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? A C ∗-algebra is a Banach algebra with an involution ∗ such that
‖a∗a‖ = ‖a‖2.

? A C ∗-algebra is a normed closed and adjoint closed subalgebra of
bounded operators on a Hilbert space (Γ-H-S).

? Every unital separable commutative C ∗-algebra is isomorphic
(isometric *-isomorphic) to C (X ) the continuous functions on a
compact metric space X .

? Mn(C), the n × n matrices, is a unital simple finite dimensional
C ∗-algebra. Every finite dimensional C ∗-algebra is a finite direct sum
of matrix algebras.
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?. B(H), the algebra of all bounded operators on a Hilbert space H ;

?. K, the algebra of all compact operators on l2. It is separable and
simple C ∗-algebra.

?Reduced group C ∗-algebras: Let G be a locally compact group with
the left Haar measure µG . Define

λ(s)(f (t)) = fs(t) = f (s−1t)

for s, t ∈ G and f ∈ L2(G , µG ). This gives a left regular
representation. The reduced group C ∗-algebra is the C*-subalgebra
in B(L2(G , µG )) generated λ(G ).
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? Minimal homeomorphisms: Let X be a compact metric space (with
infinitely many points)

and let σ : X → X be a minimal homeomorphism
(a homeomorphism with no proper closed σ-invariant subsets).
Let µ be a σ-invariant measure. Let H = L2(X , µ). Define

π(a)(f )(t) = a(t)f (t) for all f ∈ L2(X , µ)

and a ∈ C (X ) and t ∈ X , and define

U(f ) = f ◦ σ−1 for all f ∈ L2(X , µ).

Then

〈U(f ),U(g)〉 =

∫
X

U(g)U(f )dµ

=

∫
X

ḡ fdµ = 〈f , g〉

for all f , g ∈ C (X ) and

(Uπ(a)U∗)(f )(ξ) = π(a ◦ σ−1)(f (ξ))

for all a ∈ C (X ), f ∈ L2(X , µ) and ξ ∈ X .

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 4 / 38



? Minimal homeomorphisms: Let X be a compact metric space (with
infinitely many points) and let σ : X → X be a minimal homeomorphism
(a homeomorphism with no proper closed σ-invariant subsets).

Let µ be a σ-invariant measure. Let H = L2(X , µ). Define

π(a)(f )(t) = a(t)f (t) for all f ∈ L2(X , µ)

and a ∈ C (X ) and t ∈ X , and define

U(f ) = f ◦ σ−1 for all f ∈ L2(X , µ).

Then

〈U(f ),U(g)〉 =

∫
X

U(g)U(f )dµ

=

∫
X
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The C ∗-algebra generated by π(C (X )) and U is denoted by C (X ) oσθ
Z

(the crossed product of C (X ) by Z with σ). It is a simple C ∗-algebra.

Let X = T be the unit circle and θ be an irrational number. Define
σθ : T → T by σθ(z) = e−2iπθz (|z | = 1). The homeomorphism σθ is
minimal. So C (T) oσθ

Z is a unital separable simple C ∗-algebra.

Consider the universal C ∗-algebra Aθ generated by two unitaries u and v
with relation

u∗u = 1 = uu∗, v∗v = 1 = vv∗, and uv = e−i2πθvu.

Is C (T) oσθ
Z isomorphic to Aθ?
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Let φn : M2n → M2n+1 be a unital homomorphism defined by

φn(a) =

(
a 0
0 a

)
.

Put A = limn→∞(M2n , φn).
Let ψn : M3n → M3n+1 be defined by

ψn(a) =

a 0 0
0 a 0
0 0 a

 .

Put B = limn→∞(M3n , ψn).

A ∼= B?
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Let p ∈ A. p is a projection if p∗ = p and p2 = p.
p and q are equivalent if there exists v ∈ A such that v ∗v = p and
vv ∗ = q.

K0(A): the group generated by the semi-group of stable equivalence
classes of projections.

Let A be a unital C ∗-algebra. u ∈ A is a unitary if u∗u = uu∗ = 1.
U(A): the group of unitaries. U(A)0 the connected component
containing 1A.

Let jn : U(Mn(A)) → U(Mn+1(A)) be jn(u) =

(
u 0
0 1

)
.

K1(A) = lim
n→∞

(U(Mn(A))/U(Mn(A))0, j̄n).
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Example
? K0(A) = Z[1/2] and K0(B) = Z[1/3].

? K1(A) = K1(B) = {0}.

? K0(C (T) oσθ
Z) = Z + Zθ and K1(C (T) oσθ

Z) = Z + Z.
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Theorem

(Elliott 1978)
Let A and B be two unital AF-C ∗-algebras. Then A ∼= B

iff

(K0(A),K0(A)+, [1A]) ∼= (K0(B),K0(B)+, [1B ]).

AF-algebras: Inductive limits of finite dimensional C ∗-algebras

Theorem

(Elliott 1990)
Let A and B be two unital simple AT-algebras of real rank zero. Then

A ∼= B iff

(K0(A),K0(A)+, [1A],K1(A)) = (K0(B),K0(B)+, [1B ],K1(B)).

AT-algebras: inductive limits of finite direct sums of C (T)⊗Mk

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 9 / 38



Theorem

(Elliott 1978)
Let A and B be two unital AF-C ∗-algebras. Then A ∼= B iff

(K0(A),K0(A)+, [1A]) ∼= (K0(B),K0(B)+, [1B ]).

AF-algebras: Inductive limits of finite dimensional C ∗-algebras

Theorem

(Elliott 1990)
Let A and B be two unital simple AT-algebras of real rank zero. Then

A ∼= B iff

(K0(A),K0(A)+, [1A],K1(A)) = (K0(B),K0(B)+, [1B ],K1(B)).

AT-algebras: inductive limits of finite direct sums of C (T)⊗Mk

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 9 / 38



Theorem

(Elliott 1978)
Let A and B be two unital AF-C ∗-algebras. Then A ∼= B iff

(K0(A),K0(A)+, [1A]) ∼= (K0(B),K0(B)+, [1B ]).

AF-algebras: Inductive limits of finite dimensional C ∗-algebras

Theorem

(Elliott 1990)
Let A and B be two unital simple AT-algebras of real rank zero. Then

A ∼= B iff

(K0(A),K0(A)+, [1A],K1(A)) = (K0(B),K0(B)+, [1B ],K1(B)).

AT-algebras: inductive limits of finite direct sums of C (T)⊗Mk

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 9 / 38



Theorem

(Elliott 1978)
Let A and B be two unital AF-C ∗-algebras. Then A ∼= B iff

(K0(A),K0(A)+, [1A]) ∼= (K0(B),K0(B)+, [1B ]).

AF-algebras: Inductive limits of finite dimensional C ∗-algebras

Theorem

(Elliott 1990)
Let A and B be two unital simple AT-algebras of real rank zero.

Then

A ∼= B iff

(K0(A),K0(A)+, [1A],K1(A)) = (K0(B),K0(B)+, [1B ],K1(B)).

AT-algebras: inductive limits of finite direct sums of C (T)⊗Mk

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 9 / 38



Theorem

(Elliott 1978)
Let A and B be two unital AF-C ∗-algebras. Then A ∼= B iff

(K0(A),K0(A)+, [1A]) ∼= (K0(B),K0(B)+, [1B ]).

AF-algebras: Inductive limits of finite dimensional C ∗-algebras

Theorem

(Elliott 1990)
Let A and B be two unital simple AT-algebras of real rank zero. Then

A ∼= B iff

(K0(A),K0(A)+, [1A],K1(A)) = (K0(B),K0(B)+, [1B ],K1(B)).

AT-algebras: inductive limits of finite direct sums of C (T)⊗Mk

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 9 / 38



Theorem

(Elliott 1978)
Let A and B be two unital AF-C ∗-algebras. Then A ∼= B iff

(K0(A),K0(A)+, [1A]) ∼= (K0(B),K0(B)+, [1B ]).

AF-algebras: Inductive limits of finite dimensional C ∗-algebras

Theorem

(Elliott 1990)
Let A and B be two unital simple AT-algebras of real rank zero. Then

A ∼= B iff

(K0(A),K0(A)+, [1A],K1(A)) = (K0(B),K0(B)+, [1B ],K1(B)).

AT-algebras: inductive limits of finite direct sums of C (T)⊗Mk

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 9 / 38



Theorem

(Elliott 1978)
Let A and B be two unital AF-C ∗-algebras. Then A ∼= B iff

(K0(A),K0(A)+, [1A]) ∼= (K0(B),K0(B)+, [1B ]).

AF-algebras: Inductive limits of finite dimensional C ∗-algebras

Theorem

(Elliott 1990)
Let A and B be two unital simple AT-algebras of real rank zero. Then

A ∼= B iff

(K0(A),K0(A)+, [1A],K1(A)) = (K0(B),K0(B)+, [1B ],K1(B)).

AT-algebras: inductive limits of finite direct sums of C (T)⊗Mk

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 9 / 38



AH-algebra:

A = lim
n→∞

An,

where An = ⊕k(n)
i=1 P(i ,n)MR(i ,n)(C (X(i ,n)))P(i ,n),

and P(i ,n) ∈ MR(i ,n)(C (Xn)) is a projection
and X(i ,n) is a connected finite CW-complex.

?. If A is simple, we say A has slow dimension growth if

lim
n→∞

max
i

dimX(i ,n)

1 + rankP(i ,n)
= 0.

A is said to have no dimension growth, if there is an integer m > 0
such that

dimX(i ,n) ≤ m

for all i and n.
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A C ∗-algebra A is said to have real rank zero, if the set of invertible
self-adjoint elements is dense in As.a.

A C ∗-algebra A is said to have stable rank one , if the set of
invertible elements is dense in A.

Theorem

(Elliott and Gong: Ann. of Math. 144 (1996), 497-610)
Let A and B be two unital simple AH-algebras with no dimension
growth and real rank zero. Then

A ∼= B

iff

(K0(A),K0(A)+, [1A],K1(A)) = (K0(B),K0(B)+, [1B ],K1(B)).

It was later proved by Dadarlat and Gong that the condition of no
dimension growth can be replaced by slow dimension growth.
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?. A “ standard” C ∗-algebra C with ‘rank zero ”:

C = Mk ,

or perhaps,

C =
m⊕

i=1

MR(i).

A “standard” C ∗-algebra C with “rank one ”:

C = Mk(C ([0, 1])),

or perhaps

C =
m⊕

i=1

MR(i)(C (Xi)),

where each Xi is an one-dimensional finite CW complex.
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?. Separable AF-algebras:

A = lim
n→∞

An,

where each An has finite dimension, i.e.,
An = ⊕k(n)

i=1 MR(i ,n).

A separable unital C ∗-algebra A is AF
if and only if for any ε > 0, any finite subset F ⊂ A, there exists a
finite dimensional C ∗-algebra B (B = ⊕k

i=1MR(i)) such that

dist(x ,B) < ε

for all x ∈ F .
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Definition

Let A be a unital simple C ∗-algebra. Then A has tracial topological
rank zero and we will write TR(A) = 0
if the following holds:

For any ε > 0 and any finite subset F ⊂ A
containing a nonzero element a ∈ A+,
there is a C ∗-subalgebra C in A, where C = ⊕k

i=1Mni
, such that

1C = p satisfying the following:
(i) ‖px − xp‖ < ε for x ∈ F ,
(ii) pxp ∈ε C for x ∈ F and
(iii) 1− p is equivalent to a projection in aAa.
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
qAq

B


where q = (1− p) and

dimB <∞.
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Theorem

(L–2001) Let A be a unital separable simple C ∗-algebra with
TR(A) = 0. Then

A is quasidiagonal;

A has real rank zero;

A has stable rank one;

K0(A) is weakly unperforated and with Riesz interpolation
property;

A has the fundamental comparison property:
if p, q ∈ A are two projections and τ(p) < τ(q) for all τ ∈ T (A),
then p ∼ q′ with q′ ≤ q.
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Theorem

(L—2001)
For a unital simple AH-algebra, the following are equivalent:

TR(A) = 0;

A has real rank zero and has the fundamental comparison
property;

A has real rank zero and slow dimension growth;

A has real rank zero, stable rank one and has weakly
unperforated K0(A).

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 17 / 38



Theorem

(L—2001)
For a unital simple AH-algebra, the following are equivalent:

TR(A) = 0;

A has real rank zero and has the fundamental comparison
property;

A has real rank zero and slow dimension growth;

A has real rank zero, stable rank one and has weakly
unperforated K0(A).

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 17 / 38



Theorem

(L—2001)
For a unital simple AH-algebra, the following are equivalent:

TR(A) = 0;

A has real rank zero and has the fundamental comparison
property;

A has real rank zero and slow dimension growth;

A has real rank zero, stable rank one and has weakly
unperforated K0(A).

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 17 / 38



Theorem

(L—2001)
For a unital simple AH-algebra, the following are equivalent:

TR(A) = 0;

A has real rank zero and has the fundamental comparison
property;

A has real rank zero and slow dimension growth;

A has real rank zero, stable rank one and has weakly
unperforated K0(A).

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 17 / 38



Theorem

(L—2001)
For a unital simple AH-algebra, the following are equivalent:

TR(A) = 0;

A has real rank zero and has the fundamental comparison
property;

A has real rank zero and slow dimension growth;

A has real rank zero, stable rank one and has weakly
unperforated K0(A).

Huaxin Lin (University of Oregon) Classification of simple amenable C∗-algebras of stable rank oneMay 4th, 2008 at Claremont 17 / 38



Theorem

(L-2003) Let A be a unital simple C ∗-algebra which is locally type I.

Suppose that A has a unique tracial state, real rank zero, stable rank
one and weakly unperforated K0(A). Then TR(A) = 0.
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Theorem

(L-2004) Let A and B be two unital separable amenable simple
C ∗-algebras
with TR(A) = TR(B) = 0 which satisfy the UCT.

Then A ∼= B
if and only if

(K0(A),K0(A)+, [1A],K1(A))

∼= (K0(B),K0(B)+, [1B ],K1(B)).

(reference: Ann. of Math., 157 (2003), 521-544; Duke Math. J.,
125 (2004), 91-119)
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? For any weakly unperforated Riesz group G0, any order unit
g ∈ G0 and any countable abelian group G1,

there exists a unital
simple AH-algebra A with real rank zero and with no dimension
growth such that

(K0(A),K0(A)+, [1A],K1(A)) = (G0, (G0)+, g ,G1).

? Every unital separable amenable simple C ∗-algebra with tracial
rank zero satisfying the UCT is a unital simple AH-algebra (with no
dimension growth and with real rank zero).
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?. Let X be a compact metric space and
α : X → X be a minimal homeomorphism.

Let C (X ) oα Z be the transformation group C ∗-algebra (the crossed
product).
If X has infinitely many points, then C (X ) oα Z is simple.
Note that C (X ) oα Z satisfies the UCT.

?. Question:
When TR(C (X ) oα Z) = 0?

?. Let A be a unital stably finite C ∗-algebra and let Aff(T (A)) be
the space of all real affine continuous functions on the compact
convex set T (A). Let

ρ : K0(A) → Aff (T (A))

be the positive homomorphism induced by

ρ([p])(τ) = (τ ⊗ Tr)(p) for projection p ∈ Mn(A).
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?. If A is a unital simple C ∗-algebra with

real rank zero and

stable rank one,

then ρ(K0(A)) is dense in Aff (T (A)).

Theorem

N. C. Phillips 2002

If X is an infinite compact metric space and

α : X → X is a minimal homeomorphism, and

if Aα = C (X ) oα Z has real rank zero,

then ρ(K0(Aα)) is dense in Aff (T (Aα)).
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Theorem

( N. C. Phillips and L —- 2004)
Let X be an infinite compact metric space with finite covering
dimension and let α : X → X be a minimal homeomorphism. Denote
Aα = C (X ) oα Z.

Then TR(Aα) = 0 if and only if

ρ(K0(Aα)) is dense in Aff (T (Aα)).

Let X be a connected compact metric space,

let α : X → X be a homeomorphism, and

let µ be an α-invariant Borel measure on X .
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Rotation: The rotation number ρµ
α associated with α and µ is a

homomorphism

with domain the kernel of the homomorphism

id−(α−1)∗ : K1(C ((X )) → K1(C (X ))

and codomain R/Z.
It is defined as follows. Let φα : C (X ) → C (X ) be the automorphism

φα(f ) = f ◦ α−1.

Let u ∈ U(Mn(C (X ))) satisfy (id−(α−1)∗)([u]) = 0.
Let v = φα(u∗)u.
Then [v ] = 0 in K1(C (X )).
Increasing the matrix size and
replacing u by diag(u, 1),
we may assume that v ∈ U0(Mn(C (X )).
Then there exist a1, a2, . . . , am ∈ Mn(C (X ))s.a. such that

m∏
k=1

e iak = v .
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Now

ρµ
α([u]) = Z +

1

2π

∫
X

m∑
k=1

Tr(ak(x)) dµ(x).

Let X = T and z ∈ C (T) be the identity map on T. Then
σθ(z

∗)z = e2πiθ. So
ρµ

σθ
([z ]) = θ.

Corollary

Let X be a connected CW complex and let α : X → X be a minimal
homeomorphism. Suppose that α is unique ergodic. Then
TR(C (X ) oα Z) = 0
if and only if the associated rotation number of α has irrational
values.
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σθ(z

∗)z = e2πiθ. So
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Corollary

Let X be a connected CW complex and let α : X → X be a minimal
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?. An Elliott and Evans Theorem:
Every irrational rotation algebra is an AT-algebra with real rank zero.

(Ann. of Math.138 (1993), 477-501)

Theorem

(Pillips-L—2004)
Let X be a compact metric space with finite covering dimension, let
α : X → X be a minimal homeomorphism.Suppose that
ρ(K0(C (X ) oα Z)) is

dense in AffT (C (X ) oα Z)).
Then C (X ) oα Z is a simple AH-algebra (with real rank zero and
with no dimension growth).
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Theorem

(P-L)
Let X be a compact metric space with finite covering dimension, let
α, β : X → X be two minimal homeomorphisms and let
Aα = C (X ) oα Z and Aβ = C (X ) oβ Z.

Suppose that ρ(K0(Aα)) and ρ(K0(Aβ)) are dense in Aff (T (Aα)) and
Aff (T (Aβ)), respectively.
Then

Aα
∼= Aβ

if and only if

(K0(Aα),K0(Aα)+, [1Aα],K1(Aα)) ∼=

(K0(Aβ),K0(Aβ)+, [1Aβ
],K1(Aβ)).
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Definition

Let A be a unital simple C ∗-algebra. Then A has tracial rank no more
than one and we will write TR(A) ≤ 1 if the following holds:

For any ε > 0, and any finite subset F ⊂ A containing a nonzero
element a ∈ A+, there is a C ∗-subalgebra C in A where
C = ⊕k

i=1Mni
(C (Xi)), where each Xi is a finite CW complex with

dimension no more than one such that 1C = p satisfying the following:
(i) ‖px − xp‖ < ε for x ∈ F ,
(ii) pxp ∈ε C for x ∈ F and
(iii) 1− p is equivalent to a projection in aAa.

In the above definition, if C can be chosen to be a finite dimensional
C ∗-subalgebra then
TR(A) = 0. If TR(A) ≤ 1 but TR(A) 6= 0 then we will write
TR(A) = 1.
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Theorem

(G. Gong) Every unital simple AH-algebra with no dimension growth
has tracial rank no more than one.

In fact, every unital simple AH-algebra with (very) slow dimension
growth has tracial rank no more than one.
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Let A be a unital separable simple C ∗-algebra with TR(A) ≤ 1.

Then A is quasidiagonal;
A has real rank zero or one;
A has stable rank one;
K0(A) is weakly unperforated and with Riesz interpolation property;
A has the fundamental comparison property:
if p, q ∈ A are two projections and τ(p) < τ(q) for all τ ∈ T (A),
then p ∼ q′ with q′ ≤ q.

If we know TR(A) ≤ 1, when TR(A) = 0?
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Theorem

If TR(A) ≤ 1 and A has real rank zero,
then TR(A) = 0.

Theorem

Let A be a unital simple C ∗-algebra with TR(A) ≤ 1. If ρA(K0(A)) is
dense in Aff (T (A)), then

TR(A) = 0.
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Theorem

(Elliott, Gong and Li, Invent. Math. 168 (2007), 249-320)
Let A and B be two unital simple AH-algebras with no dimension
growth.

Then A ∼= B if and only if

(K0(A),K0(A)+, [1A],K1(A),T (A))

∼= (K0(B),K0(B)+, [1B ],K1(B),T (B)).
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By
(K0(A),K0(A)+, [1A],K1(A),T (A))

∼= (K0(B),K0(B)+, [1B ],K1(B),T (B)),

we mean

there is an order isomorphism γ0 : K0(A) → K0(B)

with γ0([1A]) = [1B ],

there is an isomorphism γ1 : K1(A) → K1(B) and

there is an affine homeomorphism γ2 : T (A) → T (B) such that

γ−1
2 (τ)(x) = τ(γ0(x))

for all τ ∈ T (B) and x ∈ K0(A).
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Theorem

(L—2007)
Let A and B be two unital separable simple amenable C ∗-algebras
with TR(A) ≤ 1 and TR(B) ≤ 1 which satisfy the UCT.

Then A ∼= B if and only if

(K0(A),K0(A)+, [1A],K1(A),T (A)) ∼=
(K0(B),K0(B)+, [1B ],K1(B),T (B)).
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The Jiang-Su algebra Z is an infinite dimensional simple C ∗-algebra
with a unique tracial state

such that

K0(Z) = Z and K1(Z) = {0}.

Moreover, Z has no non-trivial projection, has stable rank one and is
an inductive limit of type I C ∗-algebras.
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Proposition

Let A be a unital separable simple amenable C ∗-algebra with
TR(A) = 0 which satisfies the UCT.

Then

A⊗Z ∼= A.

More recently, using a result of Winter among other results, we have
the following results:

Theorem

(2008) Let A be a unital separable simple amenable C ∗-algebra with
TR(A) ≤ 1 which satisfies the UCT. Then

A⊗Z ∼= A.

Theorem

Let A be a unital simple AH-algebra. Then A⊗Z is a unital simple
AH-algebra.
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Theorem

Let A be a unital simple AH-algebra.

Then the following are
equivalent:
(1) TR(A) ≤ 1;
(2) A ∼= A⊗Z;
(3) A is approximately divisible;
(4) A is isomorphic to a unital simple AH-algebra with has no
dimension growth.
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