively and poles
positively. There are no zeros in the disk and one pole of order one. So the dotted integral is
1. Therefore the total integral in the half plane is 1. This half plane integral is only counting
zeros, and therefore our function has one zero.

We aren’t quite done. There is a problem if j(r) is zero on the boundary. We can fix this for
most points by modifying the path slightly. The picture on the left shows this modification
when a zero is on a vertical boundary, and the picture on the right shows this modification
when a zero is on the circle at the bottom.

x——g—‘—““’ B [ — -t — it
G T 1
| \ |

| Hl .
SR o~

\;‘ N L= ;

This trick fails at the points i and —2 + gi. The picture below indicates a different modification
at i. We change our original path by using the bottom half of the small circle around i. The
main pieces of the integral cancel as before. But the dip below i has nothing to cancel against
because the modular transformation which fixes i maps it to the portion above i. Integrals over
both of these pieces are equal, and the total integral over the full circle is the order of the zero
of j at i. So the integral over just the bottom half of the circle is L (order of zero at i). Our
modified path counts zeros of j in the fundamental region, but it only counts half of the zero
ati.
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A slightly more complicated thing happens at —% + gi. The modified path is shown in the

illustration below. We avoid both special points at the left and right corners of the fundamental
region. The integrals along this path cancel except the two arcs at the special points and the
dotted line at the top.

T

-

The picture below shows the special point on the left corner of the fundamental region. The
new arc we introduced in this corner is shown, together with an arc to its left, which is the
new arc we introduced at the bottom right corner of the fundamental region, but moved by
z — z — 1 to this spot.

There are six arcs in the six angles around the special point, half equivalent to the arc we added

on the left side of the fundamental region and half equivalent to the arc we added on the right
side. Therefore integrating around our two arcs equals i of the total integral over a small circle

\V3

. 1 .
surrounding -5+

But this circle runs clockwise rather than counterclockwise, so the integral around our two
additional arcs in the fundamental region equals

—% (order of zero of j at —% + ?l)
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Our final result is

(sum of zeros of j strictly inside the fundamental region) =

—% (order of zero of j at —% + §l> + (integral along dotted line)

We already know that the integral along the dotted line is one because there is a pole of order
one at infinity. So the above result can be rewritten

.. 1
(number of zeros inside) + 3 (zeros at bottom left) = 1

We can make these various path modifications simultaneously to handle several zeros on the
boundary. We can also apply the argument to j(z) — A so we are counting points where f = 1.
Calliand -1/ 2+i\/§ /2 the special boundary points. Then for the function j(z) and an arbitrary
constant 4 we have proved the following:

(number of times f = A at a regular point in the fundamental region) +

% (number of times f(i) = 1)+
E <number of times f (—l + ﬁl) = /1)
3 2 2
=1

From this it is easy to complete the proof. If j(z) = A for a regular point, then we have already
accounted for the final 1, and therefore f can only equal 4 at that point and with multiplicity
one. Otherwise suppose f(i) = A with multiplicity m, where 0 < m is an integer, and let
f(=1/2+ i\/g /2) = A with multiplicity n, where 0 < n is an integer. Then % + g =1, and this

equation has only two solutions: m = 2and n = 0, or m = 0 and n = 3. So the value 4 is taken
at exactly one point. QED.

Corollary 33. If g, and gz are arbitrary complex numbers such that gg — 27g§ # 0, then there is
a lattice with basis w,, w, generating these g,, gs.

Proof: By the theorem can find a lattice with basis 7, 1 generating &, and g3 with

& &
g - 27g3 8- 2783

If we replace {t, 1} by {A1, 1}, &, is multiplied by 1%, g} is multiplies by A°, and the denominator
gg - 27g§ is multiplied by 1'2. Select a A making the denominators of the two invariants equal.
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Then the numerators will also be equal and so g, and g, differ by a cube root of unity. Multiply
A by this cube root; this will not change 1'2 or 1%, but 1* will be multiplied by this cube root.
making g, = g,. After this change, the denominators are equal and have the same g5, so their
gscan only different by a sign. Replace A2 by —12. This will not change 1'2 or 1%, but 1° will
change sign. QED.

Remark: We earlier discovered that two tori have larger automorphism groups than usual.
These tori correspond to the two exceptional points in the modular group’s fundamental region.

\V3

The square lattice is given by 7 = i and the hexagonal lattice is given by 7 = w = —I4 7i.
We easily compute that values of j at these points. Since g;(z) is a multiple of G¢(z), and since

. 1
i = —-, we have
4

: 1 6 s ;
8:() = & (—;) = °83() = —g5(D)
and so g;(i) = 0. Since gg — 27g§ # 0, g,(i) # 0 and
3
. 8
= —=—5=1
8, —27g;
Similarly the map 1= fixesw = —% + gi, S0

&(w) = gz(—% -1)= co4g2(co)

Since w* # 1, g,(w) = 0 and
3

j@w)=——""—=0
g, — 27g3

Remark: We obtained the initial coefficient of the expansion of j(r), where g = e?™. If we
multiply j by 1728, this expansion continues

1
j@) = 1 + 196884q + 21493760g> + 864299970qg> + 20245856256q* + ...

During the twentieth century, the finite simple groups were completely classified. It turned
out that the list contains the alternating groups, a number of infinite families of groups related
to Lie groups, and 23 exceptional groups. The largest of these exceptional groups is called the
Monster group. In 1978, John McKay discovered that the coefficients of the expansion of j
are related to the dimensions of the irreducible representations of the monster group. These
dimensions are 1, 196883, 21296876, ... which we denote r;,r,, 15, .... The coefficients of the j
expansionare 1 = ry, 196884 = r; +r,, 21493760 = r;+71,+7r3, 20245856256 = 2r +2r,+r3+r,
and so forth. This led to a large investigation often called Monster Moonshine, until a precise
conjecture was made and finally proved in 1992 by Borcherds.
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24.7 Generating the Modular Group

Theorem 172. The modular group is generated by the mapsz - z + 1l and z — -1
z

Proof: We know that the only points in the fundamental region left fixed by a non-identity
NE

modular transformation are i and —% + ¥3i. 1t follows that all points in the upper half plane
except points equivalent to these points can be mapped into the fundamental region by only one
modular transformation. Thus to prove the theorem we need only show that every point can
be mapped to the fundamental region by applying the two indicated maps several times.

Start with an arbitrary point in the upper half plane. Translate the point until itis in the vertical
strip —% < R(@2) < % If the absolute value of the resulting point is greater than one, we are

done. If the absolute value is equal to one, we are done if it is on the left side and otherwise 1
z

finishes the job. If the absolute value is less than one, applying —Lleadstoa higher point, and
z

we can start the game all over. But we proved that once a point is at a certain height, there are
only a finite number of even larger heights it can reach. QED.

Remark: Because of this result, if f(z) is a periodic function on the upper half plane and we
are interested in invariance or almost invariance under the modular group, it suffices to find

an identity relating f (—l) to f(z). In mathematics there are many celebrated such identities.
4
Whenever one appears, the modular group is not far away. Note that

1
Gaxk <_E> = ZZszk(Z)

24.8 Classification of Modular Functions

Definition 56. A modular function is a meromorphic function f on the upper half plane satis-

fying the equations f(z + 1) = f(z) and f (—l> = f(z) and such that the point at infinity is not
z

an essential singularity.

Remark: The function is periodic, so it can be written as a function of g = e27iZ This function
maps the upper half plane to the disk 0 < |g| < 1. We are requiring that g = 0 be a removable
singularity or pole, rather than an essential singularity. Another way to say this is that f must
be meromorphic on the fundamental region with co added.

It follows from the previous section that a modular function is invariant under the action of
SL(2,Z), and consequently assigns to each torus a complex number which is a conformal in-
variant.

Theorem 173. Every modular function is a rational function in j(z).
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Proof: Suppose f(z) is modular and not constant. This f has only finitely many poles in the
fundamental region, because otherwise these poles would have to converge to co and so f in
the g-disk would have an essential singularity at the origin.

Suppose f has a pole of order k at z,. Let j(z,) = ¢o. Then j(z) — ¢, has a simple zero at z, and
f@(((z) - co)k has no pole at z, and thus one less pole in the fundamental region. Continu-
ing, we eventually find a polynomial P such that f(z)P(j(z)) has no poles in the fundamental
region.

Consider the Laurent expansion of f(z)P(j(z)) at the point at infinity, which has the form

ag

a
k+...+51+a0+...
q

Since j(q) = 1. ,we an clearly find a linear combination of powers of j such that the Laurent

expansion of this linear combination has exactly the same negative and constant terms. This
linear combination is a polynomial expression Q(j(z)). Then f(z)P(j(z)) — Q(j(z)) vanishes
Q((2)

———=_ QED

P(j(2))

Remark: Suppose f(z) is holomorphic on the upper half plane and satisfies f(z + 1) = f(2)
and f (—i) = f(z). Then f attaches a complex number to each lattice, and it attaches the

same invariant to conformally equivalent tori. If f is one-to-one on the fundamental region,
then conversely f distinguishes between tori that are not conformally equivalent.

at co and has no poles. Thus it is constant, and so zero. In short, f(z) =

We claim that such a function cannot have an essential singularity at oo, and therefore the
previous theorem applies. Indeed, pick an arbitrary finite point z, where f’(z,) # 0 and let
f(zg) = ¢y Then f is a local homeomorphism near ¢, and thus there is a small disk about
o such that the values in this disk are only taken near z,, and thus never taken near co. So
there is a disk about g = 0 in the g-disk such that f(z) is never within € of ¢, in this disk. It

follows that is bounded in the disk and thus has a removable singularity at the origin,

z)—cy
so f(z) — cy has at most a pole, and the same is true of f(z).

It is easy to see that the only rational functions of j with no poles in the upper half plane are
polynomials in j(t), and the only such polynomials which are one-to-one are aj(z) + b for
constants a and b. We have proved

Theorem 174. Let f(z) be a holomorphic function on the upper half plane such that f(t,) =
f(t,) if and only if the torus associated with 7, is conformally equivalent to the torus associated
with t,. Then f(t) = aj(t) + b for constants a and b.
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Remark: Such a function must satisfy f(z + 1) = f(z), and thus must have the form g(e**?) =
g(q). The function g must have a Laurent expansion in q of the form

1
a(a + b + 196884q + 21493760g% + 864299970q° + 20245856256q* + )

The mathematician Richard E. Borcherds won the Fields Medal for proving the Monster Moon-
shine conjecture about the connection between these numbers and the largest exceptional fi-
nite simple group. He teaches at Cambridge and Berkeley and has many UTube lectures on a
variety of topics. These videos are highly recommended because Borcherds explains the ideas
behind theorems rather than magically obtaining results by calculation.

In a wonderful video on the modular function, Borcherds points out that it’s defining equations
are very simple: f(z +1) = f(z) and f (—i) = f(z) and yet very mysteriously it leads to the
very large integers

196884, 21493760, 864299970, 20245856256, ...

Where do they come from?



Chapter 25

Consequences of the Modular
Theory

The theory of conformal equivalences of tori flows in a straightforward way until the very end.

g

3_27g?

& 3
is proved by studying the one point that does not correspond to a torus, and expanding the

function in a Laurent series about this point. That expansion leads from our earlier product
formulas for sin z to series whose coefficients are number theoretic formulas, and then series
associated with the Monster group.

Then suddenly, the crucial theorem that completely classifies tori up to equivalence

This chapter is a miscellaneous collection of such unexpected connections. The chapter will
not be entirely satisfying because we won’t have time to develop the full implications of these
connections. Each topic will introduce one new idea, and a full theory would then put all of
these ideas together to build a more complete edifice. Number theory is lurking in the shadows
as coefficients of series expansions, and in the following chapter we will finally reveal some of
that theory.

25.1 Picard’s Theorem

The modern theory of complex analysis is due to Cauchy and his followers in the first half of the
1800’s. By 1850 it was essentially complete. Imagine the surprise, then, when Charles-Emile
Picard discovered a previously unknown theorem from this elementary theory in 1879.

The following theorem had been well known:

Theorem 175. If f(z) is a non-constant entire function, then the range of f is dense in C.

342
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1
f(@)—zp

This has an easy proof. If an open neighborhood of a point z, is not in the range, then

is bounded, and thus constant.

Entire functions are natural generalizations of polynomials. According to the fundamental
theorem of calculus, every non-constant polynomial has a complex root and thus every non-
constant polynomial takes every complex value. But this more powerful theorem does not
generalize to entire functions because e is never zero.

Theorem 176 (Picard, 1879). The range of a non-constant entire function can omit at most one
point.

Proof: If f(z) omits two arbitrary values, we can replace f by af(z) + b and make the two
omitted values 0 = j (—% + gl> and 1 = j(i) Let U be the open set obtained by removing
V3

from the upper half plane the points i and —% + 731' and all points equivalent to them under

the modular group. Then a glance at the modular picture shows that j : U — C —{0,1}isa
covering space. We have the following diagram:

u
[
f
C —— C—-{0,1}

Since C is simply connected, we can lift f toamap f : C — U C H. Composing with e?7
gives a map from C to the unit disk D:

eZm'zof‘ C>D

Since D is bounded, this map is constant and thus f is constantand so f is constant. QED.

25.2 Modular Forms for SL(2,2)

Changing variables have been part of calculus from the very beginning. If f(w) is a function
and we later write w in terms of z, then f(w(z)) becomes a function of z. But when we differ-
entiate or integrate, a mysterious extra term appears in the transformation formula:

df

d d dw
W)~ = f@@) = T W) T

[ rwrdw = [ e G2 a2

Leibniz’ calculus notation is used because it suggests these extra terms and helps us remember
them.
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az+b

. The

When we encountered the modular group, we often made the transformation w = ~
CczZ

extra term is then

d(az+b>_(cz+d)a—(az+b)c_ 1

dz\cz+b/) "~ (cz+d)? " (cz+d)2

This extra term then appeared in the Eisenstein series G, (7), which satisfy the formula

atr+b\ _ 2k
G (S52) = (er + 4P G(o)

In this section we will try to understand the significance of these Eisenstein series, paying close
attention to that extra term. Since the modular group is generated byz - z+ 1and z — 1
z

with extra terms 1 and lz, we will pay particular attention to those generating cases.

zZ
Definition 57. A modular form of level 2k is a holomorphic function on the upper half plane
which satisfies the two equations

fz+1)=f(2)
and

1(-3) =@

and has a limiting value at infinity. In other words, when written as g(q) = g(e*™?), g has a
removable singularity at q = 0. If this value is zero, we call f a cusp form.

Remark: Sincez — z+1and z —» —= generate the modular group, modular forms are almost
z
invariant under all modular transformations. It is easy to see that

az+b\ _ 2k
7(ZED) = @+ dr @
In the advanced theory, it is useful to think of modular forms as elements f(z)(dz)¥, and then
they are completely invariant under the modular group. We never speak of modular forms of
odd level.

Note that a modular form of level zero is just a modular function. However, every non-trivial
modular function has poles, so the only modular forms of level zero are constants.

Theorem 177. Every modular form of level k has exactly % zeros, if zeros are properly counted.

\/_

The order of a zero is the standard order except ati and w = —% +3 Theorderatiis half of the
standard order, and the order at w is one third of the standard order.
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Proof: We compute the integral
1 f'(2)
2zt J, f(z)

over the following path, as we did when studying the j function. The argument is basically the
same.

z

Suppose first that none of the zeros is on the boundary of the fundamental region, and that the
dotted path is so high that no zeros are above it, except possibly at infinity. Then the integral
gives the number of zeros inside the fundamental region. The integral over the dotted line at
the top is equivalent to the integral over the dotted circle in the disk and thus counts the zero
or pole at infinity, but negatively because the circle is clockwise. For modular forms it gives
the negative of the number of zeros at infinity. The two vertical portions of the integral cancel,
as they did earlier.

The bottom integral is trickier because of the factor z* in the modular relation. The bottom
can be broken into two paths, the circular path from the lower left to the center point i and the

circular path from the lower right corner to i. The map w = —i maps the left path to the right
path, but the right path is then traversed in the opposite direction.

Recall the change of variable formula. We begin with two open sets & and V and a one-to-one
and onto holomorphic map w(z) from the first to the second. We think of the independent
variable in the first as z and the independent variable in the second as w. Whenever g(w) is a
function on V, g(w(z)) is a function on U. If y is a path in U, woy is a path in V. Then

dw
f gw(2) T dz = f g(w) dw
4 woy
Therefore when changing coordinates, functions transform as expected via g(w) — g(w(z)),
but integrands have a pesky extra term Z—w. Leibniz invented a wonderful notation which helps

us remember this term. In his language, the integrand is a differential written g(w)dw. When
we change coordinates, we have to remember that dw also changes. So the differential becomes

g(w(2)) (Z—j dz).
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Derivatives also have an extra term. We expect the function dig(w) to become di g(w(z)), but
w zZ
in fact ig(w(z)) equals ig(w) dw
dz dw d

However, the argument principle we are currently using involves an integrand which contains
a derivative, and this differential transforms with no extra terms. Indeed

ijwod ﬁﬂwhmd ﬁﬁmu»%d = flw())
fw T @ 2T jw T fw@

In our special case, w(z) = —i and f(w(z)) = zXf(z). Therefore

%f(w(z)) %Zkf(z) K k f'(2) f’(w)

dz=—="———dz=— dz
fw@ O @) 7@ T fw)

? (( )) over the left half of the circle equals the integral of j;(( w))

over the right half of the 01rcle, but traced backward. The integral of % dz over the entire

It follows that the integral of +

circle is thus the negative of the integral of X over the left half of this circle. So the total integral
z
of 2L f7 over the bottom of the fundamental region equals
Tl

1 k

27i z
Y

over the left half of the bottom boundary of the fundamental region. This path is exactly é of
the complete circle of radius 1 centered at the origin, and the integral moves clockwise rather
than counterclockwise, so the value of the integral is %

Clearly we have just proved that if f is a non-constant modular form of level k and f has no
zeros on the boundary of the fundamental region, then the total number of zeros of f inside

the region and at infinity is %

We now have to consider zeros on the boundary. Our previous trick of modifying the path to
handle zeros on the vertical boundary still works. Handling zeros on the circular boundary at
the bottom is tricky, but everything will be clear after we consider a possible zero at i. In that
case, we will modify the boundary path as follows:
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H \

“. A

Ignoring the bump in the center and the factor of i in the integral, on the left we integrate

27i
J; @) and on the right we integrate —%; the two major pieces cancel and we are left with
V4 w

k

-+

4

the integral of X In the limit as the bump goes to zero, this integral becomes % The limiting
z

!
process is a little tricky because if f has a zero at i then f7 has a pole at i. So the integral over

the entire left half of the circle does not converge. But luckily the two pieces cancel out until
the bitter end.

Next we must evaluate the small bump integral, and find its limit as the bump gets smaller and

smaller. If f has a zero at i, it can be written (z — i)™ h(z) near i, where h is holomorphic and

nonzero. So f7 =4 % The integral of —— over the bump is almost % of the integral around
zZ—l z zZ—1

. . . m . . . 1
the complete circle, which is —7 because our curve is clockwise and there is a surpressed Pyt
Tl

o . W,
In the limit as the bump decreases to zero, this value becomes exactly —%. The term s

holomorphic at i and the integral of it goes to zero as the bump shrinks. So integration around
our modified path shows that the sum of the zeros inside the fundamental region except for

the zero at i is
k m

12 2

and thus the sum of all of the zeros in the fundamental region is %

When there is a zero on the curved boundary but not at the two exceptional points, then there
will be two zeros, one on the left that is in the fundamental region, and one on the right that
is just outside. In that case we modify our path to exclude both zeros with two bumps like the
single bump pictured at i. The argument is the same as for i and we must take a limit as the
bumps decrease to points. The map z — —L moves the bump on the right to the lower half of

the bump on the left and we get a single pazth around our zero. So in the limit, this zero fully
counts.

\/_

The argument at 2 — ¥ is left to the reader but sketched briefly here. We make small partial
arcs at the two corners to avoid these two zeros. By periodicity, integration over these two arcs
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is like one third of the integration clockwise around the exceptional point. In the limit, this
becomes one third of the integral of — around this exceptional point. QED.
Z—wW

25.3 Dimensions of Spaces of Modular Forms

Recall that g, = 60G, and g; = 140G,. So the fundamental Eisenstein series for elliptic func-
tions are G, and Gg.

The set of all modular forms of weight 2k clearly forms a complex vector space. It turns out
that each of these spaces is finite dimensional. We have

Theorem 178. The dimension of the space of modular forms for 2k < 12 is given by the following
table:

2k  dimension  generators

0 1 1

2 0

4 1 G,

6 1 Ge

8 1 G;

10 1 G4Gg
3 2

12 2 G;,G?

Table 25.1: Dimension of Space M, of Forms of Level k

Proof: A form of level 2 would have 2/12 = 1/6 zeros, so it only has zeros at special points,
but each contributes too much. A form of level 4 would have 1/3 zeros. It could only have

V3

zeros at @ = — — 71’. Any two such forms would have zeros of the same order and thus

differ by a multiplicative constant. Since G, has such a zero, it generates the space. A form of
level 6 would have 1/2 zeros, and such a form could have a zero only at i. Any two would have
a zero of the same order and thus differ by a multiplicative constant. Since G4 has level 6, it
generates.

A form of level 8 would have 2/3 zeros. This can only happen if it has a double zero at w, as
does Gi. A form of level 10 would have 10/12 = 5/6 zeros. This can only happen if it has first
order zeros at i and w, as does G,Gg.
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Finally, a form of level 12 would have 1 zero. This can happen if it has one ordinary zero at any
non-special point, or a zero of order 2 at i, or a zero of order 3 at w. These two special cases
give us Gj and Gg and these are certainly linearly independent because their zeros occur at
different places. We will prove they generate. Let A = gg — 27g§ and notice that A is a linear
combination of G; and G?. It suffices to show that G; and A generate.

Let f(z) be an arbitrary modular form of level 12 and write g(z) = f(z) — CJ; 3((°°)) Gj(z). Notice
4 [ce]

that g has level 12 and has a zero at co. If g is identically zero, we are done. Otherwise %Z) has

level 0 and is holomorphic everywhere, hence constant. So f is a linear expression in A and
G; and thus in G} and G;. QED.

Definition 58. Let M, be the space of all modular forms of level 2k, and let My(2k) be the
subspace of cusp forms of order 2k, that is, forms which vanish at .

Theorem 179. Let A = gg — 27g§ and notice that multiplication by A gives a map from M(2k)
to My(2k + 12).

1. The map A is one-to-one and onto.

2. dim M(2k) = dim My(2k + 12)

3. dimM(2k) = dim My(2k) + 1 for 2k > 2
4. dimMQ2k) + 1 = dimMQ2k + 12)

Proof: Clearly multiplication by A is one-to-one, If f(z) is a 2k+12-level form which vanishes at
infinity, then since A is level 12 and has a simple zero at infinity and no other zeros, f(z)/A(z)
is a level 2k form, and it certainly maps to f(z). This proves the first two items.

The third item implies the final one because
dim M(Q2k) + 1 = dim M2k + 12) + 1 = dim M(2k + 12)

To prove the third item, it suffices to find g(z) € M(2k) with g(c0) = 1, because then for any
f we will have

f(2) =[f(2) — f(e0)g(2)] + f(c0)g(2)

However, functions of the form G,(z)"G¢(z)" suffice for this, because G, is zero at one excep-
tional point and nowhere else, and G is zero at the other exceptional point and nowhere else,
and thus these products are not zero at co and can be divided by a constant to make them equal
one at infinity. The forms have level 4m + 3n and these generate all even numbers higher than
2. QED.

Corollary 34. Every modular form can be written as a polynomial in G4 and G,
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Proof: The GGy suffice for the third item of the theorem, and A = g; — 27g§ suffices for the
first item. QED.

Remark We can consider the algebra of all polynomials C [G4(z), G¢(z)]. This is a graded alge-
bra. The elements in this algebra of level 2k give exactly the set M,;. In particular

Theorem 180. The monomials G'(z) G¢(z) of level 2k form a basis for M.

Proof: Tt suffices to show that these elements are linearly independent, since we already proved
that they generate. A dependence relation would be a polynomial P(X,Y’) with constant co-

efficients such that P(G,, G¢) has level 2k and is identically zero. We claim this would imply
G;
G
that. Then the value of Gi’ / Gg would always equal some root of Q and by continuity would be

constant. But at w the value of Gi’ / G§ is zero and at i it is infinity, so the expression is certainly
not constant.

the existence of a nontrivial polynomial Q(X) with Q( ) identically zero. Assume we had

It remains to show the existence of the polynomial Q. Suppose one monomial in the polynomial
is X™Y™. Then 4m; + 6n; = N is the level of the term. If X"™2Y"2 is another monomial, we
have 4m?+6n, = N. So 4(m,—m,) +6(n,—n;) = 0. It follows that 3|(m, —m,;) and 2|(n, —n;)
and we can write m, = m; + 3A and n, = n; — 2A for some integer A. So

X3 :
PX,Y) =X"™Y" Y | =
< \y

The integers A can be both positive and negative, but we can factor out an appropriate negative

. X3 . . X3
multiple of = to make the final sum a polynomial Q in =t QED.

Remark: Since we already know the dimensions of the M,;, an alternate proof would count the
number of monomials G;"l Ggl with 4m; + 6m, = 2k and show that this number agrees with
our dimension formula. This reduces the proof to a problem in elementary number theory.
The greatest common divisor of 4 and 3 is 2, so there are integers m; and n; such that

4m1 + 3n1 =2k

by a lemma in every number theory course ever taught. The next natural question is unique-
ness of the pair (m,, n;) and this is answered by the argument of the previous paragraph; there
are infinitely many other choices, but all have the form m, + 3A, n; — 2A. The final problem is
counting solutions with m; > 0and n; > 0. That is an exercise in some number theory courses,
which we avoided. The answer to the exercise is given by the dimension formula.
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25.4 A Theta Function

We now switch topics. Our study of the modular function j(z) led us to the equation

1) .
J (‘;) = j(7)
and the previous section illustrated the importance of similar formulas.

Another famous example was introduced by Jacobi. He used the convention that g = €™
rather than our e?™Z, so his functions are periodic with period 2 rather than 1. We will come
back to the consequences of this choice in a future section. Then Jacobi defined

(]

6(q)= Z qn2= Z em‘nzz

n=—oo n=—oo
Amazingly, this function satisfies a modular identity:

Theorem 181.

e(-%) — =iz 6(z)

Remark: Since |g| < 1, this sum converges very rapidly. Note that 6(z) is real on the imaginary

axis. If z = ix then  —iz = \/; We chose the branch of the logarithm making these square
roots positive.

History: Jacobi wrote a great book about elliptic functions and modular identities, Fundamenta
nova theoriae funtionum ellipticarum, published in 1829. This book has been translated into
English and is still read today. It contains a wealth of complicated, but amazing results, many
closely related to number theory.

Among other things, Jacobi was interested in computing values of elliptic functions. He had his
own fundamental functions, the Jacobi elliptic functions, rather than those of Weierstrass, but
the principles are the same. Since these functions have poles, series expansions may not con-
verge rapidly near the poles. So Jacobi introduced theta functions, which were not quite doubly
periodic but did have rapidly convergent series. He then obtained doubly periodic functions
as quotients of these theta functions, where the extra factors replacing periodicity cancelled
out.

We’ll describe the flavor of these developments without giving full details. Our theta function
comes from a more elaborate function introduced by Jacobi:

6(z,7) = Z g" (w?" where w = e™Z g =T

n=n—oo



CHAPTER 25. CONSEQUENCES OF THE MODULAR THEORY 352

Note that this function describes the z behavior of a function for fixed 7, and also the modular
behavior of 7. Our fundamental identity for 6(z) becomes

0 (E, _—1> = —i‘re(?izz)e(z,f)
(i
If we set z = 0 and thus w = 1, we obtain the results for 8(z) described earlier.

Jacobi found an astonishing triple product identity for his extended function:

6z 0= 2 ¢ @) =J]0-g™ A +wem) A +wg" )

m=—oo m=1

This identity can be proved directly without complex analysis, as in Hardy and Wright’s book
on number theory. It has many wonderful consequences. In the special case when z = 0 and
w = 1, it gives a formula for our 6:

6= Y ¢°=T[a-¢m [a+em )

m=—00 m=1

Proof of the Modular Identity for 6(z): We give the proof below by first proving a curious result
from Fourier analysis called the Poisson formula. For essentially the first time, we are going to
use a result we have not proved. This result is typically proved in undergraduate courses, and
states that the Fourier series of a differentiable periodic function converges to that function.
Two page proofs of this theorem are available in many books.

We will look at the case of a complex-valued function of a real variable f(x) which is periodic
of period 1. Define the Fourier coefficients of f by

1
ck=/ f()e 2mikiqy
0

The theorem we assume without proof says that the Fourier series of f converges to f, so

flx) = Z ckeZm‘kx

k=—o0

Remark: There is a corresponding theory of Fourier integrals for non-periodic functions, but
it is considerably more difficult and we will not use any result from that theory except the
definition of the Fourier integral transform. If f(x) is any reasonable function, the Fourier
integral transform is by definition

fx) = f f)e=2mx dt
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Theorem 182 (The Poisson Summation Formula). Let f(x) be a differentiable function on R
with compact support. Let f be the Fourier integral transform of f. Then

Dfm) =) fn)

More generally,
2, [+ m) =2 flmerinx

Remark:We can apply this to a function which is non-zero except on (0,1). In that case the
expression Ziooo f(x+n)isjust the periodic extension of f to the entire line, and the expression

(o] A 7 . . . . . . .
Z_oo f(n)e?*"* is the Fourier series of this function. So Poisson’s formula is reasonable.

Remark: When f has compact support, the sum on the left is a finite sum and the Fourier
Transform certainly exists. So the proof is straightforward algebra, given below. We will apply
the formula in a more general case when f has infinite support but decreases very rapidly at
infinity. Technically, this means that for all integers n > 0 we have lim,,_, , o, |x|" f(x) = 0. This
will cause the finite sum on the left to converge, allow us to interchange sums and integrals in
the proof, and cause the Fourier Transform to exist. Details are left to the reader.

Proof: Define g(x) = Zio f(x+n). Clearly g is C* and periodic with period 1. We will apply
the Fourier series result to g(x). The Fourier coefficients for g are

1 1
Cp = f D[+ n)e ikt gy = f f(t+n)e=27ikt dp =
0 0

n+1 n+1 [+
Zf f(u)e—zmk(u—n) du = Zf f(t)e—Zm'kt dt = f f(t)e—Zﬂikt dt = f(k)

By convergence of ordinary Fourier series,

DL fG+n) =) cpe?mikx = f(k)e?rikx

The first result follows by setting x = 0. QED.

Proof of result for 6(z): We now come to the main event. We will prove that 6 (— i) =1/ —-iz6(z)

for z on the imaginary axis. The identity theorem then implies that it is true in general. Note
that 6(ix) = )} e~™’% and the identity reads

6 (-%) = \/x6(ix)
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So let us define f(x) = )] e~NX = O(ix). In that case, we have to prove that f (i) = \/J_C f(x).

Fix a particular real number ¢ and let g(x) = e~™*". Then > gn) =3 e~™"” = f(¢). This is
the left side of Poisson’s formula for g. We wish to apply the formula, which involves computing
the Fourier transform

0 . 0 5 . o 2, 2iux
$(w) = / g(x)e™2mux dx = f e~ TIX e T2MIUX iy = f e O dx =
-0 —

0 —00
foo e_ﬂt(x-l—iTu)zeﬂt(iTu)z dx = ent(iTu)z foo e_ﬂt(x-'—i%)2 dx
— 00 —00

Make the substitution w = x + % and dw = du to get

u\2 o0
swy=e "' (%) / e~ dy

The limits of integration should now be —co + % and oo + iTx, but this will make no difference.
Make the further substitution u = \/?w and du = \/?dw to get
= )L [
gwy=e '/ — e ™ du
/-

The integral is now a number which we calculate using a trick of Laplace. Call the integral A

and notice that
o0 0 2 (&)
A? = f / e~ gy dy = f / e rdrd6 = 1
—00 Y—00 0 0
)

so A = 1. Therefore g(u) = e_ﬂ(T) % The right side of Poisson’s formula is then

Bt Lr()

QED.

Remark: Notice that 6(q) = an,nz q”f”’% with similar formulas for higher powers. Jacobi
used this fact and identities which arise in the study of 0 to find a formula for the number
of ways that an integer can be written as a sum of two squares, and another formula for the
number of ways that an integer can be written as a sum of four squares. These formulas gen-
eralized great theorems in number theory by Fermat, Euler, and Lagrange. We will describe
these proofs later.

There is another surprising use of 6. Riemann analytically continued the zeta function to the
entire plane using 6(z); the functional equation of the zeta function then turned out to be a

consequence of our result for 8 (—1)! We will explain that next.
z
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25.5 Integral Transforms

There are three important integral transforms, the Fourier transform, the Laplace transform,
and the Mellin transform. Each maps one function to another without losing information;
indeed each comes with an inversion transform which recovers the original function from the
transform.

Here is the Fourier transform with its inverse:

fo = f e~ f(x) dx

f(x) = f ™ f(y) dy
Here is the Laplace transform with its inverse:
for= [ emsenax
0

c+iT
f(x)= L lim ] ey f (y)dy for any large real c
27 T—o0 ), _ip

Here is the Mellin transform with its inverse:

for= [ xsw S
0

1 c+iT
f(x) = — lim / xVf(y)dy for any large real c
27 T>o0 J_ip

Remark: All three transforms are used in complex analysis, although the Mellin transform is
probably the most important for number theory. We will only use some elementary algebraic
properties of the transforms. The three transforms are closely related, and in this section we
talk informally about the intuition of what they are doing.

We usually apply the Fourier transform to functions defined on R and think of the transform
as also defined on R. Although f(x) is allowed to have complex values, we often think of f as
real-valued. The inversion formula writes f(x) as a generalized sum of waves 2, and the
Fourier transform f(y) gives the magnitude and phase of each wave. Indeed notice that for
real f(x) we have

= =Ffo)
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and so
FOIPT 4 f(=y)e? D) = 2R (f()e> ) = 2R (| f()|e>0e27) = 2| f(y)] cos(2mxy+6)

where § is the argument of f(y). This is a wave with magnitude |f(y)| and phase &; as a
function of x, the wave cos 2zxy has frequency y cycles per second.

Remark: The Laplace transform is also applied to real valued functions on the positive x-axis
f(x). But this time, the transformed function is important on the entire right half plane of com-
plex numbers, because the transform formula integrates over vertical lines in this plane. When
we apply the Laplace transform to y = ¢ + it to obtain these complex values, we have

f(c+it) =/ e~ X+ £(x) dx =/ e X (e7*¢ f(x)) dx
0 0

This is essentially the Fourier transform of f(x) with an added exponential decay factor, to-
gether with the assumption that f(x) = 0 for negative x. So apart from some constant factors,
the Laplace transform of f gives the Fourier transform of f on the y-axis, and the Fourier trans-
form of a decaying f on the vertical lines obtained by pushing this axis further right.

To make the analogy even closer, we can use the bilateral Laplace transform with the same
integrand but integrating from —oco to co. However in physics and electrical engineering, the
transform is usually used to analyze a current or wave with a definite beginning, and thus the
Laplace transform is the more appropriate tool.

With a slight amount of additional algebra, we can convince ourselves that the inversion for-
mula for the Laplace transform follows from the inversion formula for the Fourier integral.
Here is the argument. Let us carefully separate the Laplace and Fourier transforms by reserv-
ing the notation f(y) for the Fourier transform and writing £ f(y) for the Laplace transform.
Then our previous formula says

LN ® —ixt . —xC _ ® —Zﬁixi —xc ey L
Lf(c+lt)—'£ e X (e f(x))dx—'é e (e f(x)) dx =e f(x)(zﬂ_)

The Fourier inversion formula then gives

[eo]

e~ f(x) = / eZFiXte—Ef\(x)(t) dt = f ezmxth(C + 27rit) dt

—00
Move e~“* to the other side and substitute Substitute u = ¢ + 27it to obtain
1 ct+oo
s =50 [ eetdu

27
C—0o0
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As a concrete example of all of this, let us compute the Laplace transform of sin x. Integration
by parts twice gives the indefinite integral of e sin x as

T (e7™" cos x — te™' sin x)

. . o S| .
These expressions vanish at infinity and give T at zero, so the Laplace transform is
+

1
1+12

This transform has poles at t = +i and is well-defined on all vertical lines except the line at
c=0.

This function is very well behaved on vertical lines x = ¢ for ¢ > 0, where it is gives the
Fourier transform of e~ sin x, a rapidly decaying oscillation. As we get closer and closer to
¢ = 0, the decay slows down and our f(x) looks more and more like a pure sine wave (for
positive x). The Laplace transform, which is giving the Fourier transform on this vertical line,
is approaching a delta function with poles at +i.. Finally when ¢ = 0, we have a pure sine wave,

elX _p—ix

or in complex notation . The Fourier transform can no longer give this wave because
1
it is not a continuous sum of waves, but instead a sum of two isolated waves. Pure real waves

correspond to pairs of complex exponentials, hence the two poles in the picture.

Remark: The inversion formulas come with intricate conditions on f and are difficult to prove.
In many applications including ours, the inversion formula is not needed. Instead we use the
transform to map a known function f to a more difficult function f. Then easy properties of
f become surprising properties of f.

As an illustration of the complications posed by the inversion formula, consider the Fourier
transform. The formula for this transform converges if | f(x)| is integrable. Thus f can have
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discontinuous jumps and other bad properties. If we use Lebesgue integration, it can even
have certain singularities where it approaches infinity. In the language of Lebesgue, it can be
any L! function. However, the first significant theorem proved states that f is then continuous
and lim,_, , , f(x) = 0. So f is very nice. But the inversion formula for the Fourier transform
is another Fourier transform up to a sign, so the inversion formula could only be true for very
nice functions.

However, although f goes to zero toward infinity, it need not be integrable. So even further
conditions are needed on f for the inversion formula to even make sense. It turns out that if f
is continuous and f and f are L' so both formulas make sense, then the inversion formula is
true.

There is one spectacular theorem about the transform. Suppose f € L! and also f € L%. We
already know that f is continuous, but more is true; f € L2. Moreover the L2 norms of f and f
are equal. This is known as Plancherel’s theorem. Since L' NL? is dense in L, this gives a norm
preserving map from a dense subset of L? to L2. Easy abstract reasoning then shows that this
map can be uniquely extended to give a one-to-one and onto norm preserving isomorphism of
L2. So in a sense, the Fourier transform wants to live in L2. However, this beautiful result is
also very tricky, because the integral defining the Fourier transform will not even exist for some
very straightforward elements of L2, and we must determine a method giving the extension of
the map to these elements. Luckily, all of these matters are irrelevant for us.

Remark: The Fourier transform can be generalized to any locally compact abelian topological
group, and in that case integration is defined using Haar measure, that is, invariant measure on
the group, and the functions e?”*¥ are replaced with characters of the group. The Fourier trans-
form is then the special case where the group is the additive group R. Notice that the Mellin
transform fits this pattern, since & i3 invariant measure on the multiplicative group of non-

X
zero numbers, and the x” are group homomorphisms, although to C* rather than S*.

25.6 The Mellin Transform

Remark: We are going to use the Mellin transform. This transformation is also related to taking
Fourier transforms on vertical lines. Let us denote the Mellin transform by M f(y). Then

Mf(y) = f x? f(x) d% = f eylnxf(x)d?x = (substitute u = lnx)f e f(e*)du

0 0

and
(o]

Mf(c+it)= f eleHiu f(et)dy = f el (eU f(e*)) du

—00
The expression on the right is now essentially an inverse Fourier transform, and f is essentially
its Fourier transform. So in a sense the Mellin transform reconstructs functions from their



CHAPTER 25. CONSEQUENCES OF THE MODULAR THEORY 359

Fourier transforms.

Theorem 183. The Mellin transform has the following properties:
o Ifthe Mellin transform of f(x) is g(t), then the Mellin transform of f(ax) is a~'g(t)
» The Mellin transform of e is T(y)

Proof: We have

® dx . ®uyy du e du
/0‘ xyf(ax)T = (substitute ax = u)l (E) f(u)7 =a yf u f(u) -

0
f xVe™*—= = f P~le=t dt = T(y)
0 X 0

25.7 6(z) and the Zeta Function

and also

Recall that 6(q) = D, q”2 where g = ¢™? and 0 (—1) = \/—iz6(z). If we restrict attention to

Z .
the imaginary axis, we have 6(ix) = ), e~™'* and 6 (i) = 4/x0(ix). In this section only, we
X
follow the convention of redefining 6 rather than introducing a new letter. So

O(x) = Z e~n’x

n=—oo

0 (%) = VX0(x)

It is useful to introduce the closely related function

w(x) = 6(x)2— L D e

n=1
We then have the amazing

Theorem 184. The Mellin transform of w(x) is
! r 2
— TGy

Proof: We must form

Z xVe X ZZ = (substitute u = 7n*x) Z
X
0 n=1 n=1+Y0

-1
u )y o du

Th? Th?
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00 1 %) ) . ,
y_l - = — —_ —_—
nZ=:1 (mn2)y _é w e du p— 2 I'(y) po r'(y)<Qy)

QED.
Remark: Next we show that the functional equation of 8(x) gives the functional equation of
the zeta function.
1 (1 1 1
-1 ze()-1 ~ 2w ()+1]-1 1 <1>+ 1
2 2 2 Vx 20x

We take the Melilin transform of both sides, breaking up the integral into an integral from 0 to
1 plus an integral from 1 to co.

X

1
2

1

(Mw] () = f

0

fl ]t <1> 11
W —=w|=)+—=-3
0 Vx X fx 2

Make the substitution u = = in the first integral, getting
X

_/ ul~y [\/ﬂw(u)+g—1 —du =/ uy [\/ﬂw(u)+@—%l du =
1 1

21 u2

XY w(x) dx + f X lw(x)dx =
1

dx +f x¥w(x) dx
1

f u V2 Vw(u) + % (w2 —ul=Y) du
1

We conclude that

x~ 1=y

(o] [o's) _ / _ 0
[Mw] (y) = ] (¥ tw(x) + x7/2Vw(x)) dx + f X e f dx
1 1 2 | 2

We can compute the last two integrals explicitly. Indeed,

°°xa xa+l o
f e X
2 2(a+ 1),

= —ﬁ provided (a+1)<0

The grand conclusion is that

[Mw](y) = z7¥T(y)$(2y) = /1. (¥ w(x) + x7 2 Vw(x)) dx—%—m provided 0 < y
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Notice that this last expression is unchanged if we exchange y with 1/2 — y. So

T (2y) = = W/2IT(1/2 — )¢ (2(1/2 = p))

Replace each y by y/2 to obtain the functional equation:

VP T(y/2){0) = n VAT - )/2) {1 -y)
Remark: All this was in Riemann’s original paper on the zeta function.

Remark: We avoided issues of convergence in this calculation. The calculation itself was straight-
6(x)—-1

forward once two ideas were introduced: replace 6(x) by ;

1 o0
Jo and ;.

Recall that 6 = )] e~™X When x > 0, these terms rapidly decrease to zero except the term
with n = 0, which is identically 1. So 8 converges to 1 rather than zero at infinity, and the
Mellin integral of 6 would not exist. Consequently it was crucial that we use 6 — 1, and after

and break up the integral into

. . 6— . .
that the terms are symmetrical so it was natural to use 71 Notice that our first calculation

can only converge for 2y > 1 because it reduced by ), %y which only converges under this
n

condition. So when we changed each 2y to y, we needed y > 1. The truth is that we could not

expect convergence over a larger region because ¢ has a pole at one.

Our second calculation requires y > 0. This calculation has separated out two poles; after
changing 2y to y, they are

After they are subtracted, the remaining integrals converge. It follows that after the pole at 1
is subtracted away, {(y) can be analytically continued to R(y) > 0. But then the functional
equation allows us to analytically continue it to the rest of the complex plane, and the identity
principle implies that the functional equation, originally true in 0 < R(y) < 1, is always
true.
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Recalll that the Mellin transform is related to the Laplace transform. Below is a picture of
e(x)_l, which can be compared to our picture of the Laplace transform of

the transform of
e ¥sin x:

If we increase the resolution, we can see both poles:

25.8 Congruence Subgroups of SL(2,Z2)

The theta function 6(q) = ), q’12 for g = €™ satisfies 8(t + 2) = 6(r) and 6 (_—1) =\ it0(7).
T

Consequently, it is associated with a subgroup of the modular group generated by 7 — 7 + 2

and 7 — —%. In this section we determine that subgroup and its fundamental region. The
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subgroup turns out to have finite index in SL(2,Z2), so its fundamental region is a union of
several fundamental regions for the full modular group.

This is the tip of an iceberg of mathematical research. We could attempt to find all subgroups
in SL(2, Z) of finite index. For each we could find a fundamental region and then classify all
associated modular forms. This program turns out to be of great interest in number theory,
very closely associated with the recent proof of Fermat’s last theorem. We will give a small
glimpse of the first step of this program.

There is a natural group homomorphism SL(2,Z) — SL(2,Z,) obtained by reducing each
matrix element modulo n. We will shortly see that this map is onto when n = 2, and in fact
it is always onto. The kernel of the map is a subgroup of finite index in SL(n, Z) called the
principle congruence subgroup of level n and denoted I'(n). Concretely, it is the set of all matrices
¢ Z with a,d =1 (mod n)and b,c =0 (mod n) and ad — bc = 1.

We easily construct other subgroups of finite index by considering groups G with I'(n) C G C
SL(2,Z). These groups are in one-to-one correspondence with subgroups of SL(2,Z,). Any
subgroup of SL(2, Z) obtained in this way is called a congruence subgroup of SL(n,Z). When
the theory was first studied, it was conjectured that all subgroups of finite index are congruence
subgroups, but Felix Klein found a counterexample. Nevertheless, the groups which come up
in number theory are often congruence subgroups.

The group SL(2, Z,) has many subgroups, but an important one contains all upper triangu-

lar matrices . The associated congruence subgroup of SL(2, Z) is called the principle

a b
0 d
congruence subgroup and denoted T'y(N). It is these subgroups that are associated with ellip-
tic curves over Q by the modularity theorem at the heart of the proof of Fermat’s last theo-

rem.

The matrices +I belong to SL(2, Z) and both induce the identity map on the upper half plane.
So the modular group of transformations is actually SL(2, Z)/ + 1. Thus to obtain subgroups of
finite index, we should really consider the map SL(2,Z)/ +1 — SL(2,Z,)/ £ 1. When n = 2,
+I are the same element of SL(2, Z,,) and we can ignore this complication.

Enough of these generalities. Let us consider the subgroup of the modular group generated by
z— z+2andz - —-. We call this the theta group.
Z

Theorem 185. The theta group contain I'(2). Indeed, it is exactly T'(2) U (1) _01 ) I'(2). Con-
sequently, it is a congruence subgroup of SL(2,Z) associated with the subgroup of order 2 in
SL(2,Z,) containing the identity and ( (1) (1) .
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0 -1
1 0
ing that it is generated by the two elements generating the theta group.

Proof: We will prove this in reverse by considering the group I'(2) U ) I'(2) and show-

We first claim that the map SL(2, Z) — SL(2, Z,) is onto. Indeed, it is easy to see that SL(2, Z,)
has exactly six elements, and they are represented by the following elements of SL(2, Z):

o2 ) (o1 )(30)
SRR

The group I'(2) is the set of all elements of SL(2, Z) which map to ( (1) (1) ), and the set ( (1) _01 ) r2)

is exactly the set of all elements which map to . Consequently the group defined in the

0
1 0

. . . 1 1 1 -1
theorem hasindex 3 in SL(2, Z) and the coset representatives are( 0 (1) ),( 0 1 ),( (1) 1 ),

as is easily checked.

. . . -1
From this we easily construct a fundamental region for the group I'(2)U 0 I'(2). Namely

0
1
we can take the fundamental region of SL(2, Z), together with its horizontal translate by one,
and its image under the map z — ﬁ This map rotates the fundamental region around the

bottom-left corner w. So the fundamental region is the shaded portion of the following pic-
ture:
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However, we are free to rearrange this region. We break the right strip into two vertical pieces,
and move the right-most piece left two units. Then we break the lower triangle into two pieces
and move the left one right by two units. This leaves the following picture.

£ /i.."_’_-'
/o
/4

e Fra ,."H';,
i,

NS S
N ;
M_J

The great advantage is that the fundamental region can be easily explained It is the set of all z
such that |z| > 1and -1 < R(z) < 1.

0O —
1 0
plane can be moved into this fundamental region by a unique element of the group.

This region and its images under I'(2) U I'(2) cover the plane, so every point in the

Note that z — z + 2 is in I'(2) and thus in our group. Similarly z — —Lisinour group. And
z
now finally, we can prove that these two elements generate the group, and therefore the group
is exactly the theta group. The proof is exactly like an earlier proof. By a product of translations
of the form z — z + 2, move a point into the strip —1 < R(z) < 1. If the absolute value of the
. . . 1 .
image is greater than or equal to 1, we are done. Otherwise apply the map z — —- and notice
z

that the point is now higher than before. Repeat. But a point can only rise by a finite number
of steps, so eventually it will be in the fundamental region. QED.

Remark: We end with another way to think of this fundamental region Notice that the re-
gion has three sides, the left vertical side, the semicircle, and the right vertical side. These
are all geodesics in non-Euclidean geometry. So our fundamental region is a triangle in non-
Euclidean geometry, and images of this triangle under the theta group cover the entire upper
half plane.

There is a beautiful theorem about triangles in non-Euclidean geometry. The theorem states
that the area of a triangle is

T—(a+B+7y)

where these are the three angles of the triangle. The sum of the angles of a triangle in non-
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Euclidean geometry is smaller than 180 degrees. So if we have a very small triangle, this sum
is almost 7 because in small pieces the geometry looks Euclidean. But big triangles have larger
and large areas, so the sum of the angles is smaller. Moreover, there is a limit to the area of
a triangle in non-Euclidean geometry: it is never larger than 7. This limit is achieved by the
largest possible triangles, namely triangles whose vertices are at infinity, where their angle is
Zero.

The fundamental region of the theta group is such a triangle. Notice that all three vertices are
on the boundary of the upper half plane, either on the real axis or way up at infinity.

We can redraw the picture in the unit disk, and then everything becomes clear. Shown below
is non-Euclidean space tiled by copies of the fundamental region of the theta group. The theta
group is in one-to-one correspondence with these triangles.




Chapter 26

Theta Functions

26.1 Zeros of §(z)

In our discussion of ga(z), there is a missing ingredient. We constructed g to have a pole of
order two at the origin, but we did not determine its zeros. Unfortunately, there is no nice
expression for them.

We know that ¢o has two zeros or else one zero of order two. For symmetry reasons, we might
hope for a single zero of order two. But then ¢’(z) would vanish at the zero, so g(z) would
satisfy g0 — g,40 — g; = 0 and therefore be one of the roots of X3 — g,X — g5 = 0. These roots
are ey, e,, e3 and they are taken at &, &, and 252 This suggests that better choices for our

fundamental function would have been one of

@(Z) — €, @(Z) — €y, @(Z) —€3

because these functions have one pole of order two and one zero of order two. However, there
is no natural way to pick one of the three choices. If we pick ¢(z) — e; because its zero is in the
center of the period parallelogram, a different choice of lattice basis would put it on the outside
boundary. Instead it is best to think of the ¢2(z) — ¢; as three particularly nice functions.

Theorem 186. Up to translation and multiplication by a constant, there are three doubly-periodic
functions with one zero of order two and one pole of order two, namely the g(z) — e;.

Proof: Suppose f(z) is such a function and translate so the pole is at the origin. Since the sum
of the residues is zero, the Laurent expansion of f at the pole must be a—‘; +ag+a;z+....So
zZ

- f(z) — ¢(2) has no poles and thus is constant, and our function has become ¢g(z) + c¢. The
a_p
reasoning at the beginning of the section shows that ¢ must be —e;, —e,, or —e;.

367
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26.2 The Theta Functions

When we constructed doubly periodic functions with given zeros and poles, we constructed a
function o(z) which was almost periodic and had zeros of order one at lattice points. Elliptic
functions were then obtained by translating this function to provide zeros at other points, and
then forming a quotient to provide given zeros and poles.

The theta functions serve a similar purpose, but they are given by rapidly converging series and
thus are easier to use for computations. Jacobi showed that they also have astonishing number
theoretic properties. We assume the lattice basis is 1 and 7 and define an entire function 6,(z)
with simple zeros at the lattice points and no other zeros. This function cannot be doubly
periodic, but it satisfies known equations when translated by a lattice point. Translations of
the function produce zeros at other points, and products and quotients of the translations give
all elliptic functions.

The formula for arbitrary translations is messy and not needed. But we obtain nice formulas if
we translate by %, g, or % + %, and that is enough to give the g — ¢; of the previous section. It is

very convenient to give special names to these three translations. Let p = ¢™? and let g = e™".
Then

oz =i Y (~1ypigln)

n=—oo

6yzr)= Y prigln)

n=—oo

63(z.0)= Y, p*q”
n=—oo

e

6.z, 1) = », (-1)'p*"q™

n=—oo

Remark: When we use these functions to investigate elliptic functions, we fix 7 and thus the
lattice and just write 6;(z). When we are interested in modularity, we usually set z = 0 and
write 6(0) as a function of q. Since z = 0 gives p = 1, we have

2

6,(0) = 1 Y (~1y1g"3)

112

6,0) = Y q")
6:00) = > q"
64(0) = > (-1)"g"

Thus 65(0) is the special function studied at the end of the previous chapter.
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Remark: These functions are almost periodic. We have

Theorem 187.
01(z +1) = —6,(2)

6,(z+1) = —6,(2)
63(z +1) = 65(2)
04(z +1) = 64(2)

and, when b = p~2q~!
61(z+1)=-b6(2)

92(2 + T) =b 92(Z)
05(z + 1) =b65(2)
04(z+ 1) = —b04(2)
Proof: Since e™?+D) = _¢7iZ and ¢™i#+7) = 7iZe7iT adding 1 changes p to —p and adding

7 changes p to pq. The theorem easily follows. We’ll give the proof in the second group of
equations for 85 to give the flavor of the argument. There

93(2 +7)= Z(pq)annz — Zp2nqn2+2n — 2p2nqn2+2n+1q—1 — q—l Zpan(rHI)2 —

p—2q—1 Z pz(n+1)q(n+1)2 — p—Zq—l szqunz

Theorem 188. The functions also behave nicely if translated by %, %, or % + % Indeed if we set

a=plqg /4
61(z +5) = 6(2) 01z +3) = ia 6,(2) 61z + - +5) = abs(2)
0,(z + é) =—-0,(2) 62(z +2) = a 63(2) 0,(z + i +2) = —ia 8,(2)
83(z +5) = 64(2) 83z +3) = a 6,(2) 63z + 5 +2)=ia6(2)
0,(z + %) = 05(2) B4z + ) = iaby(2) 0,(z + é +3)=a6y2)

2mi T

. 1 . T . 1
Proof: Lete = e(). This time ™3 = pe, ™) = p\/g. and M) = Pera.
Theorem 189. The function 6,(z) has a simple zero at all lattice points L and no other zeros. The
function 0,(z) has a simple zero at all L + % and no other zeros, the function 6,(z) has a simple

zeroatall L + % and no other zeros, and the function 65(z) has a simple zero at all L + % + % and
no other zeros.



CHAPTER 26. THETA FUNCTIONS 370

Proof: This follows from previous theorems if we can prove the assertion about 6;.

1 2
Note that 6,(0) = iZ(—l)”q("_E) . The sequence n — % for—1 <n < 2is —3,—1, l, 3,...
and so each fraction occurs twice, once with an even n and once with an odd n. Consequently
61(0) = 0.

Next we let f(z) = 6;(z) and compute zi S % dz around the boundary of a fundamental
/(41 Z

parallelogram. This integral counts the zeros and poles inside the boundary by the argument

principle. There are no poles, so it counts the zeros. Shift the boundary slightly left and down

so the origin is inside. Recall that 8,(z + 1) = —6,(z), but we need to integrate f? and 2240

0(z+1)
__99((22)) = 96((22)) So the left and right integrals cancel out. Also 6,(z + t) = —b6,(z) where
b = p~2q = e ?™Z¢ 7 and 50 0,(z + 1) = —e 2?7779, (z). Consequently using additivity
of logarithmetic derivatives,
0/ (z+1) ' (z)
1 . 1
—— = (27 + ——
0,(z +17) (=2m1) 6,(2)

We must add integral over the bottom and the integral over the top, where the bottom path is
y(t) = t and the top path is y(t) = v + t and 0 < ¢t < 1 and the top counts negatively and the
bottom counts positively. (Also we must push both paths left and down slightly, but that makes
no difference in the argument we are about to give.) So the top and bottom integrals cancel out
except that the top gives an extra term ﬁ fol(—27ri) dt = — 1. However, that top integral goes
from right to left. So the total integral around the path is 1 and we find that 6; has a zero at the
origin of order one and no other zeros. QED.

Remark: How could anyone discover these formulas? Since they differ by a translation, it
would suffice to find one of them. The easiest to guess is 85, which has zeros at m% + n%. At

.1 . T n
each zero, p = ™2 = ¢"2"e™2" = i™q2 or equivalently p> = (—1)"g". We want a sum

of terms, each a product of p’s and ¢’s, and we want g to be raised to roughly n? to get very
rapid convergence. To get zeros, some terms need plus signs and some need minus signs. The
term involving p needs to depend on n, else we could factor it out and get a p term periodic in
only one direction. The most natural thing to try is Y, p2"q"2 because at zeros it would equal
Z(—l)"q”2+”. Notice that n = —1 and n = 0 give —q° and ¢° and cancel, and in general the
—k and k — 1 terms differ by a sign and cancel. Thus this function has the correct zeros and
makes a good 6;(z).

Important Warning: The constants a and b depend on z, so applying the formulas twice

is tricky. For example, 6,(z + t) = — b6,(z) where b depends on z and 7, so this equation

does not imply 8;(z + 2t) = b?0,(z). Indeed a careful calculation shows that 6,(z + 27) =
1

(pq) +6:1(2).
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26.3 Theta Formulas for Weierstrass Functions

Theorem 190. o' 2 2
oo-a = (35) (32)
= (212 (2]
o-e= (S0 (240

Proof: Consider the top equation. The expression on the right side has a pole of order two at the
origin and a zero of order two at % By the first section of this chapter, it equals go(z) +e; up toa
constant. To show that this constant is one, we need only check that the Laurent series of both
sides at the origin begin ziz + .... This is well known for g(z). The value 6,(0) cancels the value
of 921(2) at zero. Since the origin is a zero of 6,, we have a series expansion 6(z) = 8’(0)z + ...,

SO — = L1 + ... and therefore
6,(z) 6(0) z

(e'(o) eltz))z = % ..

The same argument clearly works for the other two terms.

(eg<0)e4(0))2
el - 62 =\ ————=

Theorem 191. We have

6,(0)65(0)
(80850
78 T 8,00840)
(806,
2757 6,06,0

Proof: All three results are proved the same way; we’ll show the proof for the first case. Sub-

stitute z = é in the second formula of the previous theorem and recall that g (%) = e;. We
obtain

6;(0)6,(1/2)

But a previous result gives 6,(z+1/2) = 6,(z) and 65(z+1/2) = 6,(z). Set z = 0 and substitute
in the above formula. QED.

(eg<o>63<1/2)>2
61 - ez =
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Remark: Both previous theorems include 6’(0), which would be difficult to compute. The
following important result of Jacobi eliminates this problem.

Theorem 192. We have
8](0) = 76,(0)63(0)8,(0)

Step One of Proof: Several proofs are known, but all are somewhat tricky. This comes from an
exercise in Whittaker and Watson. It will be the most difficult proof in this chapter. Consider

the function
01(2)60,(2)65(2)04(2)
01(22)6,(0)85(0)0,(0)

The numerator has simple zeros at 0, %, g, and % + % and thus on all points of the lattice L /2. So

does 6,(2z). Therefore the quotient has no zeros. When we replace z by z + %, the numerator

is multiplied by —1 by a previous theorem. When we replace z by z + %, the numerator is
4

multiplied by —a* = —(p~'q”/*) = —p~*q~! by that same theorem. We will show that

0,(2z) has the same properties. If so, then the quotient is doubly-periodic with no zeros or
poles, and thus a constant.

6:(x .
i )) as x approaches zero, Since 8, has a zero of order one

The constant is clearly the limit of 2
6,(2x

at x = 0, it has a series expansion a;x + a;x? + ... = a;x (1 + by x + b,x? + ...) near the origin,
the quotient equals
21 x(1+bix +...)

2a1x (1 +2byx +...)

and the limit is clearly 1.

Thus we need to prove the missing formulas for 6,(2z). We first prove that 6; (2(z + %)) =

—6,(2z). On the left side we have 2z + 1, which is really e?*2*7 = —p2. On the right we
have 2z, which is really p?. So we must prove that 8;(—p?,q) = —6,(p?,q) and this is clear
because

2 2

61(—p% q) = i (-1 (=pg"3) = —i Y (—1y(prigld)

Then we must prove that 6; (Z(Z + %)) = —p~*q716,(2z). The term 2(z + %) is really p%q

because e™{(22+7) = (¢7iZ)” ¢7iT, The term 2z is really p>. We must prove that

6:(p*q,q9) = —p~*q7'6,(p% q)
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But

2

01(p2q.9) = i T (1y(pPqrn1g() = i Y c1y(prniglis) et
Y 1yt
Choose m so m — % =n+ % or m — 1 = n. Then the above is
1 2 1
i S (=) (p2m3glm3) gt = —ipigt S 1 (pRniglmE) = —ptgie (7 g)

We have proves a doubling formula:

20,(2)6,(2)05(2)04(2)
6,(0)83(0)6,4(0)

6:(2z) =

Step Two of Proof: We now take the logarithmetic derivative of both sides of this formula.
20122) 6(2) 620 6)(2) 6,(2)
= + + +
6,(2z) 01(z) 6x(z) 063(z) 0Ou(2)

We differentiate once more:

0r2z) [6/22)\'| '@ [e@) el (8)=2)\ 8l (6@ o/ (6=
4 - = — + — + — + -
6,(22) 6,(22) 01(z) \61(2)] 65(z) \6:(2)) 63(2) \63(2)] 0Ou(z) \Ou(2)

and rewrite this as

6,(2)

0/(2z) 6/ (2) 0/(2)\ 0.22)\'| el (@) 6l (@) 8/

4 - + —4l— | = - + - +
[ 6,(22) el(z)l (91(Z)> (91(22)) 0,(z) (92(Z)> 05(2) (93(Z)> 04(2)
Step Three of Proof: We claim that 6,(—z) = —6,(z), but 6;(—z) = 6,(z) fori = 2, 3,4. Note that
p = €™ and p~! = e ™2, So this involves proving that the first theta function changes sign if
we replace p by p~!, while the other three are unchanged. This is completely clear for 65 and

0, because the formulas involve p?" and changing p to p~! is the same thing as changing n to
—n, and the formulas are invariant under this change.

In the formulas for 8, and 6,, replace n by —n + 1. Thenn — = 1s replaced by —n + = ! and

both of these expressions have the same square. Also p?*~1 is replaced by p~2"*1 = ( p‘l)zn !

Finally, the (—1)" in 6, is changed to (—1)™"*! = —(—1)". So the total effect for 6, is to change
p to p~! and change the sign of the function, and the total effect for 6, is to just change p
to p~!. Said another way, if we insert p~! for p at the start, 6; changes sign and 6, remains
unchanged.

1

64(2)

)2
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Step Four of Proof: We now set z = 0 in the formula obtained in step 2. This is tricky for terms
involving 8; because 6;(0) = 0, but for the remaining terms we have 8(0) = 65(0) = ,(0) =0
because 6;(—z) = 6;(z). So the right side becomes

&0  60) 8/
6,(0) " 85(0) " 84(0)

We now evaluate the right side. Since 6,(z) is odd and vanishes at z = 0, we have

0.(2) = a1z + a3 2> + ...
6)(2) = a; + 3a32° + ...

6/(2) = 6asz + ...

a 87/ (0)/3! 19;”(0)

Letd = = . Then
o 6/ (0) 6 6,(0)
61(2)  ay+3a:2%+.. (1+322%+.) (1+3222+.)1-1z0) _
6(z) az+asz3+.. zA+Az2+.) z(A+2Az2+.)1-1z2)
1 5 1
—(1+2222+..)=-+22z + ...
4 V4
So
0(2)\" 1
1
=—+41+ ..
@ﬂ) Z
and
0@\ (6e\ (1 1
1 1
—4 =(—=4+41+...)—4|—+41+...) =—124 + ...
(Gl(z)) (61(22)) <22 Fars ) <4z2 Fart ) *
Similarly,
n
6] (2) _ 605z + ... —6l+ .
GI(Z) a,z + a3Z3
and

6/(2z) 6/(2)
4 -
0:2z) 61(2)

The complete expression on the left side of our big equation is thus

= 4(64) — 64 = 181

6!"(0)

181 — 121 = 61 = —
8,(0)
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In ShOI't e//l el/ 6” 6//
1 () 6,(0)  05(0) 0,(0)

81(0)  6,00) @ 63(0) ' 6,0)

Step Five of the Proof: The four theta functions satisfy the heat equation:

62—6 = 47Ti@

9z2 ot
i m’z_@ STz E a_z mizy _ : 252_6 S @_ @
Indeed aZ@(e )= 5 mie™ = mpap, SO azzG(e ) = (7ip) o5 Similarly, Pl mqaq.

Consider then 6,. Differentiating with respect to p changes p2"~! to (2n — 1)p?"~! and differ-
1 2
e

entiating twice changes it to (2n — 1)?p?*~1. On the other hand, differentiating q( 5) with

12 (n-t)’ 2 %
respect to g changes the term to (n — E) g\ 2/ . Notethat 2n —1)* = 4 (n — E) . So the

derivative with respect to p is four times the derivative with respect to q. We get an extra 7i
comparing (7i)? to i, so all told we get an extra factor of 47i. Exactly the same calculation
works in the other cases.

Step Six of the Proof: Consider the expression

8,(0)
This is still a function of 7, and we can form its logarithmetic derivative with respect to 7.

The previous steps show that this logarithmetic derivative is zero, and consequently the above
function is a constant independent of 7. This is the result we have been aiming for all this time!

To finish the proof, we need only show that the constant is L
T

We are going to let ¢ — 0 by letting 7 — i co. Direct inspection shows that 85(0) and 6,(0)

1\2 1\?
approach 1. The terms of 6,(0) approaching zero the slowest are q(i) and q(_i) , S0 this sum
1

behaves like 2g+. Finally

96,
o0z

2

%,

SA(rip) = ()i 3(-1'2n — Dp* 1)

(em'z) —

and
2

8/(0) = — 3(=1)"2n — 1)g""3)

The significant terms in this sum occur when n = 0 and n — 1 making the exponent of q equal

1 1 1
4_11' These two terms give 7q+ and 7q+ for a total contribution of 27zg+. So 22(0)

. 1
contributes —

4 Vs

1
in the limit.

Whew. QED.
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Remark: We can now rewrite a previous theorem in nicer form:

Theorem 193. We have
e; — ey = % 65(0)

e; —e3 = 12 63(0)

ey —e3 = % 65(0)

e = 3 7 [040) + 640)]

e, = % 7 [6%(0) — 6%(0)]
ez = —3 7* [63(0) + 64(0)]

g, = §n4 [650) + 65(0) + 65(0)]
A =gl =278 = 701 — ey — 2 ey — ) = T2 (0,008,008,

& 64 [650) +630) + 65(0)]°

A 54 15,(0)65(0)0,(0)°

Proof: The first three are immediate. Since e;, e,, e are the roots of 4X3 — g,X — g, and this
polynomial has no X? term, e; +e,+e;3 = 0. So (e; —e,) +(e; —e3) = 2e; — (e, +e3) = 2e;+e; =
3e;. The second three formulas follow from this.

Write 4X3 — g,X — g3 = 4(X —e))(X — e,)(X — e3) = 4X°> + 4(eye;, + eqe5 + e,e5)X — dejeyes.
Thus g, = —4(e,e, + e;e3 + e,e3) and g3 = 4e,e,e;. We have

(61— ex)* + (e; — e3)* + (e — e3)* = 2(el + €5 + €2) — 2(ese; + €15 + eze3)
0=(e; +ey+e3)? =(e+e5+e3)+2eey +eje; +ezes)
and subtracting twice the second from the first gives

g 3
(ey — e2)* + (1 — e3)* + (e; — €3)* = —6(ee, + €13 + eye3) = —6 (_Zz) =38

This is the third formula from the bottom.
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Differentiating 4X3 — g,X — g5 gives

12X2 —g, =4[(X —e))(X —e3) + (X —e))(X —e3) + (X —e))(X —e,)]

and so
12e2 — g, = (e; —ey)(e; —e3)
12e5 — g, = (e; —ey)(ez — €3)
123§ — 8 =(e3—e1)(ez —ey)

or

(12¢f — g,)(12€3 — g2)(12¢3 — g5) = —(ey — €2)*(ey — €3)*(e; — €3)’

or

(e1 —ex)’(e; — e3)*(e; —e3)* =
—(12)*(ereze3)* + (12)°gy(e2es + e2e3 + egel) — 12g5(e; + €5 +€3) + g,
In this formula, e;e,e; = % and e} + €5 + e = —2(eje; + ege3 + ee3) = —2 (%2) = —gf.

. & 2, 2., ,2 2
Notice that :2 = (e +es+e3)? = [(e; + ey +e3)* —2(erey + €63 + €¢3)| . Bute; +ey+e3 =0,
SO

2
85

_ 2 (0202 4 0202 4 52,2 2 2 2
1= d(ere; +eres + eye3)” = d(eje; + ejes + eje;) + 8(ejeye; + ejere; + esere;)

The last term is 8(e; + e, + e3)(e;e,e3) = 0, sO

2
&
7= 4(ete; + ees + eje;
The grand conclusion is that

(e1 —ex)’(e; — e3)*(e; —e3)* =
2 3 3
g g
—(12)3 (%) + (12)2% - 1272 +g3 = 4(g3 - 27¢%)

Warning: Some authors define the discriminant of 4X3 — g,X — g5 to be
A =16(e; — ey)*(e; — e3)*(e; — €3)’

and thus 64 times as large as gg — 27g§. When this convention is used, the next to last formula
must be multiplied by 64 and thus the i on the right side becomes instead 16. The definition

of j has an extra factor, and the last formula changes by omitting the 64 on the right. Therefore
when consulting other sources, caution is recommended.
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26.4 Product Formulas

Since the 6; have simple zeros at known spots, the methods of Weierstrass can be used to de-
compose them as infinite products. The convergence of each theta is rapid, so the most naive
version of Weierstrass’ results suffices. Nevertheless, these products turn out to be beautiful
and very powerful.

Theorem 194 (Jacobi). Let C = H:ozl(l — ™). Then

i6,(2) = Cq¥(p — p™) [Ia-¢"p»Ha-g¢p™

n=1

6,(2) = Cq+(p+ p~) T +¢*p»HA +¢*p2)

n=1

6:(2) =C [+ pH(1+ ¢ 'p?)

n=1

642) =C [ - 'p)(1 - g 'p2)
n=1

These lead to beautiful product formulas for null values obtained by setting z = 0, so p =
1:

Theorem 195 (Jacobi). LetC = H:ozl(l —q*"). Then

n7161(0) = 2Cq+ [ J(1 - ")

n=1

6,(0) = 2¢q7 T[(1 + g1 + ™)

n=1

6;(0)=CJJA+¢Ha+g"™)

n=1

8,0) = [ - ¢>Ha — ¢ )

n=1
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Step One of Proof: We first prove the formula for 8;. The zeros of this function are at spots
where z = %+§+m+mandso

i it

l)=e7'[lZ_eze2 emm ﬂlnT_lqz( l)m

If this holds, then
p? = —g?+!

1
Conversely, if this condition holds, then p = +iq2q" and the =+ is given by (—1)", which can

indeed be both 1 and —1. Note that 2n + 1 takes values ...,—5,—3,—-1,1, 3,5, ... and so

1 (2n+1)
p?=—q®*D or p?=— (_)

q
for n > 1. Since p and q are never zero, the two possibilities are equivalent to 1 = —g?"+1 p=2
or 1 = —g*"*1p2. The function(1 + g*"*'p=2) (1 + ¢?**1p?) satisfies all of these conditions.

Thus to get all zeros, we form the product [] (1 + ¢***1p~2) (1 + ¢*"*1p?). However, the
index n would then run from 0 to co. We prefer starting this index at 1, so we form the prod-
uct

[T+ p7) 1+ g 'p?)
n=1
This product converges since |q| < 1. Consequently, the quotient

05(z, 1)
I1_, (1+g?>-1p=2) (1 + g?n-1p2)

is entire and never zero. We will prove it constant in z by showing that the product satisfies the
same periodicity conditions as 65(z). We know that 85(z + 1) = 65(z) and 65(z + 7) = b65(2)
where b = p~2g~!. We will show that the same formulas hold for our product. The map
z — z + 1 sends €™ to e™Ze™ = —e™Z g0 it sends p — —p. Our product is clearly invariant
under this map. The map z — z + 7 sends e™? — e™Ze™ and so sends p — pq. Thus it
modifies the product to become

(o]
H 1+q2n -3 —2) (1+q2n+1p2)
n=1

Looking at the first of the two terms, we find that the new product has an extra term (1 +
q~'p~2). Looking at the second of the two terms, we find that the new product has a missing
term (1 + gp?). Hence to get the new product from the original product, we must multiply
by
(1+q7'p»  (A+b) _
1+gp>)  A+b7h)
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‘We conclude that
63z, ) =C@O [ (1 +¢*'p72) (1+¢*'p?)

n=1
where C is constant in z and depends only on 7.
Step Two of Proof: We get the remaining series using a trick, which has the advantage of show-
ing that we get the same C(7) in all cases. Recall that 65(z + %) = 04(2), 65(z + 2) = ab,(z),

and 6;(z + % + %) = iaf,(z). If we can prove that the products transform in the same way, the
remaining formulas immediately follow.

i

Consider the first case, 65(z + %) = 0,(z). Then e™? — ¢™Z¢2 and so p — ip. The product
for 63(z) is C IT ., (1 + ¢*" ' p?)(1 + g**"' p~2) and when we replace p by ip, this changes to
C H:;l(l —q*" 1p?)(1 — g*"~1 p~2), which is the product for 8,(z).

1 LT
Consider the second case, 05(z + %) = a0,(z), where a = p~1q~ 4. Then ™% — ¢™?¢"'2 and so

1

p — pq:. The product for 65(z) is C ] ., (1 + ¢**"1p?)(1 + ¢*"~*p~2) and when we replace
1

p by pg?, this changes to C T _, (1 + ¢** "' p?q)(1 + ¢** ' p~2q~") which equals

clIa+g*p»Ha+q¢*2p2)

n=1

Compeare this to the product for 6,(z),

1 o]
Cqi(p+p H A+ ¢ pHU +g*p2)
n=1
Our product has one extra term, (1 + ¢°p™2) = (1 + p~2). To get the second product from
1
ours, we must divide out this term and then multiply by g+(p + p~1), or equivalently multiply
by
L !
qg:(p+p™") qipQ+p? 1
= =qg4sp=a
1+p) 1+p)
So a~16,(z + g) = 6,(z), which is the desired 6;(z + g) = a6,(2).
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.1 . T 1
The final formula is 65(z + % + g) = iaf;(z). Then e™? — e™Z¢"'2¢™'2 or p — piq2. Inserting

this in the product for 6; gives
c]Ja-g*pHa-q*2p2)
Compeare this to the product
i6,(2) = Cq¥(p— p™) ﬁ(l - ¢ p»)(A - q¢*"p~?)
n=1

To get from the top product to the bottom product, we must divide out the term (1 —q°p~2) on
1

top, and multiply by the extra g (p — p~!) on the bottom, which involves multiplying by

1 1
g*(p—p™") _gpQ-p?) 1
1-p2 1-p2 q

Soa™165(z + % + ng) =i0,(z2), or

1 T .
6;(z + 5 + nz) =iab;(z)

Step Three of Proof: Finally we evaluate C(7). In the four products, take z = 0 and p = 1 to
produce the following results:

n7'61(0) = 2Cq+ [ [ — ¢y

1
0,(0) = 2Cq+ [ [(1 + )1 + ¢*")
8;0) = € T](1 + g1 + ¢
8,0) = ¢ T[] — ¢ — g
1
In the first formula, i6,(z) = Cq+*(p — p™) [T, (1 — ¢*"p?)(1 — g*"p~2), when we set z = 0
and p = 1 we get 0 = 0 because 6;(0) = 0 and p— p~! = 0. We must move p — p~! to the other

side and take the limit as z — 0 to get something interesting. Write 6,(z) = ¢;z + ¢,z + ... and
p—pl=e"—e 2 =(1+miz+..)— (1 —miz+..) = 2riz + ... to get the quotient

i6,(z2) _ i(ic;z+...) . ic; 61(0)

p—p-1 27iz + ... 2w 2w
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We now apply the result 61(0) = 76,(0)05(0)6,4(0). This gives

Zcqz H(l _ q2n)2 — chzcz H(l + an)Z H(l + an—l)Z H(l _ q2n—1)2

or

H( 2n)2 C? H(l + q2n)2 H(l 4n 2)2

Step Four of Proof: Let f(q) = [T(1 + ¢)? [](1 — ¢*"~1)? and notice that the right side of the
above equation is C?f(q?). We claim that f(q) = f(g?). Indeed

f(qZ) — H(l + q2n)2 H(l 4n— 2)2 H(l + q2n)2 H(l 2n— 1)2 H(l + q2n—1)2 —

[Ja+¢?*[Ja+ qz"‘l)zl [Ja-¢br=|]]a- q”)zl [ -1 =f(q

But then f(q) = f(q?) = f(g*) = ... Note that ¢" — 1asn — oo, so all of these values
including f(g?) are 1. Consequently [J(1 — g**)> = C? and C = + [](1 — ¢*").

Let T — ioco so g — 0. Then C(r) approaches 1 or —1 depending on the sign of the above
equation. Moreover, 65(t) = C [J(1 + ¢**1)(1 + ¢*"~!) approaches 1 or —1 as well. On the
other hand, 65(0) = sum® __.q"" approaches 1. So the sign is positive and C = 111 = g*™).
QED.

26.5 Jacobi’s Triple Product

The product formula for 65(z) is particularly simple and has many applications in number
theory. In Hardy and Wright’s book on number theory, an elementary proof of the theorem is
given.

Theorem 196 (Jacobi’s Triple Product).

0:z) = Y. p¥g” =[] -g*PQ+¢*pHA +¢*'p?)

n=—oo
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26.6 Euler’s Pentagonal Number Theorem

We end with three applications of the previous results to number theory.

26.6.1 Partitions

A partition of a positive integer n is a sum of positive integers with sum n. Order does not
matter, and repetitions are allowed. Let p(n) be the number of partitions of n. By convention
we set p(0) = 1. Then p(1) = 1, p(2) = 2,p(3) = 3,p(4) = 5,p(5) = 7. For instance, the
partitions of 5 are

54+1,3+2,3+1+1,2+2+1,2+1+1+1,1+14+1+1+1

It is not a good idea to compute p(n) for larger n by writing down all the partitions because
p(100) = 190, 569, 292.

26.6.2 Euler’s First Formula

While there is no formula for p(n), there is a recursive way to compute its values. This recursive
procedure was summarized by Euler in the following beautiful formula, which can be taken
as a formal product so we can ignore convergence matters:

DpMX"=Q+X+X2+ DA+ X2+ X4+ A+ X3+ X0+ ()

n=0

The proof is easy. To compute such an expression, we take one term from the first sum, one
term from the second, one term from the third, etc., and multiply them. Then we sum over all
such possibilities. So we have

ZX MmA2np+ 30t — Z(number of such representations of n) X"

However, each term n = n; + 2n, + 3n; + ... describes a partition of n with n; ones and n, twos
and n; threes and so forth.

26.6.3 Another Interpretation

Euler’s first formula describes a way to organize a computation of p,. This method can also be
described in a manner that doesn’t use algebra. Notice that the term 1 + x + x? + ... in Euler’s
product counts partitions containing only 1; each integer can be written as such a sum in only
one way. The product

A4+x+x2+.)Q+x2+x*+..)

counts partitions containing only 1’s and 2’s and thus equals

14+ x +2x% 4+ 2x3 +3x* +3x° + 4x° + ...



CHAPTER 26. THETA FUNCTIONS 384

because 0 and 1 have no extra partitions with 2’s, 2 and 3 have one additional partition with
2’s, 4 and 5 have two additional partitions with 2’s, etc.

In a similar way we can count partitions using 1’s, 2’s, and 3’s, and then partitions using 1’s,
2’s, 3’s, and 4’s, and so forth. Let’s consider one of these cases in detail. It turns out that

A4+x+x24+.)0+x2+x*+.)A+x3+x+.)Q +x*+x3+..) =

14+ x+2X3 433 +5x* +6x° +9x0 + 11x7 + 15x8 + 18x% + 23x10 + 27x11 + 34x12 +39x13 + ...

where the coefficient of x" counts partitions of n containing only 1’s, 2’s, 3’s, and 4’s. Suppose
we now want to count partitions of n containing only 1’s, 2’s, 3’s, 4’s, and 5’s. Let’s concentrate
on the case n = 13. From the above product we see that there are 39 such partitions with no 5’s.
A partition containing exactly one 5 will contain 1’s, 2’s, 3’s and 4’s adding up to 13 — 5 = 8,
and the above product shows that there are 18 such partitions. A partition of 13 containing
exactly two 5’s will contain 1’s, 2’s, 3’s, and 4’s adding up to 13 — 5 — 5 = 3 and there are 3 such
partitions. There are no partitions of 13 with four or more 5’s. So the total number of partitions
of 13 with 1’s, 2’s, 3’s, 4’s, and 5’s is 39 + 15 + 3 = 57.

Euler’s first formula is just a fancy way to summarize this technique. To count all partitions of
n, first count all partitions of all k <= n containing only 1’s, and then count all partitions of all
k <= n containing only 1’s and 2’s, and then count all partitions of all k <= n containing only
1’s, 2’s, and 3’s, and continue in this way up to partitions containing only 1’s, 2’s, 3’s, ..., n’s. If
ay, ap, a,, ... are counts of partitions with summands less than ¢, then the by, by, b, ... counting
partitions with summands less than or equal to ¢ are given by the formula

by =ap+ap_;+ap_y +..

26.6.4 A Program

If you are a programmer, you’ll understand this much better by writing a program to do the
calculation. Almost any language will do, but you have to remember that the numbers will get
large and might overflow.. I'll write a program in Mathematica because I have it handy and it
can deal with arbitrarily large integers.

F[limit_] :=

Block[{N, f, i, j, k, listl, 1ist2},(* local variables *)
N = limit + 1;(* number of series coefficients *)

fls_] := 1;

list1 Array[f, N];(* series coefficients *)

list2 = Array[f, N]; (* fill initial list with 1’s %)

k = 2;
Whilel[k <= limit,
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Print[" "]; Print["Partitians using 1 through ", k];
For[i =1, i <= N, i++
sum = 1list1[[i]];

H

For[j =i-%k, j>0,3=3j-k,

sum = sum + list1[[j]1];];

1list2[[i]] = sum;

1;
For[i = 1, i <= N, i++, list1[[i]] = 1list2[[il];];
For[i = 1, i <= N, i++, Print[i - 1, ": ", 1list2[[i]1]];
k++;
1;

1;

This program takes 50 seconds to compute the first fifty values of p,. In particular, ps, =
204, 226.

26.6.5 Euler’s Second Formula

Recall that % =1+ x+ x?+ x3 +.... This is even true “formally” since
—x
Q-0 +x+x*+x3+.)=0-20)+x-x)+E*=-x)H+..=1

Theorem 197.

1 — n
o=, = 2P
Proof: This follows immediately from Euler’s first formula by taking inverses of the series mak-
ing up that formula.
26.6.6 The Pentagonal Number Theorem

After writing this formula, Euler multiplied out the denominator by hand, hoping to find a
pattern. One of my sources says he multiplied the first fifty terms, while another says he mul-
tiplied as many as one hundred terms.. Amazingly, he found that

Theorem 198 (The Pentagonal Number Theorem).

A=A =-x)A=-xY).=1—-x—x24+x>+x7 —x2 = xP + x22 + x20 —x3 —x*0 + ...

Notice that pairs of terms with minus signs alternate with pairs with positive signs. Notice that
the intervals between the exponents of pairs with the same sign increase by one, then two, then
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three, etc. Notice that the intervals between exponents of pairs with opposite signs increase by
three, then five, then seven, etc.

The Pentagonal Number Theorem leads to a rapid method of computing the partition numbers.
Indeed rewriting theorem 4 using theorem 3 gives

A—x=-x*+x>+x"=x2=xP +.)A+px+px?+psx*+.)=1
Consequently the coefficient of x" in the product is zero, and so

DPn— Pn—1— Pn—2+ Pn—s+ Pn—7+ Pp—12+ Pp—1s+...=0

Each of these expressions is a finite sum because p, = 1 and p, = 0 for negative k by definition.
These formulas then allow us to compute the p,, inductively starting with the value p, = 1.
Thus p; — py =0, s0 p; = 1. Then p, — p; — py =0, so p, = 2. Etc.

Using this revised formula, it takes my computer only a second to find the first 50 values of
Py and only 50 seconds to find the first 1000 values. And indeed, the computer gives pigpp =
24,061467, 864,032, 622,473, 692,149, 727,991.

For the record, I'll show the Mathematica program I used to do this computation. You can eas-
ily rewrite this program in your favorite language, but keep in mind that the integers computed
by the program will be very large.

FPentagonal [limit_] :=
Block[{N, f, P, Pinverse, k, index, n, i}, (* local variables *)
N = limit + 1; (* number of series coefficients *)
fls_] := 0;
P = Array[f, N];(* the p(n), initially filled with zeros *)
P[[1]] = 1; (* p(0) = p(1) = 1; arrays in Mathematica are one-based *)
P[[2]] = 1;
Pinverse = Array[f, N];(* inverse of p(n) series *)
k = 1;(*x now fill in Pinverse using the Pentagonal Number Theorem *)
index = k (3 k - 1) / 2;
While[index <= N,
Pinverse[[index]] = (-1)"k;
index =k 3k + 1) / 2;
If[ index <= N, Pinversel[[index]] = (-1)-k];

k=k+ 1;
index =k 83k - 1) / 2;
1
For[n = 2, n < N, n =n + 1,(* compute p(n) as inverse of Pinverse )
P[[n 1] =

For[i =1, i<n, i=1+1,
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P[[n]] = P[[n]] - P[[n - il] Pinverse[[i]]

]’
P[[n]] = P[[n]] - Pinversel[[nl];
Print[n , ": ", P[[n]]];

]

I don’t know how many values of p,, were computed by Euler. In 1918, MacMahon in England
computed the first 200 values of p,,. This table was extended to 600 by Gupta in 1935, and to
1000 by Gupta, Gwyther and Miller in 1958. I don’t know if a computer was used for this final
table.

Ramanujan was in England when MacMahon computed these values, and Ramanujan noticed
that p, = 5 and every fifth number after that is divisible by 5. Also p; = 7 and every seventh
entry after that is divisible by 7. Also pg = 11 very eleventh entry after that was also divisible
by 11. But the pattern stops there. Ramanujan eventually proved these results, but the proof
is not easy.

The interaction between MacMahon and Ramanujan is shown in the movie The Man Who
Knew Infinity starring Dev Patel and Jeremy Irons.

Why is the theorem called “the pentagonal number theorem”? The reason isn’t very interesting

mathematically, but here it is. Exponents in the pentagonal series with nonzero coefficients
KD 4y = KGk+D k(3k—1)

2 2 2

bers” because they count the number of dots in a pentagonal pattern, just as the numbers
k(k+1)

= —— an

have the form n = . The numbers

are called “pentagonal num-

> d n = k? are “triangular numbers” and “square numbers” because they count
dots in triangular and square patterns.

26.6.7 Proving the Pentagonal Number Theorem

Jordan Bell wrote an interesting paper on the history of the Pentagonal Number Theorem. It
can be found at http://arxiv.org/pdf/math/0510054v2.

The first mention of the theorem is in a letter from Daniel Bernoulli to Euler on January 28,
1741. Bernoulli is replying to a (lost) letter from Euler about the expansion, and he writes
“The other problem, to transform (1 — x)(1 — x?)(...) into 1 — x — x? + x> + ..., follows easily by
induction, if one multiplied many factors. The remainder of the series I do not see. This can
be shown in a most pleasant investigation, together with tranquil pastime and the endurance
of pertinacious labor, all three of which I lack.”

Euler mentions the theorem many more times over the next few years, in letters we do possess
to Niklaus Bernoulli, Christian Goldbach, d’Alembert, and others, and in the first publication


http://arxiv.org/pdf/math/0510054v2
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of 1751. (This paper was written on April 6, 1741 and had no proof. Euler wrote so many
papers that the publishers fell dramatically behind; they were publishing new papers many
years after his death.) A typical entry, from a letter to Goldbach, reads “If these factors (1 —
n)(1—n?)(1—n3) etc. are multiplied out onto infinity, the following series 1 —n—n?+n>+n’—
etc is produced. I have however not yet found a method by which I could prove the identity
of these two expressions. The Hr. Prof. Niklaus Bernoulli has also been able to prove nothing
beyond induction.” Here the word “induction” means “by experiment” rather than “a proof by
induction”.

Euler is not above a little trickery. Learning that d’Alembert wanted to leave mathematical
research to regain his health, he wrote him “If in your spare time you should wish to do some
research which does not require much effort, I will take the liberty to propose the expression
(1 —x)(1 —x*)(1 = x3)(1 — x*) etc., which upon expansion by multiplication gives the series
1—x —x?+x° + x’— etc., which would seem very remarkable to me because of the law which
we easily discover within it, but I do not see how his law may be deduced without induction
of the proposed expression.” Eventually d’Alembert wrote back “regarding the series of which
you have spoken, it is very peculiar, but I only see induction to show it. But no one is deeper
and better versed on such matters than you.”

Euler finally was able to prove the theorem on June 9, 1750, in a letter to Goldbach. His proof
is algebraic. The proof was first published in 1760, and Euler gives more details about points
which were vague in his letter to Goldbach. You can consult Bell’s paper if you want to follow
this original Euler proof.

26.6.8 Franklin’s Proof

In 1881, the American mathematician Franklin gave a proof which involves no algebra at all.
Hans Rademacher called this proof “the first major achievement of American mathematics.”
Franklin’s proof is described in Hardy and Wright’s book on number theory; it is short and
beautiful.

26.6.9 Jacobi and the Pentagonal Number Theorem

Surprisingly, the Pentagonal Number theorem is a special case of Jacobi’s Triple Product. In-
3
deed consider the product [T(1 — ¢>")(1 + p?¢** 1)1 + p~2¢**!). Replace q by g> to get
3 3 .
TG = A + p*¢”" " 2)(1 + p~2¢”"2). Now replace p by — to get
g4

[Ta -¢ma - gm0 —g = Ja-g"

2 3n2

3n n n 1
These changesmap Y p?'q™ to Y} p?'q 2 andonto 3 (—1)"qzq 2 = Z(_l)nqgf’l@"—l).
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These are sums from —oo to co. When n = 0, we get one. The remaining terms are paired. We
get

b (=n)(=3n-1) (mB3n-1) n(3n-1) n(3n+1)
) e e EE RS Y Vi RS ey
n=1
It is easy to check that this final sumis1—q—¢*+¢> +q’ — g2 —q® + ¢*? + ...

Remark: 1t is possible to go backward and prove Jacobi’s triple product identity from the Pen-
tagonal Number theorem. That was Jacobi’s original approach.

26.7 Sums of Two Squares

26.7.1 Introduction

Since 65(0) = 3. ¢, 65(0)F = 3 i+ = 3 r, (n)g" where ry.(n) is the number of ways
that n can be written as a sum of k squares. It is sometimes possible to obtain formulas for r; (n)
from the theory of theta functions. Such formulas were first obtained by Jacobi and astonished
the mathematical world.

26.7.2 Elementary Results

Writing integers as a sum of two squares has an ancient history. The formula (a?+b?)(c?>+d?) =
(ac — bd)? + (ad + bc)?, which is a consequence of (a + ib)(c + id) = (ac — bd) + i(ad + bc)
but was known long before the invention of complex numbers, shows that if two numbers are
sums of squares, so is their product. Consequently, it is important to determine when a prime
can be written as a sum of squares. Of course 2 = 12 + 12,

Theorem 199. If p = 3 (mod 4), then p is not a sum of two squares.

Proof: Modulo four, the squares are 0> = 0,12 = 1,22 = 0,3% = 1, and the sum of two of these
is 0,1, 2 but never 3. QED.

Theorem 200. If p =1 (mod 4), then p is a sum of two squares.

Proof: This is the central theorem of the subject, and several different proofs will be given in
the following pages.

Theorem 201. A positive integer n can be written as a sum of two squares if and only if in the
prime factorization of n, each p = 3 (mod 4) occurs an even number of times.

Proof: The previous results show that this condition is sufficient; in particular p?> = p? + 0% is
a sum of squares. The proof that the condition is necessary requires two easy lemmas.
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Lemma 22. Suppose p is an odd prime. If p = 3 (mod 4), the number —1 is not a perfect square
inz,.
Since Z; is a group of order p — 1, every a in this group satisfies aP~! = 1. If a = b?, then

p-1

(p—_l) -1 p-1 (—) 2k+1 Qi
a\' 2/ =bP7" =1. When p = 4k + 3, - = 2k +1,s0 (=1)\"2 / = (=1)***! = —1. This is not
1, so —1 is not a square in Zp.

Lemma 23. Suppose n is a sum of squares and the prime p divides n. If p = 3 (mod 4), then p
occurs in the factorization of n an even number of times.

Assume n = a* + b? and write this equation in Z,. Since p divides n, we get a® + b*> = 0 or

2
a®> = —b%. If p does not divide b, then in Z, we get (%) = —1, which is impossible by the
previous lemma. Similarly p divides a. So a = Ap and b = Bp and n = (A? + B?)p?. Thus p?
is a factor of n and n divided by p? is still a sum of squares. If p is still a factor of iz we can

p
continue the argument. Eventually p is no longer a factor, so it occurred evenly often in the
original n.

Remark: That finishes the proof of the theorem. For later purposes, it is useful to expand the
first lemma as follows:

p_—l
Lemma 24. Suppose p is an odd prime. For any nonzero elementin Z,, a > = +1

Proof: Since the non-zero elements of Z,, form a multiplicative group of order p—1, any nonzero
p-1

a satisfies aP~! = 1. So the square of @ 2 is 1, and the polynomial X> —1 = (X — 1)(X + 1)
has only two roots, +1.

Lemma 25. Suppose p is an odd prime. A nonzero element a € Z, is a square if and only if
apT_l =1

Proof: If a is a square, a = b? and apT_l = bP~! = 1. Exactly half of the nonzero elements of Z,,
are squares because the map a — a? : Z; - Z; has kernel +1, so at least half of the elements
satisfy X pT_l — 1 = 0. But this polynomial has at most pT_l roots. So the nonsquares do not
satisfy this equation, and thus must all satisfy apT_l =-1.

Lemma 26. The element —1 € Z, is a squareif and only if p =2 or p =1 (mod 4).

p-1

Proof: (=1) 7 = 1when p =1 (mod 4) and —1 when p = 3 (mod 4).

26.7.3 Alternate Proofs

Fermat wrote an elaborate description of the theorem that every p =1 (mod 4) can be written
as a sum of two squares in a letter to Mersenne from December 25, 1640. He claims to have
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a proof, but it is lost. Euler reconstructed Fermat’s work, and after much work announced a
proof of the two squares theorem on May 6, 1747. This proof worked by descent; first he proved
that some multiple mp, for m < p, is a sum of two squares and then he showed thatif m # 1,
a smaller m can be found.

Many other proofs are known. In this section we sketch one based on the Gaussian integers,
because it gives new insight into the significance of the result.

A Gaussian integer is an expression a + bi with a,b € Z. Our immediate goal is to show that
number theory can be done in this new ring, with units, primes, unique factorization, and all
the rest.

If A and B are Gaussian integers, we say A divides B and write A|B if % is itself a Gaussian
integer, or equivalently if there is a Gaussian integer C with AC = B. A non-zero Gaussian
integer is called a unit if it divides all Gaussian integers. In the ordinary integers, the units are
+1. We have

Theorem 202. The units in the Gaussian integers are +1 and +i.

Proof: If A = a + ib is a Gaussian integer, define its norm to be N(A) = a? + b%. Note that
N(AB) = N(A)N(B). If Ais a unit, then for any B thereis a C with AC = Band so N(A)N(C) =
N(B). Thus N(A) divides all N(B) and so all ¢? + d?. The only ordinary positive integer with
this property is 1, so N(4) = 1, and a® + b> = 1. The integer solutions of this are +1 and
+i.

Remark: We call two Gaussian integers associates if they differ by a multiplicative unit. The
same definition makes sense in ordinary integers, where n and —n are associates. Ambigui-
ties caused by this equivalence are often resolved in the integers by dealing only with positive
integers. In the Gaussian integers, instead of making a choice we gives results “up to asso-
ciates.”

Definition 59. A non-zero Gaussian integer is a prime if it is not a unit and only divisible by its
associates and by units.

Theorem 203. Every nonzero Gaussian integer can be written as a product of primes. This prod-
uct is unique up to order and associates.

Step One of Proof: In grade school, we learn to divide whole numbers with remainder. Given a
and b positive integers, we write 2= q+ % where q is the quotient and r is the remainder and

r<b.Soa =>bg+rwhere0<r<b.

Lemma 27. If A and B # 0 are Gaussian integers, we can find Gaussian integers Q and R with
A=BQ+R

and N(R) < N(B)
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Proof: In the field Q(i), write % = q; + q,i where the q; € Q. Each g; is within % of an integer,

so find integers n; and n, with |n; — q;| < % and |[n, — g,| < % Then

% = +ni)+ (g —n)+(q—mp)i)=Q+S

where everything in sight is a Gaussian integer except S. Let R = BS so we have
A=BQ+BS=BQ+R

Since A and BQ are Gaussian integers, so is R. Moreover, N(R) = N(B)N(S) and

2 2

N(S)s(%) +(%) <1

QED.
Lemma 28. Suppose P is a Gaussian prime and P|AB. Then P|A or P|B.

Proof: Suppose P does not divide A and consider the ideal generated by P and A. That is,
consider the set of all M;P + M,A. Choose a non-zero element G in this ideal with smallest
norm. By the previous lemma, P = GQ + R with N(R) < N(G). Both P and GQ are in the ideal,
so R is in the ideal, and consequently R = 0, so G|P. By the same reasoning, G|A.

Since P is a prime, G is either a unit or else an associate of P. Since P does not divide A, G
cannot be an associate of P, so G is a unit. It follows that the ideal contains all of Z[i] and in
particular contains 1.

So 1 = M;P + M,G; multiplying by B gives B = M;BP + M,BG. Since P|BP and P|AB, P|B.
QED.

Step Two of Proof of Main Theorem: Let A be a nonzero Gaussian integer. If we can factor
A = A, A, with neither a unit, then N(A) = N(A;)N(A4,) and 1 < N(A4;) < N(A). Continue
factoring as long as possible. Since the norms of the terms are decreasing, the process must
end.

The deeper step is uniqueness. Suppose A = PiP,..P, = Q,Q,...Q; where the P; and Q;
are prime. Since P;|A, P; divides the product of the Q’s and the previous lemma ultimately
shows that P; divides some Q;. Renumber so this is Q;. Since P; and Q; are both prime, they
are associates. Multiplying some other Q; by a unit makes P; = Q, so they can be cancelled.
Continue the argument. QED.

26.7.4 Determination of Gaussian Primes

The previous section was grunge work to show that ordinary number theory works in Z[i].
Now the fun begins.
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Theorem 204. An ordinary prime p € Z belongs to Z[i], but may factor in Z[i].
 Every prime in Z[i] can be obtained by factoring some ordinary prime p.
+ No prime in Z[i] is a factor of two different ordinary primes.

Proof: If A is a Gaussian integer which is not a unit,
AA = N(A) = p, ... px

and so A divides this product of ordinary primes and thus some particular prime p. So there
is a Gaussian integer B with AB = p. Taking norms, N(A)N(B) = p?. Because A is not a
unit, N(A) # 1. There are thus two possibilities. Either N(A) = p? and N(B) = 1 or else
N(A) = N(B) = p. In either case, A is a factor of p, and since N(A) = p or p?, p is unique.
QED.

Remark: Consider the two cases. If N(A) = p? and N(B) = 1, then B is a unit and the equation
AB = p says that A is an associate of p. Since A is a Gaussian prime, so is p.

If N(A) = N(B) = p, then A = a + ib and N(A) = a®> + b2 = p = (a + ib)(a — ib) = AA, s0 p
factors into two terms and both are Gaussian primes.

This argument started by selecting a Gaussian prime A. But we could have started by factoring
an ordinary prime p and letting A be one of its factors. Consequently, we have proved

Theorem 205. Let p be an ordinary prime in Z. Exactly one of the following is true, and every
Gaussian prime arises in this way, up to associates:

« pisasum of two squares a* + b? and p factors as (a + ib)(a — ib) and both are Gaussian
primes.

« pisnot a sum of two squares and p is itself a Gaussian prime.
Example 1: Every p = 3 (mod 4) is a Gaussian prime.

Example 2: We have 2 = (1 + i)(1 — i). Both are Gaussian primes and they are associates.
Indeed
1+i={)1Q-1)

26.7.5 Gaussian Proof of the Two Squares Theorem

The previous section does not prove the two squares theorem, but it shows that the theorem
is is part of a larger picture, that is, determining the primes and ultimately prime ideals in
algebraic number fields and obtaining them by factoring principle ideals generated by ordinary
primes.

However, we can give a very slick proof of Fermat’s theorem once we know about the Gaussian
integers. Here is the proof.
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Theorem 206. If p =1 (mod 4), then p is a sum of two squares, and p factors in the Gaussian

integers.

p_fl

Proof: Since (1) = = 1in Z,, the number —1 € Z,, is a square. So there is an integer n with

pl(n? + 1). Consequently in Z[i], p divides (n + i)(n — i). If p were itself prime, then it would

divide one of these, say n +i. But = + Liisnota Gaussian integer. So p is not a Gaussian prime,
p

p
and the previous theorem asserts that it is a sum of two squares. QED.

26.7.6 The One Sentence Proof:

In the 1990 American Mathematical Monthly, Don Zagier published a one sentence proof of
Fermat’s theorem. Here is that sentence:

The involution on the finite set S = {(x,y,z) € N° : x? + 4yz = p} defined by

(x—-2z,z,y—x—2z)ifx<y-z
(x%,9,2) > 1Ry —x,y,x—y+z)ify—z<x <2y
(x—-2y,x—y+zy) ifx>2y

has exactly one fixed point, so |S| is odd and the involution defined by (x, y,z) —
(x, z,y) also has a fixed point. [J

After this paper was published, Christian Elsholtz wrote a paper explaining the motivation
for Zagier’s proof, and still later this motivation was explained using “windmill theory” by A.
Spivak in mathematical lecture notes from the mathematical circle in Moscow State University
in 2007. There are now several UTube videos giving this proof. Here is a brief sketch.

If an odd prime p = a? + b?, then one of a and b is even and one is odd. So we can write
p = a? + 4bc. We will study solutions of this more general statement in positive integers
(a, b, c), and the order of these integers is important. Notice that many solutions come in pairs,
since (a, b, c) and (a, b, ¢) are both solutions. If these are the same, then our solution is (a, b, b)
and p — a? + 4b? = a? + (2b)?, which is what we want.

We now replace p by an arbitrary integer n and study triples (a, b, ¢) with n = a® +4bc from an
entirely different point of view. It will turn out that when n is prime, the number of solutions
is odd. This finishes the proof by the previous paragraph.
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The data gives us a square with side a, and four rectangles with dimensions b X c. We use these
objects to create a windmill as follows. Without turning it, glue a b X c rectangle to the top of
the square so the left sides line up. Then symmetrically glue the other three rectangles around
the remaining sides. See the picture below.

(1,5,2) (5,2,2)

| ]
T

In the particular case shown above, two different triples give the same windmill, one with a
small square and large wings, and one with a large square and small wings. It turns out that
this is usually true and Zagier’s map explains how to go from one triple to the other. We call
this the “two interior squares” theorem for windmills.

There are a few complications, and one is that the map sometimes sends a windmill to its
mirror image, formed by gluing the first wing so the right sides line up rather than the left. Both
windmills correspond to the same triple (a, b, c) so we agree to call these windmills equivalent.
See the example below.

There are exceptional cases where the two interior squares theorem fails. It can happen that
the two squares merge together and there is only one way to get the windmill. Or the large
square can grow so large that one windmill is a perfect square with no wings. Or the interior
square can shrink to a single point. But many of these exceptions are impossible when n is a
prime. To complete the proof, it is necessary to show that only one exception survives in this
case.

With these hints, you can probably construct the complete proof yourself, perhaps reducing
the pictures to algebra, or perhaps staying with pictures for the entire journey.
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26.7.7 Jacobi’s Proof
In 1829, Jacobi proved the following beautiful result:

Theorem 207. Suppose n is a positive integer. Let d; be the number of divisors d|n such that
d =1 (mod 4) and let d; be the number of d|n such that d = 3 (mod 4). Then the number of
ways that n can be written as a sum of two squares is

4(d, —ds)

Remark: This is a count of ordered pairs (a, b) where a, b € Z and a? + b®> = n. So for example
there are eight possible (a, b) giving 5, namely (+1, +2) and (2, +1).

Example 1: Suppose p is prime and p = 3 (mod 4). The divisors of p are 1, p. One is congruent
to 1 mod 4 and the other isn’t, so Jacobi’s formula gives 0; p is not a sum of two squares.

Example 2: Suppose p is prime and p = 1 (mod 4). Both divisors 1, p are congruent to 1 mod
4, so Jacobi’s formula gives 8. So p = a? + b? and the eight possibilities are (+a, +b) and
(£b, xa). Thus p is a sum of two squares and the representation is essentially unique.

Example 3: Suppose n = p?> where p = 1 (mod 4) and p is prime. The divisors are 1, p, p? and
each is congruent to 1 mod 4. So Jacobi’s formula gives 12. One possibility is p?> = p? + 02, and
this accounts for 4 of the 12 since we can replace p by —p or write 0> + p2. The other possibility
is obtained by writing p = a® + b?> = (a + ib)(a — ib) and so p?> = (a + ib)*(a — ib)* =
((a® = b?) + 2abi) ((a® — b*) — 2abi) = (a® — b?)? + (2ab)?. This accounts for 8 of the 12.
So there are essentially two representations. For example, 13 = 2* + 32, and therefore either
132 =132 4+0%0r132 = (32 =232+ (2-2-3)? = 52 + 122,

Proof: The proof follows from previous formulas about theta functions. First we sketch the
argument. We proved
_0/(0)8,(2)

#E) == 5 066

N 1. . . .
Substituting z = 5 in this formula gives \/e; — e; and another of our formulas gives

Ve, —e; = 63(0)

o0 VL2
e

Since 65(0) = 2,

2

6500 = Y. ¢"i* = " 1y(n)g"
0

‘We conclude that
6'(0)64(2)

@mm@u;=”§”“””
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We find another formula for the left side by studying f(z) = 2,824((2; . Since 6;(z+71) = —b6,(2)
4 12

and 6,(z + 1) = —b6,(z), our function is periodic with period 7. Since 6,(z + 1) = —6,(z) and
04(z + 1) = 64(2), our function is periodic with period 2. So it is doubly-periodic with periods
2,T.

Recall that 9, has simple zeros at lattice points, so our function has simple poles at 0 and 1.
Since 8, has simple zeros at L + —, our function has simple zeros at % and 1 + g See the

fundamental parallelogram below.

Wt s —_—
> &eps AL /
B
&
4 f—
oL i o

: F‘.::'ﬂlit-a-

Let us compute the residue at the origin. Near the origin we have

0'(0)0,(0) _1

840)(0+6'(0)z + %@zz +..)

f2) =

+ ..

The residue at z = 1 must then be —1 because the sum of the residues of a doubly-periodic
function is zero.

Notice that f(z) satisfies all of our general theorems about doubly-periodic functions. It has
two poles of order 1, and thus two zeros of order 1. The sum of the points where there are poles
or zeros is a lattice point. The sum of the residues is zero. Finally, f(z + 1) = —f(z), so the
left half of the period parallelogram gives one value of 4/ go(z) — e; and the right half gives the
other value and the square root is thus well defined and doubly -periodic on the entire complex
plane in this ingenious way.

We are going to decompose f(z) using partial fractions. Since half of its poles have residue 1
and half have residue —1, we naively expect that

1 1
z) = -
@ mzﬂz—(2n+mr) mZle—((Zn—l)+mr
We worry about convergence of this sum, and we also worry that we are equatingitto Y. 7,(n)q",
so a sum in p, g would be preferable to a sum in z, 7. Both of these worries can be handled at
once by converting everything to the p, g language.
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The poles with residue one occur when z = 2m + nt and so p = €™ = ¥ M7 = g" The
poles with residue minus one occur when z = 2m+1)+n7 and so p = ez = e7i@m+emitn —

—q". Since p = q" exactly when 1 = < and p = —q" exactly when 1 = " , we are tempted
p p
to write
o 1 i 1
f@=2—F - ;
S1-L S14+L
p P

We need to convince ourselves that this new formula still produces simple poles with the cor-

rect residues. Note that & = ¢7i(=2+7) gand so
p

1 1 1 1 1
= = =—(—+..
1-2 1-QA+7mi(—z+2m+t)+..) @i(z-2m—-1tn)+..) 7« (z—Zm—m' )
p

The same calculation for the other term gives

1 1 1 1
1+ & 14eri-z+nn) ] —enil-z+@m+D+nt) 1 —(1—mi(—z+Cm+1)+tn)+..)
p
1 -1 ( 1 . )
—7miz—C2m+1)—tn)+.. 7w \z—Cm+1)—nt

Notice that p = ™% = ¢7(z+2m) and thus any expression involving p and g will be periodic
in z with period 2. Moreover, the above expression is also periodic in z with period 7. Indeed
e™iz+T) = o7iZemiT — pg 5o it suffices to show that the expression is unchanged if p is replaced
by pgq. But this replacement sends

(e8] (o]

1 1
Z n - Z qn—l
1-—

—001__ —0o0

p

and since we are summing over all n, the sum is unchanged. A similar argument makes the
second term of f(z) invariant.

So both f(z) and
| = o 1
i Z -

P

are doubly periodic with periods 2, T and have the same residues at all poles, and the difference
between f(z) and this expression is a constant. We will show that this constant is zero, so f(z)
is given by our partial fraction expansion.
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1 2x

. L . 1
First we simplify our sum using the formula — — — = .
1-x 1+x 1—x2

Let us evaluate f(z) and this expression at % Since 6, (g) = 0, f vanishes at this point. Also

.T 1
p=¢e"'2 = q2, so the right side becomes

2
27i ] 1 peTs]
In this sum, we can pair the n = 0 and n = 1 terms, air the n = —1 and n = 2 terms, and so
1

= 1
1q - and 1q_21. Writing X = q 2, the first term has
—q- -q

X X! X
_— and the second term has o T o and the two terms cancel out. Indeed all terms
cancel out and the expression is zero. So both f(z) and this expression vanish at g and thus

they are equal everywhere.

(I

forth. For instance, the first pair contains

‘We now have
-1

(= q'pt (<= q'p N B
f(z)=2m(z g — _2)=27n<2 T +Z N =

Si-arp =0 =R

) 1 00
27”'(2 q"p 3 q"p )

< |~

. X
where the second half is corect because — = — 5.

=TT
.1
Following our plan at the start of the proof, we now set z = % andso p = e"'2 = i. This
gives
& =7 3 rmg —zn(i ¢,y & )
)= 3 =
2 n=0 n=0 1+ q2n n=1 1+ q2n
or
[+3] [«3] n [+3]
PRAGEESENDY 1fq2n =1+4Y ¢"A—g" +g" — g +..)
n=0 n=1 n=1
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and so
Z ,(n)g" =1+4 Z(q" -+ g =g +..)
n=1 n=1

On the right, how can we get a constant times gNV? It could come from g", and of course 1
divides n and n = N. It could come from q3” and then 3 divides N and n = ﬁ . It could come

from g°" but then 5 divides N and n = —. And so forth. Adding up all of these possibilities,
we get something when d is a divisor of N andd =1 (mod 4) or d is a divisor of N and d = 3
(mod 4). All divisors of the first type come with a plus sign, and all those of the second type
come with a minus sign. So our sum is

43 (dy(N) — ds(N)) g

N=1

26.8 Sums of Four Squares

In 1834, Jacobi proved

Theorem 208. Suppose n is a positive integer. Then t,(n) is 8 times the sum of all divisors of n if
n is odd, and 24 times the sum of all odd divisors of n if n is even. Said another way, t,(n) is the
8 times the sum of all divisors of n that are not divisible by 4.

Since this number is always positive, a corollary is that every positive integer can be written as
a sum of four squares. This was first proved by Lagrange in 1770.

Remark: Many different proofs of this theorem are available on the internet, some short and
mysterious. Many use modular forms introduced in the previous chapter. In the end, the proof
below seemed most illuminating to me. It comes from Elliptic Curves by Henry McKean an
Victor Moll, which has been my primary source for all of the material on theta functions. The
entire book is highly recommended.

Proof: Clearly 65(0) = Zn _, Ta(n)q". We earlier proved that 63(0) = a=s 63 . We will obtain the
formula by expanding the right side.

61(0) 8,(z)

Start with the formula 1/ go(z) — e; = 2=——"=. Since

64(0) 61(2)

00 =+ (e T~ oo o)

(z = myw; + mywy)? (M + myw,)?

the Laurent expansion is
@(Z) — + az+..
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and
2

_ 1 _ 1 2 _ 1 €3 2
@(Z)—e3—;—e3+—;(1—332 +)—;<1—?Z +)

1 e
\/@(z)—e3=2—§z+...

SO

Expanding the other side,

e;(o) 94(Z) _ 64(0) + @Zz + ... e/ (0)
06 04(0) W@-ﬁ“%+

Here we used that 6,(z) is an even function and 6,(0) is an odd function. The above for-

e///

1
3161(0)

mula simplifies to the following, where a; = is a constant that ultimately will not mat-

ter:

(1 * 26.00) 264(0) 2+ )<z+ az3 + ) = (E + 264(0) )(1 —a;z% + .. ) Z (264(0) — a3)z+...

Comparing the two expansions, we obtain

6, (0)

€3 :2a3— ) (0)
4

. . . o .
Exactly the same calculation can be done starting with \/ go(z) — e; = (618 ) ( zzizi ) and gives
2 12

6 (0)
0,(0)

e, =2az —

Subtracting

emy_ﬁ_%__1<%m> %mv
p=8T%_1

2 6,(0)  6,5(0)

Recall next that theta functions satisfy the heat equation: 6”(0) = 47ti616. Applying this result
T
gives
o @

s M| o or
0= 215,0 " &

Notice that

a6
—6( () = meP”T = i
d— 3q
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So now letting a prime indicate differentiation with respect to g, we have
6,(0)  6,(0)
6,(0)  64(0)

f 2(0)
64(0)°

We now use the infinite product representations for the first time. We have
6,0) _ s H+a™” 2 A+ a-gn” ) 2110 -
= = 4 = 4
8.0~ T —g e T I - gra - g T 1A - g

Taking the logarithmetic derivative of this product, we obtain

6;(0)* = 4q (

Note that the right side is the logarithmetic derivative o

1 -3
24 2(1 — g*")(—4n)g*" ! 2(1 — ¢")(—ng" ™)
4 _ 4 2: _ 2;
63(0) - 4q 1 + (1 _ q4n)2 (1 — qn)Z

o 2nat < 80
‘“( Z(l—q%)*Zu—qn))

© oo 8qn
(Z 1—q4n> Z”(l—qﬂ))

‘We conclude that

1+ > 1(n)g"=1- > 32n(g" +¢*" + ¢+ ..) + D 8n(q" + ¢ + ¢*" + ...)

n=1 n=1 n=1

Consider the sum on the right, and compute the contribution to the coefficient of g. The
kth term of the series associated with n contributes something only if kn = N, and then it
contributes 8n. So the series associated with n contributes something only when »n divides N,
and then it contributes 8 times this divisor. Thus the coefficient of gV from the last sum is 8
times the sum of all divisors of N.

We get the same story from the first sum, but this time the nth term in the sum contributes
something only if k(4n) = N, and then it contributes 32n = 8(4n). So we get a contribution
only from divisors 4n of N, that is, divisors which are divisible by 4, and the total contribution
is 8 times the sum of all such divisors.

QED.
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Remark: In particular, the number of ways a prime can be written as a sum of four squares is
8(p + 1). This is a very nice result, but it counts representations in an awkward way. It would
be more interesting to write representations in the form n = a® + b? + ¢ + d? where all are
non-negative and a > b > ¢ > d and count these expressions. However, the resulting counts
do not have a regular pattern; Jacobi gets a concise result because he counts some patterns
more than others. If all the numbers are non-zero and different, there are 4! ways to order the
numbers, and 2* ways to select signs, so Jacobi counts this 384 times. If all the numbers are
positive, but one is repeated three times, there are 4 ways to arrange the terms and 2* to select
signs, and Jacobi counts these cases 48 times.

Here is data using the new count rather than Jacobi’s count, for primes less than 100:

3: 1 43 : 3
5: 1 47 ¢ 2
7: 1 53: 3
11: 1 59: 3
13: 2 61 : 4
17 1 2 67 : 4
19: 2 71 2
23: 1 73: 5
29 2 79 1 3
31: 2 83: 4
37: 3 89 : 5
41: 3 97 : 6

Remark: 1t is easy to analyze Jacobi’s counting method. We get a “symbolic” formula:

Z d=1(a? +

din4d
3(2a?) + 6(a®? + b?) +
4(3a®) +12(2a® + b?) + 24(a®> + b2 + ) +
2(4a?) + 8(3a? + b?) + 12(2a? + 2b?) + 24(2a% + b> + ¢?) + 48(a® + b% + 2 + d?)
Here a, b, c,d are distinct positive integers. The top line describes the case where three of
the squares are zero, the second line gives the case where two of the squares are zero, and so

forth. The second line says that each (a? + a? + 0? + 0?) contributes 3 to the sum and each
(a? + b% + 02 + 0%) contributes 6 to the sum.

If p is prime, the full sum is p + 1. In this case the term 1(a?) never occurs, the term 3(2a?)
only occurs for p = 2, the term 4(3a?) only occurs when p = 3, and the terms 2(4a?) and
12(2a? + 2b?) never occur. Note the 6(a? + b?) only occurs if p = 1 (mod 4). It is fun to try
out this formula for other primes.
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I cannot resist trying p = 97. Then (p + 1) = 98. Leaving out impossible terms and dividing
both sides by 2 gives

49 = 3(a?+b?)+6(2a%+b?)+12(a?+b*+c?)+4(3a>+b>)+12(2a® +b?*+c2)+24(a’+b*+c*+d?)

Since 49 is odd and all coefficients are divisible by 2 except 3(a® + b?), we conclude that it is
possible to write 97 = a? + b? and indeed 97 = 9% + 42 + 0% + 02. Since this representation is
unique, we conclude that

49-3 =46 = 6(2a’+b?)+12(a? +b*+c2) +4(3a%+b?) +12(2a*+ b*+c?)+24(a’* + b> +c2 +d?)
Dividing both sides by 2 gives
23=3Ra*>+b>)+6(a>+b>+cA)+2Ba?+b)+6(a>+b*+cH)+12(a’?+b>+c*+d?

Since 23 is odd, we conclude that it must be possible to write 97 = 2a? + b? and indeed we
discover that 97 = 2 - 62 + 52. This is again unique, so

20=6(a’+b%+c2)+23a’ +b>)+6(2a> +b* +c?)+12(a’? + b*> + 2 +d?)

Since 20 is not divisible by 6, it must be possible to write 97 = 3a? + b? and indeed 97 =
3(4)? + 72. This is unique, so

18 = 6(a? + b? + ¢?) + 6(2a® + b? + ¢?) + 12(a® + b* + c* + d?)
Dividing by 6 gives
3=(a’+b*+c*)+a*+b*+c?) +2(a*+b* +c* +d?)

Ifa>b>c>d>0anda?+ b? + c? + d? = 97, there are few possibilities and we soon rule
them all out. So
3=(a®?+b*>+c*)+Qa’+b%+c?)

Indeed 97 can be written as 2a? + b? + ¢? in three different ways:
2(6)% + 4% +2%, 82 +2(4%) +1%, 82452 +2(2)°

In the end, we have written 97 as a sum of four squares in 6 ways, as predicted by our ta-
ble.

Remark: In particular, Jacobi’s four square theorem implies Fermat’s theorem that every p = 1
(mod 4) can be written as a sum of two squares. Indeed, @ is then odd, and equal to

3(a?+b?)+6(2a*+b?)+12(a’ +b%+c?)+4(Ba? +b?) +12(2a> + b?* + )+ 24(a*> + b> + 2+ d?)

so the first term cannot be zero and representations of p = a? + b® must exist.



Chapter 27

Riemann Surfaces

27.1 Compact Riemann Surfaces

The compact 2-dimensional surfaces have been classified topologically, and turn out to be tori
with g holes, and various un-oriented surfaces like the projective plane and the Klein bottle.
Since small pieces of a surface look like open sets in the complex plane, it is natural to try
to extend complex analysis to surfaces. Because holomorphic maps preserve orientation, this
turns out to be impossible on the non-oriented surfaces, so we restrict attention to tori with g
holes. The Riemann sphere is a torus with no holes, and elliptic function theory is complex
analysis on tori with one hole. We need only extend to tori with more holes.

By definition, a coordinate system on a surface M is a connected open set U C M, a connected
open set V in the plane, and a homeomorphism ¢ : U — V. See the picture below for the
intuition behind this definition.

Because ¢ is a homeomorphism, continuous functions on U are the “same thing” as contin-
uous functions on V. This allows us to completely ignore U and work on V. To describe a
function f on the surface, we just give a formula for the resulting f(z) on V. In particular, we
say our function is holomorphic or meromorphic on U if f(z) is holomorphic or meromorphic
on V.

405
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However, we cannot cover the entire surface by one coordinate system, so we have to allow
several of them. A compact surface can be covered by a finite number of such coordinate
systems: (U;, ¢;, V;). We say these coordinates make M a Riemann Surface if M is connected
and Hausdorf and the compositions ¢ jogoi_1 : V; = V; are all holomorphic.

This condition looks abstract but isn’t. Suppose we have two coordinate systems and a function
which is f(z) in V; and g(w) in V,. The map qozogal_l just gives w in terms of z. Moreover
g(w(z)) = f(z). We want f to be holomorphic exactly when g is holomorphic, and this will
hold if w(z) is holomorphic.

Our discussion of the Riemann sphere is easily cast in this language. The Riemann sphere is
the complex plane with an additional point at co. We get one coordinate system by taking U
to be everything except oo, ¥V = C. and ¢(z) = z. We get a second coordinate system by taking
U to be all points in the Riemann sphere except 0, V to again be C, and ¢(z) = i

Our discussion of a fundamental region for a lattice also fits this language, giving a Riemann
surface structure on a torus. We take U = 7V to be the interior of the fundamental region,
with ¢(z) = z. We can cover the boundary as well using a small number of slightly shifted
fundamental regions. ion with identifications on the boundary, then the U obtained above are
more complicated, but easily explained by picture:

We have been cavalier about a few points in our definition of a Riemann surface. First, ¢, ogol_1
is only defined on the image of U; N U; rather than on the entire V;. In practice this is obvious
and not worth comment. Second, we are not restricted to using the coordinate systems listed
when defining the Riemann surface structure, but can introduce any other coordinate system
compatible with these. Our discussion of the torus shows this point in action. We provided a
specific coordinate system for points inside the fundamental region, but many alternatives for
boundary points. It is not worth worrying about this.

On the other hand, it is not enough to select a surface up to homeomorphism and then say
“pick a coordinate system.” We saw this with tori because there are uncountably many in-
equivalent complex structures on a torus. Thus the particular coordinate system chosen is
important.

We will mainly deal with compact Riemann surfaces, but the definition makes sense for non-
compact surfaces as well. In that case, infinitely many coordinate patches may be needed to
cover the surface.

27.2 Functions and Differentials

With the definition out of the way, we can get down to work. We generalize complex variable
theory to Riemann surfaces by breaking problems into pieces and using local coordinates to
calculate the pieces. For example, we say that a function is holomorphic if f(z) is holomorphic



CHAPTER 27. RIEMANN SURFACES 407

in each coordinate piece, and we say that a function is meromorphic if f(z) is meromorphic in
each coordinate piece. We say f has a zero at p if f(z) is zero at the appropriate spot in one, and
hence all, coordinate systems, and we say that the zero has order k if f(z) has a zero of order
k in those coordinate systems. We differentiate functions by differentiating in a coordinate
system. Finally we integrate over a contour y by breaking y into pieces, each entirely in some
coordinate system, integrating the pieces in the appropriate coordinate system, and adding the
results.

Sadly, there is a very significant complication. If a small piece of a calculation is in two different
coordinate systems, we must check that both systems give the same answer. Both differenti-

ation and integration fail this test! Consider, for example, the Riemann sphere. Let f(z) = z

a _ 1 is constant. In the second coordinate system, z = l. But 4ar__1
w dw w w?

and notice that
zZ
and this is decidedly not constant.

Integration also fails on the sphere. Let y(t) = e* for 0 < t < 2x. This is the standard
counterclockwise circle about the origin, and fy zdz = 0. Butifw = l, then the path becomes
z

—it . . 1 o 1
e~ in the w coordinates and the function becomes — and a counterclockwise integral of —
w w

around a counterclockwise circle is —27i.

Luckily, Leibniz rescues us from both problems with his wonderful notation. According to
Leibniz, we do not integrate functions f(x) but instead integrate differentials f(x) dx. Did
your calculus teacher always insist on including the dx?

We say a function on a Riemann surface is an assignment to each local coordinate of a function
f(z), such that on the intersection of two coordinates with assignments f(z) and g(w) we have
f(z) = g(w(z)). We say a differential on a Riemann surface is an assignment to each local co-
ordinate of a symbol f(z) dz where f(z) is a holomorphic or meromorphic function, such that
on the intersection of two coordinates with assignments f(z) dz and g(w) dw we have

/(@) dz = gw(@) 32 (@) dz

This neatly solves our problem: the derivative of a function is a differential and we call this
differential df, so
df

df = —d
f dzZ

Similarly, differentials can be integrated over contours using the formula

b
dy
f(@)dz= | [f@@)=;dt
fy fa dt

The reader can easily check that both formulas have the correct invariance related to coordinate
changes.
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It is fun to check these ideas on the Riemann sphere. We will integrate three differentials over

the counterclockwise unit circle in C. In the w = = coordinates this becomes the clockwise
z

unit circle. The differentials we integrate are
1 1
zdz,dz,— dz, —dz
z z2

Note that

So the differentials become

1 1 1
—-—dw,—— dw,—— dw, —dw
w3 w2 w
In both z and w coordinates, only the third differential has non-zero integral, and the integrals
are equal because the w circle travels in the opposite direction as the z circle.

Remark: We say a differential f(z) dz is holomorphic if f(z) is holomorphic in all coordinate
systems; otherwise it is a meromorphic differential. The above examples show two differen-
tials, z dz and dz, which appeared to be holomorphic in z coordinates but turned out to be
meromorphic in w coordinates. But that is because both had one bad point, at co, and that bad
point was not visible in the z coordinates. If a differential is not singular at p in one coordinate
system, it is clearly not singular at p in all other coordinate systems.

Remark: In higher dimensions, there are differentials of degree 1, of degree 2, etc, and these
objects are called differential forms. For surfaces, we only consider one type of differential, but
we will often still call it a differential form.

Remark: On the sphere, the only globally holomorphic functions are constant. There are no
globally holomorphic differentials on the sphere because if f(z)dz were such a form, then

glwydw = —f (i) é dw is holomorphic at the origin and thus f (i) must vanish at the
origin, so the original f(z) is bounded, hence constant, hence zero.

On the torus, dz is a well-defined holomorphic differential form. In this special case there is
a one-to-one correspondence between functions and one-forms, sending f(z) to f(z) dz. In
particular, all holomorphic functions are constant and all holomorphic differential forms are
a constant times dz.

A beautiful theorem of Riemann states that on a compact surface of genus g, there are exactly
g linearly independent holomorphic differential forms. We will keep running into this result
in this last chapter. It is not easy to prove.

Remark: We now know enough to prove three general theorems for compact Riemann Sur-
faces.
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Theorem 209. The order of a zero or pole is well-defined, independent of coordinate system, for

both functions and differential forms.

Proof: Replacing f(z) by ]% if necessary, it suffices to handle zeros. We may translate both z
Z

and w coordinates so the point in question is the origin in both coordinates. Expand f(z) and
g(w(z)) in power series about the origin. Then

f(2) = apz* + ...

g(w) =b,w™ + ..
w(z)=cz+..

where a; # 0,b,, # 0,c; # 0. So f(z) = g(w(z)) implies

akzk + . = b1z + .0 + .. = bz + .

. . . dw . .
and so k = m. Differentials are handled the same way, since — isnever zero because this map
zZ
is one-to-one. QED.

Theorem 210. On a compact Riemann surface, all globally holomorphic functions are constant.

Proof: The function | f(z)| has a maximum because M is compact. By the maximum principle,
f(2) is constant in any coordinate system containing this maximum point. By the identity
theorem, it is constant in any open set which intersects such a set. Since M is connected, it is
globally constant.

Theorem 211. On a compact Riemann surface, each non-constant meromorphic function takes
allvalues the same number of times, counting multiplicity.

Proof: If f is not constant, then % is a well-defined meromorphic function on the surface and

df is a well-defined meromorphic differential form on the surface, and so % is also a well-

defined meromorphic differential form on the surface. Thus integration of this differential
form is well-defined.

Triangulate the surface as in the picture above so each triangle is in a single coordinate ;.
Select the triangulation so no zero or pole is on the boundary of a triangle. For each triangle,
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form the path y; which the triangulation traces around the triangle, picking the directions of
these paths consistently over the surface; this is possible because M is oriented. Then the
following sum of integrals cancels out and yet gives the expression on the right.

d
L / —f = Z (order of zeros in triangle) — (order of poles in triangle)

27 v S triangles

So the total number of zeros equals the total number of poles. Replace f by f — 1 to show that
the total number of times f equals 1 is also the total number of poles. QED.

27.3 Return to the Modular Function

In an earlier chapter we proved that the modular function j(7) takes each complex value exactly
once in the fundamental region of the modular group. The proof contained two steps. The
first was an intricate calculation to show that j(7) has a pole of order one at infinity. The
second was an integral around the boundary of the fundamental region to show that j must
take all other values exactly once. We can replace this second step with the theorem that a
meromorphic function on a compact Riemann surface takes each value the same number of
times, provided we make the compactified fundamental region into a Riemann surface. We’ll
do that now.

We only need provide local coordinates near each point of the surface. This is trivial for interior
points of the region. The modular function is periodic with period one, and thus can be written
as a function of g = ¢2™*; the map q(t) sends the intersection of the upper half plane and the
region —% < R(z) < % to the punctured disk 0 < |g| < 1. We send o to g = 0, and then g
provides local coordinates for the region near co.

It is easy to obtain local coordinates for points on the vertical boundary, as illustrated in the
picture below.

P %
. L 1
r T
- - at
e F s
- | BT VL
y LA
- -l L
s .

For the bottom boundary, consider the map z - w = Z—: This is linear-fractional and thus an
Z+1

automorphism of the sphere. It mapsi - 0 and —i —» co and —1 — i and 1 — —i. In addition,
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it maps 0 - —1. Consequently we have the following picture, where the interior of the circle
goes to the left half plane, the exterior of the circle goes to the right half plane, and the circle
including the portion bounding the fundamental region goes to the imaginary axis.

In the fundamental region, the map z — —1 identifies sides of the circular boundary and fixes
z
i. This map induces a corresponding map in the w-coordinates. To see what it is, we compute

W — z — —~ — w. A brief calculation shows that this mapisw —» —w.
z

We follow our map for w with the map w — g = w?. The picture is shown below. The g¢’s
then form the coordinate neighborhood in the plane for points on the bottom boundary and in
particular for i. The most interesting feature is that the point i in the fundamental region gets
a full neighborhood in the g coordinates, even though it seems to get only half a neighborhood
in the fundamental region. We call i a branch point, and will say more about them in following
sections; we always handle such points using a map z — z* to convert a partial neighborhood
into a complete neighborhood.

-

T K L:_:} i e A K TR
B o i e O
\ b4
L ! s N,
. . 1 \/E . Z—w .
Finally, we need coordinates near w = - tiT Consider themapz - w = ~. Like all

Z—w
linear fractional transformations, this maps lines and circles to lines and circles. It mapsw — 0
and w? — oo, so it maps the unit circle to some straight line through the origin. Moreover, the

vertical line through x = —% goes through both w and w?, so it also maps to another straight
line through the origin. Since holomorphic maps preserve angles and the angle between the
vertical left boundary and the circular boundary is %ﬂ, the two lines in w coordinates must

meet at angle %ﬂ.

We are too lazy to determine the precise lines produced in the g coordinates, and it doesn’t
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matter. For simplicity we assume the x-axis is one of these lines. We then obtain the following
pictures:

These pictures make it clear that we can account for both corners in the fundamental region

using a wedge of angle 2?” in the w coordinates, and we can identifies the corresponding bound-

aries using the map w — q = w?

In this way, the fundamental region of the modular group becomes a Riemann surface, and
indeed a surface equivalent to the Riemann sphere, since j(r) is a one-to-one and onto map
from the compactified modular surface to the sphere.
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27.4 Riemann’s Construction

Consider the function f(z) = v/(z — e;)(z — e,) ... (z — e;) Where the ¢; are distinct numbers in
the complex plane. We are going to show that f can be made into a single-valued holomorphic

. . . k=2 .o .
function on a compact surface, which will turn out to have g holes where g = 72 if k is even,

and g = % if k is odd. The a; can be anywhere, but it is easier to draw pictures if they are on
the real axis, and we will do so.

Begin by connecting all the points with straight line segments as shown below. Connect the fi-
nal point out to infinity by such a line. See the picture below. Remove these line segments. The
remaining set is simply connected, so we can define a branch of \/(z — e;)(z — ;) ... (z — ;)
on this set.

Notice that all terms inside the radical except z — e; are well-behaved at e, so the square root
has the form f(z) = g(z)\/z — e;. If we draw a small circle around e;, the value of g(z) will
return to its original value as we traverse the circle, but \/zTe1 will change sign as we traverse.
So all along the interval [e;, e,] the values of the radical above and below the cut will differ by
a sign.

The same analysis holds at e,, but this time the cut at [e;, e, ] accounts for the sign change and
therefore the values of the radical agree on [e,, e;]. So remove this cut. Proceed for further e;. If

the number k of ¢; is even, there will be ; cuts and the cut from the last one to co will be gone.

If k is odd, there will be % cuts and the final cut from e; to co will remain. See the picture

below. The remaining cuts are called branch cuts and f(z) = \/ (z—e))z—ey)...(z—e)is
well-defined and holomorphic on the plane with these cuts removed.

The square root has two values with differ by a sign, but only one of these values is taken on
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our copy of the complex plane with cuts. Form a second copy of the cut plane and define f(z)
on this copy to be the negative of f(z) on the original copy.

Now the idea is to glue these two planes together and obtain a single more complicated object
on which f(z) lives. The glueing takes place along the branch cuts. The value of f just above
this cut on the first plane agrees with the value of f just below this cut on the second plane. So
we must glue the upper portion on the first plane to the lower portion on the second plane, and
the lower portion on the first plane to the upper portion on the second plane. In some sense,
the two planes should cross each other at the cut line without touching. Note that the cut line
itself becomes two lines on the new object. See the attempted picture below.
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While this new object seems difficult to visualize, it is easy to understand if we draw another
way. The complex plane is the Riemann sphere with the point at infinity removed. So our two
planes are two spheres with cutout lines. We glue the two spheres together alone these lines
to obtain a torus with g holes. See the picture below.
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The exact points on our new surface will become clear when we define a coordinate system
for the surface. It will turn out that the object contains all points on the two planes after the
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branch cuts are removed. It contains two copies of points on the branch cuts. It contains one
point at each e;. If there is no branch cut to infinity, it contains two points at infinity, one on
the Riemann sphere for the first plane and one on the Riemann sphere for the second plane.
But if a branch cut extends to infinity, these points become a single point at infinity.

From now on, let us denote the surface we have just constructed 8. Of course we have con-
structed many surfaces, depending on the a; and their number k.

We end this discussion by producing coordinate patches. Almost all points are on one of the
cut planes, and each is a trivial coordinate system.

We produce two coordinate patches for each branch cut as explained in the following pic-
ture:
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It remains to find coordinate patches at the e; and the one or two co. Let us handle infinity first.
If no branch cut extends to infinity, then there is a constant B such that each plane contains

all z with |z| > B. For each plane, introduce w = L. This is a coordinate system mapping
z

|z| > Bto 0 < |w| < %, and we map the point at infinity on the plane to w = 0 in these

coordinates.

Finally we deal with the e; and possibly o if a branch cut extends that far. The treatment of oo

will be exactly like the treatment of the a; and can be left to the reader. Each of these points

is called a branch point. As before, note that f(z) = g(z)\/z — ¢; at branch points. The map
w — z = w + ¢; sends a small disk about the origin to a disk about the branch point. The map
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q — w = g? sends the upper half of a disk about the origin to the full disk. The branch cut has
become two cuts in the g disk, on the left and right of the origin. We can map the bottom half of
the g-disk to a small disk about e; in the second copy of the plane. Consequently, the full disk
about g produces coordinates for the two disks about e;, where one of these is the full disk in
the first plane and the other is the full disk in the second plane. Moreover, f(z) is holomorphic
in these new coordinates because f(z) on the first plane equals — f(z) on the second, so these
match along branch cuts.
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When working on this surface § in actual practice, the branch cuts and branch points more or
less take care of themselves. We only need caution when computing the orders of meromorphic
functions at branch points.

In this section, we have produced compact Riemann surface structures on all compact oriented
surfaces. It will soon become clear that the structures we produced when g = Oorg =1
are conformally equivalent to the Riemann sphere, and one of our lattice torus structures. In
general, these structures are called hyperelliptic Riemann surfaces, and it turns out that every
Riemann surface of genus g < 2 is conformally equivalent to such a surface. But for g > 3,
there are other structures that we leave to deeper treatments of Riemann surface theory.

27.5 The Field of Meromorphic Functions

Because Riemann surfaces are connected, the identity theorem holds on them. It follows that
the set of meromorphic functions forms a field, because if f is not identically zero, then its
zeros are isolated, and isolated zeros of f become poles of %

We found all doubly periodic functions using analysis to construct go(z) and then showing that

g and di—(z) generate the full field of meromorphic functions. It may then be surprising that
Z
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we can find the complete field of meromorphic functions on our new hyperelliptic Riemann
surfaces without any analysis at all.

We know two functions, f(z) = z and g(z) = /(z — e;)(z — e,) ... (z — e;). The first just sends
each point z in either plane to the complex number z. The second was our motivation for
creating the surface; g(z) is single-valued and holomorphic on this surface.

However, there will be questions about both functions at the branch points e; and at the point
or the points at infinity. We could calculate the functions in local coordinates to show that they
behave well at these points as well, but that isn’t necessary. The e; and the points at infinity
are isolated singularities. Both f and g are bounded near the e;, so these singularities are
removable. Both f and g only take values larger than some bound near points at infinity, so
these isolated singularities are poles. Done.

Notice that the value z is taken by f exactly once in either place, except for values at branch
points and infinity. So f takes almost all values twice, and therefore takes every value twice by
a general theorem we proved. In particular, it takes infinity twice. So if k is even and there are
two points at infinity, then each is a pole of order one. And if k is odd and there is only one
point at infinity, then it is a pole of order two.

The function f has two distinct zeros of order one, unless one of the ¢; is zero. In that case, f
takes the value zero at only one point, so it is a zero of order 2. Note that all of these remarks
apply to f(z) + c for constants c.

Theorem 212. Every meromorphic function on a hyperelliptic surface S has the form

Ri(f@) +Ry(f(2)) 8(2)

where R, and R, are rational functions, that is quotients of polynomials.

Proof: Notice that f(z) is an even function, in the sense that it takes the same value on equiva-
lent points in both planes, and notice that g(z) is an odd function, in the sense that the values it
takes on equivalent points in the two planes differ in sign. If h(z) is an arbitrary meromorphic
function on our surface, we can write

h(z) + h(z1) | W(z) — h(z,)
2 28(2)

where z is a point in either plane, and z, is the corresponding point in the other plane. These

functions are defined except possibly at the e; or oo, but these are isolated singularities and thus

removable. Each coefficient is an even function, and therefore it suffices to prove that every
even meromorphic function is a rational function in f(z).

h(z) = g(2)

Consider the diagram below. It is possible to define a meromorphic R(z) completing the di-
agram, by an argument given shortly. Since every meromorphic function on the Riemann
sphere is rational, h(z) = R(f(z)) and we are done.



CHAPTER 27. RIEMANN SURFACES 418

Now we prove the existence of R. The function f(z) takes each complex value twice, usually
at z and z;. But h(z) = h(z;). So we can define R by using f~! to go backward to two points,
and then selecting the value of & at these points. This leaves a finite number is isolated points
where R is not defined, but all of these points are removable singularities. QED.

Remark: When there are one or two branch points, the functions we have just constructed seem
to behave just like ¢o(z) and ¢'(z), and indeed we are just reproducing that theory, modulo a
4 which is easily explained away. We found that the field of meromorphic functions on a torus
is the field C(X) of all rational functions in an indeterminant X, extended by adding a root
of

Y2 —4X? — g X — g3 = Y2 = 4X —e))(X — )X —e))

. In the general case of a hyperelliptic S, we have an easy generalization. This time the field of
meromorphic functions is the field C(X) extended by adding a root Y of

Y2—-(X—e))X —e)...(X —ep)

27.6 Differentials and Integration

Recall that differentials are objects which look like g(z)dz in local coordinates. If f(z) is a
meromorphic function on 8, the expression Z—f is not well-defined because it does not transform
z

correctly under coordinate changes, but df = 2—fdz is well-defined. Moreover, we cannot
z
integrate f(z) because it does not transform correctly, but we can integrate f(z)dz.

Suppose w is a differential form, equal to w(z)dz in local coordinates. If f(z) is a meromorphic
function, then f(z)w = f(z)w(z)dz is again a differential form, because f transforms in a
trivial way and w(z)dz transforms as differentials do. Conversely, if both f(z)dz and g(z)dz are

differentials, then % is a well-defined function. It follows that if w is a non-zero differential,

8(z
then the most general differential is fw for f an arbitrary meromorphic function on 8.
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Consider the case of a hyperelliptic surface S. One of the functions on this surface is f(z).
In either of the main coordinate systems which cover all points except the branch points and
infinite points, f(z) = zand df = dz. It follows that the most general differential on 8 has the
form

Ri(2) dz + Ry(2h/ (2 — e)(z — €3) . (2 — "0y dz

These are the objects that can be integrated over the surface:

le(z) dz + fRz(z)\/(z —e)z—e)..(z—e)dz
Y Y

If k = 3 or 4, this is an elliptic integral; indeed the formula for the length of an ellipse has this
form. So we started with such integrals from 1670 or so, and we have returned to our starting
point with these hyperelliptic surfaces!

The most significant feature of complex integration is that it does not depend on the fine struc-
ture of the path y. We are free to deform y without changing the integral, as long as the de-
formation does not cross a pole of the form. The first part of these lectures was all about the
intricate details when a singularity is crossed.

But with Riemann surfaces, there is another possible reason that two paths could produce
a different result: one of the paths might go around a hole. We would like to understand the
influence of the holes on integrals without having to separate out this influence from the influ-
ence of singularities of f(z). The easiest way to make this separation is to integrate differentials
 which are holomorphic everywhere. Then the coefficients will have no singularities, and the
only way that integrals over different paths from one point to another can differ is because one
of the paths went around a hole. So we now search for holomorphic differentials, which are
also called differentials of the first kind.

On the Riemann sphere, such a differential would equal P(z) dz where P is a polynomial. At

infinity we introduce z = L sothatdz = —iz dw. Then
w w

P(z)=P (%) L_U_i dw

This has a singularity at w = 0 even if P is just a constant, and the singularity is worse if P has
higher degree. So there are no holomorphic differentials on the sphere.

On a torus, dz is a global differential and the most general differential is f(z) dz for meromor-
phic f. If f is not constant, then it has at least one pole and the differential is not holomorphic.
So there is exactly one holomorphic differential up to multiplication by a constant, and it is
dz.

Notice that the horizontal and vertical sides of a fundamental paralellogram produce closed
paths around the hole of the doughnut. See the picture below. The integral of w around one of
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these paths is 1 and the integral around the other is 7. So when we investigate the effect of the
holes on integration, we find the generators of the period lattice. This is a hint that studying
holomorphic differentials is crucial to understanding compact Riemann surfaces.

Let us turn to the general hyperelliptic case. The full set of meromorphic functions is generated
by f(z) = z and g(z) = \/(z —e1)(z —e,)...(z — ey), but we could just have well have used
f(z) and $ and we will see shortly that this is a useful change. Thus we are looking for

holomorphic differentials of the form

Ri(z)dz + Ro(2) dz

\/(Z —e)(z—ey)...(z—¢)

Differentials from the left half of this formula cannot be holomorphic at infinity, for reasons
sketched earlier. If oo is a branch point, the coordinate system introduces a square root and the

transformation for dw involves — rather than % but that doesn’t help enough.
w w

So we must study terms of the second type. At e; we introduced local coordinates g with z =
d
w+e;andw = ¢%. Thusdz = dw and dw = £ dgq =2qdq. Also\/z —e; =y/w =q,s0

! dz=12qdq=2dq
\/Z— € q

The remaining portion of the square root is holomorphic and non-zero at e;. It follows that
when R;(z) = 1 these differentials are holomorphic, except perhaps at infinity. But at infinity
the terms vanish, and certainly for large k there are enough terms to cancel out the pole of dz
there. Details follow.

Consider the entire term
R(z)

\/(Z —e)(z—e)...(z—ep)
The singularities at e; are cancelled by the g coordinates, but just barely. Any singularity of
R(z) at such points will not cancel. So if the above is a holomorphic differential, then R(z)
cannot have any poles in the plane, and thus must be a polynomial.

dz

Suppose now that k is even. Then there are two poles at infinity, one for each copy of the

plane. Local coordinates for one of these poles are given by z = Landdz = —iz dw. So the
w w

differential becomes

() Ly

_ = 2 °d
V1 —ew)(1 —ew) ... (1 — ekw)w=*/2 w? V1 —ew)1 —ew)...(1 — ekw) v v
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If k = 4, the power of w is zero and this is holomorphic at the origin provided P is just a
constant. So the space of holomorphic differentials is one dimensional. If k = 6, the power of
w in the final term is one and thus the entire differential is holomorphic if the degree of P is
at most one. So the space of holomorphic differentials has dimension 2. In general, for even
k = 2K, the power of w in the final term is K — 2 and the degree of P can be at most K — 2,
so the space of holomorphic differentials has dimension K — 1. Notice that when k = 2K, the

genus of the surface is %T_z = K — 1. So the space of holomorphic differentials has dimension
g in this case.

Suppose finally that k is odd, say k = 2K — 1. The genus of the surface is then g = % =K-1.

This time there is only one point at infinity and it is a branch point. Local coordinates are given

by z = Landw = q* where half of the g-disk maps to points near infinity in the first plane,
w

and the other half of the disk maps to points near infinity in the second plane.

We first work in w coordinates on each plane. Then as before we get

P(2) ko,

w2 “dw
V1-ew)1 —ew)...(1 — ekw)

Note that w = g? and so dw = 2qdq. Note also that k = 2K — 1. Then the above formula

becomes
at P(3)
q _ q
qk 42q dq —

— 2q2K—4 dq
V1-e,g0)1 - e,¢?) ... (1 — ekgq?) V1—e,g0)1 - e,q?)...(1 — ekg?)

Notice first that this is an expression in g2, so what happens on the upper part of the g disk is
repeated on the lower half, as predicted. The expression will be holomorphic at g = 0 just in
case —2deg(P)+ 2K —4 > 0 or deg(P) < K —2 and the dimension of the space of holomorphic
differentials is thus deg(P) + 1 =K -1 =g.

We have proved

Theorem 213. On a hyperelliptic Riemann surface, the dimension of the space of holomorphic
differentials is g. These differentials have the form

P(z2)
\/(Z —e)(z—ey)...(z—ep)

dz

where deg(P) < g.

It turns out that the space of holomorphic differentials has dimension g on any compact Rie-
mann surface with g holes, even if it is not hyperelliptic.
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27.7 Integrating Holomorphic Differentials

If w is a differential on a surface S and y is a path on the surface which does not go through a
singularity of w, we can compute fy w. The study of such integrals played a significant role in
our earlier theory, so it is not surprising that it continues to play an important role in Riemann
surface theory. In our earlier theory, we discovered that

« it is possible to define fy w even if y is merely a continuous path, and

« if two paths are homotopic with fixed end points, or homotopic through close curves,
they have the same integral

The homotopy must avoid singularities of the differential. The central idea behind both ar-
guments was that when the differential is f(z) dz, we can find a function g(z) locally which
satisfies with dg = f(z) dz. Since this result is purely local, it also holds on Riemann surfaces,
and the entire theorem just quoted then holds on an arbitrary Riemann surface with the same
proof.

A very interesting special case occurs when w is a holomorphic differential. In that case there
are no singularities to worry about and paths can be deformed arbitrarily. But we cannot con-
clude that fPQ w is independent of the path from P to Q because there can still be distinct paths
from P to Q which are not homotopic, due to the topology of S. The study of distinct paths
from P to Q is equivalent to the study of closed paths from P to itself obtained by following one
path from P to Q, and then following the other path back to P. Thus for further investigation,
we want to study integration of w around closed paths on the surface.

A picture of the surface with three holes was created by Christian Neurohr and is shown below.
In the picture, six oriented closed paths are shown, labeled «; and 8;. We will instead use the
letters a,, a,, a; and by, b, b;. It can be shown that any oriented closed path on this surface is
equivalent to 3}, m;a; + ), n;b; where the m; and n; are integers, in a certain sense described
below.

Fix a point P on the surface and consider the set of closed paths starting and ending at P. Call
two of these paths equivalent if they are homotopic. Define multiplication of paths y; oy, to be
y, followed by y,. Then the set of equivalence classes of paths forms a group, denoted 7,(S8)
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and called the fundamental group of the surface.

We want to think of the a; and b; as such paths starting and ending at P. We do this as follows,
using a; as an example. Pick a point P; on a; and a path y from P to P;. Replace a; with the
path y, followed by a,, followed by y~!.

It then turns out that the fundamental group of the torus is generated by the q; and b;. This
group is non-abelian, so we are claiming that any closed path from P to P is homotopic to
product of q;, ai_l, b;, bi_l, where repetitions are allowed and order matters. The group has
relations, so this product representation is not unique, but we will ignore the relations for
now.

Suppose that w is a holomorphic differential form. By Cauchy’s theorem, if y; and y, are closed
paths which are homotopic through closed paths, then fy1 w = j;,z w. Moreover, if y; and y,
are closed paths through P, then [, . o = [ @+ [, o=/ . «. Finally, when we added
tail pieces to a; and b; so they could start and end at P, the integrals over the tail pieces cancel
out. We conclude that the integral of w over a path y starting and ending at p depends only
on the total number of @; and b; in its expression in the fundamental group and not on their

order. In short,
14 m; i nj b;

We define the first homology group

71(8)
[71(8), 71(8)]

to be the fundamental group of the surface divided by the normal subgroup generated by all
commutators. Said another way, we add additional relations to create an abelian group from
the fundamental group. According to the above discussion, this group is generated by the
images of the a; and b;. We will later prove that there are no additional relations, so the group
is isomorphic to Z @ ... @ Z, and thus has rank 2g. Since the group is a topological invariant,
this will prove that surfaces with different numbers of holes are not homeomorphic.

Hy(8) =

To summarize, each holomorphic differential form defines 2g numbers, namely f, wand J, w.
i J

These numbers are called the periods of w, and they determine the extent to which integration
of w from one point to another depends on the particular path chosen.
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In the case of hyperelliptic surfaces, the periods are obtained as by integrating around the fol-
lowing paths:




Chapter 28

Brief Course in Surface Topology

Algebraic topology is a great invention of the twentieth century: homology groups, cohomol-
ogy groups, homotopy groups, exact sequences, triangulation, and all that. The start of this
subject is often set at 1895, when Henri Poincare published the paper Analysis situs in the
Journal de ’Ecole Polytechnique, and followed it with five supplements published between
1899 and 1905.

Poincare’s work generalized and explained results from Euler, Riemann, Betti, and others. In
particular, significant hints came from Riemann surface theory. We want to use some of these
results, and rather than giving isolated references to topology, we prefer to develop a small
amount of theory from scratch. Details are left to the reader with the important caveat that
nothing is hidden under the rug. All assertions made without proof are easy exercises.

28.1 The Fundamental Group

We briefly discussed the fundamental group at the end of the last chapter. Here is a precise
formulation. Consider an arbitrary topological space X. A continuous parameterized path in
X is a continuous map y : [0,1] — X, which we interpret as a path y(t) traced in time. Fix a
point x, € X once and for all and restrict attention to paths y such that y(0) = y(1) = x,. If ;
and y, are two such paths, we define y; oy, by

o0 =1 07

425



CHAPTER 28. BRIEF COURSE IN SURFACE TOPOLOGY 426

We say two closed paths y; and y, are homotopic if there is a continuous
h(t,u) : [0,1] x[0,1] » X

such that h(¢t,0) = y,(¢t) and h(¢t,1) = y,(¢t) and h(0,u) = x, and h(1,u) = x,. Intuitively, for
each fixed u we have a closed path h(t,u). When u = 0 we obtain y; and as u increases we
obtain deformations until at u = 1 we obtain y,.

Theorem 214. Homotopy is an equivalence relation.
Proof: Easy.
Definition 60. The set of homotopy equivalence classes of paths starting and ending at x, is

called the fundamental group of X and denoted (X, x).

Theorem 215. The operation y;oy, preserves equivalence classes and thus defines a multiplica-
tion on 71(X, x,). Under this operation, 7, is a group.

Proof: This is very straightforward.

Remark: This set 71,(X) depends on the base point x,. If X is arcwise connected and z(t) is
a path from x; to x;, then 7 induces a one-to-one and onto group isomorphism between the
fundamental group with base point x; and the group with base point x;. We will often omit
the base point from our notation.

Remark: We are ready to rigorously prove our previous assertions about 7, for surfaces, namely
that the fundamental group is generated by a; and b; where these are the paths previously
discussed, modified to start and end at the base point x, as before. We will refer to our previous
pictures, but in addition the following pictures will be important.
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The first shows our standard construction of a torus. Opposite sides are glued together so the
arrows match. All four corners become one point on the torus, and the sides become two
closed curves a and b, which are indeed the generators of the fundamental group discussed
earlier. We typically read off the boundary counterclockwise, writing “a” for a side with arrow
pointing in our direction and “a~!” for arrows in the opposite direction. Then a torus becomes

aba=1p71.

On a surface of higher genus g, the curves a; and b; can be drawn meeting at exactly one
point. If we cut the surface along these curves, we get a disk or polygon, with two boundary
segments for each curve. Reading counterclockwise, we obtain a;bya; by ... aghgag 'by*. All
corners of the polygon glue to a single point on the surface, which we take to be the base point
of the fundamental group. The reader can draw pictures necessary to show that this process

reproduces our original pictures of surfaces with g holes.

Theorem 216. The curves a; and b; generate 7t,(S8), so every closed curve starting and ending at
the base point is homotopic to a curve that is a product of a, ' and b
i J

Remark: Such a symbol may appear multiple times, since the group is not commutative. We
do not claim that such a product representation is unique.

The idea of the proof is very easy. Think of the surface as a polygon with boundary, as in the
previous picture. Given a closed curve in the surface, we pick a point inside this polygon not
on the curve, and define a homotopy by pushing the inside of the disk out to the boundary. In
the end, we get a curve which lies directly on the a; and b;.

The problem is that space-filling curves exist, so our curve might go through every point of the
disk. To get around this problem, let U be the interior of the polygon, and let V be a connected
neighborhood of the boundary. See the picture below.

These open sets cover the surface. If y : [0,1] — S represents an element of the fundamental
group, we can find a decomposition 0 = t; < t; < ... < t, = 1 such that each y([t;_;,¢;]) is
inside U or V. If the image of a segment is in U, the segment is homotopic to a segment in
U whose image is a straight line from y(t;) to y(¢;,;). After this homotopy, our curve may do
awful things in V, but the portion of the curve that is not in V lies on a finite number of line
segments. Thus there is a point in U not on the image of the new curve. Apply a homotopy
which pushes the entire polygon to the boundary, leaving the boundary fixed.
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The boundary is a little tricky because glueing occurs there. On the other hand, each q; or b;
on the boundary becomes a circle after glueing, and these circles only meet at the common
base point. So we can ignore the remaining surface and suppose that our space X is a bouquet
of circles, pictured below.

Again cover this with open sets. Let U be a contractable neighborhood of the base point, con-
taining a small portion of each circle, as shown above. For each circle let V; be the entire circle
together with the set U. So the V; cover X and each contains one entire circle and contractable
pieces of the remaining circles. As before, find 0 = ¢, < t; < ... < t, = 1 such that each
y([ti—1,t;]) is contained in some V;. If two adjacent segments have images in the same V;,
merge them to form just one segment.

Consider y restricted to [0, t;]. This path starts at the base point and is always in some particular
V;. Similarly y restricted to [¢;, £,] is always in some V; for i # j. So y(¢,) is in both V; and V;
and thus in U. We can thus findac; < t; < ¢, such that y(t) € U for ¢; < t < c,. Replace the
path y between time ¢; and time ¢, by a path which moves from y(c;) at time ¢, to the base point
at time ¢, and then from the base point to y(c,) at time c,. Since the space U is contractable,
any two paths with the same end points are homotopic, so the new path is homotopic to the
original but equal to the base point at ¢;.

Repeat the same argument for all other division points ;. We now have a path which is a sum
of closed paths on each [¢;, t;;1] and on this interval has image in a particular circle and in U.
Since U is contractible, we can apply a homotopy to this segment which does not change the
endpoints but leaves the entire image of the segment in a particular circle. Since this holds for
each segment, our path is almost what we want. It stays in one circle from time 0 to time ¢;
when it is back at the base point. Then it moves in some other circle from time t; to time ¢,.
Etc.

The only trouble is that our path may move erratically on the circles, perhaps backtracking and
the like. Our final argument will show that we can replace each such path with a paths which
move regularly: either sitting still, or moving counterclockwise m times at a steady pace, or
moving clockwise in a similar way.
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Lemma 29. The fundamental group of a circle is Z, represented by steadily moving paths that
travel around the circle clockwise or counterclockwise m times.

Proof: Consider the map R — S! by r — ¥, This is a covering map and the inverse image of
1 € Stis Z. Suppose y : [0,1] — S! is a path which begins and ends at 1. By covering space
theory, this map has a unique lift to a map from [0,1] — R which starts at 0. This map must
end at an integer n. It is easy to show that two maps are homotopy if and only if their lifts end
at the same point, and the rest of the theorem then follows.

Remark: This completes the proof of the main theorem. We have not completely determined |
the fundamental group of a surface, because the generators we obtained may satisfy additional
relations. Indeed it is easy to find such a relation. Consider the picture of the surface as a
polygon with sides identified. The path around the boundary of this polygon generates the
element a;b,ay lbl_ ...in ;(8). But this element represents the identity because the path can
be shrunk to the base point through the polygon.

Definition 61. If X is an arcwise connected topological space, define the first homology group of

X as
m1(8)

[771(8), 1(S)]
That is, we quotient out the commutator of the fundamental group, obtaining an abelian group.

Hl(‘s) =

Remark: The fundamental group depends on the base point, but since X is arcwise connected,
the homology group is independent of this point up to isomorphism. By the main theorem
of this section, the first homology group of a surface is a finitely generated abelian group with
generators g; and b;. We will ultimately prove that these generators are independent and there-
fore the group is isomorphicto Z @ Z @ ... @ Z, where there are 2g copies of Z. It follows that
g is a topological invariant of a surface, so two surfaces with different g cannot be homeomor-
phic.

28.2 Several-Variable Calculus and Riemann Surfaces

Long ago, we argued that complex variable theory is a special case of several-variable calculus.
We are going to pick up that thread again.

Suppose § is a Riemann surface. This surface is covered by coordinate systems, and we have
transition functions from one coordinate to another. Each coordinate system consists of an
openset U C 8, an open set V C C, and a homeomorphism ¢ : U — V. Since V is an open
subset of the complex plane, it is also an open subset of R%. The local coordinate system allows
us to describe points in U using a complex coordinate z, but we could also use a pair of real
coordinates x, y.
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If we have two complex coordinates z and w, then in the overlapping region of these systems, w
becomes a function of z and we require that w(z) be holomorphic. If we have two real coordi-
nates x, y and u, v, then in the overlapping region of these systems, u and v become functions
of x and y and we require that u(x, y), v(x, y) be C*. We could only require them to be differ-
entiable, but it is convenient to go all the way and require derivatives of all orders.

When we think of a surface as having complex coordinates, we call S a Riemann surface. When
we think of it as having real coordinates, we call it a differentiable manifold. We have more free-
dom if we are working with a differentiable manifold because we can choose new coordinates
that are merely C* compatible with the existing coordinate cover, rather than holomorphically
compatible. It is very useful to think of a Riemann surface as a special kind of differentiable
manifold. In the next chapter, we will pin down the extra things true of Riemann surfaces, but
in this chapter we only assume that 8 is a differentiable manifold.

28.3 Differential Forms

On Riemann surfaces, we talk about functions and differentials. In coordinates they look sim-
ilar: f(z) for functions and g(z) dz for differentials. But they transform differently. In exactly
the same way, we have objects on differentiable manifolds which mimic the key objects of sev-
eral variable calculus. These objects are called 0-forms, 1-forms, and 2-forms. In coordinates
they look like

fGe,y)
w1 (X, y)dx + w,(x, y)dy
Q(x,y)dx A dy
A zero form is just a function and a one-form is similar to a vector field.

The transition rules when coordinates change are easy to remember because Leibniz’ notation
tells us what to do. If we have coordinates u, v and x,y and u(x, y), v(x, y) are the transition
equations, then

fu,v) = fulx,y),v(x,y))

w;(u, v)du + w,(u, v)dv - w, (S_)Lédx + g—l;dy) + W, (g—idx + g—;}dY)

ou ou ov dv dudv Odudv
Q(u,v)du Adv - Q (a—xdx + Edy> A <a—xdx + Edy) = Q(a—xa - 55_)6) dx Ady
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On Riemann surfaces, the derivative maps functions to differentials: f(z) — Z—f dz. Similarly
z
on two-dimensional manifolds, there are maps from functions to one-forms and from one-
forms to two-forms:
af of

d
f06y) = godx o+ ody

d (dw, OJdw
w;(x,y)dx + w,(x,y)dy — (6_x2 - a—;) dx Ady

In graduate courses both maps are called "d", but in several variable calculus the first map is
called the gradient and the second map is called the curl. Note that d* = 0.

The coefficients of forms are usually real-valued, but the theory works exactly the same if we
allow complex-valued coefficients. That is because the real and imaginary parts are treated
separately and never combined by our d-maps. While first reading this section, think of the
coefficients are real-valued functions. We will apply the theory when they are complex val-
ued.

Definition 62. Let AX(S) be the set of all global k-forms on the surface. Thus A° is the set of
C®™ functions, A is the set of global 1-forms w,dx + w,dy, and A? is the set of global 2-forms
f(x,y)dx A dy. Recall that we have maps named d with square zero:

d d
0-A Al S A2>0
Let the coefficients be complex-valued. Then for k = 0,, 1, 2 define a complex vector space

d d
H*(8) = Ker(Ak — A1) /Im(AK—1 — AK)
The H¥(8) are called the deRham cohomology groups of the surface. They are only non-zero for
H° H!, and H?.

Remark: We will soon see that these groups contain all of the crucial topological information
about the surface.

Example: Note that HO(8) is the set of all functions f(x, y) with df = 0. Thus

of of
—dx+ -=dy =0
dx X+ oy y
so both partials vanish and f is locally constant. Since our surfaces are connected, f is globally

constant. Therefore H(8) = C, the set of all constant functions on the surface.
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28.4 Calculating Cohomology Groups

There is a central theme of this section. Suppose M is a manifold, and suppose K is a subman-
ifold of dimension k. Then we can integrate k forms on M over K. If two k forms define the
same element of H*(M), they have the same integral by a generalized Stokes theorem. So inte-
gration over K defines a map H*(M) — C. If two embeddings of K are homotopic, integration
using either embedding gives the same map from cohomology, again by Stokes’ theorem. So the
map depends only on rough topological properties of K, not on analytical details of the object.
Therefore, geometric objects inside M can detect non-trivial elements of cohomology.

In the case of surfaces, integration over points can detect elements of H 0 integration over
closed curves can detect elements of H!, and integration over the whole surface can detect
elements of H2. This becomes clear as soon as we give examples.

Example 1: To start off, a trivial example. Suppose K is an isolated point p of M. These points
are “geometrical objects of dimension zero.” A 0-form on M is just a function, and integration
of this function over a point is evaluation at p. So we geta map H°(M) — C givenby f — f(p).
Since elements of H(M) are constant functions, this map is an isomorphism. So integration
over one point completely determines an element of H°.

Example 2: The group H*(8) is the set of all two forms f(x, y) dx Ady, modulo 2-forms equal to
dw. Two forms on a 2-dimensional surface can be integrated over the surface. Indeed suppose
Q = f(x,y)dxAdy where f is non-zero only on a compact subset of a coordinate neighborhood

V. We can compute
f f f(x,y) dxdy

If u, v is a second coordinate system with transition functions u(x, y), v(x, y), we get the same
result because

du Ju

/ f f(u,v)dudvzf / fu(x,y),v(x,y)) det g_i,‘ g_% dxdy

dx dy

and this Jacobian determinant is provided by the transformation rule for du A dv. However,
there is a slight complication. When we change variables in integrals, we must also change the
limits of integration. If we integrate from —oo to oo, this isn’t possible and instead the absolute
value of the determinant should appear in the integral. On a Riemann surface, the Jacobian
determinant is positive because holomorphic maps preserve orientation. On a surface with
g holes, we can choose coordinates so the transition functions always have positive Jacobian,
and we assume this done. There would be trouble applying this theory to Klein bottles and the
like, but we will never do that.

If the 2-form is not supported by a single coordinate system, the surface can be cut into pieces,
each in a single coordinate open set, and the integral can be calculated as a sum of integrals
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over these pieces. From now on, we denote this integral

fg

S

fdcuzO
S

Proof: This is true by Green’s theorem. According to that theorem,

ff %—% dxdy=f w - dy
OR

where R is a region in the plane and dR is its counterclockwise boundary. Cut up the surface
into regions, each in a coordinate system, and apply the theorem. The double integral of dw be-
comes a sum of integrals around the boundaries of these regions, but this sum cancels because
adjacent boundary components are integrated in opposite directions.

Lemma 30. Ifw is a I-form,

It follows that integration of 2-forms induces a well-defined map
H?*(8) - C

If a 2-form has non-zero integral, then it represents a non-zero element of H2(M). In fact it can
be shown that H2(8) = C and the integration map is an isomorphism, but we will not need
that result.

Example 3: Finally, suppose y : [a,b] — Sisa parameterized path. If w = w,dx + w,dy is any
1-form, we can define the line integral of w over y by the well-known formula

d d
fw—/ col,cuz 7/1 dytz>dt

This is independent of coordinates and induces the contour integral of complex analysis which
we have used since the beginning of these notes.

If there is a function f with df = w, and if y is a closed curve, then j;, df = 0 because

of o d d
f df = f (£.2)- (2.3 f FOO)di = ) = f(@) =0

It follows that line integration over y gives a well-defined map

HY(8) - C
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Remark: Integration of one-forms over closed curves is the most important case for us, and we
can improve the above treatment. As explained in our summary of several variable calculus in

chapter five, if @ is a one-form and dw = 0, then locally there is a function f withdf = w. In
by _ dw

ox dy
I 3 L .
with a_f = w; and a_f = w,. In that case, we can compute line integrals locally using
x y

other words, if we are given w;(x,y) and w,(x,y) and = 0, then we can find f(x,y)

fwldx + wydy = fdf = f(end) — f(start)

14 14

In chapter 7, we made contour integration, Cauchy’s theorem, etc., rigorous by using this local
information. What was done there works in exactly the same way when integrating one-forms
w satisfying dw = 0 on an arbitrary differentiable manifold, and we obtain the following theo-
rem:

Theorem 217. Let w be a one-form on a differentiable surface and suppose dw = 0. Then

o Itis possible to define fy w for any merely continuous path y on the surface. The definition
agrees with the definition given above if the path is differentiable.

» Suppose y, and y, are continuous closed paths on the surface and they are homotopic by a
homotopy through closed paths. Then

71 V2

« Suppose y, and y, are continuous closed paths which start at P and end at Q and suppose
these paths are homotopic by a homotopy through paths which all start at P and end at Q.

Then
./ ./
71 V2

Remark: A dubious reader who look back at chapter 7 and notice that the proofs work in this
case with essentially no change.

Remark: We defined the homology group H,(8) using homotopy classes of merely continuous
closed paths on the surface, and we defined the deRham cohomology group H'(8) to contain
equivalence classes of one-forms w satisfying dw = 0. Using the previous theorem, we can
find a beautiful connection between these two objects. Suppose y is a closed continuous path
representing an element of H;, and suppose w is a closed one-form representing an element of
H'. We can then form the complex number
[
Y
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fyw

depends only on the equivalence class of y in H, and only on the equivalence class of w in H'. In
particular, if this integral is not zero, then y and w represent non-zero elements of H; and H'.

Theorem 218. The number

Proof: If y, and y, represent the same element of H;, then they are homotopic through closed
paths and consequently give the same integral of w.

If w; and w, represent the same element of H', then w; — w, = df for some function f. Since
y is a closed curve, it follows that

fcol —fcoz = fdf = f(end of y) — f(beginning of y) = 0
4 4 1

28.5 Generators of H'(S)

We are going to complete the ideas of the previous section by proving that H,(S) = Z®Z®...0~Z
where the various Z are generated by the a; and b;. We will simultaneously prove that H 1(8) =
C28.

Let a; and b; be the elements of H, induces by these closed paths. Define a map H I(8) - c=

given by
co—>(f cu,...,/ co,fcu,...,f cu)
a; ag bl bg

Lemma 31. The above map is is one-to-one.

Proof: Suppose w is a closed one-form, and all 2g integrals above are zero. Let p, € § be the
base point for the fundamental group. Define a function f on 8 by

f(p)=fyco

where y is a curve from p, to p. We must show that f is well-defined, or equivalently that this
integral does not depend on the particular path. If y; and y, are two possible paths, then y;
followed by the inverse of y, is a closed path starting and ending at p, and it suffices to show
that the integral around this path is zero. This follows because any closed path is homotopic
to a product of a; and b;.

To finish the proof, it suffices to show that d f = w, because then w represents 0 in H'. But we
already gave that argument in section 5.6 when we reviewed advanced calculus. QED.
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Theorem 219. The map H' — C?8 given by

w—>(‘/ cu,...,fco,fcu,...,/cu)
a; ag bl bg

is onto. Consequently, this map is an isomorphism.

Proof: The proof uses a very beautiful construction. From the picture below, we see that each
of the paths a; and b; is in a ribbon in the surface. A coordinate system can be created for each
ribbon making it homeomorphic to the strip [0, L] X (—1,1) in the plane.

/ﬁf’m-

vu_.:,» :

In this coordinate system, define a form
w=0dx+ f(y)dy

where f(y)is a “bump function” which is only non-zero very close to y = 0 and yet has integral
over y equal to 1. See the pictures below. Notice that dw = 0 because f is independent of x.
A careful reader might wonder if such a C* function even exists. We will construct one at the
end of the proof. Notice that the path is in the center of this ribbon, moving horizontally.

We have reverted to thinking of the a; and b; as originally presented, where base points are
ignored. Notice that g; and b; intersect, but these paths do not intersect any other a; or b;. If
the strips are narrow enough, this also holds for them.
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Let us label the resulting 1-forms w, and Wp,- The only paths intersecting the a; and b; strips
are a; and b;, so all other integrals of w, and w,, are zero. Surprisingly,

fcuai=0 and /cubi=0
a; b;

1 L

The reason is that these integrals only depend on the path up to homotopy and we can slide g;
up or down the strip until it no longer intersects the region where w, # 0. However

fwbi¢0 and fcuai;éo
a; b;

1 1

The reason is that b; intersects the a; strip by moving from top to bottom, and sliding it in its
strip just slides left or right in the q; strip, so it still intersects. In local coordinates where it
matters, the b; path will be y(t) = (0, ¢) and the integral of w,, will become

1
if f@)dy=1
-1

This calculation shows that w, maps to an element of C?8 with only one nonzero component,
and wj, maps to another element of C?8 with only one nonzero components, and as we vary @
we obtain a complete basis of C?¢ as image elements, so our map is onto. QED.

Corollary 35. The elements a; and b; in H,(S) are independent, so this homology group is the
full Z & ... Z using 2g copies of Z.

Proof: If not, then some ) (m;a; + Y, n;b;) in H, is zero in the group. Therefore if we integrate
any w € H! over this path, we must get zero. But when we integrate, say, wp, over this path,
we get the coefficient of a;. QED.

Remark: At this point, we know that H%(8) = C, H(8) = C?8, and H(8S) = C or larger.

28.6 The Cohomology Product

Remark: There is a product structure on @H*(X) induced by the wedge product. Indeed, if 1
isa k form and w is an [ form, then 1 A w is a k + | form. Moreover,

dA A w) = (dA) A w + (=1)F1 A (dw)

Anw=(D" oAl

A tedious but elementary calculation then shows that there is an induced product

H*x H' — H*
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For surfaces, the only important product is H! x H! — H? = C. We now compute this product
for a surface of genus g. Note first that A A w = —4 A w for these particular dimensions, so the
product of an element with itself is zero. Since the supports of w, and w,. do not intersect if
i # j, with similar statements for w, and wp, and wp, and W, the only interesting products
are wg, A wp, . These live on two strips which intersect in a square, as seen below:

The product is zero except on the intersection square, where it is f(x)f(y) dx A dy. This
element represents the desired product, which lives in H2(8) and is mapped to C by

1 1

f JOf(y)dxdy =1
-1J-1

The result, however, depends on the orientation of the curves a; and b j» SO the resultis +1.

We conclude that in cohomology, w, A Wq; = 0,p, Ay, =0, if i # j then w, A wp, =0, and
Wq, A wp, = —wp, A @, = *1. Note that we are free to change the orientations of a; and b;,

since nothing we have done so far depends on these orientations. The convention is to select
orientations so w, A wp, = 1.

Definition 63. The map H'(S) x H'(S) — C defined by

wlxwz—)ffwlsz

is called the intersection pairing.
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Remark: This is well-defined and independent of particular representatives because it is given
by the cohomological product H! x H! — H? followed by the previously defined integration
map H? — C.

Theorem 220. The intersection pairing is given by the following formula:

Jfonn-E{ffo- o [

Remark: This is the first moment in our development when the orientation of the paths a; and
b; matters. In all previous results, we could change the direction of paths arbitrarily without
changing the final result. We still allow the orientation of the a; to be chosen arbitrarily, but b;
intersects a; exactly once and at that spot, we require that the angle from q; to b; be negative,
where angle is measured between —7 and 7. Said another way, if we select coordinates in
which the intersection point is the origin and a; moves along the positive x-axis, then b; must
cross into the lower half plane at the origin. Once we have orientations of the a;, this fixes the
orientations of all b;.

Proof: The formula depends on the choice of the paths q; and b;, but otherwise both sides are
well-defined invariant expressions in cohomology. Both sides are linear in w; if w, is fixed, and
linear in w, if @, is fixed. Finally, both sides are skew-symmetric in w; and ,.

Thus it suffices to check the formula using particular representatives of the generators of the
cohomology group H'. We know that the wq, and wp, generate H 1, Using bilinearity and skew-
symmetry, it suffices to check the following three cases:

« when w; = wy,w, = W
« whenw; = wy,w, = Wp,
« when w, = wp,,w, = wp,

Both sides vanish in the first and third cases, and in the second case unless i = j. Wheni = j,

the formula reads
ffwaiAwbi=—fwaifwbi
bi Qa;

This expression involves three integrals, and our previous calculations show that all three in-
tegrals are +1. Thus the required result is true modulo a sign. To determine the sign, we need
to revisit the following picture:
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In this picture, the horizontal rectangle represents a strip with the path qg; in the center, moving
to the right. This determines the x-axis, and we then determine the direction of the y-axis so
the standard orientation in the plane is the orientation on the surface. Similarly the vertical
strip represents a strip with the path b; in the center, moving down. We can use the same x and
y coordinates in both pictures and let the path b; move down along the y-axis, so the narrow
coordinate of the vertical strip is x. Notice that the orientation on this vertical strip is correct
because of our choice of orientation for b;. In this joint coordinate system, o, = f(y)dy and

wp, = f(x)dx. Thus
1 1
[ [eunan=[ [ soraxay =1
-1J-1

-1
fwai=f f) dy =-1
b; 1
1
fcobi =f f)dx =1
a; -1
ffwaiAwbi:—fwaifwbi
b; a;

Similarly,

and

and the formula

is valid. QED.
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28.7 Appendix
As promised, we construct a C* bump function. Define

1
-1
hy(x) = e %fx>0
0 ifx<o0

0.4

0.2

This function is obviously C* off the origin; the reader can show that it is also C* at the origin.

1
The trick is to notice that all of its derivatives to the right have the form P (l) e x2 where P is

a polynomial. ¥

Let hy(x) = hy(x)h,(3 — x).

08

0.6
04+
N /\

This function is > 0 and zero except on [0, 3]. It can be translated to be centered at the origin,
and scaled to be as narrow as desired and then to have area one.

Remark: It follows that C* functions do not satisfy the identity theorem. This is the major
difference between Riemann surface theory and the theory of differentiable manifolds. The
identity theorem severely constrains complex analysis, but a consequence is that the theory
produces surprising results. The constraints imposed on C* functions are mild, so differen-
tiable manifolds are an ideal place to study topology and its methods of deforming, pushing
here, and pulling there.



Chapter 29

Cohomology and Riemann
Surfaces

The Riemann surface is thus a two-dimensional manifold, but with something extra: we only
allow coordinate systems compatible with the defining coordinates using holomorphic tran-
sition functions, rather than arbitrary C* maps. There is a very beautiful way to capture this
additional information. Differentials have basis dx, dy, but when we use complex coefficients,
we can use a different basis dz = dx + idy and dz = dx — idy. Some authors says that forms
f(x,y)dz have type A, and forms f(x, y)dz have type Ay,;. The key observation is

Theorem 221. If the transition functions from one coordinate systems to another are holomor-
phic, then forms of type A in one coordinate system are forms of type A\, in the second coordinate
system. Conversely if this is true for a coordinate change, then the coordinate transition functions
are holomorphic.

Proof: This is just the Cauchy-Riemann equations in disguise. Suppose one coordinate system
is (x,y) and a second is (u, v) and these are related by u(x, y), v(x,y). Then in one system the
Ao forms are

.. (Ou ou . (Ov dv _(Ou , .dv ou  .dv
du+1dv_(axdx+aydy>+z<axdx+aydy>—<ax+zax)dx+<ay+lay>dy

We want the right side to be a function f(x,y) timesdz = dx+idy, and such an f exists exactly

when
(2 ) (2 2)
x = Ox ~\dy  ay

This equation is the Cauchy-Riemann equations in disguise.

442
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Remark: On an arbitrary two-dimensional manifold, it is silly to talk about the basis dz and
dz because this decomposition is not coordinate invariant. But on a Riemann surface, it is
invariant and thus important.

Definition 64. Suppose f(x,y) is a complex-valued C* function on a Riemann surface, not
necessarily holomorphic. Then we define Z—f and Z—{ by the formula
Z zZ

_af of _
df = 5, dz+ - dz

Remark: 1t is easy to deduce the formulas for these operators:

of 1(d4 .90 .
P §<a—x—l@>(f1+lfz)
of 1(d4 .90 .
(g it
Theorem 222. A function f(x,Yy) is holomorphic if and only if Z—; = 0 and in that case
df _of
dz 0z

Proof: Cauchy-Riemann.

Remark: We are now ready to apply the previous deRham cohomology theory to Riemann
surfaces. The crucial additional information in the case of a Riemann surface is that differential
forms

w1 (X, y)dx + w,(x, y)dy

can also be written
f1Ge,y)dz + fo(x,y)dz

and this new decomposition is invariant under holomorphic coordinate changes. The natural
question to ask is whether this decomposition drops down to the cohomological level, so we
can write

H'(8) = H'(S) @ H*'(8)

where elements in the first space are represented by forms f(x, y)dz and those in the second
space are represented by f(x,y)dz. The surprising answer is “yes”, but this is a deep theo-
rem.

Let us concentrate for a moment on elements of H'(8) which can be represented by a form
w = f1(x,y)dz. Such a form represents a cohomology element if dw = 0, and by our earlier
results this is equivalent to

(5

—dz + id?) Adz=0
oz oz
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Note that dz A dz = 0 and dz A dz = 2idx A dy, so this equation is equivalent to the equa-
tion

af

0z
Functions which satisfy this equation are holomorphic. So surprisingly, H'°(8) would contain
elements of the form f(z) dz for holomorphic f, that is, holomorphic differentials.

0

Two such forms would be equivalent exactly when their difference had the form

of of _
df = —dz+ —=d
f 3z zZ+ P z
of . . af _ df
But then == 0, so f would be a global holomorphic function, so constant, and ST 5L s

0.
We have proved

Theorem 223. Every holomorphic differential induces an element of H'(8). The map from the
vector space of holomorphic differentials to the first conomology group is one-to-one.

Remark: This is a truly astonishing theorem, and it illustrates the difference between Riemann
surface theory and the theory of two-dimensional manifolds. Topology is a rough theory which
allows us to deform objects and identifies elements that differ by appropriate deformations.
Thus elements in the deRham cohomology group has many representatives. Even the ele-
ments w, which we have defined as non-zero only in a small strip about the path a have many
representatives, since the strip can be made arbitrarily narrow.

But complex variable theory is a very rigid theory, and on compact Riemann surfaces its objects
do not admit deformations. And indeed, each cohomology class of H 1 admits at most one
representative that is a holomorphic differential.

Not all classes in H! can be represented by holomorphic differentials. Indeed

Theorem 224. Ifw and 7 in H'(S) are represented by holomorphic differentials, then
w An € H*(S)

is zero.
Proof: This is trivial because dz A dz = 0.

Definition 65. Let
H'9(8) c H(S)

be the set of all elements of H' with representatives of the form f(x, y)dz. Define H*\(8) similarly
with representatives f(x,y)dz.
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Theorem 225. The intersection of these two subspaces is {0}. The space H' is the space of all

holomorphic differentials, and the space HO! is the space of all conjugates f(z)dz of holomorphic
differentials. Hence the dimension of the space of holomorphic differentials is at most g, and it is
exactly g precisely when H'* @ H°' = H'.

Proof: This can safely be left to the reader.

29.1 Riemann’s Bilinear Relations

There is a natural Hermitian inner product on the space of holomorphic differentials. Indeed
suppose w; and w, are holomorphic differentials. Then w; € H°! ¢ H' and w, € H'° c H!
and so @; A w, € H? and we can integrate.

Definition 66. If w, and w, are holomorphic differentials,

<C01,CL)2>= —i /'/.w_l/\a)z

Remark: Note that dz A dz = (dx — idy) A (dx + idy) = 2idx A dy, so this inner product in
coordinates equals

i f f Fr@f22) dZ Adz =2 f f Fr@(2) dxdy

Clearly this expression is antilinear in the first variable, linear in the second variable. Clearly
< W,y > =< w,,w; >. And finally, if w # 0 then < w, w > is positive.

We can rewrite the formula for this inner product using the intersection formula

[Jomer=2([o [ [ =)
oo 5{ [ [
<w,w>= 225 (le)

We obtain

and in particular
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Theorem 226. Let JH be the vector space of holomorphic differentials. If the Riemann surface is
hyperelliptic, we proved that the complex dimension of H is g. In fact, it is always g, but we will
not prove that. But if it is true, then it is possible to find a basis w;, ..., wg for I such that

f ®; = 0jj
A

1

Proof: Consider the map H — C¢ given by

If this map is an isomorphism, the theorem immediately follows. Otherwise, since { and C8
have the same dimension, the map must have a non-trivial kernel. Thus there is a holomorphic
differential w # 0 such that fai w = 0 for all i. By then by the previous theorem, < w,w > =0,
which cannot happen because w # 0. QED.

Remark: Let wy, ..., w, be such a basis for the holomorphic differentials. We obtain a g X g
complex matrix by writing B;; = f, «;. Aknowledge of this matrix gives complete information
on the periods of our basis elements, since

fcoj=5l] and fw]:BlJ
a; b;

1

Theorem 227. The complex matrix B has the following properties:
« B is symmetric
« the imaginary part of B is positive-definite

Proof: Since w; and w; are holomorphic 1-forms, w; Aw; = 0 and so the integral of their wedge

product is zero. But for closed 1-forms, the intersection formula gives

[Jome=2[erf o[ [ =)

In our case this formula says that

0= (8kiBkj — Biidk;) = Bij — Bj;
k

On the other hand, we have

k \Yag by by Qg k
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So
By definition, a symmetric real matrix is positive definite if for any non-zero real vector (ry, ... , )

we have )} r;B;;r; > 0, and that holds for our matrix because < »; r;w;, D, r;w; > is positive be-
cause our inner product is Hermitian. QED.

Remark: Suppose we a dealing with a torus based on the lattice with basis 1 and 7. We can
choose a to be the horizontal path from the origin to 1, and we can choose b to be the path
from the origin to 7. A basis for the holomorphic differentials is dz. Then the periods of this
differential are f, dz = 1 and J; dz = 7. So these periods recover the lattice basis.

We can generalize this to an arbitrary compact Riemann surface. We replace dz by wy, ..., @,.
For each i, we form the periods

Pl:(f wi,fwi,...,fwi>

a a, ag

Qi = (f C()i,f C()i,...,f C()i)
by b, by

Now each period is a g-dimensional vector in C&. We have 2g of these vectors, two for each
w;. In fact, the initial vectors in the pairs are the standard basis vectors e, ..., ey for C8. These
vectors are the analogs of 1 € C. The second vectors are more general elements of C¢, the
analogs of 7.

and

Theorem 228. The 2g period vectors just defined in C8 are linearly independent over the reals,
and thus form a lattice basis for a lattice L C C8 of maximal rank.

Proof: Suppose r; and s; are real numbers and ). r;P; + Y, 5;Q; = 0. Notice that P; = e; are
the standard basis vectors of C# and Q; = (By;, By, ---, Bg;). Each B;; has a real part and an
imaginary part. Since we are looking at a linear combination with real coefficients, The sum
represents a vector in C8 and the imaginary parts of the coefficients are )] 5;F(Q;) where JQ;
are vectors with coefficients (3By;, IBy;, ..., IBg;). But the matrix 3B is positive-definite, so
this sum can only vanish if all the s; = 0. Then since the P; are the standard basis, the r; = 0
as well.

Definition 67. The Jacobian of a compact Riemann surface 8 is the complex torus C& /L.

Remark: If g = 1, this reconstructs the original Riemann surface, showing that all surfaces with
g = 1 are conformally equivalent to period parallelograms of lattices in the complex plane. If
g > 1, it associates a higher dimensional torus with the surface.
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Remark: Suppose p and q are points on 8. Find a path y from p to g and compute

(fcol,fwz,...,fcog)ng
Y Y 4

This point determines the integral over y of every holomorphic differential because such a
differential is a linear combination of the w;.

However, the resulting point depends on the particular path from p to q. If y, is a second path,
we can form a closed path based at p by following y to g and then following y; Iback to p. This
loop defines an element of the fundamental group with base point p, but for purposes of inte-
gration, only the induced element in H; matters. This element has the form ) (m;a; + n;b;)
where the m;, n; are integers. So the difference between the elements in C& given by the two
paths is a sum of m; P; + n;Q; where P; and Q; are the lattice generators. Thus the difference is
a lattice point.

It follows that the following element in C8/L is independent of the path from p to g:

q q q
(/ col,/ wz,...,f a)g) € C8/L
p p p

This result is the final outcome of our attempt to understand the effect of topology on integrat-
ing holomorphic differentials.

29.2 Other Results

We will not have time to prove more about the Jacobian, but we list here three crucial re-
sults.

Theorem 229. Fix p in the map just discussed. Then q — C8 /L defines a map from the Riemann
surface to its Jacobian. This map is one-to-one, and embeds the surface as an algebraic curve in
its Jacobian.

Theorem 230 (Torelli). Two compact Riemann surfaces of genus g are conformally equivalent
if and only if their Jacobians are equivalent as holomorphic manifolds.

Remark: Long ago we proved Weierstrass’ theorem asserting that we can find a function on a
domain U with predetermined zeros and poles of predetermined orders, provided these points
have no limit point in «. Further conditions must be met on a compact Riemann surface. It is
useful to invent a terminology for this study as follows:

Definition 68. A divisor on a Riemann surface is a finite formal sum D = ), d,,p where the d,,
are integers and the p are points. Thus a divisor is just an assignment of positive and negative
integers to finitely many points on the surface. The degree of a divisor is the integer deg(D) =
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2. dp. If f is a meromorphic function on the surface, the divisor of f is defined to be the assignment
of the order of the pole to each pole p, and the order of the zero to each zero p. Poles have negative
order and zeros have positive order.

Remark: Since a meromorphic function takes each value the same number of times, the degree
of the divisor of a meromorphic function must be zero.

Remark: On the Riemann sphere, the converse is easily proved true. If a divisor has degree
zero, we can find a meromorphic function with that divisor.

Remark: However, on a torus this condition is not sufficient. For example, we cannot find a
doubly periodic function with only one pole of order one, so the divisor D = p — g cannot
come from a meromorphic function. We proved that a divisor with degree zero comes from a
meromorphic function on the torus if and only if the actual sum )’ d pP is alattice point.

Theorem 231 (Abel-JTacobi). Let D be a divisor on a compact Riemann surface and suppose
deg(D) = 0. Then a series of paths can be found joining poles with zeros so that |d,| paths start
at each pole p and |d, | paths end at each zero p. Let y denote the union of these paths. Each path
induces an element of C8 by integration, so summing these results over all paths gives an element
of C8. Then D is the divisor of a meromorphic function if and only if this sum is in the lattice L.



Chapter 30

The Riemann-Roch Theorem

30.1 Introduction to Riemann-Roch

The central theorem in the theory of compact Riemann surfaces is due to Bernhard Riemann.
Riemann stated and proved the result in a paper published in 1857, and Gustav Roch added a
crucial detail in 1865. We will not prove this result in general, but we will discuss it in several
of the following sections.

Suppose D assigns positive integers to a finite number of points on a Riemann Surface. Let L(D)
be the collection of meromorphic functions whose only poles are at these points; in addition,
we require that the order of the pole at p is at most d,. For example, if D assigns 3 to just
one point p, then L(D) contains constants and functions with a pole of order 1, 2, or 3 at the
point.

It is convenient to think of D as a finite formal sum ;] d,,p where the d,, are positive integers.
We called such sums divisors earlier, but then we allowed the d, to be integers of either sign.
Moreover, earlier d, > 0 denoted a zero and d, < 0 denoted a pole. We'll reconcile these
notations in a moment. Recall that deg(D) is the sum of the d,,.

Theorem 232. The set L(D) is a finite dimensional complex vector space and

dim L(D) < deg(D) + 1

Proof: Itis obvious that L(D) is closed under addition and scalar multiplication of functions.

Choose local coordinates near each point of the divisor, and expand elements of L(D) in Lau-
rent series about p. This series has d, negative coefficients. Map f € L(D) to these negative
terms at p for each p. There are deg(D) such terms, so we have a sequence

0 —- X — L(D) — CdseD)

450
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where X is the kernel. Functions in K have no poles and thus are constant. The final map
need not be onto, but the sequence shows that the dimension of L(D) is at most dim X +
dim C9¢e®) =1 4 deg(D).

Theorem 233 (Riemann’s Inequality).

dimL(D) > deg(D)+1—g

Remark: This special case of the Riemann-Roch theorem is highly non-trivial because it is
an existence theorem. It asserts that there are many non-trivial meromorphic functions on a
surface. It is very difficult to prove that there is even one non-trivial meromorphic function on
a compact Riemann surface, and indeed in higher dimensions that are compact holomorphic
manifolds with no non-constant meromorphic functions. Yet the inequality guarantees that
for any point p, there are non-trivial functions with a pole only at p.

Suppose we fix p and look at the divisor d,,p for d, = 0,1,2,... When d,, = 0, we only get
constants and dim L(D) = 1. When d, = 1, the dimension of L(D) can only be 1 or 2. It
will have dimension 2 only if there is a function with a a single pole of order 1 at p. But such
a function would take each value exactly once and thus produce a one-to-one and onto map
from the surface to the Riemann sphere, so g = 0. Otherwise the dimension of L(D) = 1.
In that case we say that d,, = 1 is a gap value because there is no function with a pole of that
order. Looking at Riemann’s inequality, we notice that the left side did not increase, but deg(D)
increased by 1. In a sense, this gap “used up” one of the values of g.

Proceeding in this way, Riemann’s inequality guarantees that there are at most g gap values.
We will later discover that at each point there are exactly g gap values. We will also discover
that at all but finitely many points, these gap values are k = 1,2,...,g. On the other hand,
this is not always true. For example, in the hyperelliptic case we constructed a function with a
single pole of order 2 on surfaces of arbitrary genus.

Roch’s contribution to the theorem was to discover another vector space I(D) making up the
difference. This space also has finite dimension, and the full theorem becomes

Theorem 234 (Riemann-Roch).

dimL(D) —dimI(D) = deg(D)+1—g

Remark: The space I(D) contains holomorphic differentials with the additional property that
at each p where d,, > 0, the differential has a zero of order at least d,,.

Consider the special case D = 0. Then L(D) contains only constants, and I(D) contains all
holomorphic differentials. So the Riemann-Roch theorem states that

1 — dim(holomorphic differentials) =0+ 1—g
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and thus that the dimension of the space of holomorphic differentials is g. We verified this for
hyperelliptic surfaces and claimed it true in general in earlier sections.

Example 1: Consider the Riemann sphere. Recall that there are no holomorphic differentials
on the sphere. So the Riemann-Roch theorem asserts that

dim L(D) = deg(D) + 1

Looking back at the start of this section, we conclude that if we are given a finite number
of points and principle parts of a Laurent expansion at each point, there is a meromorphic
function with these principle parts, and it is unique up to a constant. This is exactly the partial
fraction decomposition of rational functions. Recall that any rational function can be expanded

into partial fractions
S|E
(z —z)k

Zj k

+ P(z)

where P is a polynomial. The partial fraction terms are Laurent expansions at finite points,
and P is the Laurent expansion at infinity.

Example 2: Consider a torus. There is only one holomorphic differential, dz, and it has no
zeros. So as soon as D is nonzero, I(D) = 0 and the Riemann-Roch theorem states that

dim L(D) = deg(D) + 1 — 1 = deg(D)

When D = d,p and d, = 1, the dimension of L(D) is one, so this space only has constants
and there is no doubly-periodic function with a single first order pole. But after that, each time
we increase d, by one, the dimension of L(D) increases, so there are doubly-periodic functions
with poles at a single point of order 2, 3,4, ....

30.2 The Theorem of Riemann-Roch

From now on, a divisor is any finite formal sum D = )] d,p where the d, are integers, positive
or negative. If f is a meromorphic function, we let (f) be the divisor of f, thatis, }; d, p where
d,, is the order of a zero, or the negative of the order of a pole. Similarly if w is a meromorphic
differential, we let (w) be its divisor, the sum )} d,p where d,, is the order of a zero or the
negative of the order of a pole.

Definition 69. The space L(D) is the set of all meromorphic functions f on the surface such that
(f)+D>0.

Remark: This generalizes our definition in the previous section. If d, > 0, then f can have a
pole at p, but the order of the pole must be less than or equal to dj,. If d, < 0, then f must
have a zero at p of order at least |d,|. As before, L(D) is a complex vector space and clearly is
finite dimensional.
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Definition 70. The space I(D) is the set of all meromorphic differentials w with (w) — D > 0.

Remark: Thus if d >0, then w must have a zero at p of degree at least d b Ifd p <0, then w
can have a pole at p, but the order of this pole must be at most |d,|.

Remark: Below is the complete Riemann-Roch theorem. Note that dim I(D) > 0, so this result
implies Riemann’s inequality.

Theorem 235 (Riemann-Roch).

dimL(D) —dimI(D) = deg(D)+1—g

30.3 Linear Equivalence

Definition 71. We say two divisors D, and D, are linearly equivalent if there is a meromorphic
function f such that D, — D, = (f). Since (f1f>) = (f1)(f>), this is an equivalence relation.
Theorem 236. Linear equivalence has the following properties:

« D, ~ D, implies deg(D;) = deg(D,)

« D; ~ D, implies dim L(D;) = dim L(D,)

e D, ~ D, implies dimI(D;) = dim I(D,)

» Consequently, the Riemann-Roch theorem is true for D if and only if it is true for all divisors
equivalent to D.

Proof: The first item holds because the degree of (f) is always zero. The equation (f)+ D >0
is equivalent to the equation ((f) + (g)) + (D - (g)) >0,or(fg)+(D—(g)>0,s0 f € L(D)
if and only if fg € L(D — (g)). It immediately follows that these spaces are isomorphic, and
thus have the same dimension. The remaining results are proved in the same way.

Remark: This result is useful when we want to verify the Riemann-Roch theorem in a case
when we already know the meromorphic functions.

Remark: All meromorphic differentials are linearly equivalent, since if f(z)dz and g(z)dz
8(2)

are differentials, then @ is a well-defined meromorphic function invariant under coordinate
changes, and

8(2)

S f(2)dz = g(2)dz

f(@)

We could then arbitrarily pick a meromorphic divisor 7 and its divisor K = (7). This is often
called the canonical divisor; it is only defined up to linear equivalence. Any other divisor has
the form w = f7,and so I(D) is the set of all f7 such that (ft)—D > 0, thatis, (f)+(7)—D >0,
or (f) + K — D > 0. But this is the definition of L(K — D).
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In summary, once we find a convenient meromorphic differential and compute it’s divisor K,
the Riemann-Roch theorem takes the form

dimL(D) —dimL(K — D) =deg(D)+1—g
This alternate way of writing the Riemann-Roch theorem is often given as the main theo-
rem.

Example: On a torus, one differential is dz, which has no zeros or poles. Consequently we can
take K = 0 and rewrite the theorem

dim L(D) — dim L(—D) = deg(D)

Theorem 237. The degree of K is 2g — 2
Proof: Write the Riemann-Roch theorem for D and K — D:

dimL(D) —dimL(K — D) =degD+1—g

dimL(K — D) —dim(D) =deg(K —D)+1—g

Add to get
0 = deg(D) + deg(K — D) + (2 — 2g)

Set D = 0 to obtain 0 = deg(K) + (2 — 2g).

Example 1: On the Riemann sphere, the differential dz has no finite poles or zetos, but has a
pole of degree 2 at infinity. Hence its divisor has degree —2.

Example 2: On a torus, the differential dz has no zeros or poles, and 2g — 2 = 0.
Example 3: On the hypergeometric surface with 2g branch points and thus g branch cuts, one

of the differentials is 1

JE—ez—e) .z —ex)

This differential has 2g zeros, each of order 1, at the e;, and one pole of order 2 at infinity.
Hence the degree of K is 2g — 2.

dz
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30.4 Riemann-Roch and the Riemann Sphere

Theorem 238. The Riemann-Roch theorem is true on the Riemann sphere.

Proof: In this case we know the meromorphic functions and differentials precisely, so we can
give a direct proof.

Let us begin by noting that any two divisors with the same degree are linearly equivalent. To
prove this, we need only show that a divisor with degree zero is the divisor of a meromorphic
function. Let D be such a divisor. It suffices to find a meromorphic function with the prescribed
zeros and poles, with order, ignoring infinity, for both the given divisor and the divisor of our
function will have degree zero and thus our function will also match D at infinity.

So suppose the prescribed zeros in the plane are at z, ..., z,, with orders dy, ..., d,, and the
prescribed poles in the plane are at wy, ..., w,, with orders e, ..., e,, and define

_ [Iz —z)*
1@ = [1(z—w))*

Having proved this result, it suffices to prove the Riemann-Roch theorem for one divisor in
each linear equivalence class, and thus for one divisor of each possible degree. Let D,, be the
divisor which is n at infinity and zero everywhere else. The degree of this divisor is n, and we
must prove that

dimL(D,,)) —dimL(K —D,)=n+1

Note that L(D,,) contains meromorphic functions with no poles in the plane, and so polyno-
mials. For n > 0, the point at infinity must be a pole of order at most n, so the degree of the
polynomials in L(D,) must be at most n, and thus dim L(D,) = n + 1. On the other hand,
if n < 0, then we require that our polynomial vanish at infinity, so L(D) only contains the 0
element and dim L(D,,) = 0.

To complete the argument, we compute L(K — D,). Note that —D,, = D_,. Using dz as a
meromorphic differential, there are no zeros or poles in the plane, but a pole of order 2 at
infinity. So K = D_, and K — D, = D_,_,. The elements of this space are meromorphic
functions on the Riemann sphere with no finite poles, so they are polynomials. When —2 — n
is negative, these polynomials vanish at infinity, so L(K — D) is the zero space. That happens
when -2 —n < 0Oor—2 < norn = —1,0,1,2,... But forn = 0,1,2,..., L(D) already has
dimension n+1 and the Riemann-Rock theorem is true. For n = —1, both of L(D) and L(K —D)
are zero, butthenn +1 = 0.

Finally, for —2 —n > 0, L(K — D) contains polynomials of degree at most —2 — n, so this space
has dimension (-2 — n) + 1 = —1 — n. In this case we already know that L(D,,) contains only
the zero function, so dim L(D,)) —dim L(K — D,)) = —(—=1—n) = n+1, as desired. QED.
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Remark: This proves the Riemann-Roch theorem for the sphere, assuming that we give a
sphere the standard conformal structure. But we can also work backwards. Suppose the
Riemann-Roch theorem holds on all compact Riemann surfaces, and in particular all surfaces
with g = 0. Then

Theorem 239. The Riemann-Roch theorem for g = 0 implies that all Riemann surface structures
on a sphere are conformally equivalent to the Riemann Sphere.

Proof: Select a point p in the surface and let D = p. Then
dim L(D) > dim L(D) —dim L(K — D) =degD +1—g =2

Therefore L(D) contains a non-constant meromorphic function. This function has at most one
pole, at p, and this pole has order at most one. If there is no pole, then the function is constant,
so it has one pole of order one and thus takes each complex value exactly once. It follows that f
maps our surface to the Riemann sphere in a one-to-one, onto, holomorphic manner, proving
that the two objects are conformally equivalent. QED.

30.5 Riemann-Roch and Doubly-Periodic Functions

We can also carry out the program of the previous section on a torus. In this case there is a
holomorphic differential dz with no zeros and no poles, so K = 0. Thus the Riemann-Roch
theorem says

dim L(D) — dim L(—D) = deg D

Theorem 240. The Riemann-Roch theorem is true on a torus given by a lattice in C.
Proof: We prove this using a series of lemmas.
Lemma 32. I[fL(D) # 0, then deg(D) > 0.

Proof: Suppose f € L(D). Then (f) + D > 0, so deg(f) + deg(D) > 0. But the degree of (f) is
zero because f takes each value the same number of times, so deg(D) > 0.

Lemma 33. Ifdeg(D) = 0, then either D is the divisor of a function and dim L(D) = 1, or else D
is not the divisor of a function and dim L(D) = 0.

Proof: Assume that L(D) is not zero. Then there is a non-zero meromorphic function f with
(f) + D > 0. Either (f) + D is identically zero or else deg((f) + D) > 0. But deg((f) + D) =
deg(f) + deg(D) = deg(D) =0.So(f)+ D=0and D = —(f) = (1/f).

Remark: The Riemann Roch theorem on a torus then follows for deg(D) = 0. Namely, either
D is the divisor of a function f, and —D is the divisor of ,lf anddimL(D)—dimL(-D)=1-1 =

0 = deg(D), or else D is not the divisor of a function and dim L(D) —dim L(—D) =0—-0=0 =
deg(D).
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Remark: In all other cases, deg(D) > 0 or deg(D) < 0. In these cases on a torus, only one
of L(D) and L(—D) is non-zero. Clearly it suffices to prove that when deg(D) > 0, we have
dim L(D) = deg(D).

Lemma 34. Ifdeg(D) > 0, then
dim L(D) < deg(D)

Proof: 1t suffices to prove this when deg(D) = 1, because any divisor of higher degree can be
obtained from such a D by adding one point at a time, and dim L(D + P) < dim L(D) + 1.

Ifdeg(D) = 1,then D = E + P where deg(E) = 0. Thendim L(D) = dim L(E+P) < dim L(E)+
1. But earlier we showed that either dim L(E) = 0 or else dim L(E) = 1 and E is the divisor of
a function f. If dim L(E) = 0, then dim L(E + P) < 0+ 1 = 1, as desired. If E is the divisor
of f then D = (f) + P, so D and P are linearly equivalent and dim L(D) = dim L(P). But an
element of L(P) would have at most one pole of order one, which is impossible on a torus, and
so L(P) only contains constants and dim L(P) = 1 = deg(D).

Remark: To finish the proof of Riemann-Roch on a torus, we must prove that if deg(D) > 0
then dim L(D) > deg(D).

We first show this when deg(D) = 1. The divisor D is a formal sum )] d;P;. But we can interpret
this as an actual sum of points in the torus, and let P = ), d;P; be the resulting point. Form the
new divisor P — D, which has degree zero. Moreover, as an actual sum of points in the torus,
this new sum gives zero. So it satisfies the Abel-condition we proved in the chapter on elliptic
functions, and there is a meromorphic function f so (f) =P —Dandso (f) + (D —P)=0. It
follows that f € L(D — P) and so dim L(D — P) > 1. Therefore dim L(D) > dim L(D — P) > 1,
as desired.

We prove the inequality in remaining cases by induction on the degree. To prove the induction
step, suppose we have a divisor of the form D + P where the result is true for D. It is enough to
prove that dim L(D + P) > dim L(D), and thus enough to find a meromorphic function that is
in L(D + P) but not in L(D). Write D = ), n;P;, a formal sum. Select deg(D + P) points Q; in
the torus such that none are P and the actual sum

ZniPi+P_ZQi

is zero modulo the lattice. It is easy to find such points, of course. Notice that if we interpret
this as a formal sum, its degree is zero. As an actual sum in the torus, it is also zero modulo
the lattice. Hence there is a doubly-periodic function f with the negative of this expression as
divisor. So

0=+ mPi+P-Y Q<)+ ). mPi+P=(f)+D+P

and f € L(D + P). However, none of the Q; is P, the order of f at P is one smaller than the
coefficient of P in D, and so f ¢ L(D). QED.
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Remark: Thus the Riemann-Roch theorem is true on tori whose complex structure is given by
a lattice in C. But conversely, when theorem is proved abstractly for all compact Riemann sur-
faces, it implies that every complex structure on a torus is conformally equivalent to a structure
given by a lattice. Indeed

Theorem 241. The Riemann-Roch theorem for surfaces with g = 1 implies that every such sur-
face is conformally equivalent to a surface associated to a lattice and period parallelogram.

Proof: We are assuming that dim L(D) — dim L(K — D) = deg D and therefore that
dim L(D) > degD

Fix a point P in the surface and apply this inequality to D = nP for n = 1,2, 3,.... The space
L(P) contains meromorphic functions with at most one pole at P and no other poles. Constants
satisfy this property. If f is not constant, then it has a first order pole at P and thus takes every
complex value exactly once. So f is a one-to-one and onto continuous map from the surface to
the Riemann sphere, and the genus of the surface is zero rather than one. Consequently L(P)
contains only constants and has dimension one.

By the Riemann-Roch theorem, L(2P) must have dimension at least deg(2P) = 2, and yet
dim L(2P) < dim L(P) + 1. So L(2P) has dimension two, and by the same reasoning L(nP) has
dimension n whenever n > 1. It follows that there is a function on the surface with only one
pole, at P and of order n, for each n > 2.

Pick f such a function with a pole of order 2 at P. Pick g a function with a pole of order 3 at
P. Then f? has a pole of order 4 at P and fg has a pole of order 5 at P. Finally, both f3 and
g2 have poles of order 6 at P. So L(6P) has dimension 6 and contains 1, f, g, f2, fg, f> and g>.
These seven elements must be linearly dependent, so there are constants such that

g=af’+afg+asfi+a,8+asf + ag

Our next goal is to revise our choices of f and g to make this equation take the form

g =4 -gf -g;

for new constants g, and g;. When we picked g, we could have picked 4,8+ 1, f + 45 if4; # 0.
If we replace g by g + A, f, we can choose 4, to cancel the fg term. After that, we can pick 4,
to cancel the g term. Finally we can pick 4, to change the coefficient of the f3 term. So

g2 = 4f3 + a1f2 + azf + aj

When we picked f, we could have picked f + A. By choosing A correctly, we can cancel the f2
term. So now
g2 :4f3+a1f+a2
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Rename a; and a,.

Next form the Riemann surface for 1/4z3 — g,z — g5 exactly as we did when we constructed
hyperelliptic Riemann surfaces. When we factor 4z3 — g,z — g5, we obtain three roots, but two
might agree, or sll three might be equal. We can still construct a Riemann surface before. If
all three roots are distinct, this surface is a torus. If there are only two roots, ¢; and e,, and e;
is a double root, then the square root does not change sign as we circle e;, so it need not be
cut out. But we must still make one branch cut from e, to co. If all three roots are equal, the
square root changes sign as we circle it, and we must make one branch cut from e; to c0. So
in all cases we obtain a Riemann surface. The surface is a torus if the three roots are distinct,
and a sphere otherwise.

The expressiony : p = (f(p), g(p)) is amap from our unknown surface § to the Riemann sur-
face we have just constructed. The usual arguments show that it is a well-defined holomorphic
map.

We now apply the following result, whose proof can safely be left to the reader:

Theorem 242. Ify : 8 — 8, is a holomorphic map from one compact Riemann surface to
another, then either 1 is constant or else it is onto.

Therefore our map from the unknown surface to the hyperelliptic surface is onto.

Since f has exactly one pole, of order two, f takes each complex value exactly twice, counting
multiplicities. So most of the time there will be two points p;, p, in our unknown surface
so f(p;) = f(p,). These values are either on the same sheet or on separate sheets of the
hyperellipic surface. If g(p;) = g(p,), then one of the two points in the hyperelliptic surface
corresponding to f(p;) is not covered at all. Since our map is onto, g(p;) # g(p,). It follows
that the map % is one-to-one. So it is a conformal equivalence and our unknown surface is the
hyperelliptic surface we just constructed.

Either g(p;) = g(p,) or else these two points map to different points on our hyperelliptic sur-
face. If g(p1) = g(p»), then

We now apply the following result, whose proof can safely be left to the reader:

Theorem 243. If f : 8 — 8, is a holomorphic map from one compact Riemann surface to
another, then either f is constant or else it is onto.

Therefore out map from the unknown surface to the hyperelliptic surface is onto.

If the roots of the cubic are different, the new surface is holomorphic to a torus given by a
lattice using the inverse of the map z — (g(2), 9’(z)). Composing ¢ with this map, we have a
conformal equivalence between our surface and a torus associated with a lattice.

If some roots of the polynomial 4z — g,z — g5 are equal, then the hyperelliptic surface we
constructed is a sphere, so our unknown surface is conformally a sphere. But that is impossible
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since we are assuming g = 1. QED.

30.6 Riemann-Roch on Surfaces with g =2

Theorem 244. The Riemann-Roch theorem for surfaces with g = 2 implies that every such sur-
face is hyperelliptic.

Warning: This result is false for every g > 3.

Proof: The argument is similar to the argument given in the previous section. According to the
Riemann-Roch theorem,

dimL(D) —dimL(K — D) =degD +1—2 =deg(D) -1

We apply thisto D = nP for n > 0. Since L(0) contains only functions with no poles, it contains
constants only and has dimension one. Then we gradually add more copies of P to D. When
we add one more P, dim L(D) can either stay the same or increase by one, and dim L(K —D) can
either stay the same or decrease by one. Since the right side increases by one, either dim L(D)
increases by one and dim L(K — D) stays the same, or the reverse.

However, there is another constraint. When we add an additional P, the degree of K — D
decreases by one. As soon as this degree is negative, L(K — D) is just the zero function. We
proved that the degree of K — D is 2g — 2, so when g = 2 it is 2. Starting with D = 0, when we
add one P, this degree is one, and when we add two P’s, this degree is zero, and when we add
three P’s, the space L(K — P) vanishes, that is, has dimension zero. This dramatically reduces
the possibilities for dim L(nP) as we increase n, and we can display these possibilities in a little
chart:

We explain. Two routes as possible for the sequences of dim L(nP), shown in red and black.
A flat spot in a route occurs when dim L(D) does not change because dim L(K — D) changes,
and we know that dim L(K — D) changes twice. So each route shown has two flat sections.
Moreover, a flat section can only start when deg(K — D) > 0, so in our case when n < 2.
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Notice that one other route satisfies these conditions; that route increases between 0 and 1 and
then is flat until n = 3. But that route would give a meromorphic function with a pole at P of
order one and no other poles. Such a function would take each complex value exactly once,
and thus make our surface conformally equivalent to the Riemann sphere, contradicting the
assumption that g = 2.

Similar diagrams can be drawn for all values of g, but the initial complications before the di-
agram stabilizes increase. The red path shows Riemann’s original inequality. When g = 0,
the red path is the only possibility by Riemann’s inequality. When g = 1, one other path is
possible, but it would give a meromorphic function with only one pole of order one, which is
impossible. So only the red path is realized when g = 0 or g = 1. Alternate paths appear for
g =2

As we will see in the next section, the red path is taken for all but finitely many points P
on the surface. But points do exist when the black path is taken. Let us leave that asser-
tion for the next section and choose such a P now. Then the dimensions of L(nP) for n =
0,1,2,3,4,5,6,7,8,9,10are 1,1, 2,2, 3,4,5,6,7,8,9. Each time the dimension increases, there
is a new meromorphic function with a pole only at P of prescribed order. We can list these
functions as follows:

nP dimension function
1 1

f

O 0O U A W= O
O 0 O Ul A W N
~
w

—
e}

We stop here because we have ten functions in a nine dimensional space. So these functions
are linearly dependent, and we get an equation of the form

g+afigt+afg+ag=a,+asf +asf*+af>+agf* +agf°

If we replace gby g — % f2, we get rid of the f2g term. If we then replace g by g — % f,we get

rid of the fg term. If we replace this g with g — % we get rid of the g term and have a new
equation; renaming the remaining constants we have

g =asf’+af*+a3f*+ayf*+af +a
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Replacing f appropriately, we can make the coefficient of f> equal one, and then factor to
obtain

82 =(f —eD(f —e)(f —e3)(f —e)(f —es)

Incidentally, we have ignored a small number of special cases. The original coefficient of g2
might be zero, or the coefficient of f> might be zero. Usually these special cases lead to surfaces
with g < 2 and can be ignored. Details are left to the reader.

We recognize the basic equation of a hyperelliptic Riemann surface with g = 2 holes. If the
e; are not all distinct, then some of the branch points are not needed and we get a surface of
smaller genus. The arguments given in the previous section apply without change, proving
that our surface is conformally equivalent to the resulting hyperelliptic surface. It follows that
if e; are not distinct, then our surface is conformally equivalent to a surface with smaller g.
Since we assume g = 2, the e; must be distinct. QED.

30.7 Riemann Surfaces and Algebraic Curves

In the previous two sections, we proved that our surface is conformally equivalent to the Rie-
mann surface of a function g(z) satisfying g2 = P(z). We used branch points and branch cuts
to create this surface as a domain for g(z) = y/ P(z). But some readers may have suspected that
we could bypass that surface entirely and map directly to the curve Y2 — P(X) = 0. Since we
allow X and Y to be complex, this curve is actually a two dimensional surface in C?, a four
dimensional space.

We can draw pictures of the solutions of Y2 = P(X) over the reals as in high school analytic
geometry, so we call it a curve. These pictures turn out to be more helpful than one might
expect. Nevertheless, the equation is giving us a surface, so why bother constructing an entirely
different surface using branch cuts and all that?

There is a reason, but we’ll hold off explaining for a moment.

One problem is that we allow X and or Y to be infinite. However, the geometers have already
provided a beautiful solution for this problem. They think of our curves, which are really
surfaces, as living in projective space. This projective space consists of equivalence classes of
complex triples (X, Y, Z), not all zero, where (X, Y, Z) is equivalent to A(X,Y,Z) when 4 # 0.
If Z # 0, then the equivalence class has a unique point (X, Y, 1) and such points form the
ordinary plane. Points with Z = 0 correspond to points at infinity. If Y # 0, such a point is
equivalent to (X, 1, 0), giving infinitely many points at infinity. If Y = 0, the point is equivalent
to (1,0, 0), giving one final point at infinity.

If we are given a polynomial P(X,Y’), we add an appropriate power of Z to each monomial
to obtain a homogeneous polynomial P(X,Y,Z). If (X,Y, Z) solves this polynomial, so does
AMX,Y,Z), so we can think of the solutions as certain points in projective space. When we set
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Z =1, we obtain the original P(X,Y), so this curve has the original points in the plane. But it
now has additional points at infinity.

We did exactly this when studying elliptic functions. We discovered that (g')? = 4¢0>—g,90—g5
and then introduced the curve Y? = 4X3 — g,X — g;, with one additional point at infinity. We
obtained a one-to-one and onto map from the period parallelogram to this curve.

So with this slight modification, curves P(X,Y) = 0 from high school analytic geometry be-
come surfaces in projective space, and it begins to look like these surfaces are exactly the com-
pact Riemann surfaces.

In addition, there is another astonishing reason to think of Riemann surfaces as curves. The
meromorphic functions on surfaces, which we carefully constructed using analysis, become
rational functions on these curves. That is, they have the form

p(X,Y)
qX,Y)

for polynomials p and q. We already caught hints of this fact. On the Riemann sphere, the
meromorphic functions are ordinary rational functions of z. On a torus, the meromorphic
functions are rational functions of ¢ together with other rational functions of g multiplied by
¢'. So curves would allow us to avoid analysis entirely and just deal with algebra.

Followers of Riemann took exactly this route and developed an elaborate theory of algebraic
curves. Lo and behold, the theorem of Riemann-Roch is still the central theorem of this theory,
but reinterpreted as an entirely geometric result and given a completely algebraic proof.

However, there is one problem, which perhaps is the penalty assessed by God for avoiding
analysis entirely. These curves can have singularities where the surface is not locally homeo-
morphic to an open set in the plane, so they aren’t really full-fledged surfaces in the topological
sense. An example is the curve Y2 = X2(X + 1). A graph is shown below, and something fishy
is going on at the origin.
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We can use the implicit function theorem to find these singularities. If (X, Y,) is a zero of
P(X,Y)and 2—; # 0 at (X, Yy), then we can solve for Y in terms of X near this point, obtaining

Y = ¢(X) nearby. So the solutions form a surface near this point. If :—; # 0, we can solve for
X in terms of Y. We only have problems is both of these partials are zero, and those are the
singularities of the curve.

In the case Y2 = X?(X + 1), the two partials are 3X? + 2X and 2Y, so the singularities can only
occur at (0,0) and (—2/3,0) and only the first of these is on the curve.

Curves have tangent lines, and that continues to be true when we allow X and Y to be complex,
except that now these lines look like two-dimensional planes in four-space. There is an easy
way to find the equation of the tangent line at the origin, if the origin is on the curve. Write
down the linear terms of the polynomial and set this expression to zero. To find the equation
somewhere else, translate the curve so the interesting point is the origin, calculate P(X,Y) for
the translation, find the linear equation of the tangent line, and translate back.

This technique still works at singularities, except that now there may be several tangent lines.
If the singularity is at the origin, write down the sum of the terms of P(X, Y) of lowest degree,
and set this sum to zero. Since the sum of these terms is a homogeneous polynomial, whenever
a point p is a solution, so is Ap for constant 1. So the solutions are a series of lines through the
origin.

Let us apply this to Y2 — X2(X + 1) = Y2 — X3 — X?. The terms of lowest degree are Y2 — X2 =
(Y —X)(Y +1), so the curve has two tangent lines at the origin, Y = +X. We can easily visualize
these lines in the picture.

Suppose P(X,Y) is an irreducible polynomial and suppose the curve P(X,Y) = 0 has no singu-
larities in the finite plane and no singularities at infinity. If the degree of P is d, geometers have

proved that the genus of the resulting surface is g = d(d;l). These numbers are 1, 3, 6, 10, 15, ....

So our hyperelliptic curve giving g = 2 cannot possibly be non-singular everywhere. Let us
study its singularities.

The hyperelliptic curve is Y? — (X —e;)(X —e,) ... (X —e,,) = 0. The partial with respect to Y is
2Y and thisis only zero if Y = 0 and thus at the points (e;, 0), (e5,0), ..., (e,, 0). The partial with
respect to X is Zi(X —e))X—ey)... (X/—\ei) ... (X —e,,) where the hat means that that particular
term should be omitted. If all of the e; are distinct, then the value of this expression at (e;, 0) is
not zero. Therefore this hyperelliptic curve has no singularities in the finite plane.

To find points at infinity, we add an appropriate number of Z’s to monomials, obtaining
Y2Z" 2 - (X - e, Z) X —eyZ)...(X —e,Z) =0

Setting Z = 0 gives X" = 0, so there is one point at infinity at (0,1,0). Then the set of all
(X,1,Z) = (X, Z)isanother coordinate plane in projective space, and the point at infinity of our
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curve is (0, 0) and the equation of the curve is Z" 2 — (X —e; Z)(X —e,Z) ...(X —e,Z) = 0.

Let us consider the case when there are five ¢; with values —2,—1,0,1,2. Then we get Z> =
X(X? — Z*)(X? — 4Z?). The terms of lowest degree are Z3, so there is only one tangent line at
(X,Z) = (0,0) and it is Z = 0. On the other hand, both partials vanish at (0, 0), so the point
at infinity is singular. But how bad can it be? Let’s draw some pictures over the reals. The
program Mathematica gives:

2
&
o
o
2

A

At first we suspect computational error, since the picture seems to show lines X = 0, X = +7,
and X = +2Z. However, substitution back into the full equation shows that these lines are not
exact solutions. Moreover, the tangent line at the origin is Z = 0, which isn’t even visible in
the picture.

Let us zoom closer to the origin. We obtain

2F

o
ol
N

Recall that the line at infinity is given by Z = 0. None of the points of the curve except the
origin is on this line. So the crucial piece of the curve is the diagonal line that goes through the
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origin. But this line seems to be a little wobbly. Let us magnify once more.

0.10

0.05

0.00 /J\/—/

0.05

-0.10

The line is still wobbly, but we finally can see that it is tangent to Z = 0 at the origin. But this
is bad news because we would hope that our curve crossed the line at infinity decisively at an
angle, rather than tangentially.

These pictures illustrate that the structure of curves at singularities can be complicated. These
complications must be mastered if Riemann surface theory is translated to a theory of curves,
because singularities are inevitable.

A better way to think of our story is that every curve can be parameterized by a compact Rie-
mann surface. Given a curve, we can find a Riemann surface and a mapping from the surface
to the curve given by holomorphic functions. This map will be onto, and it will be one-to-one
to non-singular points. But singular points of the curve can be images of more than one point
on the surface, and the map may not have a good inverse near them.

We present one final numerical experiment. If there are six e;, we still get a surface with genus
g = 2. This time there are three branch cuts, none extending to infinity. Therefore, the Rie-
mann surface has two points at infinity.

Let us examine pictures for the special case when the ¢; are 0, +1, +2, 3. We have Y? = X(X? —
1)(X? — 4)(X — 3). We can find points at infinity on this curve by writing Y?Z* = X(X? —
Z2)(X? — 4Z%)(X — 3Z) and then setting Z = 0 to obtain 0 = X%. So we only get one point
(0,1,0) at infinity. Near this point we have coordinates (X,1,Z) = (X, Z) satisfying Z* =
X(X? — Z?)(X? — 4Z*)(X — 3Z). The resulting picture is on the next page. This time, two
different pieces of the Riemann surface join at the point at infinity on the curve. So both points
at infinity on the Riemann surface map to the same point on the curve. Notice that both are
tangent at the singularity.
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30.8 Gap Sequences
According to the Riemann-Roch theorem,

dimL(nP) —dimL(K —nP)=n+1—-g
When n = 0, thisreads 1 —dim L(K) =1 — g, or

dimL(K)=g

Recall also that deg(K) = 2g — 2.

When we increase n by 1, one of two things happen. Either dim L(nP) increases by one, so there
is a meromorphic function on the surface with a pole of order n + 1 and no other poles, and
dim L(K —nP) does not change, or else dim L(nP) does not change, so there is no meromorphic
function on the surface with a pole of order n + 1 and no other poles, and dim L(K — nP)
decreases by one. Moreover, in all cases the degree of K — nP goes down by one, and when this
degree becomes negative, then L(K — nP) only contains the zero function.

Definition 72. Fix a point P on a compact Riemann surface 8. A positive integer n is called a
gap value for P if there is no meromorphic function on 8 with a pole of order exactly n at P and
no other poles.
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Theorem 245. For a fixed point P,
« there are precisely g gap values
« ifg>1, then1isagapvalue
+ gap values are at most 2g — 1
« if g = 0, there are no gap values
« ifg =1, thegapvalues are 1
 ifg =2, the gap values are 1 and 2, or 1 and 3

Remark: We are going to show that the gap values are usually 1,2, ...,g. Suppose the actual
gap values, from small to large, are ny, n,, ..., Ng. Define the value of the gap sequence to be
>.(n;—i). This number will vanish precisely when the gap sequenceis 1,2, ..., g, and otherwise
be positive.

Definition 73. A point P on a Riemann surface is a Weierstrass point if its gap sequence is not
1,2,...,8

30.9 The Weierstrass Gap Theorem

Theorem 246 (Weierstrass Gap Theorem). The sum of thevalues of gap sequences over all points
of a surface is
(g—-Dglg+1)

Corollary 36. There are only finitely many Weierstrass points on any compact Riemann surface.
Corollary 37. If g > 2, Weierstrass points definitely exist.

Corollary 38. There are exactly 6 Weierstrass points on a Riemann surface of genus g = 2. These
points are the six e;, or the five e; and co.

Proof: Leaving these corollaries to the reader, we prove the theorem. First a summary. Choose
a basis w, ...,y for the space of holomorphic differentials. In each coordinate system we
can compute the Wronskian of these functions. We will discover that when two coordinate
g
systems z and w are related by w(z), the Wronskian transforms by (Z—w) . Consequently, the
z
Wronskians are sections of a line bundle given by the canonical bundle to the power g. This

will allow us to determine the degree of their associated divisor.

We will then compute this divisor directly. It turns out to depend on the location and orders of
zeros of the holomorphic differentials, and this in turn is related to the gap sequences at these
Zeros.
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Now the details. In local coordinates, w;(z) = f;(z)dz for holomorphic functions f;. The
Wronskian is the determinant of

(-1 (gD (gD
h 5 v g
(&-2) (g2 (g-2)
1 2 oJg
fi fa o Sy
If this is the expression in w coordinates, we obtain the corresponding expression in z coordi-
: ) 2 2
nates by replacing each f;(w) by f i(w(z))d—w. Then 2L s replaced by ah (d—w) + f l-d—w. And
dz dw dz \dz dz2

so on for higher derivatives.

If g = 2, each term on the top line would be a sum of two expressions, so the entire matrix

could be written as a sum of two matrices, and the determinant would be the sum of two de-

) ) d ) ) dw\?
terminants. But after factoring out d—w from the bottom line, and factoring out ( d—w) from the
VA zZ

. . d . .
top line of one matrix, and d—w from the top line of the other matrix, we would find that the
zZ
second matrix has equal rows and thus its determinant is zero. The determinant of the first
. . . . . d
matrix would be the determinant in w coordinates times d—w to the power 1 + 2 = 3.
z

This process happens in general. Each term on a line will become the sum of several terms, but
most of these terms will lead to matrices with repeated lines. So the only determinant which

survives will contain the original determinant times Z—w to the power
z

g(g+1)

1424 +g= ==

We defined a differential to be an expression of the form A(z) dz in each coordinate system,
such that when z and w are two coordinates related by w(z), then A(w)dw in the w coordinates

equals A(w(z)) Z—w dzin the z coordinates. Such a differential has a divisor D, given by assigning

to each point p the degree of A(z). The transformation rule shows that this divisor is well-
defined independent of coordinates.

We could have also defined an m-differential to be an expression of the form A(z) (dz)" in each

m
coordinate system, such that the transformation rule replaces A(w) (dw)™ by A(w(z)) (Z—L:) (dz)™.
We assign no meaning to (dz)™. Think of it as a crutch invented by Leibniz to help us remem-
ber the transformation rule. So in reality an m-differential assigns a meromorphic function 1 to
each coordinate system, such that these functions transform according to the stated rule.
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Just as before, we can define the divisor D of an m-differential, and this expression is well-
defined independent of coordinate system.

Suppose we have an m-differential 4 and we also have a global meromorphic function f. We
can then form a new m-differential f4 by multiplying each coordinate expression for A by f.
This new object is also an m-differential because it obeys the same transformation rules as A.
The divisor associated to the new m-differential has changed, and indeed (fw) = (f) + (w). So
the new object has divisor (f) + D.

Once we have one m-differential, all others can be obtained in this way. Indeed if one differen-
tial equals 4, (dz)™ and a second equals 4, (dz)™, then dividing gives a meromorphic function

/1—2 and the transformation rule says that this function is invariant under coordinate changes
1
and thus is a global meromorphic f. Clearly f4; = 4,.

In particular, if (f) + (4;) = (4,). Since the divisors of meromorphic functions have degree
zero, we discover that

Theorem 247. The divisors of all m-differentials have the same degree.

Recall that K denotes the canonical divisor, i.e., the equivalence class of the divisors of differ-
entials. We proved that the degree of K is 2g — 2. If w is any differential, then w™ is clearly
an m-differential; if the divisor of w is D, then the divisor of w™ is mD. We conclude that the
degree of mD is m(2g — 2) and so =the degree of the divisor of an m-differential is m(2g — 2).
In particular, the degree of the Wronskian is

g(g; = 2g-2)=(g-1glg+1)

This is the half way point in the proof.

We now want to find the degree of the Wronskian at a point p. This degree is independent
of the basis chosen for the space of holomorphic differentials. Indeed if g, ..., g, is a second
basis, then g; = >’ a;;f; where A is a matrix of constant complex numbers with non-zero
determinant. Then W(g)T = AW(f)T where W denotes the matrix giving the Wronskian, so
the determinants of both sides agree up to a non-zero constant.

Find a coordinate neighborhood of p in which p is the origin. Let V be the space of holomor-
phic differentials. Find a non-zero holomorphic differential f;dz With smallest possible degree
dy at p. If f2 is a differential with the same degree, then f; = ¢;zF + ... and f, = c,zF +.

then f, — = f 1 has higher degree. Therefore we can find a subspace of differentials V, such

that V = C f1 @® V, and every differential in V', has higher degree than d; at p. Continue.
Eventually we find a basis f1, f5, ..., fg with degrees d; < d, < ... <dg at p.



CHAPTER 30. THE RIEMANN-ROCH THEOREM 471

Theorem 248. The degree of W at p is

g
Ddi—i+1)

i=1

Proof: This does not depend on functions coming from holomorphic differentials, so we prove
it for any g holomorphic functions near the origin with degrees d; < d, < ... < d, at the origin.
We prove this by induction. It is trivial if g = 1. Suppose the result is true for g — 1. To prove
it for g, we expand by minors along the bottom row and find that up to sign,

W = DD W sl )

By induction, the degree of the first summand is

g g g
di+)(d—D)—(-D+D)=d + ) (di—i+1)=D(d—i+]1)

i=2 i=2 i=1

This calculation assumed that if f; has degree d;, then % has degree d; — 1. This is true unless
zZ

d; =0.1If f(2) = ¢y + 1z + 2% + ..., then f’ = ¢; + 2¢,Z + ... and the degree of the derivative
is not —1 but instead 0 or higher. In the previous calculation, all f; for i > 2 have degrees at
least one and the problem does not arise.

The previous calculation works exactly the same for any of the expansion terms for the Wron-
skian as long as 0 < d;. Butif d; = 0, the expansion term we calculated gives the result we
desire, and every other expansion term has higher order. That is what we want. So to finish
the argument, it suffices to prove that d; = 0.

Ifd, > 0, then all f; have a zero at p, and therefore I(0) and I(p) have the same dimension. But
in that case L(0) and L(p) would have different dimensions, and so there would be a meromor-
phic function with a pole of order one at p and no other poles. This cannot happen if g > 0.
We can assume g > 0 since the gap theorem is trivially true for g = 0.

Remark: Putting these results together, we find that

> D (di-G-1)=(g—Dgg+1)
p i

To finish the proof, we must show that the d; are precisely the gap values at p. By definition, d
is a gap value if no meromorphic function with poles only at p has a pole of order d. Note that
L(dP) contains functions with poles atp of order at most d, and L((d — 1) p) contains functions
with poles of order at most d —1. So d is a gap value precisely when L((d —1)p) and L(dp) have
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the same dimension. By Riemann-Roch, this happens exactly when I((d —1)p) and I(dp) have
different dimension. The first contains holomorphic differentials with zeros of order (d — 1) or
higher at p, and the second contains holomorphic differentials with zeros of order d or higher
at p. These spaces have different dimensions exactly when there is a holomorphic differential
with order exactly d at p. QED.

30.10 Generalizing the Riemann-Roch Theorem

After the Riemann-Roch theorem was decisively proved, attempts were made to generalize it
to higher dimensions, either for compact complex manifolds or for algebraic varieties. Gener-
alizations were discovered, but none seemed decisive.

Then, around 1955, the dam broke and it became clear how to proceed. Progress depended
on new ideas from the twentieth century, both in topology and in several complex variable
theory.

One of these new ideas was the notion of a vector bundle on a space X. If M is a surface
embedded in R, we can assign a tangent plane to each point of M. As the point varies, this
plane also varies. The resulting space of tangent vectors is called T(M) and each element has
the form (p, v) where p € M and v is a tangent vector starting at p.

Since the plane is 2-dimensional, it has a basis e;,e,. These basis vectors must move as p
changes, and a key discovery was that it is often impossible to define e;(p), e,(p) continuous
tangents over the entire M so these vectors are linearly independent at each point of M. If
M = S? is a sphere, it is even impossible to choose a single continuous vector e;(p) which
is non-zero everywhere. So we cannot just say “pick a basis and write tangent vectors as

(r1(p), r2(p)).

Situations soon arose when a different kind of vector space was attached to each p. Soinstead of
just the tangent space, mathematicians discussed vector bundles. Here is the definition:

Definition 74. Let X be a topological space. A k-dimensional vector bundle on X is an assign-
ment to each p € X of a k-dimensional vector space E,, and an assignment of a topology to
E = UE), such that the natural map 7 : E — X is continuous, and such that every point p € X
has an open neighborhood U such that 7~ U is homeomorphic to U X C* by a homeomorphism
which maps each E to q X Ck by a linear isomorphism.

Remark: This defines a complex topological vector bundle. It is obvious how to modify the def-
inition if real vector bundles are desired, or if we want C* vector bundles over a C*® manifold,
or holomorphic vector bundles over a Riemann surface or complex holomorphic manifold of
higher dimension.

Remark: Vector bundles are often obtained by glueing pieces together in a more down-to-earth,
coordinate dependent manner. In this approach we choose a coordinate cover U, and say that
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elements of E look like U, x C¥ over U, but for each & and 8 we have a transition matrix Papij
where p is a k X k matrix whose entries are continuous functions on U, N Ug and (p, ¢y, ..., Cx)

over U, equals (p, )} 01;Cj, ... ), Pkjc;) over Ug.

Thus we can create a vector bundle by choosing a cover U, and then providing transition matri-
ces g, defined on U, NUj for all pairs a, 5. These transition matrices must satisfy certain com-
patibility relations to get a vector bundle. p,, must be the identity, and p,g0g, = gy -

Definition 75. Suppose E is a vector bundle over X. A section of E is a continuous map s : X —
E such that rros is the identity. In other words, s is a continuous assignment to each p € X of a
vector in Ep,.

Remark: And now the point of all this. Divisors D define complex line bundles over the sur-
face, and L(D) is the space of holomorphic sections of these line bundles. Here’s how this
works. Suppose D is a divisor. Select a coordinate cover of the surface. In each open U, find
a meromorphic function h, such that (h,) = D. This h, is only defined locally on U. Define
transition functions by g,z = hy/hg. Note that the compatibility conditions hold, so these
transition functions define a line bundle. A cross section of this bundle will be a holomorphic
function s, on each U, such that sg = g,g5, = hy/hg 4, or sghg = s h,. These pieces thus
define a global meromorphic function and on each U, we have (s h,) = (s,) + D > D. Hence
the global function belongs to L(D).

Remark: Jean Leray was a French mathematician born in 1906 who became an expert on partial
differential equations. During World War II he was interned in a prisoner of war camp in
Austria. Leray was afraid that he would be asked to do war work by the Germans if they learned
of his expertise in differential equations, so he temporarily switched fields to topology. In the
camp, he invented two of the key ideas from topology of the twentieth century: the notion of
sheaves, and the notion of spectral sequences. After the war, he returned to partial differential
equations.

A sheaf is a family of functions on a space defined by purely local properties. Thus we can
consider the sheaf of differentiable functions, or holomorphic sections of a vector bundle be-
cause each of these properties can be verified locally. But the sheaf of bounded functions
makes no sense because a continuous function is locally bounded, but not necessarily glob-
ally bounded.

For any sheaf #, Leray defined a series of cohomology groups H*(F) for k > 0. The group
HO(F) is just the set of all globally defined elements of the sheaf, but elements of H* for k > 1
are more obscure.

The Riemann Roch theorem describes dim L(D) — dim L(K — D). Here D defines a holomor-
phic line bundle, whose sections form a sheaf £(D), and H°(£(D)) = L(D). It turns out that
HY(£L(D)) = L(K — D). Moreover, the sheaf cohomology groups H*(£) = 0 for k > 2. So the
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Riemann-Roch theorem is about

dim H°(£) — dim H(L)

It became clear around 1950 that the proper generalization of Riemann-Roch involves a holo-
morphic vector bundle E on a compact complex manifold, its sheaf £ of holomorphic cross
sections, and the expression

D (=D* dim H*(€)
k=0

These cohomology groups depend on intricate properties of the vector bundle E, so slight de-
formations of this bundle can change all of the dimensions. However, the alternating sum
turns out to depend only on topological properties of E, and not on precise holomorphic con-
ditions.

These topological properties were analyzed by Hirzebruch around 1955. They involve the char-
acteristic classes of E and of the tangent bundle T of M. Using these ideas, Hirzebruch proved
the general Riemann-Roch theorem in all dimensions. At first, Hirzebruch’s proof worked
only for projective algebraic varieties. Later Atiyah and Singer proved the Atiyah-Singer in-
dex theorem about elliptic partial differential operators, and a special case gave Hirzebruch’s
Riemann-Roch theorem for all compact complex manifolds.

A second ingredient called the Serre Duality Theorem and added in the same time frame. On
a manifold of complex dimension n, this theorem shows that H¥ of the sheaf of holomorphic
sections of E is isomorphic to H"* of the sheaf of holomorphic sections of a related vector
bundle E;. In the case of Riemann surfaces, n = 1 and this theorem makes H' of the sheaf for
E isomorphic to H? of a the sheaf for a related vector bundle. Since H® of a sheaf is just the
set of global sections of a bundle, this duality theorem replaces an obscure cohomology group
with a very concrete group of sections. Indeed when the vector bundle E in question is the line
bundle associated with D, the associated bundle is associated with K — D.

30.11 Proving the Riemann Roch Theorem
There are many proofs of the Riemann-Roch theorem, some algebraic and some analytical.
We’ll sketch one step of the modern proof, the argument that involves sheaf theory.

A sheaf Fon a topological space X is an assignment to each open set & C X of a group of
functions F(U) on U, such that the following properties are true:

o if f € F(U)and V C U, then f restricted to V is in F(V)

« if U, is an open cover of U and f, € F(U,) for all « and the f, agree on intersections in
the sense that f, = fz on U, N Vg, then there is an f € F(U) whose restriction to any

U, is fg-
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These conditions just say that belonging to & is a local property; if a candidate is locally in
the sheaf, then it is in the sheaf. Thus we can form the sheaf of continuous functions, or the
sheaf of differentiable functions, or the sheaf of C* functions, because all of these are local
properties. But we cannot form the sheaf of bounded functions, because being bounded is not
local.

A morphism of sheaves ¢ : F — G if by definition a series of maps ¢ : F(U) — G(U) for each
open U, compatible with restrictions from U to V when V C U. This is just a fancy way to say
that ¢ only depends on local properties of the functions. Thus differentiation induces a map
of appropriate sheaves.

Suppose
® P
F—G— K
is a sequence of sheaf morphisms. We say the sequence is exact at G if the composition of the

two maps is zero, and whenever g € G(U) and ¥(g) = 0in H(U) and p € U, there is an open
Vsuchthat p € V C U and an f € F(V) such that o(f) = g|y.

Thus if g goes to zero, it does not necessarily come from F globally, but in small pieces it comes
from . This agrees with the central idea that sheaf theory is about local behavior.

As an example, suppose M is a manifold; we define the sheaves A¥ of k-forms in an obvious
way, and obtain maps of sheaves

d d d
Al — A2 A —

This is an exact sequence of sheaves because if dw = 0, then w = dA locally, although not
necessarily globally.

Notice that we can form the sequence
d d d
A M) — A2(M) — AX(M) — ...

It is still true that d? = 0, but this sequence is no longer necessarily exact. Indeed the deRham
cohomology groups exactly measure the deviation from global exactness, since

Hk vy KAk = A1)

Im(A—1(M) -2 AKQM))

Up to this point, sheaf theory is just a language to speak about the difference between local and
global properties. Now we come to the profound part of the theory. If F is a sheaf on a space
X, it is possible to define cohomology groups H'#) for k > 0. The starting cohomology group
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is easy: H(F) = F(X). There are many ways to define the higher groups, but all are rather
abstract.

Here are the two crucial theorems about this cohomology theory:

Theorem 249. Suppose
07565 550

is an exact sequence of sheaves. Then there are maps H*(G) — H**'(F) making the following
sequence exact:

0 - HY(F) - H°(G) - HO(H) - HY(F) - H(G) » HY(FH) — H3(F) - H%S) — ...

Theorem 250. Suppose we have an exact sequence of sheaves

d d d
0-F —>Ly— L, — L, — ...

where the d maps are sheaf morphisms. Suppose also that H*(£;) = 0 for k > 1. Then

i) = Kerue 5 L (X))

Im(Lp(X) > £,(X))

Example: Let R denote the sheaf of locally constant real-valued functions on a manifold M.
An element of R(U) is constant on each connected component of U, but possibly different on
different components. We have an exact sequence of sheaves

d d d
0->R->Al—5 A2 A — .

It turns out that H*(A) = 0 for k > 1, essentially because partitions of unity can be applied
to elements of these sheaves. The previous theorem then states that the cohomology groups
H*(M, R) are given by the deRham cohomology groups.

Remark: We are now ready to explain the connection of this theory with the Riemann-Roch
theorem. Suppose D is a divisor. We then easily define a sheaf £(D); namely £(D)(U) is the
set of meromorphic functions on U such that (f) + D > 0 for all points in U. Suppose P is a
point on the surface. Then we have an exact sequence of sheaves

0— £L(D) > LD +P) > LD +P)/L(D) - 0

Here the last sheaf consists of functions over & which belong to L(D + P) divided out by func-
tions which belong to L(D). If P ¢ U, this is zero because P imposes no extra condition in 2.
Butif P € U, then there is one extra degree of freedom in the numerator. These functions are
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only defined locally, so we don’t have to worry about extending to create global functions on
the entire surface, and thus the quotient is C. So intuitively this quotient is a tower sheaf which
is C at P and 0 everywhere else. Let us denote this quotient sheaf Q.

The previous paragraph is somewhat vague becauseour definition of a sheaf was not general
enough. In a course on sheaf theory, more care is taken in the definition; as a result, when
F C G are sheaves, it is easy to define the quotient sheaf.

The exact sequence obtained above induces an exact sequence in cohomology. Here it is:

0 = L(D) = L(D + P) = Q(8) - HY£L(D)) - HY(L(D + P)) - HYQ(S) —

At this point, three technical results are required.
Theorem 251. We have

« H(Q)=C

« H(Q) =0

« HY(L(D)) is finite dimensional for any D
Thus the previous exact sequence becomes

0— L(D) - L(D+P) —» C — HY(L(D + P)) - HY(L(D +P)) - 0

Now we apply an easy algebraic result. If we have an exact sequence of finite dimensional

vector spaces which starts and ends with zero spaces, then >,(=1)'dimV; = 0. So from the
above sequence we conclude that

dimL(D) — dim L(D + P) + 1 — dim H'(£(D)) + dim H'(L(D)) = 0
or
dim L(D) — dim HY(£(D)) — deg(D) = dim L(D + P) — dim H(L(D + P)) — deg(D + P)
It follows from this result that the number attached to a divisor D by the three-term formula on

the left is a constant independent of D, and thus equals the number attached to D = 0. Indeed
we can obtain any D from D = 0 by adding or subtracting points one at a time.

When D = 0, the number in question is
dim L(0) — dim H(£(0)) — 0 = 1 — dim H'(£(0))
The Serre Duality theorem shows that dim H'(£(0)) = g. Thus our result gives

dim L(D) — dim H'(£(D)) —deg(D) =1—g
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or
dim L(D) — dim HY(£(D)) = deg(D) +1—g

Finally, the Serre Duality Theorem gives

dim HY(£(D)) = dim L(K — D)

30.12 Field Theory

The set of meromorphic functions M on a compact Riemann surface is a field. Among these
functions are constants, so C C M. Since C is algebraically closed, any additional element

f € M satisfies no algebraic relations, so as a field C(f) is the set of all % where P and Q are

polynomials.

It can be shown that whenever f is not constant, the field extension C(f) C M is finite alge-
braic. Field theory then tells us that there is an element g € M such that

M=C(H®C(fg® .. C(NHg"!

Therefore
g" = ag(f) + a (g + ... + a1 (g"

where each g; is rational. Clearing denominators gives a polynomial P(X,Y’) such that

P(f(2),8(2)) =0

We proved several cases of this result. On the Riemann sphere, every meromorphic function
is a rational function in z. On a torus, every meromorphic function equals

R(§(2)) + Ry(§(2))' (2)
and
(@) =9 -2p-g
We found a similar result on any hyperelliptic surface.
If we follow this idea further, the following theorem can eventually be proved.
Theorem 252. Compact Riemann surfaces S satisfy these results:

« Two surfaces 8; and 8, are conformally equivalent if and only if their fields M, and M,
are field isomorphic by an isomorphism which is the identity on C

o The field of meromorphic functions on any 8 is a finite algebraic extension of C(X), the field
of rational functions
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« Conversely, every such field occurs as the field of meromorphic functions of some compact
Riemann surface

This theorem reduces compact Riemann surface theory to pure algebra; it becomes a chapter
in the theory of fields. The first paper to carry out this program was by Dedekind and Weber,
The Theory of Algebraic Functions of One Variable, published in 1882. Among other things, this
paper contained a purely algebraic proof of the Riemann-Roch theorem, and since Riemann’s
work depended on results in analysis not yet cleanly proved, their’s was the first complete
proof of the theorem. However, Dedekind and Weber started with a field of the type described
above, so their result only held for Riemann surfaces whose meromorphic function field has
that form. Riemann’s full theorem is required to show that all Riemann surfaces satisfy this
hypothesis.

Dedekind was an expert in number theory, having edited Dirichlet’s Vorlesungen uber Zahlen-
theorie. But “edited” doesn’t truly describe what he did, because he added several supplements
to this book in various editions describing his own work. Some of these supplements give
the first modern treatment of algebraic number theory, that is, the theory of finite algebraic
extensions of the field Q of rational numbers. The techniques Dedekind introduced in those
supplements were extensively used in the paper with Weber.

If we start with an abstract field M, how do we obtain the points of the Riemann surface?
One possibility is to use the polynomial P(X,Y) which field theory produces, and introduce
the corresponding algebraic curve in projective space. The difficulty with that approach is
that this curve usually has singularities, so points which ought to be distinct on the Riemann
surface become the same point on the curve. This is not what Dedekind and Weber did.

Suppose p is a point on a compact Riemann surface. We then get a map
d, . M* = Z

which assigns the degree of f at p to any non-zero meromorphic function. This map has the
following properties.
Theorem 253. Ifp € S,

« dp(c) = 0 for any non-zero constant

« dp(fg) =dp(f) +dy(g)

« dp(f +g) > min(d,(f), dp(8))

* themap d, is onto Z

The third condition has an inequality because when we add functions with poles, the poles
can cancel, and when we add functions with zeros, additional zeros can be created. Note that
the third condition does not make sense if f + g = 0. Some authors define d,(0) = oo so d, is
defined on all of M and the four conditions always hold.
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The final condition holds on a compact Riemann surfaces due to the Riemann-Roch theorem.
Suppose we pick a point g # p and form the divisor D = mgq. For small m, dim L(D) may
not increase as deg(D) increases. Choose m large enough that this anomaly no longer occurs.
Then consider D = mq+np forn = 0,1, 2, 3, .... The dimension of L(D) always increases as we
increase n, so there are meromorphic functions with poles of order 0, 1, 2, 3, ... at p (and other
poles at g). The inverses of these functions have zeros of all orders at p.

On a compact Riemann surface, if p # q thend,, # d, by essentially the same argument.

Amapd : M — Zwith all of these properties is called a valuation. Since the properties depend
only on the field, we can talk about valuations when there is no underlying Riemann surface.
We define the points of the associated Riemann surface to be all valuations of M.

Suppose we have a valuation d. Let R be the set of all functions f € M so d(f) > 0, together
with the zero function. In the Riemann surface case, this would be all meromorphic functions
holomorphic at p. Notice that constants belong to R and it is closed under addition and mul-
tiplication due to the axioms of a valuation. So R C M is a subring. We call this the valuation
ring at p. Let R, be the subset of R containing 0 and all elements of M with d(f) > 0. In the
Riemann surface case, this will be all meromorphic functions which vanish at p. In general
it is an ideal in R. So we can form the quotient ring R /R,. In the Riemann surface case, this
quotient space would C and a holomorphic function’s equivalence class would be f(p). It turns
out that the quotient is canonically isomorphic to C in general. There is a natural map from C
to this space, and since nonzero elements of C have value d = 0, this map is one-to-one. It can
be proved to be onto as well.

If f € M, we can make it into a function on the associated Riemann surface as follows. If
d(f) < 0, we define f(p) = oo. Otherwise f is in the valuation ring and we define f(p) to be
the complex number it induces in the quotient ring.

In short, the valuations of our field form a set, and each element of the field induces a function
from this set to C U {oo}. We can give the set of valuations a topology making all of these
functions continuous. Then it is not hard to believe that with further work this point set can be
made into a Riemann surface, and the field M can be identified with the field of meromorphic
functions on the surface.

It is illuminating to work out one step of this construction.

Theorem 254. Every valuation of R(X) has the form order.(f) or order (f).

Proof: Our field is the set of all % for polynomials P and Q. We make heavy use of the

valuation ring R discussed earlier. Suppose first that d(X) > 0. Then the set of all polynomials
is contained in R, and the set of all polynomials with d(P) > 0 forms an ideal. If this ideal
is trivial, then the value of any non-zero polynomial is zero, so the value of any quotient of
two non-zero polynomials is zero, so d is trivial. Therefore the ideal is not zero and must
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be generated by some polynomial a(X). Factor a(X) = (X — ¢;)(X — ¢3)...(X — ¢;). Then
d(a) = 2,d(X — ¢;), so one of the terms must have positive value. Say d(X —c¢) > 0. If
d(X —c;) > 0forc; # c, then d(c — ¢;) > min(d(c — X),d(X — ¢;)) > 0, contradicting the
assumption that constants have value zero. So d(X —c) > 0O and d(X —c;) = Ofor¢; # c.

But any % = [[(X —¢;)™ for integers m; which can be positive or negative. It follows that d

of this quotient equals d(X — c¢) times the number of times X — ¢ appears in this product. This
can only be onto if d(X — c¢) = 1 and then d of a rational function is the order of that function
atc.

The remaining case is when d(X) < 0. Then d (}l() > 0. It follows that (% — c) > 0. If

1 . 1 1 .
d (; - c) > 0 for ¢ # 0, then d(c) > min ()—(, c— E) > 0, which cannot happen. So

0=d<)l(—c>=d<1;(cx)=d(1—cX)—d(X)=0

and (1—cX) = d(X). Sod(X—1/c) = d(X) and thus d(X —1) = d(X) for all 1. Therefore

P(X) = —c. i) = .
d <®> —d (H(X ¢) ) =dX) > m;
This d can only be onto Z if d(X) = —1, and then

)

d (@) = —(deg(P) — deg(Q)) = order, (Q(X)

Q(X)
QED.

Remark: 1t remains to find all valuations in the general case of a finite algebraic extension of
the rational functions R(X) C M. If d is a valuation of M, we can restrict d to R(X) and get
one of the known valuations of the rational functions. So the problem is reduced to studying
extensions of the standard valuations to the larger field. It turns out that there are at most k
extensions when k is the dimension of M over R(X). But sometimes there are fewer exten-
sions, raised to powers. The picture we obtain is the exact analog of a branched covering of the
Riemann sphere, where the various extensions of valuations correspond to various sheets of
the covering, and powers of extensions corresponding to branch points. So the field theoretic
point of view in the end returns to Riemann’s original construction of Riemann surfaces.

Remark: This is not the end of the story, however. The definition of a valuation works for any
field. The valuations on fields of meromorphic functions come from points on the Riemann
surface. But what happens for other fields?

The natural starting point is the field Q of rational numbers. Our first axiom is about the sub-
field of complex numbers and no longer makes sense, so we ignore it. But all of the remaining
axioms make sense.
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It is easy to prove, using exactly the arguments of the previous theorem, that Q has one valua-
tion for every prime number. Given p, factor a rational as

q=p]"py" .. D"

where the m; are positive or negative integers. Define d ,(q) to be m,, in this factorization. This
is a valuation and all valuations have this form.

So in a sense the Riemann Surface of the rational numbers is the set of primes!

Remark: We can keep pushing this analogy. If Q corresponds to the meromorphic functions,
then the holomorphic functions will be rational numbers whose valuation are non-negative.
That describes the integers. So Q corresponds to meromorphic functions and Z corresponds to
holomorphic functions.

Compact Riemann surfaces should correspond to finite algebraic extensions Q C K. These are
exactly the algebraic number fields studied intensively in number theory.

For example, Q C Q(i) is such an extension. The holomorphic functions on the extension are
exactly the Gaussian integers. We obtain the points on the corresponding Riemann surface by
extending ordinary valuations on Q. To do that, let gy, g5, ... be the Gaussian primes. Recall
that they are obtained by factoring ordinary primes. So up to units,

2=>01+1%35=2-2+1),7,11,13 = (3 — 2i)(3 + 2i), ...
Then any Gaussian number can be written as a unit times
qg=0Q2—-i)M3mQ2-i)™mQ+i)™..

Each of these terms gives a valuation, of the form d;(q) = m;. All valuations have this form.

Notice that these valuations arise from ordinary primes by factoring in the Gaussian primes.
This picture corresponds to creating a Riemann surface using branch points and branch cuts.
Think of the corresponding Riemann surface in number theory as given by the picture be-
low:

. 240 2~ i 3.2 342
K‘( 241" v«\z &.\/‘ “Kj X ‘\/"
5 5 1 u '3

This picture shows one branch point over 2, because 2 factors as a square of a prime. The
remaining points are ordinary points, which corresponds to the sheets of the Riemann surface.
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In this case, there are two sheets. But some primes factor and some don’t, so the analogy seems
to be breaking down. Actually it still holds; there is a new phenomenon in number theory that
we don’t see in Riemann surface theory. Recall that elements of the field become functions
on the Riemann surface which take values in R /R, which is canonically C. In the rational
number field, this quotient ring is Z,, and elements of the field take values in Z, at the point p.
When we extend to a branched cover, two things can happen. A point can split into two points,
or else the value field Z,, can extend to become a field with p? elements. In the general case over
a non-branch point, a prime p will split into primes p, ..., p; and the value quotient Z, will

. k . . .
become finite fields of order f1,..., fx and Zi:l fi = dimg K. So the Gaussian picture shows
two sheets, but sometimes the value field increased size instead of splitting the prime.

When we generalize still more, we come to rings of algebraic integers which do not have unique
factorization. Our valuations seem to depend on unique factorization. However, we can re-
cover unique factorization in number fields by working with ideals rather than integers: every
ideal can be uniquely written as a product of prime ideals. It turns out that in the general case,
the valuations are associated with prime ideals rather than prime numbers. So the sheets in
the branched covering do not correspond to factoring p into prime numbers, but rather cor-
respond to factoring the ideal (p) generated by p into prime ideals. The invention of ideals
was one of the great moments in algebraic number theory. It is astonishing that later on when
valuations were invented by analogy with taking the order of a zero or a pole, the valuations
already knew that we should be factoring ideals rather than primes!

This analogy continues to hold as the theories get deeper, but we are not in complex analysis
land any more, so it is time to put down the pen.
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