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2.6 Are All the Connectiveg Necesgsary?

. .50 far in this 'chapj:er'we have put together an impressive éollectl,on of subroutineg.
wlech have had the net result of saving ﬁs a conslt_ierable amount of time and effort. The -
Questlbq- is, however, are We._ beginning to rely on the machine -tc;o much?. Is it getting
beyond_.our donu'o;? Suppose,_ for example, -the machine broke down, even-in a minor way; . .
would we still be able to instruct Lt to check demonstrations by bypassing the faul_ty-un.tt?.
To be deflnite, iet's,.sa'y that there is a faﬁl_t in tﬁe scanner unit which results in the
lﬁach{ﬁe's being unabie to recoqnlze con;:lltgoﬁals when they are tnput into.it. .

= ".. The .scanner unit is part of the me.ch.ax_lism which checks to see if all i-nput formulas
" are ‘wenl formed. then functioning brdp°erly, here's the y\gay- it operates: Suppose the
formula - .

W Ip=Q],

is input into ihe_. machine, As the iape goes through the scanner unit, messages are sent te .

© the wEf unit, which deé}des whether or not the input formula is well formed 8o In this case’:.

R Ay

the séanner, unit would transmlt the following message: “A left bracket just-went by. A
varlable just went by. A condltional sign -j'ust went by. A variable just went by. A right

bracket just went by." On receipt of this message the wif unit would then decide that (1)

L RO ) i e i S e I i A = o
- ) e 7L e 308 g e

e R P mirinrver sl i

IT y .I-': réally is.a well ..for_meg formula, Now .lf' for some 'p_elason the 'sca;}ner unit -bse__cémg unable Fo
|I ; ; reco.gnlze a condi-tional sign, then the message it waulil transmit to the: wff unit would be-

| "A left bracket just went by A variable j.ust went by. A varlable just went by. A right
!:}acket just w-ent by." On the. basis of this lnformatioh the ﬁ_ff unit would reject (1) as -
Ibeing not well forﬁed. The machine would flash its red light and print out |

| ~wt. | '
Hence this small-malfuqctlonlni; In the scanner uni.t. results in-all conditionals being - .

re.jecte_d as 'belné ot well form_eé_]. Is all lost, or can wé find some we;y_ to avoid the faulty.

unit?’ Fortunately, the General Subétltu-t_:lon'Prinélple saves the day. One of the lmplications

P _ of that principle is that tf two formulas are equivalent, then oné of them may be substituted
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for the oth& whenever it occurs, even if It's a sub-formula of some larger formula. let's

see How that helps us in the case of our faulty scanner unit. ‘We know from Probiem‘ L; of
Problem Set 3 that "~ P v-Q " is equivalent to ¥ P=Q", Ii would seem reas;nable that the
General Substitution Pt‘lnclple would allow us to. transform any demonstration involvlng con- -
ditiomals into'one with no condmonals all-the orlglnal conditionals having been replaced. *
' by the appropriate-disjunctions. Here's a siniple example. If we were asked to show that-
(2) , P="R;, Q=PF, Q "R |

. then we know that'ouri-%au}’ty' ‘machire ﬁoulq'-be of no help to us. But perhaps it could help

us to show that AR S T
(3) : l ""P'V:“Ri' ‘"Q VP, Q-+"R, : i . PR TIN a

There's just one small problem yet to be surmou'nted:' practicauy all. our demonstrations -
make use of Modus Ponens, and in order to be able fo apply Mlodus Ponens the, machine has
to be able to'recognize conditiohaﬂs—.- It turhs out that this is just a progr&mming" problem.
We'1l 'simply reprogrant the machineso that-Modus ‘Ponens consists in yecognizing BV I
an& 2 {where 8dand T are %Il fb_;me‘d' formulas} and 'lnferrtng ¥. 'With this modiflcation.,

. \ ;
let us shiow (3), First we give the machlhe the Input storage order A et e

Y Hyp, TPVTR, TQVP, Q. v - - B s i

Then we punch-in the followting 1pmqrain’ {refieimber: .Modua}Ponenslhas been reprogrammed) ;
Pi, Hypl: ot '
Pr, Hyp 2 AT M G ogmiatt s

) Pr. Hyp 3 . B o <

MP, For 2, For 3 - '
MP, For 1, For 4

and the machine wﬁl print éut CoTH e PR

- 1) "PV"'R  LE e R S e .

. Y

_’3,._{) , A2 v : . :.. .




86 -

" 4) P
5} “R
At this point it is not difficult to see hlow the General Substitution Principle could be used.to
transform this demonstration so that it showed (2) if we ever managed. to repair the faulty
scanner unit. We outline the procedure below (we.assume that Modus Ponens haé_ been

programmed back to normal again).

Demonstration Outline ' . ‘ Program Qutlineé
1) P="R : Hyp \ i,
2) [P="R]« [P V"RI] "o *  Taut
3) PV R | MPB or GSP, For 2, For 1
4) Q=P .- - : 3 Hyp
5) [Q=Plo[TQVP] . Taﬁt
G). “Q VP ' MPB or GSP, For §, For 47{
7) | Q : : . Hyp ,
8) - P - ' - . MP, For 4, For7 .
9) TR : oui i .- MP, For 1, For 8.,

Notice how this outline has been built up from the previous demonstration. Of course, this e

demonstration cutline dees not outline the most efficient way of showing that

P="R, Q=P, QF R

+

but that is not important. What 1s itmportant is _thétt this result follows from the fact that we

have shown

PVTR, "QVPF, Q +"R.

X If we can use MPB in a program outline, we could instead use GSP, but the converse is
not true. There are cases ln which GSP (s used-and MPB would not be correct. In this de-
monstration outline, steps (3) and (6) may be obtained by GSP or by MPB. The MPB should
be obvious. GSP may be used becauseé we have "P = “"R" equivalent to" "P V' "R*" and

“PV "R" s being substituted for " P ="R" in formula 1. The second\case is similar.

In the demonstration on page 81 of "SAR" from " PAR" and " Peg", only GSP may be
used at the thlrd step, We don' t have either "P" or "S" and as a result can’ 't use MPB with
formula and be sure that the resulting formula is equivalent to the formula in the first step.
In cases where MPB and GSP are both correct you ‘only need to list one of ‘them.

._r
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Now we can see just how powerful the General Substitution Principle is. It allows us to
show the r:-.xlstence of a demonstration simply by producing what might be caﬂed an "equi-
valent" demonstration involving formulas equivalent to the ones In which we are interested.

Let us summarize what we have found so far. We have discovered that If for s‘oﬁe
reason we are unable to use any formulas which Involve the conditional sign, then we can
Isti‘ll ‘proceed with our work with demonstrations by making use of the facié that 8 =3 and
~3 v J are equivalent formulas when & and J are ww;ell forme;d formulas, and by calling on the
General Substitution Principle. So in this sense it is not necessary for our machine to have
the capabllity of recognizing the connective "= ", In other words, we can handle all pro-
blems involving *=" using only the coﬁnectlves avu wAM and "V,

This is most interesting, and it raises an important question. In Section 1.6 we
found that there are exactly sixteen possible binary operations on the set T = {t, £] of truth
valugs. That means that there are sixteen possible binary connectives. So far we know 0
about "A", "Vv*, apd "=" ("7" is not a binary connective), and we have adopted a fourth
symbol "e ", which helps us abbreviate formulas whose truth tables correspond Eo a fourth
one 'of these sixteen blnary opgaratlons. These four symbols can falrly faithfully be translated
by certain connecting words or phrases in our natural language, English. Who khows what
.problems we would run into if we tried to apply our propos'itlonal calculus to the analysis of
arguments in some other language! Perhaps that language would have some connecting words
which behave totally differently from those:that we have in English.' The qﬁestioﬁ is, Would -
our machine be able to handle any concelvable connective, or would we have to invest & lot
of time and money in bullding into it a whole new set of connectives? .The task of discover-
ing the answer to this question is not quite so difficult as it might sdund at first, because
we khow with abéolute certalnty that th;ere are only twelve poasible other connectlves, We
will simply have t:.:o exdamine them oﬁe by.or;e. For each of the twelve we will be looking for
some formula qf the prqposltional. calculus wh}ch has the same truth table. Then we will be
able to write formulas equivalent tc':_'_ those w_hlch ir:u.'rolve the given connective, and so the

General Substitution Principle assures us that from then on the situatlon Ls manageable.

b ]
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Exerclse 6 Show that it is not necessary to build any new connectives into our machine

by forming the remaining twelve truth tables for the possible binary connec-

tives and produclng, for each table, a formula of the propositional calculus
: whose truth table is identical to that table.' We will do two examples and

1

‘ leave the other ten for you. . |

al) | P Q -~ b) p Pl
t t f t t ¢
t £ t t £ st
f t f f t t
f £ f: oo f £ t

Truth table (a) should immediately remind you of truth table (&) for the
condltional; the truth values in the last cbfumn are all the same except for
one in the second row. However, it's not exactly the same as truth table (J)
the "t"s and "f"s in the last column are switched. But ._that's e_as.y to arrange :
' you just take the negation. So we have found.a_ well fpgrpec_l_ _gq;_mula whose
truth table is table (2): “~(p=2Ql". o ‘
Truth table (b) s even easler. The last column conslsts entﬁely of "t"s,
so the formula we are looking for is a tautology. But alir tautologies are
equivalent to each other, so any taqtoiogy will do. In pa_rtjggla_q! we could
use the formula " PV “P" to produce truth table (b), (_hthil;:iqe‘that you are

not obliged to use both "P" and "Q* in the formulas you prodt_lce.')_

In the preceding exercise you have shown that all formulas involving any of the gix-'
teen possible binary connectives can be dealt with by producing equlva"'lé'ﬁt ‘fofmuias that in-
S volve only "~ ", "A%, V", ‘and "=". But from ifie earlier part 6f this"Section we khow that,

of these . =" {s not really necessary either. So'if worse came to worit ‘we ‘Gould still do

the proposttional calculus if the only connectives our machine could résgnize were Wl sl

wA" and "V %, Could we reduce that set of connectives aven more? Yes.’ 'Th Problem 10
i AR P TR St v S

By
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of Problem Set 3 you showed that "PA Q" and "~["PV "Q]" are equivalent formulas, Using-
this fact we could get along without the connective " A", and the only connectives our
‘machine would have to be able to recognize would be "~ " and "Y ",

So we could do the propositional calculus with only two connectlvgas. Could we do it

with just one? Yes! But you have to be careful which connective you pick; neither * -

nor "V " will do. It "tums out that 6ne of the connectives you looked at in the exercise above

does the trick. This "-'conr_aective is called the Sheffer stroke {or alternative denial). It is

denoted by “ | ¥, and-if 8 and J are well formed formulas, its truth table is the following:

8 3 8|3
- t t £
t | f t
3 t t
f f t

Exercise 7 : Show that there Is a formula involving nio connectives except the Sheiffer

stroke that is equivalent to " “P".

4

Exerclse B: Show that there is a formula involving no connectives except the Sheffer

stroke that is equivalent to "PV Q".

'Slncé we already know that every conceivable formula of the proposttionai calculus
is equ'[\'rclle.nt toa fbrmi.;la that involves no Gonnectives other ;han W~ and oy . It follows
- from Exercises 7 and 8 that every f_o"rmula, ofl'the propositional calculus is equivalent to a
formul_a that cqn_t_ains no connectives except the Sheffer stroke. There {s a nice Englis,h_
word that Is appropriate here: redundant. Something is redundant if it Ls not really needed,
There Is a great deal of redundancy in the English language, There are many palrslof_
Engll_sh wordlsi_that are so close in meaning 'ghat_ we could express ourselves qt..xlte satisfac- . ;
torily if some of these vc;rqrds were deleted from the language.

H~ :
.. Our qlphgbef._gontains_ redundancies, Try the following experiment. Take a piece

of paper that you cannot see through. Open any book and place the paper so that its edge

»




‘runs through the middle of a line of print and enables you to see only the top half of each

‘deal with.

%

letter. Can you still read the sentence? If so, then the bottom halves of those letters
aren't really needed. Try it again covering up the top haif of each letter, What should we
conclude from this? Is redundancy an evil that should _be eliminated? Should we print )
books using only the top halves of the letters of the alphabet? If we did, we could et the
same amount of lnforma_tlon on half as much paper. Should we formulate the propositional
calculus in terms of the Sheffer stroke? This would probably not be a good idea. Let us:
illustrate why.

Try the earlier experiment .ef covering the bottom half of a line of print but thlis time

slide the paper up to cover more than the bottom half. You will most likely still be able to

read It even when you can only see a small part of the top of each letter. But it is fairly
likely that you have to work hardel'r an_d read more slowly. pl& you pause to ask yourself
questions such as: Is that the top of an "s" or a "s*? Mr. Sheffer's stroke poses the saine
l_aroblem_. ‘We have shown aboye that we cc;uld do the propositional calculus with it but we

would have to work harder. The connectives we have chosen are more natural and easier to

ﬁerhaps we have overworked this discusslon so let us sum up two points. Through

the notlon of equivalence and with the help of the General Substitution Principle we have

shown that the_ propositional calculus, as we have formulated it, contains certain redun-
dancies. This fact provides us ﬁith options.in formulating the calculus. While it is true
that if th') formulas -are equivalent we could do without one of them, there s 'ano_ther side to
the redundancy éoln. If two formulas are equivale‘nt'these .formulas téll us two dlfféréht w_ayé
to think about some problem. This is of great value. In fact, success Iln solving many a

problem has come only after finding out which of the many equivalent statemeénts of the pro-

blem provldes a manageabhle way of thinking about it.
' 4 H.‘J‘-l I
See Appendix II for material that will help you review for the test on the first part of Ghapter 2

i i, ™
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2.7 The Deduction Theorem

With the subroutines we have introduced; and others that we can {magine introducing,
we see that our machine 1s becoming of greater value in our attempt to analyze mathematical -
arguments. If this attempt is successfu_l, that Is, if we succeed in showing that-all, or even
many, .mathematl_cal arguments can be checked by our machine, then that in itself will be a
retﬁarkable fact because our machine is really incredibly simple. As thlmjs stand, however,
our machine has one drawback: we have to know any given dehonsﬂatlon beforehand. We
havg to know what it is that we want the machine to check so that we can feed it the cor-
rect instructions when we program itl to check a demonstration. It would be so much more
useful to have a machine that actually generated demonlstratlons.

Looking behind the subroutines we see that all our maghine really does is to compare
pairs of formulas to see if they are compatible for Modus Ponens, and upon finding that two -
formilas are compatiblé it applies the rule. This observation suggests the possibility of a
completely different type of machine, a machine that searches out all. the logical conse-
quences of a glver; set of hypotheses. To see how this is possible let us look -more closely
at what our present machine does. Since it was our first machine let us call it "Model A".

To program Model A to check an argument, or more ' correctly, to program lt to print a
demonstration, we first give the machine Input storage orders,” Two kinds of formulas are
stored, hyp_otheses and tautclogies. We then give the machine a program which isl basically
a set of print orders. There are two kinds of print orders, orders to print storeci formulas,
elther hypotheses or tautologltes; and MP-orders which are orders to print the consequent of

‘a 'sp(_eclﬂed conditional, provided another specified fcltrmu_la 1g the antecedent of that con-
ditional. We can dispose of the first type of print order by designing our machine so that,
alas soon as you punch a button indicating that you have finished giving it input storage orders,
it immediately prints all the hypotheseé and tautologies that .it has stored. |

At this polnt you should pause and reflect on this modlflcai:lon of our machine. Ima-
gim;-.- any demonstn;.ttlon. Suppose that we move all the hypothekes and .tautologles up in the

sequence of formulas so that they come first, Wil this rearrangement of the formulas still

.




kel T R R T

be a demonstration? We hope it is clear that the answer-is "yes". Every demonstration has
three kinds of formulas: hypotheses, tautologles, and formulas obtained by applying Modus
Ponens. Let us cé_:ll formulas of this t'hllrd type, “"MP-formulas", We have now agreed that
the formulas olf a demonstration can be rearranqed so that-the hypotheses and tautologies
come first and then come all the MP-formulas. This fact will be of interest to us shortly.

| To decide on the design of our new macﬂlne let-us discuss some possibilities and
then come to an agreement about what must be done. Consider the ﬂ::llowlng plan. QOur new
machine, at the punch of a button indicating that all input storage ordéers have been given,

immediately prints all input formulas (i.e., all hypotheses and tautologies). It then prints

El

a special mark whose purpose we will soon explain,

.-

©2)

=
Y
~d
b=
[a]
5
1]
[+]
o
o
5
[= %
B
£
Q
=
Q
=]
—
Q
1]

n) e povan a 4 ;

o

“* 'The old Model A machine résponds td dn MP-order anly when told spécifically which
two formalas It should consider. But supposk we design our mew machine with a bullt-In set
of Mi’;btd'elrs' of the fdilbwl_rig kind. First 'the'"rha'chl'he'b‘o'mp_ax;es For 1 and For 2 tc; see if
they are cqmpatll';le for Modus 'l'-"o‘r'i'ens. “Let It b proi;rrém'inéd to ‘conisider both possible or-
ders of listln,'g the major and minor premises, If a comp;tlble combination is found, the
machine applies Modus Ponens and prints the tesuit, 'Cie’a’:‘ly this result is a logical cohse-
quence of the given hypotheses. The maching then continiies by comparing For 1 with For 3,
then For 1 w.ith For 4, etc., until it reaches the special mark, whereupon it commences a
new sequence of comparisons, compdring For 2 with For 3, then i“or 2 with For 4, etc., until

it has compared ail formulas before the mark two by two'and printed all results of apiplying

- Modus Ponens to compatible pairs of formulas., This completes Phase One and the machine

places a second mark after the last formula it has printed.
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1) W

2)

& . - Hypotheses and tautologies

.

n)

n+l)

n+2) . : .
. ’ . ’ L MP-formulas (Phase One)

m)

oo
The.ma’chlne next begins Phase Two in which it will check all pairs of formulas before the
second marklfor Modus Ponens compatlbility and p.rlnt out the results of a.\pplying Modus
Ponens to compatible pairs of formulas.' Since In Phase One the machine checked each pair
of formulas before the first mark for Modus Ponens compatibility, it now only has two sorts
of pairs of formulas to check: those of which one f'01l'mula occurs before the first mark and
th_e_; other _occurs_b_etween the flrst and s,ec'o:_:d mark ;. and those palrs of which both formulas
ocour between the two marks. So our machine first of all compares each .of the formulas be-
fore the first mark with gac,h of t_ﬁ'e formulas bf-:tw’e,en the two marks, and then treats t_he for-
mulas betwéen the marks in the same way it treated the fofqgiag before the first Imark in

Phase One.

Having conipleted Ph__ase Two the machine places a third mark after the last formula

; : \
printed and begins Phase Three, namely, to compare all formulas before the third mark.
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1) 3

2)
i , Hypotheses and tautologies

n) : )
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et n+l) h

MP-formulas (Phase One}
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]
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i ' _ ; m+l) .

!
j 1 ; m+2) _ :
; MP-formulas (Phase Two)

r) i : ; .

=@l

! Phase Three proceeds in much the same way as Phase Two with the exception that we

i ndw think of the formulas as either being before t.he second mark or between the second and

' :' ] third. marks, 'fhat is, from Phase Three on we can forget about the first mark. . Phases Four,

' | Five, and so on follow in an analogous fashlon. - In eacﬁ phase we can forget about all but
the last two marks.
] | Again iet us péuse and reflect on wh&t our machine is doing. You Viill_ probably have
i reallzed that thére is quite a good possibility of our new machine continuing worki::g, print- -
! | . ing out MP-formulas forever. At each phase there is a larger set of formulas that are being
c;ompared'palfwlse for Modus _Ponens compatiblility, and so thgr.e is more opportunlty for
compatlble pairs to be found thus causing some more MP—formulas to be prlnted It should

be clear that in Phase One the machlne tests all palrs of formulas before the first mark for

Modus Ponens compatlblllty. It should also be clear that by the end of: Phase Two it will

have tested all palrs of formulas before the second mark for Modus Ponens compatlbliity

.




‘We wanted our machine to print out logical consequences of the input hypotheses. Can we
be sure that every formula the machine prints is a logical consequence of those hypotheses?
By definition a formula is a loglcal. cons'equence:a of a set of hypotheses provided there is e;
demonstration of that formula from these hypothéses and no others. How cah we be sure that
such a demonstration exists for each formula the machine prints? That is easy. Think about
any particular formula that the machine prints, Imagine stopping the machine as soon as it
prints this formula. Then the machine printout is @ demonstration of the last formula printed!
It may not be the shortest demonstratioln of that formula and 1t may contain lots of formulas
- )

that are not essentlal to the demonstration, but it is a demonstration of this particular formulé.
Itisa demonstratlor; because every formula in the printout is either a hypofhesls, or a t:auto-
logy, or a formula obtained by Modus Ponens from a pair of formulas that appear earlier on the
list. The definition of a demonstratlo_n does not say that it must be neat, tidy, and as short
as possible. I p

So our machine is generating logical consequences. of the given hypotheses, but will
it generate them all? With a little reflection we see that we have a problem. If we only con-
cern ourdelves with finite -colle;:tlons of hypottieses, there is no problem in giving them as
lnput'data and no problem for the machine to print all of these hypatheéses. There Is a pro‘blem
however, with the tautologles for there are infinitely many, of them. Even 1f'wé had somesway
of feeding all tautologies ‘into the machine v it Is currently so designed that it must print them
all before it makes the first mark. The machine will be printing tautologies unttl Doomsday -
and will never reach the flrst mark, | :

There is a way around this difficulty that is clever yet simple., Suppose that our .-
hypotheses are Gy, ..., G, and that somehow we have a tautology generator that feeds the

[

tautologies into the machine in spnie orderx % ; B AT R

%X Although there are an infinite number of tautologies, it is stlll possible to number then in
some order. In order to‘be convinced of this, however, you-will'have to'wait until later {n -
your mathematical studles., A numerical example of this type of situation is: the elements
of 2, the set of Integers, can be numbered In order z,, Z, 23, "..+ For example,-we couldilet
2z, =0, 25=1,2,="1,2,=2,25="2,2=3, 2,="3, ... Onthe otherhand the elements
of R the set of real numbers, cannot'be numbeted in order.

*
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i so that each tautology will be stored in the machine at some point in time. Then we modify

[ the machine slightly so that it prints

H Grpeoes o, &y

} i and thenlmal_ces its first mark. It compares all pairs of formulas before the first mark for
Modus Ponens compatibility and prints the results of applying Modus Ponens to compatible
pairs. ‘The machine then prints J,, makes’lts second mark, and goes into Phase Two. 1On
: | completing Phase Two it prints 35, makes its third m;‘:lrk; and goes into Phase Three, etc.
(See page 97.)

Agaln it 15 clear that every formala the machine prints will be a logical consequence

l of the hypotheses. But, more Ilmportant, this time we have the added feature that any glven
R logical consequence of the hypotheses will be printed at some moment. That ls, given any
i | - formula that is a lolglcal consequence of Gy, ..., G, , our machine will eventually print 1t.

How do 'we know? Well, think about any formula @ that is a consequence of Gy, .., G,

There must he a déemonstration of 8 fromG,, ..., , and indeed one in which all hypotheses

precede all MP-formulas. Just to simplify our dlécusslon, let us assume that this demon-

|
.’
| ; ;
i.' i - stration of 8 contalns no tautologies, but that it contains k MP-formulas, say Crivees Gy
that occur in that order. Then C; is the formula 8 itself. Consider the first MP-formula, G, .

il Since it 1s the first MP-formula it must follow by Modus Ponens from two of the hypotheses.

Since the machlne' printed all the hypotheses before the first mark and since C, follows by

first and second marks. Similarly, C, follows by Modus Ponerns from a pair of formulas taken

i
|
| Modus Ponens from two of the hypotheses, the machine will print ¢, somewhere between the
i
|

from the set of formulas consisting of all the hypotheses and C, , and hence the machine will

I . 7 i N
| print C; somewhere bétween mark 1 and imark 3. Continuing In this way we see that', -

‘which is the kth MP-formula-in:the demonstration, will be ptinted somewheré between:the first

and (k+1)th mark. ‘In summary, if 8 is the kth MP-formula in its demonstration then it will

be printed: by theé tlme the machine completes Phase k. -

o LS e R () it serl ; it T
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1) 9

2)
. . _ 7 Hypotheses

n)
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If a demonstration of # involves tautologles, we .knoﬁr that tﬁese taqtolqg_l_as will. -
eventually be fed into the machine and printed. By the same argument as before we see that |
if 8 15 the kth MP-formula In this demonstration, then the machine will pr;n;'-B-with;n k .
phases after it has printed the last tautology that is needed. It may in fact print 8 socner;
it could_ even print it just_one phase .after_'it has printed the last tautology the demohe::tr_a_t_lon
requires. Can you explain why?

Let us call the ma_chine that is modified in the way we have been discussing,. . ..

"Model T". Before our Model T is operational there is one bug we must remove. We must

b ]
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design a tautology generator. There are a variety of ways in which this can be done. Let us,
however, set the problem aside to reflect on the use of the Model T should 1t éver be com=
pleted. It will surely .be. an extraordinary machine. If we glve it an input storage order
Hyp, Gy, Gas eeor Gy
and push the print button, Model T begins printing out all of the logical consequences of the
hypotheses Gy, .... G,.
If we succeed in getting Model T operational, shoulci V\;e then retire all professional

mathematiclans and assign the mathematical journals the task of publishing the printouts of

Model T ? Surely not. Most of what Model T will print out is of no interest to anyéne. The
situation is much like the follov;'lng.

If a whole tribe of monkeys 1s tatzxght how to punch tﬂe keys of a typewrlter anq each
monkey is kept buslly at work at the keyboard, then on statistical grounds it can be argued

that eventually, just by sheer accident, one of these monkeys will type a page of Shake-

speare. However, if you try this éxperiment don't hold your breath while you wait, We

. _ !
{and the monkeys) will almost certainly all die of old age long before a page appears that is
of the remotest interest to anyone.. Alas, the same is true of our Model T. This machine,

like the monkeys, just does not have good taste. Only humans know what 18 interesting and

useful and important. While we may be interested, {n some sense, to know what all the

logical consequences of a given set of hypotheses are, we are not Interested in each parti-

cular consequence.

Perhaps the way to use Model T is not just to sit and watch the printout hoping that
something lnteres'tlng will appear, -but rather to search for 1n;:erest1ng conjectures and try to
| get the machiné to tell us whether our conjectures'are correct. No, that won't work either.

] If we have some conjecture, that i-s, some forrnﬁla that we think is a éonséquence of certain
1 i hypotheses, we could feed the hypotheses ul1to the machine, press the print ﬁutton and wait.

and walit, and wait. Even if our formula is a conséquence of the given hypotlieses, we may

il have to walt centuries for the machine to confirm this by printing the formula. Furthén-nore,

.
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If our formula is not a coneequence of the hypotheses, the machine will never print it, but
how are we to know that it will never be printed? This raises an Interesting question. Can |
we decide in advance wh.ether the machine will ever print a given formula? We discuss this
question In the next few pages and provide an answer after we have lntroducee a very impor-
tant principle about demonstrations.

There are a few observations about our machines .that should be made at this point.

The machines have been very helpful to us in our study of the propositional calculus by

compelling us to think very carefully about certain issues. Through the use of subroutines

the machines can be designed to do certain »mechanlcal” things and hence save .us time
by removing the necessity to wri.iie ouf a demonstration in full; an outline is perfectly ade-
quate for most purpos&®s. However, the fnachlnes do only what we tell them to do. They
canno_t think and hence when we_are confronted with a problem that requires thought and
imagination, the machine cannot provide that thought and imagination. ‘We must do our own
thinking. Faced with a problem that requires new procedures, or new insight, or new under~
standing, we must discover the procedures, gain the insight, acquire the understanding.
Could we find a procedure that w,l-ll znable us to decide in advance whether our new
machine -( Model T) will ever print a given formula? We Enow that the machine will print a
formula iff that formula has a demonstration. Thus far we have had only one method for
determining whether a formula has a demonstration: we simply hunt until we find one. All
the problems we have examined up to this point have been carefully selected so that with a

little wark and thought a demonstration can be found. Suppose we were asked to show that

"PV Q F Q. Infact no such demonstration exists, but how are we to know:thls? If we search

in vain, all we can report ls that we have failed to find a demonstration. In general; failure
to find a demonstration does not mean that the desired demonstration does not exist.
Wouldn't {t be nice to have some simple test that we could apply to find out whether a given

formula 8 is a loglcal consequence of hypotheses Gy, +.., Gy 7 If we apply the test and dis-

cover that the answe_r is "no", then we know there Is no point in looking for a demonstratlon.
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If we apply the test and the answer Is "yes", then we can look for a demonstration confident
that we are looking for something that does exist.

Is |t reasonable 'to ask for such a test? Let us begin with a very simple case. Can
we find a test that will tell us whether a formula 8 requires any hypotheses at all in its
demonstration, i.e., whether F # ? We have already noted that if B is a tautology, then

8 is a demonstration of itself with no hypotheses., That is,

If 8 is a tautology, then + 8.

Suppose that there is a demonstration of 8 with no hypotheses. Does it follow that

@ 1s a tautology? The answer {s "yes". Consider any demonstration of 8 that Is hypothesis-

free. Such a demonstration will be a sequence of formulas er'nding with 8, for which each
individual formuia of the sequence is a tautology or follows by Modus Pone_ns from a pair of
formulas that appear earlier in the sequence. Suppose that & and & = J are tautologies that
occur {n the sequence.. It then follows that § must also be a tautology. (Why?) That is,
a formula obtained by Modus Ponens from two tautologies is also a tautology. From this

observation It follows that every formula in the g_i;_r_en demonstrat_ion must be a tautology, for
] . '

suppose that some formula of the sequence is not a tautology. Then there must be a first
S, :

formula that is not a tautology. But thls first nontautology must follow by Modus Ponens

from two formulas that are tautologies. (Why?) Since this contradicts what we concluded

at the beginning of this paragraph, it must be the case that every formula in the demonstration

including B8 which is the last formula, is a tautology. .

We have just proved the following result,
Principle of Hypothesis-Free Demonstration: I-' B {ff 8 Is a tautology.

Using truth tables we can determine, In a purely mechanical way, whether a given

formula 8 is a tautology. Consequently, using the principle just stated, we gan determine,

in a ﬁurely mechanical way whether # has a hypothes_is.-free demonstratlon; 'C‘learly, once

we have discovered, usin_'g-. truth tables, that 8 Is a tautology, then.we know one hypothesis-
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free demonstration of #, namely the one-step demonstration consisting simply of B itself,"

Conversely, for some formulas it may be easler to produce a hYpothests-free demonstration

I than to complete a truth table. For such formulas we now have another way { beslides using
truth tableg) to prove that they are tautblogles—thanks to the Principle of Hypothesis-Free -
3 Demonstrations. |
: l But now iet us retum.to the more general problem of finding a test that will tell us

whether a given formula is a logical consequence of a given set of hypotheses, One such

| test is provided by the following result!

k

Deduction _The_zoremjg

Suppose Gys +evs Ga. B, C _(n € M) are well formed formulas, then

i) _ BrCifr8B=C,
and : B EE : .
1’.) Glf cou;.Ga'.B'-lefa’l;oouganba=co
I ! Notice that part (i} complements part (it) in the sense that part (11) takes care of ' :

the éithatlox_i_s in which there are & certain number of hypotheses in addition to the one which
N moves" to the other side of the "+ ", On the other hand, part (1) deals with the 'situation
in which there are no such additional hypotheses. Let us begl to galn an undefstanding of
what this result {s saying by considering part (1).

'We know that + 8= C Iff 8 = C is a tautology. Therefore, the Deduction Theorem
tells us that there is a demonstration of C. from B 1ff B = C 1&'a tautology. For example,
since " [P AQ] = Q" is a tautology we know that P AQ + Q; since " [PV QJ= Q" is not

a tautology we know that "Q" is not a logical consequence of " P vQ-©.

% 1In order to stay in line with the names we have given similar results on the foregolng pages
we should perhaps have called this result "The Deduction Principle”. However, it is used so
frequently in mathematical arguments that we thought 1t best to use the name by which 1t is *
most commonly known. For the time being you may take "theorem" as belng synonymous with
"principle®. 1Th fact, the word vtheorem” is belng used in a technical sense in this insténce,
and that technical meaning s discussed at a later time in the EM sertes.
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If we have more than one hypothesis, we can apply the Deduction Theorem more than

once : i 4
P.QFPAQIff PFQ=[PAQ]

iff I-P=[Q=[P/\Q]]

Since "P=[Q=[PAQI]" is a tautology (check this ) . "PAQ"is a logical consequence

|
I
| of "P" and "Q". Of course we proved this earlier. From this example we see that the Deduc-

tion Theorem provides us with a fallnsafe way of discoverlng a demonstration (if it extsts) of

| a given result, One writes cut all the hypotheses in a long strlng to the left of the deslred
J| | %

!_!_ forrnula places ot followed by * [ " between each pair of consecutive formulas, and adds

iE ! - sufﬂctent right hand hrackets at the end to match the lnserted left hand brackets. Then one

: ;1 ' tests the resulttng formula to see lf it is a tautology If it 1s not, repeated use of the De-
|
: ! ductlon Theorem tells us that the gtven formula is nota loglcal consequence of the given

hypotheses. On the other hand, lf itisa tautology, then a demonstration is obtained by

a

wrlting down thls tautology, then listing the hypotheses and repeatedly applying Modus

Ponens. However, this method runs counter to the spirit of what we are trying to do. The
Deduction Theorem was lntroduced to save us some work, but the above method requires us
to perform a very tedious check to see whether a certain ( often quite complicated) formula
is a tautologyx. A more inSph-ed use of the Deduction Theorem does in fact result in a great
reduction of labor. I-Iere is an example of sucha use,

! I : Suppose that we wis_h to show that
(1) 5, [SAPl=Q F P=qQ. L
At first glance it is not clear how we should proceed 1h order to produce the demonstration
i ~ required to show (1 ). ' The Deduction Theorem however assures us that in order to show that

I| such a demonstratlon exists It ls sufficient to show the existence of a demonstratlon of a

i _i i dlfferent result- C TN

A This method is guaranteed to lproduce a demonstratlpn ( lf it exlsts) But it all turns on a
certaln formula belng a tautolqu. Hence if you dectde to use this method to produce a de-

monstration in a given instance, you will be obliged to furnish a truth table veriflcatlon that
the appropriate formula is a tautology.




(2) S, [SAP]1=Q, PFQ. _ i
But it Is obvious how we would go about producing the demonstration referred to in (2}. We'
would Infer "S AP " from "8" and "P" by Conjuﬁctive Inference,. and then infer "Q" from
"[8A l_’] = Q" and " [S A P]" by Modus Ponens. '

‘We hope these few examples (partlctilarly the last one) have convinced you of the
value of-the Deduction Théorem. Instead of t..u:ying to establish the validity of the Deduction
Theorem in its most general fofm.we are going to déal only with one special case,l that of

showing that (1) holds if and only lfx (2) holds. We proceed in this way since this special

' case illustrates all of the ideas in the genefal argument so well that if you understand the

special case you will have a fan" understandlﬁg of the general cas;e. Qur procadure'will be
the following: Flrst.we will show that if (1) l_loldé then (2) must aiéo hold, and second,

we _wlli show that if (2) holds then (1) mﬁét hoid.I From (Ii) we know that there éxista a -
demonstration of "P = Q" from "g* and e [S A Pl= Q", B0 consider one such denionétratlﬁn,

for example:

»

Demonstration ' ) Program Om‘.lineo
n s Hyp
2) [5AP1=Q . O myp
3)  s=[[[SAPI=Ql={P=QI] Tant®
4) [{srP]1=Ql=[P=Ql MP, For 3, For 1

5) P=20Q MP, For-4, For 2
If at the end of this demonstration we add the two formulas |
6) P ' Hyp

7) Q MP, For 5, For 6

X The Enélish phrasé "A if and only if B" should .be interpreted as meaning " if A, then B; and
if B, then A", Compare this with the sitvuation in the propositlonal calculus where we are '
using " P« Q" as an abbreviation for " (pP=QlAlQ= Pl". '

¢ From this point on we are back with our Model A machine. This is because the Introduction:
of the Deductlon Theorem makes it possible (in a ‘way which we explain below) for us to use
the Model A machine to do the sort of job we were trying to geét done when we designed the
Model T.. = ! 7 et W :

0 Don't forget to check that this really ls a tautology.

b ]
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In fact, it is always this easy, even in the general case. The part of the Deductlon Theorem 3

104

we obtain a demonstration of "Q" from "8", "[SAP]=Q", and "P".

You will have noticed how easy it was to extend the first demonstration to the second, ¥

that says
IfG,,...,G, F a=2Cthen Gy, ...,G,, BFC

may be justified in general simply by noting that any k-formula demonstration of 8 = C from
G,...,G, may be transformed into a {k+2)-formula demonstration of C from G, ..., G,. B
simply by addl_ng t_he steps ‘

k+l) B Hyp

k+2) ¢ MP, For k, For (k+1).
"Going the otiwr way", that is, showing thf.lt

G ,..0o0Gp,BFCthenGy,..., G, + B . c
is much less triv;ial. We return té our speciai case.

We need to show that if (2) holds, then (1) holds, Now, if (2) holds then there

exists a demonstration of "Q" from the hypothese'_sl "_S".,. "[SAP]=>Q"and "P". .Consider

any such demonstrat_ion, for example:

Demonstration Program Outline
1) s | Hyp
2) [sAP]=Q : Hyp
3) P . ' ' Hyp
4)  s=[p=[sSAP] | Taut
5} P=[SAP] . MP, For 4, For 1
6)  SAP _ MP, For 5, For 3
7) Q | : | MP, For 2, For 6

‘We now show how to convert this demonstration into 2 demonstration of "P = Q" from the

hypotheses "S”" and "[SAP] = Q". The first step Is to form a condjtional with antecedent

"P" from each of the seven formulas in the given demonstration.
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1Y) P=8
2") P=[{8AP]=Q]
3) P=P
4") p={S={pP=[8AP]]]
5") p=[pP={SAP]]
§) P=[SAP]
7')  P=Q )
These seven formulas do not form the desired demonstration. But by adding appmp'rla'te

formulas to the sequence we will obtain that demonstratlo_n. We divide the forrnuias (1)-(7)

into the following four cases:

Case 1: ' the formula is a hypothesis different from " P" H
Case 2: the formula is, the hypothesls " P“ i
Case 3: the fonnula is a tautology.

Case 4: the formula follows by Modus Ponens from formulas that occur
earlier in the’ sequence. I
in formula (1), "8" is a hypothesis different from "P". In S.l.lcl':l‘ 'a. case we add two fc;rmula:s
before formula (1°): .
5
§= [p=s5]
1%} : p=8
Here the first formula is a hypothésls (of the demonstration we are trying to .c'onstruct'} , the
second is a tautology, and formula (1') then follows from the ﬂrst two by Modl;.s Ponens.
JFormula (2) is again a hypothesls dlfferent from "P", so ‘we add two steps between
formulas {1‘) and (2'):
 IsnRl=qQ
[[3AP1=Q]= [P= IESA P]=Q]]

2°) . p=[[SAP]=Q]
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Again, the first of these formulas is a hypothesis (of the demonstration we are constmctlng),
the second is a tautology, and formula (2°) follows from these two by Modus Ponens.

Formula (3) is the hypothesis "P". Since "P=P" isa tautology we need no formulas

between (2} and (3°). So far we have the following-steps in the demonstration we are con-

structing :
S ¥
¥ 1l
I §=[P=s] tod ' R
1 1'
i 1%) P=5
[5AP]=Q

[[sAP]1=2Ql=[P=[[SAP]=qQ]]
s 2)  P=[[sAP]=Q]
O 3)  P=pP
Formula (4) it a tautology. Since any conditional with a tautology as a consequent
! is alsp a tautc?logy (Qee Problem 24 of Problem Set 3), it follows that (4°) Is a tautology.
Consequently we need add no new formuias between (3') and (4°'),
4’y P=[8=[P=[SAP]]]
Formula (5} follows by Modus Ponens from (4) and (1). We will add two formulas
before (S‘) that will enable us to obtajn (5’) by Modus Ponens using (4°) and (1°).
.The easy way to remember which formulas to add is by applying part of what is Known
e as the Self-distributive Law of the Conditional, In Problem 6 of Problem Set 4 you showed |

' that -
: [(P=[Q=Rll=[[P=Ql=[P=R]]

| is a tautology. Then, from Problem 23 of Problem Set 3, we know that
[P=>[Q=R]]1=[[P=Q]= [P=R]]

|

[

I is also & tautology.
I

As an instance of this tautology with

P: P

Q: S




and R: P=[SAP]
we have
(*) [P=[S=[P=[SAP]1]]=[[P=8]=[P=[P=[5APHI]
which by the Tautology Principle is algo a tautology. Not only is it altautology, but it has
(4°) as its antecedent. Consequently, from (*) and (4') we have, by Modus Ponens,

[p= s] = [P=[P=[SAP]]]

which has (1') as lts antecedent. Therefore, by Modus Ponens again, we have
(5" P=[P=[SAP]L

Since (6) follows ffom (5) and (3) by Modus Ponens ﬁe apply the partial distributive
law for the conditienal to (5) to discover the two formulas we should add before (6°). Then
finally, since.(7) follows from (2) and (6} by Modus Ponens, we apply thé partial distribu-
tive law for the conditional to (2°) to discover the two formulas we should add before (7°).

When we are fin?shecll it will look like the following., For your convenlence we renum-
ber the steps and provide an outline of a Model A machine program that would produce a

machine check to show that we really have come up with a demonstration.

Demonstration | Program Outline
1) 8 o _ Hyp
2) '§= [P=8] _ Taut
= (1%) P=8 " - * 'MP, Por 2, For 1l
4) [SAPI=Q "Hyp
5) ([sAP1=Ql= [P=[{SAPI=QI] Taut
6) =(-2’) P=[[SAPI=Q) MP, For 5, For 4
7) = (39 P=P ' Taut | %
B8) = (4") P=[S=[P=[SAP]]] _ Taut
9) . " (P=[S=[P=2[s8AP]]]]=
[[p=8]=[P=[P= [SAP]]]]. Taut

10) (p=8]=[P=[P=[SAPI]] MP, For 9, For 8




n
I 18
11) = (5") P=[P=[5AP]] MP, For 10, For 3
L 12) [p=[P=[sAP]l]l=
[Ip=P}=[P=[sAP]II] Taut
ii.} 13) [p=P]=[P=[SAP]] MP, For 12, For 11
l'}1 14) = (6) P= [5AP] : MP, For 13, For 7
1 : 15) [P ([SAP]=Qll=
h i . : [[P=[sAP]]=[P=Q]] Taut |
i!i o 18) (p=[sAP]]=[P=Q] ~ MP, For 15, For 6
‘t; 3 17) = (7') P=Q ' ; MP, For 16, For 14
:l ; Although some of the formulas may be long the procedure w;a have Qe_scribed is really
} ‘ ; very simple. There are four cases to consider but in only two cases do we add new formulas:
Hid |
I !! | (1) M Gisa -liypothesls different from the special hypothesis &, we insert the
;" I hypothesis G and the tautology G = [$ = G] immedlately before 8 =G.
|
} ! (§13] If G follows from 8 and 8 = G by Modus Ponens, we apply the partial distributive
. “ - . law for the conditional to
Ilj 8=[B=a]
. ;l : _ ant:l insert the two steps

[8=2[r=G]l=[[8=8] =(8=G]]
[8=8] = [8=G]

i immediately before 8= G,

At this point you should pause and consider why we may be sure that the procedure
' described above will always produce a demonstration of the desired result. How can we be

sure that the correct Modus Ponens —compatible pairs of formulas will show up a@s a result

4

of applying this procedure? Let us consider another example.,
i Suppose we are asked.t'o show that " [FAR] = Q" 1s a logical consequence of S |
"R=Q". We will do this by first showing that "Q" is a logical consequence of "R=Q"

"
4




109
and "PAR", and then.ltransformlng this demonstration into one of " [P A R]=Q" from
"R=Q". This transformation is done in a way that is so straigfntfonvard that we can pro-
vide our Model A ma_chlne with a new subroutine that enables it to do all the work at a
single command. Here is how we proceed.

The input 'stcl.':rag'e'omer looks like this
Hyp, R=Q, Dis PAR. . ;
The "Dis" is a signal to the mach_ine that it ls. about to receive a program whose Instructions
it is to carry out, s.torlng 'thé resulting information until a special command is recelved. We
- then feed into the macﬁine a program for a demonstration of "Q" frlom the hypotheses "R=Q"

and "P AR". For example,

Demonstr:—itiorix Program Outline
1) R=Q i . Hyp
2y - 'PAR. : Dis Hyp
3) [PAR]I=R ’ | Taut
4) R ' \ ' MP, For 3, For 2
5) Q ' : 'Mi’, For 1, For 4

On receiving this program, thé machine produc;as the demonstratio-n internally with-
out printing anything. We then give the order wfxlch will cause it to print a démonstra’tlon of
“[PAR]}=Q" In which “p A R"does not aﬁpéar as a hypothesis. We orlde'r the machine to
vdischarge" the hypotheéis "pP AR" from the demonstration it has stored.. Ir:a machine lan-
guage, this command is .

DT Dis, For 2 .
since the hypothesis " P A R" appears as For 2 in the stored dempnstration (*DT" stands for
"Dediiction Thgorem_";_) . On recelving this command ;he.machlne does the following. It calls.
ulp the first formula of the stored de.mo,r_lstratlon‘, namely *"R2Q". It recog_r_nilzles .t.hls asa
hypothesis ;lrlffergnt:__f:rqr_ii .thfe one it was:aslqu__;‘.o discharge. Sq it prints

-

X Notice that this is a full demonstration involvipg no use of Subroutines. The reason for
this will be explained a little later on, '
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R=0Q
, [R=Q)=[[PAR]=[R=Q]]
1) [PAR]=[R=Q]

Here the first formula is a hypothesis (of the demonstration the machine is constructing),

the second is a tautology (an instance of *P= [Q = P] "), and (1*) follows from the first
two by Modus Ponens.
The machine then examines the.second formula in the stored demonstration, namely -
"P AR", which it identifies as the hypothesis to be discharged, and it prints
2%) [PAR]=[PAR]
.whlch is a tautology.
Next the machine examines the third formula, " [P A R] = R*, which it recognizes
as one of the tautologies (in fact, the only one) that it stored at the outset, so it ﬁrlnts
37 [P AR] = [[PAR]=R]
which is also a tautology. The machine then examines the ;1ext formula, "R", recognlzes
that it follows from "[PAR] = R" and "P I\ R" by Modus Ponens, and prints
[[PAR]=[[PAR]=RI]=[[[PAR]=[PARI]=[[PAR]=R]]
[[PAR]=[PARI]=[[PAR]=R]
4" [PARI=R
Here the first formula Is a tautology,.the second follows from the ﬂrst and (\';’.') by Modus
Ponens, and the third follows from the second and (2°) by Modus Ponens. 'Finally, thé
machine considers the last formula, "Q", recognizes that it follows from "R=Q" Elmd “R"
by Modus Ponené and prints
[[PARI=[R=Q1I=[[[PARI=R]=[[PAR]=Q]]
([P AR]=R]= [[PAR]=Q] |
§'Y [PAR]=Q
Here the_first formula is a tautology, the second follows by Modus_Ponénq from the first and

{(1‘) and the third follows by Modus Ponens from the second and (4'). So, on recelving the

.
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command " DT Dis, For 2" our machine has printed out eleven formulas. This sequence of
formulas constitutes a demonstration of "[PAR]=Q" from "R=Q",
Let us glve a final example of how use of the Deduction Theorem helps generate

demonstrations. ' Suppose we are asked to show thatR=Q, "8 +"Q="[SV Rl; l.e., to

A}

show that thebe exists a_demonstration df_ "“Q="[SVR]" from "R=2Q" and "8,
Because of the Deduction Tﬁeorem we can show the existence of such a demonstration by
actually producing a demonstration of a different result, namely by showing that R=Q, °S,
"Q + “[8V R]. Then our machine will print a demonstration of " ~Q="[SV R]" from
"R=Q" and "~S" when we_ tell it to discharge the hypothesls, " “Q". The following is

an outline of what will happen. We have Included a program outline to explain what is

golng on.

Demdnstratlon Qutline . Program Qutline
1) R=Q Hyp
2) ~s : ; Hyp
3) “Q . Dis Hyp
4) - - MT, For 1, For 3
5) “3A"R Ci, For 2, For 4
6) ["SATRI="[8VR] ' Taut
7) ~ “{SVR] : MP, For 6, For 5
8) “Q="[§VR] DT Dis, For 3

'On receiving the program corresponding to this outline, the machine first stores a full demon-
stration of " "[S\; R]" from the hypotheses "R=Q", "~8" and *"Q". It then takes this
full demonstratlon, considers eacﬁ forrr;ula in turr; {as In the preceding example)} and mak'es
the appropriate changes wlth the result that it prints a ‘demonstration of " ~Q = "[8 V R]"
from the hypotheses "R=Q" and ""§".

Returning to a polnt we ralsed during our discussioh of the previous example, the rea-
son we showed you a full demonstration in that case rather than taking advantage of the sub-

routines that were avallable to us was that we wanted you to see how the machine considers

*

-
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each formula of a full demonstration during the i:lischarglng process. Of course, the machine

never deals with anything but full demonstrations; the subroutines were introduced purely to

save us time and effort. When we give the machine a subroutine order it produces all the

formulas involved, not just the last one; and If the use of a subroutine is {nvolved in a de-

' monstration one of whose hypotheses the machine is discharging, it will consider each of

i i[ i ' those intermediate formulas as well as the one that was the end result of the use of that sub-
il

' !|i routine. For exémple, in the case above, between For 3-and For 4 the machine actually

!

4 produces the following two formulas:

[R=Ql=["Q="R]

% “9="R | |
Of these, the first is a tautology and the second is obtained from the first and For 1 by
Modus Ponens. During the course of the di.s.charglng process, the machine considers each
; 1 . of these two formulas as well as the ones that are mentioned In our demonstration outline.
In this instance, the machine will print at this stage:
"Q=[[R=Ql={"Q="R]]
["Q=I[[R=Q]l=["Q="RII]=[["Q@=[R= Qll=["Q@=["Q="R]]]

| ["Q = [R=0Q]] = ["Q = [*Q = "R]]
: "Q=["Q="R]

\

5 In a similar way, the machine considers the two formulas that intervene between For 4 and

!!
|
i For 5 of our outline above.




PROBLEM SET 11

In Problems 1 -3, complete the program outline for the demonstration.
1.  showthatP=[QA 8] rP=[QVS].
Demonstration _Outl.lne : A - Program Qutline
1) P= [QAS]
2) P
) QAs
4) [QAasl=(QVvsl
5) QVvs
6) P=[QVsS]
2. Show that P= [Q= 8], Q, R=[Q=8] + [PV R]=8.
I Demonstration Qutline Program Outline
1) P=[Q=s]
2) Q
3) R= [Q«5]
4) ‘PVR

5} [PV R]=[Qes8]

6) Q«Ss
7) 8
8) [PVR]=S ]

3.  Show that “Q = [RV 8], S= [PV R], "P +"R=Q.
Demonétratlpn Outline | ' - Program Outline
1) "Q=[RVS]
2)  §e[PVR]
3) ~p

4} R

5)  TPATR

Ty p—
Sy et
5
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6) S=[PVR]
7) “[PVR]="8

8) [P A"R]="[PV R] :

9) ["PATR] = 78

! I 10) s
.p

11) “"RATS

it 12)  “[RVS]=Q - | | | :

A 13)  ["RA~S]="~[RV§]

g 14) [FRA™S]=Q

iyl _ 15) Q

16) "R=2Q

In Problems 4~ 9, outllrie a8 demonstration of the given result that makes use of the Deduction

Theorem (even if you could have demonstrated the result without using the Deduction Theorem),
and provide a prograh o;.ltllne for that demonstration.

4. Show that P=R, Q=T, [RAT]®S + [PAQ] = 5.

5. ShowthatSsP,Q=R,s_ll-[P=Q]=R.

6. Showthat R=T, "T*® S, [RATS]="Q FR=>"Q.

7. Showthat P=R, [PARI=S, "sVQ rP=qQ.

8. Showthat P=Q, P=[Q=R], Q= [R=S] +rP=5.

9.  Showthat [RATQ]l=P, [T=8]« [R=2Q], Rr [PV [T=5]1]=Q,

10. | For each of the followulm claims decide whether or not it 1s a logical consequence

of the assumptions. Do this by identlfying well formed formulas which are patterns

. for those sentences, outlining an appropriate demonstration (accompanied by a

program outline} when it exists, and showing that a certaln formula is pot a

'tautology when no demonstration exists 5
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1f Jim's arm hurts, he pitches badly.
If Jim pitches badl’y, the team loses.

If Jim pitches badly or the team loses, the crowd does not applaud.

If the crowd élbplauds,l then Jim's arm does not hurt.

If the team loses, Jim's arm hurts. |

If the crowd does not applaud, then the team loses.

If Jim pitches badly, then his arm hurts and the crowd applauds.
If Tim's arm does not hurt and he pitches badly and’ the crowd

applauds, tl;len the team loseé.

- o ® o -
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2.8 Using the Deduction Theorem

So far all the examples of the use of the Deduction Theorem that you have seen have
been rather simple ones in the sense that all the den‘nonstratlons have ended as soon as the .
discharge command has been executed. As it happens, there are more complicated sltl._la_tlons
in which the Deduction Theorem is used at an intermediate stage of a demonstration. Let us

illustrate with an example.

Example 1:  Show that "PVR, {PAR]=Q, Q=P, [P®Q])="Q + PV R.

At first glance it may not be clear where, or how, to begin. We need to do a little
advance plann.ing. ‘What is it we are trying to prove? ““PV "R". Nothing like that appears
to the left of the _turnstlle. Let's,see If there's anything to be gained by considering formulas
that are equivalent to " "P.V ~R*. The first such equivalent formula you will think of will .
probably be "~[P A R] ¥, Now we're getting somewhere. I“Ne could mfgr ““[p AR]" from :
the h.ypothesis “[PAR]=Q" by Modus Tollens if we had ""Q"; and wé could infer " Q"
by Modus Ponens from the t;yﬁéthests "[P2Ql="Q" ifwe had "B Q". The"Q=P"
part of "P e Q" is a hypothesis, so the only thing we are lacking is “P=0Q", Atthis point
we recall that ""PVR" is equlvaleni: to"P>R" . ;’nd then it's not difficult to Ee'.ee how we
could use the Deductlo_n Theorem to show that_

g P=R, [PAR]I=Q FrP=Q.

So our plan of attack is to reverse the above line of reasoning. Here's the demonstration

outline, . . l
Demonstration Qutline . Program Outline

1) “PV.R _ . Hyp

2) [PARI=Q Hyp

3) P | _ ) Dis Hyp

9 [PVRI=[P=R] ' Taut

5} P> R o . GSP, For 4, Forl S

* Seefootnote on page 86 .' Either MPB or GSP would be cbrre_ct here. In the text we _wlll use GSP,
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6) R MP, ForS,- For 3
7) PAR A CI, For 3, For 6
8) Q _ : % _ MP, For 2, For 7
g) P=20Q : DT Dis, For 3

10) Q=P o Hyp

11) P=Q : ' ClI, For 9, For 10
12) [P=2Ql="Q Hyp"

13) "Q ' MP, For 12, For 11
14)  "[PAR] | MT, For 2, For 13
15) T[PAR]= ["PV7R] o Taut

16) ~pv~R 'GSP, For 15, For 14

" This outline looks ﬂné, but there is the potential for a problem here. To underétémd
what that probl:ém might be, let us review what the machlné does when it is given a progrém
such as the one that is outlined above. As soonas it recelveés a “Dis Hyp" Input formula
it knows that it has to store the results of its w::urk until such time as a discharge command
is glven. ‘When it recelves this command, as frl:r example in step {9) of the foregoing
outline, it takes thelwhéle of the dém'onstratlon‘ & has stored up to that point, aﬁd for each -
formula in this demonstration it forms_ a conditional. (In this particular case, all these
conditionals will have For 3 as antecedent, ) The machine then inserts formulas in between
these conditionals acclording to rules that Wéré_ discussed in the last section, aﬁd before
proc_:eedlng to the execution of the next command (in this case step (10)) it prints out this )
entire sequence of formulas. |

So at step (9) the machine will print a demonstration of "P=Q" from the ﬁypotheseé
"“PVR" and "[PAR]=2Q". Our potem;lal problem is raised by what we did at step (14). :
There we called for For 2, " [P A R] = Q". Now, since this is a hypothesis of the demon-
stration the machine prlﬁted at step (9), we know it appears somewhéqe in that demonstra-

tion, but we rnlghi: not be so lucky in other demonstrations. We could easily find ourselves

in a situation where we are calling for a formula which is not a hypothesis and-which we

Lop e ] i

-




our outline and so the only formula we know for sure is there {s the last ong, "P=Q".
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have listed before the execution of a discharge order. How do we know that such -a formula

appears in the demonstration the machine prints out? How do we know that there are formu-
las in that printout corresponding to all the formulas we have in our outline?
There are two ways we could try to deal with this problem. The first-is to take the

view that there's no way we can know how.the machine printout at step (9} corresponds to

Consequently, at step (14) when we need For 2 we must reprogram step {(2) in order to re-

store that formula. But this is such a nuisance. Why should we do ali this work when we
have a machine that could do It for us. Let us modify the machine In the following way.

The source of all this trouble is the discharged hypothesis. What we need to do is
avoid that h_ypothesis and any formula derived from it. So when we give the machine a pro-
gram which involves a "Dis Hyp" input formula, let's make it so that the machine forms and
stores the demonstration as before while it aﬁaits a discharge o_rder. On. recelpt of such an
order, the machine will first print all formulas in the stored demonstration except for the
hypothesis to be discharged and any formunla derived from that hypothesis. All the formulas
printed in this way will still be identified by the formula numbers of our original outline... .
For example, In our example above, at step (9) the rnach_lne will begin by printing formulas
(1), (2), and (4) and continue to identlfy them by these numbers. None of the other for-
mulas will be printed because they are either the hypothesis being discharged (For 3) or
their derivation depends on it (For 5, For 6, For 7, For 8). Then, having printed For 4, the
niachlne will gé through its hypothesis-discharging procedure. That lé, it will take the en- '
tire stored demonstration, make the appropriate ;:onditionéls , insert the ap.ﬁr.op'rziate formula.s!,
and continue printing after For 4 by prlntiné a demonstration of "P = Q ", For our convenience,
the machine will 1d¢lentify this formula as For 9. With th-ls' rnodlﬂcatic_m, the .ma.chtne' will
e:xpertence no difficulty in executing commands that follow a discharge order, provldéa we
call neither for the discharged .'hypothesls nor for.any formula derived froiﬁ 1t In é.pr.pari':lio- .

cular example, we would not be allowed to call for formulas (3) and (5).-(8).
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All .this may spem very complicated to you. In particular, you woult.:l be justified in
asking how you are supposed to remember which formulas are still available after a discharge
order. One way of playing it safe Is as follows: Since no trouble can occur before the hypo-;
thesis to be discharged, you may always use a formula that precedes that hypothesis, The
formulas from that point until the execution of the discharge order may be usable at a later
stage in the demonstration, or then again they may not be. To be safe, do not make later use
of any formula from the hypothesis that s discharged to the last formula resulting from the
execution of the discharge order, including the former but excluding the latter. If it happens
that you have cause to call for one of these “"risky" formulas, if it does not depend on a dis-
charged hypothesls for its derivation you will always be justified in. reintroducting it at the
time it is needed. To help you play it safe in this way we will henceforth-make use of a
little aide-mémoire (l.e., an aid for your memory) to indicate which formulas are risky.

Suppose that at step (_m+1) in a demonstration outline we order the .dlscharge of
For n, then to the -rtgil1t of the Program Qutline cclumn in step {m+1) we will write
"(n) - (m)" as a reminder that formulas (n) - (m) are risky and should be avoided. So, for
example, in .Example 1-€bove,. at step (9)' we would have the following:

Demonstration Qutline - Program Qutline

9) P=2Q DT Dis, For 3 (3)-(8)
Thus, "(3) -(8)" is strictly a precautionary reminder to ourselves ; 1t has nothing to do with
the instructlons we éive the machine. Iif reminds us that risks are involved if we make later
use of any of formulas (3) - (8), and we m.lght be better off avolding them entirely.

We now provide a few more examples of the intermediate use of the Deduction Theo-

rem during the course of a longer demonstration. Examination of these examples will famil-

farize you with the various situations that can arise in such circumstances.
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Example 2: Show that PV R, [QAR]=8, T8AR}F "Q.
To lllustrate our point we provide a demons.tratior_n that 1s needlessly long, In fact,
you will show in Problem 17 of Problem Set 12 that the ﬂrs_t' hypotheslis ;s unnecessary.
Demonstration Qutline | - Program Qutline
" 1) Qap Dis Hyp
2} Q RCS, For 1 _
3) R Dis Hyp .
4) QAR CI, For 2, Fc_:r_3
; 5) [QAR] =8 Hyp
! 6) S MP, For 5, For 4
I:{ 7) R=S§ DTDls,Fo.r3 (3)-(6)
* 8) [QAP]=[R=S8] DT Dis, For 1 (1) -(7)
il 9) - “SAR Hyp
' 10}, [“SAR]*~[R=8] Taut, ‘_
i]; 11)  "[R=85] GSP; For 10, For 9
: ll! 12) “[QarPr] MT, For 8, For 11
_ 1_ 13) “[QAP]* [P="Q] Taut
14) P='°"Q GSP, For 13, For 12
; 15) s RCS, For 9
16) [QAR] =8 Hyp |
17)  "[QAR] MT, For 16, For 15
18) ' “[QAR]® [R=7Q] Taut
: 19) R27Q (GSP, For 18, For 17
[ ' 20) [PVR]I="Q IC, For 14, For 19 '
21} PV R Hyp "
| 22) “Q - MP, For 20; For 21
ffllél Notice that formula {5) is identical with formula (16). This occurred because formula (5)

was needed in order to infer formula (17). However, formula {5) Ls on our list of risky
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formulas, as we see from our alde-'mémolré E-lt step (7). Hence, we reintroduced It as
formula {16), the justification being that it was a hyf)othesls of the main der;lonstration.
(.Of course, If Qe had tho_uéht ahe.a;d and séél_i this difficulty before it arose we could have
written For 5 as f"o_i'li;, and then. it would never have been caught up in a use of the Deduc-
tion Theorem. Indeed, in general, itis often a good idea when constructing a demonstration
to list all the hypotheses that are not going to be discharged before listing the first of those
that are. ) .

. N -
A quick glance down the Program Outline column shows that, since we have used

- none of formulas (1) -(7), we have not used any risky formula. After step (7) formulas

(3) - (6) are risky but the use of formula (1) at step (8) 1s O.K. After step (8) all the
formulas (1) - (7) aré on the risky list, and we see that from step {9) on none of these

formulas 1s referred tb.

FExample 3: Show that 8, {SAP] =2Q, [["PIV OlARI=Q F[TPATRIV Q.

Demonstration Qutline

Program Outline

1) ] Hyp
2) P Dis Hyp .
"3 SAP ClI, For 1, For 2
4) [SAP]=Q Hyp
5): Q MP, For 4, For 3
6) P=Q DT Dis, For 2 (2)-(5) |
7) [P=Ql= [PV Q] Taut
8) “"PVQ , GSP, For 7, For 6
9) R Dis Hyp
10) [CPVQJAR Cl, For 8, For 9
11)  [[CPVQIAR]I=Q Hyp
12)  Q MP,-. For 11, For 10
13) - R=2Q . . DT Dis; For9 bo(g)-(12)
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14) [PYR]=Q IC, For §, For 13
15)  [[PVRI=Ql = [["PA"RI VQ] . Taut
16) ["PATRIVQ . GSP, For 15, For 14

Check through the Program Qutline and make sure that at no stage have a'ny formulas which

are risky at that stage been used.

I Example 4: As a final example in this section, we outline a "demonstration”" which shows Y

failaciousl} {i.e., by an argument that,contains a loglcal mistake) that

[SAP]=Q, Q=P FE5=2Q. -
Demonstration Qutiine Program Outline

1) 8 ' Dis Hyp

2) P Dis Hyp '
3) SAP . . - ClI, Forl, For 2 -

4) [sAPl=Q ‘ ' Hyp

5) Q - MP, For 4, For 3

_ ' 6) P=Q DT Dis, For 2 (2)-(5)

7} Q=P _ ' | Hyp
' .8) P _ { MP, P.or 7, Por 5

9) §=P DT Dls, Forl . (1)-(8)
10) §=Q ' . §I, For 9, For 6

The fallacy (i.e., the mistake) lies partially in the fact that at step (8) uge was made of
fonﬁula {s5}). But by the time we arrive at step (8) formula (5) has appeared on our list of
! risky formulas, Indeed, calling on formula (5) at step (é ) is illegitimate. You will show
{n the following exercise that this mistake Is frremediable (1.;9. , there is no demonstration

of "Q:“ from " [S A P] = Q-“ an_d "Q = P").
. ]
Exerclse 9: (1) Show that"[[8AP]1=Ql = [[Q~= l?] = [§ = Q)]"is not a tautology.

(i1) By using the Deduction Theorem, explain why part (i) shows that

"[SAP]=2Q, Q=P FS=Q" is not true.
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In the following problem set, and indeed In all your later work using the propositional

calculus, if a demonstration includes a use of the Deduction Theorem, it is your responsibllity
to Insure that every formula used after a discharge order is in fact avallable for use. The

safest way to insure this Ls to avoid alt the risky ones.

PROBLEM SET 12

In Problems 1-3, fill in the migsing formulas and program steps.
@ __Show-that "P> [QAR], P="S F8=Q.
Demonstration Qutline Program Cutline

1) “"P=[QAR]

2) P="8
3} ] Dis Hyp
4) ' CPI, For 2
5) ~“P.
6) | MP, For 1, For 5
7) Q
8 8=Q
v 2, Show that P=Q, [TPVR]=8FQV S,
* Demonstration Outline _ Program Qutline
1) P=2Q |
2)." ' Hyp
3 78 |
4) . : : MT, For 2, For 3
5) ' - Taut
6) PATR
7) . 5 RCS, For 6

8) ' . ' MP, Forl, For7

B T R S W T}




10. 'Showthat T=Q, P=Q, R2Q b ILpV R]VT]=Q s

_,-o—’-'-/'-
124
9) ' DT Dis, For 3 {3)-(8)
10) [Fs=Qle [QVs]
11) QVs§

3. Showthat TP=Q, Q=[RATS] F[SV7Q]l =P.

Demonstration Outline ", Program Outline
1) "P=2Q
2) ; : o Hyp
3) S
4) ~ Taut
5) “RVS
2 ; - coi w s TaUE
7) : Gl GSP, For 6, For 5
8) "Q
9) P
| 10) S=P
11) "Q._== P

12) [sVv™Ql=P
\

In Problems 4 6 outllne a demonstration of the glven result that makes use of the Deduc-

faw

tion Theorem and provlde a program outllne Ior that demonstratlon.

®' _Show that R=P [PA S]=Q|'"[RVS]=‘-*Q
5. Show that P=[Q=R] [ Q=[P==R]

@ _Show that Q=R F [_ Q = p] = [P= R]. S, ;:_'

Review: In Problems 7 =16, outline a démonstration of the given result and provide
a program outline for that demonstration, - = ' * Uj} ,
. o o
7. - Show that P:=Q, Q =“R,"R,-8=2P ¥75, £ 2 --y;u’ %

;ﬁ * Show that 8 = [PATQ], "8="R,/ R+ TQNEI Oy i

9. ShowthatP=Q, Q=R. [P=Rl="S, “§eT kT, & /
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Show that R=5, [R="P1 = Q, §=27F, T+QAT. TS

Show that P=Q, R=8, PVR, "Q n-s‘. [ 7Lau"t"'

Show that PV Q, "R="8, [QV P]1=5, T[TAUl =R+ UA T.
14. Show that "P=="'R, ~3, P=8S, "/R=2Q+rQ. ' 4o e ¢
15, Show that “P, “Q, R=2 P+ "[QVRI. . "_x..f‘( : . -8

16.  Show that “[TAR], "T=8, "R=5 + 8§, I wiwo
17. Show that [Q ARl =8, "SA R+ Q. l RERH

- o0 o -

2.9 ~ Object language and Metalemguagex'I The Principle of Indirect Inference

Suppose ydu are a writer and you have been asked to write a book about the French
language for an English-Speaklng audience., You will be writing about French, and you will
be doing it in English, You will express yourself in the English languége as you describe
how the French language is organized, how its verbs ar_e conjugated, how its adjectives

are Inflected, etc. You will probably also present examples of French, such as

N

(1) la plume de ma tante est perdue,
’ The object of discourse in (1} is my aunt'é pen, and what is staté& is that it s Jost.  How- '

evér, Iyou, as the writer of the book, might want to provide a dlscussion 'lh“English about
this French sentenc.e. You might wish éo t:;al'k ai:out the structure-o‘f the sentence, polnting -
‘out how the verb ls-used, or the agreement In gender of the ﬂnal adjective with the subject .
of the sentence. That is, from your point of vlew as the wrlter, the object of dlscourse is

not my aunt's pen, but rather the sentence {1) itself.

In a case such as this, we call French the object language, and the language (in

this case, English} in which we discuss the objeot language, the metalanguage. Even if

one were to write a book 1n English about the English language, it would still be neceséary :

X The Greek prefix "meta” means "above" or "beyond”.

LY
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to bear in mind the object language—metalanguage relation. Indeed, one would have to usei:

" some device for indlcating when a sentence is:re.garded as:being in the object language and "*

when not. A commonly accepted device is to @nclose in quotation marks words or phrases

about which one 1s talking, The footnote on page 125 provides an example of this:.

- 'We may draw an analogy between the problems ‘of 'writing a book in English about the
Fren;:h lanEG;;:;ld those of writing thls'b.ook' in English about the propositional calculus.
it In our case, the language of the propositional calculus is the object language, and the -
metdlanguage 1s English, augmented by a few convenient symbols such.as "k ", "38%, etc,

i -+ The basic vocabulary of the propositional calgizlas consists of -+

i{i a) - Propositional variables: P, Q, R, ... 3 Fin
| b} . Connectives: ", A, V, =, : %
| ¢} '~ Grouping symbols: [, ]. ' C o W 3 2B

! The sentences of this language are slmpl;lr well formed formulas, which were first described

in Chapter 1. Then it is clear that we may consider a demonstration to be a certain type of

paragraph in the object language. The following 1s a statement about certain sorts of wiis,

that.is, it is a statement about the object language and ‘as such it is part of the metalanguage.

{(*) : A wif is a tautology iff it has a hypothesis-free demonstration.

! A convenlent way of abbreviating statement {*} i5 as follows:

(*x) A wEf 8 is a tautology Iff + 8.

al : : Aithough we have used two new symbols (namely " 8":and " "), (**) Is stlll in the meta-

' Janguage. Observe that nelther-* 8" nor " I * ig listed above as being. part of the basic

vocabulary of the object language. These symbols are mietasymbols that we add to English

for their convenlience in helping us talk about the propositional ¢alculus. For this reason,

instead of writlng

(¢) P, P2Q FQ, - t
s'trlctly speaking we should write

(OO) ilPll‘ IIP:QII P+ l_IQll. : PR PR s iy
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since what we mean by (0) is that there. is a demonstratlbn of "Q" from “P" and "P=Q",..
which is a statement In the metalanguage. If you mention something from the object lan- ;
guage {e.g., "P") during the course of,a statement in the metalanguage you feally ought to
enclose _lt in quotation marks, However, in this.case, since 1t-is difficult to see how any.
confuslon could arise, we will continue to-be lax (and brief!) _anél_ prefer {©) to (00).

Notice that statement { **) is just a restatement of the Px;inciple of Hypothesis-Free . Demon-:
stration (page 100}, This principle and the other l}wo we have met thus far.(the Princlple of .
Unne.cessary Hypotheses, page 61, and the Deduction Theorem, page 101 ).are all q-p_ated_.__g-x}_

the metalanguage and are statements-about something in the object language. Far example,

the Deducﬂon Theorem tells us something about demonstrations, that ls, about certain se-
guences of "sentences" in the object language, Here is another such result, known as the
Principle of Indirect Inference. Here Gy, ...,G,, 8, and C are wifs and we allow the possl~ :
bility of there belng no G's. ; i ' £ P o et

The Principle of Indirect Inference: G, ,I g . G;, "BECATC iff- .Gl,. . esfs 0.1 ] 8.1
. . iy e w3t R T
This: principle is easily justified using the Deduction '!l‘heorel.n. i As usual in situations
involving " {ff" we tackle this task.in two.parts:
i) First we must show: I Gy, «v.,Ga, B FCATC, then Gy, ..., G, F 6.,
If Gy, evs, Gy, "B F CATC, then by the Deduction Theorem, . . i
GysieerGy'F "B » [CATC]). Thatis, there_ is a demonstration whose hypo-" . ' i
theses are Gy, ..., G, and whosé conocluding formula is : i s r‘l" .
L ) "8 = [CATC] S . : iy

Imagine such a demonstratiop before you. Continue as follows:

i1} T[cATCl =8 : CPI, Forr ¢ Tasilec
r42) “[cAa~c] : ! Taut
r+3) 8 ' MP, For(r+l),-For(r¥2} : = =

and we have a demonstration of § from the hypotheses Gy, ... G, .
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i) Next we must show that: I G,,...,G, v %, then G, ...,G,, 8 r C.ATC,
If G, ...,G, V8, then there is a demonstration whose hypotheses are
G, ..., G, and whose concluding formula is- .
m) 8 : ‘

Imagine such a demonstration before ydi. Continue as follows:

m+l}) 78 : Hyp
m+2} B ATS Cl, For m, For{(m+l} -
‘ m+3) ‘- [@ AT8] . [c A:"C] Taut
m+) CATC - ' MP, For{m+3), Por(m-FZ)

and we have a demonstration of C A ~C from the hypotheses G,, ..., G,, 8.
Arguments that appeal to the Principle of Indir.e.ct Inference are sometimes cal_le-d
"contradiction arguments”, becausé the ‘fofmuia |
(1) cATC
is called a contradiction. A contradiction ls a formula whose negation Is a tautology, and

and so all contradictions are equivalent to each other in the same way that all tautologies

are equivalent to each other. Hence there is nothing special about the contradiction (1).

" An examination of our justification of the Principle of Indirect Inference above should make

it clear that if (1) is replaced by any other cormé:tion the argument is still sound. That
is, 1f K is any contx'ad_létlon, we can show that
Gl; -nc;Gn, “B " Klff Gl, ":"Gl " ﬁ.

Arguments that use the Prlnclp;le of Indtrect Inference have certain similarities with

. those that use the Deduction Theorem. Recall that in order to show that Gy, eea,ly FB=C

the Deduction Theorem allows us to deal with the easler situation where wé have an extra
hypothesis. If we can show the existence of a demonstration of C from the hypotheses
G;, eees Gy ¢ B, then the Deduction Theorem enables us to infer the existence of a demon-

strauon of B =C from the hypotheses G, ..., G, 5 Indeed the proof of the Deductlon

Theorem tells us exactly how to obtaln the second demonstration from the ﬂrst. In fact lt
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is the justification of the Deduction Theorem (not the theorem itself) that enabled us to
construct a f’edcction Theorem subroutine. -

Simlilarly, the Principle of Indirect Inference assures us that a demonstration of 8
from the hypotheses G,, ..., G, exists iff a demonstration of a'contradiction C A “C from the
hypotheses Gy, ..., G, , ~ 9 exists. And the justification of the prihciple tells us how to
construct one demonstration from the other.

Let us:now give some e:tamples of how the Principle of Indirect Inference may be used
in the construction of demonstrations . These examples: will also show how, with the addition .

of one more command : our machine can be modified so that it does most of the work for us.

-~
ot g . FE ]

Example 1:  Show that Q = ~P, R=: [PAQ] FR.
o T _ 4
We present the outline of a demcnstratlon whlch makes use cf the Prlnciple of Indirect

Inference, and we will explain the program out.line afterwards.

Demonstration Outline Program Qutline
1) 1'Q= P. e R Hyp |
N = . . . S 2 i ]-3;5 Hyp Ao S L :u-:
4) .. .-:PAIQ o5 e R ; MP.ForZ For3 \ i | ;}
T | FRRIESORT S .LCS Ford IL
6) P - e, For\.l For5 '

7)) P T | 'Rcs For4

8  PA"P S T e e, Fcrﬁ
9) h R 1 : o L I Contra Dls For 3 (3) (3)

[

Now |t should be clear what we design our machlne to do upon recelving the order "Contra

g - T O AU ) i i bk -'I

Dis, For 3 " (whlch is machlne language teiling the machlne to use the Principle of Indirect
Inference and discharge formula (3 )——"Contra" is short for " Contradlctlon") Looklng back

a1 T b

at our justlflcation of the prlnciple we see that we shouid design the machine 5 response :

50 that first of all it will go through a normal Deductlon Theorem "discharge procedure

i SN i |




130

and print a demonstration of *“R= [P A”P]" from "Q="P" and ""R= [_P AQl" on the

basis of formulas (1)~ (8). This printout will terminate with the formula

8") “R=[PATP].

Then, making use of the Contrapositive Inference subroutine, the machine will print a se-

quence of formulas terminating with

8”) T[pATP]l=R.
Next, 'it will print the negation of formula (8), l.e., of the formula it printed immediately

I prior to starting execution of the Indirect Inference procedure, namely

!
' ] 8*') “IpA”Pl. : = '
1 * s
§1 ‘We know that this formula is a tautc_:logy because it was our recognition of the fact that:
Il

" P ATP" was a contradiction that bromptecl us to give the "Contradiction, discharge®

i
|
i
‘1
| .
.I R order In the first place. Hence the machine is justified in printing formula (8" ). Then,
l['}. ' using Modus Ponens on formulas {8*) and (8% ), the machine prints
|

1 i
i av) R.
I
|

'l ' Notice that, since use of the Principle of Indirect Inference Involves use of the Deduction

use of them. Just as we did In the case of the Deduction Theorem, we remind ourselves

|
Bl | g
|'_ 1) Theorem, some formulas of the demonstration will be &t risk Lf we are considering any later
l which formulas these are by the notation " (3) - (8) " at step {(9).

|

: . . Example 2: Show indirectly (i.e., by calling on the Principle of I_ndlrect Inference)
III that P="8, S8V~R, "[QV R}l F°P,
| Demonstration Qutline Progl_';alm dutline
i L) -.P : Dis Hyp
| 2) . P="8S | : Hyp
" 3) 78 - MP, For 2, For 1
| 4) SVTR i Hyp
5) “SA[SV™R] CI, For 3, For 4
é) [TSA[SVTRI]="R Taul;




7)
8)

g)

11)
12)

13)

10)

#R

“[QV R}
"[QVTRI® [TQAR]
"Q AR

ﬁ.

RATR

~

P
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MP, For 6, For
Hyp

Taut

GSP, For 9, For 8
LCS, For 10

CI, For 11, For 7

Contra Dis, For l (1)-(12)

Indirect Inference Ls a very powerful tool in the demonstration builder's armory. It

leads to an absurdity.

is always worth bearing in mind, and if you cannot see how to proceed when asked to out-
line a demonstration of a given result, it is often most profitable to assume the negation of
what you are trying to prove and see if you can-arrive at a contradiction. This type of argu-

mentation has a very long history, and we have examples of its use by the Anclent Greeks.

b}

In classical logic it was known as “"reductio ad absurdum”, which may be translated as
“reduction to an absurdity", the absurdity, of course, being the contradiction. In other
words, if one wants to. show that some formula. 8 is a logical consequence of a set of hypo-

theses Gy, ..., 0., it suffices to assume the negation of & {l.e., ~8) and show that this




132
PROBLEM SET 13

1. Provide a justification of the following result:

Principle of Contradictory Hypotheses: I_f Cand Y are wifs, then CAC F U,

Stated in words, from a contradiction any well formed formula méy be inferred.
j In Problems 2 -5, complete the program outline of the demonstration.

2. Show indirectly that RV [PAQ], "Q * R.

Demonstration Qutline Program Qutline
1) RVIPAQ]
2) “R
3) "RA[RV [PAQ]]

4) [TRA[RV [PAQI]] = [PAQ]

i
's " 5)  PAQ

6)  Q )
E:l 7 e

8) QATQ

f 9) R

|

3. Show indirectly that P=5, R="8, R + "P.

: - Demonstration | P.rogram Qutline
I | n o p '

!‘ 2) P=§

| . 8) 7 .8

| T

i 5) R="8

| ! 6) °s

7) 8A

. 8} “P

i 8
i - "




5.

Show indirectly that S A"T, S="R,

1)
z)
3)
4}
5)
6}

7}

8)

9)

10)

*

Demonstration Outline
"[R=Q]

"[R=2Q]l = [RATQ]
RATQ .

R

SATT

8

§="R

"R

RA™R

R=Q

Show indirectly that R="8, Q=R F 8="Q.

1)

2}
3)
4)
5)
6)
7)
8)
9)

10)

11)

Demonstration Ou_tllne
"FS =7Q)

“[s="Ql « [5AQ]
SAQ

8

Q.

Q=R

R="8 -

SATS

-~

5= Q

"P=2Q * R=Q.

Program Qutline

Program Qutiine
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In Problems 6 -11, outline a &emonstration which makes use of the Principle of Im:.llrect
Inference, and provide a program outline for that demonstration.

6. Show that P=[QAR].PAQPS=R.‘

7. Show that P="Q, "R=> Q F P=R.

8. - Showthat "P=Q, T="P, "[QV R] F T,

§." " Showthat R="Q, [TP=8]=R, "Q="5, "P'r“[“P=3].
10:*+ Show that'R="Q, "[SA™R] + Q= "8.

11, Bhow that "P= Q, Q> [R=8), S FR> P, :
In Problems 12'- 1€, outline a demonstration using any ‘method you wish, and provide a
progrii’ outline for that demonstration.

12, - Show'that Q= P, "T=8, "Q="8 + "["P=R]l=T. r

13.  Showthat P=~Q, R=~P, QV R F “P.

14, Show that "P="8, P= R, R="T ¢ §="T, "
15.  Show that "P=T, T, P=[QAS] FSA Q,
16.  Show that RV S, P, QV™R, P* Q + §.

-0 0 o ~

See Appendix IIT for materlal that will help you review for the test on the second part of

Chapter 2,

Aftermath. ..

We are starting a cat ranch in Lacon with 100, 00¥ cats. Each cat will

average 12 kittens a year. The catskins wiil s&ll for 30 cents each,

One hundred men can skin 5000 cats a day. We flgure a daily profit of

over $10,000.- Now what shall we féed the cats? We will start a rat

ranch next door with one million rats. The rats will breed 12 times

faster than the cats. So we will have 4 rats to feed each day to each

cat., Now, what shall we feed the rats? We will feed the rats the

carcasses of the cats after they have been skinnéd. NOW GET THIS!

We feed the rats to the cats and the cats to the rats and get the skins

for nothing, : . - g

r ' : —An 1875 newspaper advertisgment,
i . . quoted in GEOGRAPHICAL REVIEW.




Chdpter 3

THE PROPOSITIONAL CALCULUS

3.1 A Review

By now you have realized that the foregoing conversation about machines that print
demonstrations was simply a way to introduce the Ideas of the propositional calculus and
induce yd}l to think carefully about them. Along the way, we ha_\lre had to think about such
things as the s.pecial language of the proposit_lonal calculus, about what a well formed for-
mula is, what a rule of inference is and how it is used, about what demonstrations are and
how they are made. Leat us rt_avlew all of this by stating the essential points of the devel-
opment up thréugh the introduction of demonstrations. Where appropriate, we have made

these statements more concisely than we did when the ideas were first introduced.

The propositional calculus consists of the following:

1) A language whose symbols include :
a) propositional -variables P, Q. R, .es
b) logical connectives i NV 2
c) auxiliary symbols 1 . [ ‘
2) Rules for well formed formulas: .
| a) A propositional variable standing alone is a well formed fonﬁula. Wetl forme;d

formulas of this type are the atomlc formulas,

b) If § 15 a well formed fo;‘mulé, then so Is 8.
c) If $ and J are well formed formulas, then so are [8 AJ], [8V 7], and
(8. 581, ol 4

3) A rule of lnference called Modus Eonens - )
IfSand T are well formed formulas then from [8=23] and s we may infer, 3

\
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Our definition of "demonstration" said essentlally the following :

A sequence of well formed formulas 8, 83, ..., % is a demonstration of 8 from the

hypotl';eses L. W, ..., H, provided 8, is 8 and, for each i, 8, is elther a tautology,
- one of the hypotheses ¥, ¥, ..., #,, of follows by Modus Ponens from two formulas

8, and 8, that occur earlier in the sequence (thatis, j <i and £ <1).

Why are we interested in well formed formulag? For one thing, they are patterns. for

sentences. For example, "P A Q" is the pattern for all sentences that are compounded with
an "and". Why are we Interested in demonstrations? Because demonstrations are patterns
for arguments. Now, in everyday life, when we present an argument it is because we are

trying to convince someone of something, Such an "intended-to-convince" argument ls a

1 *

sequence of seﬁtences, and those sentences are of two kinds: those v:hose- truth is supposed
to be clear frqm an understanding of the facts unc]er discusslon, and those whose_trtith is sup-
posed to be clear on logiéal grounds. Those sentences whose truth we clalm can be deter-
mined from factual information correspond to tﬁe_ -hyﬁotheses of a dempns&atlon. (The fact
that, in a given case, we méy be mistaken in this claim really does not concern us at this
point, What really interests us here is the form of the argument: if we grant these things

we say can be verified from the facts, are we logically compelled to accept the conclusion?)
Those sentenc;es \:vhose truth can be determined on logical grc;unds correspond to the tauto-
logles and Modus Ponens formuias of a demonstration,

If we take a ;iemonstratlon and replaée each proposit_lonél variable by a sentence,
being careful to replace each mcuﬁence of the same varlable by the same sentence, we will
obtai_n a sequence of sentences that trace a line of reasoning from.certain hypotheses to a
conclusion. Let us call such a sequence o‘f sentences an instance of the origlnal demon-
stratioh. As a simple example, reéall the ﬂrst demons_trétion that we stated which showed
thatP=Q, P r Q.

Demonstration . . 5 . Program Qutline

1) . P=2Q £ : : - Hyp
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3) Q : - + g MP, For 1, For 2
. L

Using the “if...then,.." translation of "=", and if

T

P: Ge_qrge is overweight
Q: George must go on a diat

we obtain the lnstancé

4) If George 1s overweight, then George must goon a diet . .
- 5) George is overwelght =~ - - - "
6) ' George must go on a dlet, L

Formulas (1} and (2) are hypotheses of the tle‘monstmuo;'l, and formdla (3) Ls a Modus
‘Ponens formula, that is, [t follows from'cther formulas by Modus Ponens. Sentences (4)
and (5) must be judged true or false-onigrounds that have nothing to do with the pi‘opo‘sitlcma-l
calculus. To declde whether or not George Is overweight requires that we evaluate. certain
facts about George. Even if we agree that Geerge ls-overwelght, we still might reject
sentence (4). For example, if éeome is only one pound overwelght, then there's'probabiy,'f
no need for him to go on a diet. But, if on examining the facts, we accept sentences (4)"
and {(S) as true; then logic compels us to'decept sentence (6) as trie.

As the foregoing example illustrates, 'atgi!tnénts’ that are’ lnstances ‘of demonstrations
ére arguments In which we have great corfidencé. Any rational being woild accéﬁt'aé' true

the concluding sentence of an Instance of a2 deniénstration ‘If he of she acdcepted the hypo-

theses as true. i | st cie T : et o e T

If an argument can be modified in & way which we make preoise below) so that- it "~
becomes an Instance of a demonstration; let us ¢all that argument sound. A sound 'arg’umez?t . :
we will call a proof, lEaut here we must warn the reader against Fhlhking'tha‘t ‘this WOr}esv"the"l
other way around, In Book 2 we will study arguments that we find convincing t?ut which can-

not be made Into instances df any demonstration ini the propositional calculus: ‘'We:will also :

wish to call these arguments "sound”. Consequently, our view at this polnt must be that ~ .
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arguments which can be made into instances of demonstrations are sound arguments of one
typé. Sound arguments of another type will be studied later.

‘While we're on the subject of proofs ( that 18, sound arjuments) we must point out
that an argument is not guaranteed to be sound simply because someone clalrhs that it is.
Human beings do make 'mlstakes. Even very able mathematicians occasionally make a mis-
take. Indeed there are famous examples of mathematicians yvho have published arguments
in the belief that they were pro;:fs only to have it relveales:l later.that the arguments were not
sound. So whenever an argument i5 presented to you as a proof, you shouid read it carefully
and critically to be sure that the argument is sound. There are more mathematical mistakes

in print (perhaps even in thié series of books! ) than you might imagine. Finding & mistake
is part of the fun of reading mathel;natics. '

How do we determine whether an argument is sound? At the moment we have only
discussed one way: We know an argument is sound Lf we can modify it so that it fecomes’
an 1nstar=ce of a demonstration. This modification is achleved by studying the pattern of the
argument, restoring hypotheses that have been omitted and reorganizing the argument until it
is in the right form for us to check whether or not it is an instance of a demonstration, Let .
us call this process of modifying an argument in order to éheck whether it 15 an instance of
a demonstration a Modus Ponens analysis (or simply an analysis) of the argument. To pro-
vide an example, lef us analyze the argument o.n page 16 of Book 0, Chapter.l, which we
have already considered earller in this book.

To convince us that 4 15 24 =9, the author argues that, since 96 =3 » 29 + 9,

96 is on the fourth winding. There is an unstated hypotﬁesis here, namely, that numbers
betwéen 3+29 and 3+ 29 + 28 Inclusive are on the fourth winding. Clearly 96, which is
equal to 3 *29 +9, is between 3+ 29 and 329 + 28, Consequently 96 Ls on the fourth
wlndlnd. ‘We can summarize thls éart of the arqgument In three sentence®:

1) If 96 lies between 87 and 115 inclusive, then 96 lies on the

fourth winding.
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2) 96 lies-between 87 and 115 inclusive.

3) 96 lies on the fourth winding.
The argument then continues: The number 3929 corresi:ondsl to 0 on the first windling and
hence 3+29+9 corresponds to 9 on the first winding. This can be summarlzéd as:

4) if 87 correspc.mds to 0 on the first winding, then

96 corresponds to 9 on the ﬂrst winding.

5.) ' 87 cc.:)rresponds to 0 on the first wlndlﬁg. :

g) 96 corrasponds to 9 on the first winding.
The argument concludes as follows: Since 4+ 24 = 9 6 and 96 corresponds to 9 on the first
w.lndlng, 4 4524 =8, We restate this as;

7) 4+ 24 = 96.

8) 4124 =96 and 96 corresponds to 9 on the first winding. i
9) If 4+ 24 =96 and 96 corresponds to 9 on the first winding, then

405 24=9,"
10} 405 24 =g,
We now see that, with
P: 96 lies between 87 and 115 inclusive
Q: 96 lies on the fourth winding
R: 87 corresponds to 0 on the first winding
S: 96 corresponds to 9 on the first winding
T: 4 v 24 =96
U: 4v524=9
the argument stated by sentences (1) - (10) outlines an instance of the de:ﬁoristratlon
outlined beleow: _
11} P=2Q . r | Hyp

12) P o w - . Hyp

13) Q - MP, For 11, For 12
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14) R=8§ ' Hyp

15) R I , _ Hyp

lé} '8 - MP, For 14, For 15

17) T : ' . Hyp

18) TAS- Ci-, For 17, For 16

19) [TAS]l=U ~ Hyp

20) U _ MP, For 19, For 18

Consequently, anyone who agrees that in sentences (1) - (10) we have lald out the original
argument correctly must now also agree that that argument is sound. A further .consequence -
of this analysis is that, if sentences (1), (2), {4), (S), (7), and (9) are accepted as

true, then we are compelled by logic to accept sentence (10) as true..

3.2 The Propositional Calculus and Qnen Sentences EATa

. On page 37 of Book 0, Chapter 2 the author presents an interesting argument 1ntended
to convince us that the difference of two lnteger.s can be obtained by an appropriate addition,
The argument is the following: |

For éll integers x, y B

1) (x-y)+y=x

~ But 2) (x+7y)+y=x+("y+y) ) ;
3) =x+0
4} ._ = x

The author then concludes that x-y = x+7y bécause there 1s only one integer which when
added to y produces x,
Again we hope you agree with us that this is a convincing argument. But why were
we com..rlnced, and of what were we convinced? Earlier we agrec;zd that an argument is a -
. sequence of seritences. A sound argument convinces us of the truth of the concluding sen-

tence If we are convinced of the truth of the hypotheses. But this argument is not a
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sequence of sentences; it isa sequenée of open sentences, and open senter_lces we are told
are neither true nor false, So how can the_ argument convince us of anything? Here is one
explanation. ”
An opén sentence such as

{1) (x=y)+y=x
is a pattern for sentences. If we replace each occurrence of "x" and “y" in (1) by the name
of an object of interest, being careful to replace each occurrence of "x* by the same name
and .each occurr_ence of "y" by the same name, we obtain a sentence. For example, for
x 2 and y: '3 we obtaln

!Ii) - {2-3)+3 =2,
We call (5) an instance of {1). Although “x" and "y" are different variables, the same name
can be substituted for both of them. Thus

(2-2)+2=2 : AT : :

is also an Instance of (1). Here are a few more:

(6-8)+8=6 ;
(5-8)+8=35
(5-8)+8=35

" {(0~1)+1=0

(4-0)+0=4
The author's introductory phrase "For all integers x, y" tells us that we are only Interested

in those instances of {1) that can be obtained by replacing "x" and "y" by names of Intégers.

Each object whose name can replace a varlable is called a value for that variable,
:
For the example at hand, each integer is not only a value for "x", but is.also a value for "y".
Rather than talking about réplacing "x" and "y" by names of integers {which ts an awkward

phrase) we will speak instead of assigning "x" and "y" integral values. - For example, if in -

(lj ‘we assign “x" the value 2 and *y" the value 3, we obtain the instance (5):
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We are now ready to discuss the sequence of open sentences (1) - (4). The se-
quence of open sentences is a pattern for arguments. If we asslgn "x" and "y" integral
values, being careful to assign the same value to each occurrence of the same varlable in
each of the open sentences (1') - (4), we will obtain anargument. For example ,. if "x" is

asslgned the value 2 and "y" the value 3, we obtain:

(2-3)+3=2 )
But (2+‘3)'+3 =2+{3+3)
=2+0 : , ’
=172,
Consequently,
2-3=2+73,

We contend that, no matter what integral values are assigned to "x" and "y", the
resulting argument will be sound. This being so, it would be convenlent If we could say that
the orlginal pattern of open sentences (1) - (4), together with the concluding séntence, can -
.be modified until It becomes an instance of a demonstration. But, in order to bé able tlo take
this view, we must broaden our notion of "{nstance" by permitting open sentences to be re-
placements for propositional variables. This poses no problem. It merely means that, in
addition to having sentences such as

George Washington slept here and logic is logical '
a:s instances of the well formed formula " P A Q", we also have Instances such as
. x+y=0and x>y

and even
x+y =0 and logic is loglecal,

‘With this broader notion of "instance" we can now analyze the part of the argument.
on page 37 of Book 0, Chapter 2, which is stated by open sentences {2) - (4). The analysis
results in the following sequence of open sentences:

6) . {x+Y)¥y=x+(Ty+y)

7) y+y=10




15)

17)
18)
19)
20)
21)

22)

16)

23)°

8)
9)
10}
11)
12)
13}

14)
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[(x+7y)+y=x+(y+y)IA[Cy+y=0]
[{x+7yl+y=x+(y+y) ATy+y=0] = [(x +7y) +§'= x+0]
(x+7y)+y=x+0 ‘
x+0=x
[{x+"y}+y =x+0] A [x+0=x] : L)

[{(x+¥)+y=x+0 Ax+0=x] = [(x+Ty)+y=x]

(x+y)+y=x

Then it is clear that this outlines an instance of a demonstration, for if we take

P: (x+7y)+y = x+ (Ty+y)
Q: Y+y=0

R: (x+y)+y=x+0

8: x+0=x

T: (x+y)+y=x

we_have the folloyv'ing demonstration outline:

- P Hyp
Q Hyp
PAQ CI, Por 15, For 16
[PAQ]=R ' Hyp
R MP, For 18, .For 17 | :
S " Hyp
RAS Cl, For 19, For 20
[RAS]=T Hyp
T ‘ MP, For 22, For 21

Notice that in open sentences (6) - (14) above we mixed symbols of the propositional cal-
culus, such as "A" and "=", with symbols that are not part of the caleculus, suchi as’

"“y+y-= 0", Wedid so because the meaning is clear, and we already had tn mind the

‘demonstration outlined by formulas (15) - (23).
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There are several interesting things to observe here. First of all, our nine-step

o ﬂf;—:-.-;arzﬁﬂ

analysis is three times as long as the author's three-step proof. Indeed the author's steps

correspond precisely to steps. (6), (10), and (14) of our analysis. Does this mean that the

author's proof is defective? We claim not. In the biology laboratory students dissect frogs.
Y Dissecting a frog does not imply that there is somett?lng wrong with the frog. One dissects

a frog in orcier to learn more about that particular frog and about frogs in general.

lifl | In our view the analysis of mathematical arguments such as we are proposing ln this

book is a kind of dissection. By laylng open a given argument we hope to learn more about

that argument in particular, and about all arguments in general, One thing the analysis does
is to compel all the underhlrlng hypotheses to stand forth and be recognized. In the case be-
fore us there are five such hypotheses and they are_rather tnteresting ones. The first, in
step'(6), ls an instance of the assoclative law of addition for integers. The second, in

step (7), is an instance of what might be called “the law of additive inverses", The third

and fifth hypotheses occur In steps (9) and (13), respectively. They are instances of the
property of equality which is frequently summarized as "equals may be substituted for equals®.
The fourth hypothesis, in step {11), .is an instance of "the law of zero”.

We would like to make one more observation about frogs. One cannot dissect a frog

without doing serious damage to the frog. In a sense the same is true of analyzing mathe-

matical arguments. When we analyze an argument we force the argument into a standard

mold that may not be a natural one. Note, for example, that the above analysis lacks the
conciseness, simplicity, and clarity of the author's original proof. The analysis exposes ,
il the "Innards" of the argument; but to appreciate a good argument (as In the case of a beau-
1l * tiful painting} you must observe it from a i:vroper distance. You must see the total picture
and how the whoie relates .to its essentlal parts without focusing on details that detract from

the global view. It Is for this reason that we haye' made a distinction between "demonstration”

1 © and f'prbof" . In actual fact, there is a confusion of language here. The things we have

o _ called "demonstrations" are called "proofs" by logiclans. On the other hand, the arguments
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that demonstrations were designed to mirror are called "proofs” by mathematicians. We pro-
pose the mathematical hotlon of "proof" as the standard you should strive for in your Studiés
.and not the demonstrations, even though these latter are so valua_ble in studying proofs., We
have made clear wh&t we mean by a "demonstration”. We cannot be quite so clear about
what we medn by a "proof". A proof is a sound argument. A good proof should be well orga~
nized, Interesting, clear, cléver, and instructive. A beautiful proof has artistic character-

istics that noé loglcal analysis will reveal,

-That concludes our sermon for today,

PROBLEM SET 14 : : . |

1. Write .ﬁ‘ve Enéllsh sentences that are instaﬁces of the well formed fc;rmula '
"PA[Q=PI". < : ' ' ' !
2, Write ﬁv.re' arithmetic open sentences that are instances of the well formed formula %
“PA[Q=P]". ’}
3 ; For each of the open sentences you wrote in answer to Problem.z, write two lnétances, I'

If possible, one true and one false. Assign integral values to all your variabies. -

4.  In our discussion of the argument on page 37 of Book 0, ‘Chapter 2, we used the fact I

[}

that “there is only one Integer which when added to vy produces x". Here is an argu-

F—

L

ment which we will show * proves" this statement:

r" Forall integers a, x, y, ifa+y = x, then

S O,

x+7y= (a+y)+y

{(*) : a+(y+-y)

a+0.

It

=a

Similarly, for all integers b, x, y, If b+y = x, then © - [

. xl+"y = b,

:Th_éri', it follows that a = b.
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5.

‘We now analyze the part of this argument identified by (*) and In Problem 5 you will
show that this analysis outlines an instance of a demonstration, . Your task in what

follows is to provide any missing information by filling in all the blanks.

1)
2)
3)
4)
5)
6)
7)
8)
9)
10}
11)
12)
13)
14)
15)
16)

17)

aty=x
X+ y=x+"Yy

[ 1Al |

[aty=x Ax+y=x+Ty]l = [x+y=(a+y)+7y]

(a+y)+y=a+(y+7y)

[x+Ty = (a+y)+y A (a+yl+y=a+(y+7yll= [x+y=a+{y+7yll

y+y=20

[x+y=a+(y+y)]l Aly+7y= 0]

a+0=a

[x+y=a+0] A [a+0=a])

Outline the demoﬁstratlon of which the argument stated by open sentences (1)-{17)

in Problem 4 is an Instance, and include a program outline of that demons&atlon.

Hint: You will need to use nine propositional variables; don't forget to indicate

which propositional variable is to be replaced by whll:h open sentence In order to

produce the given instance.

- 00 o0 -
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3.3 The Limitatlons of the Propositional Calculus

‘We have developed the propositional calculus as a tool for analyzing mathematical
arguments, By the conditions we have set an argument has been successfully analyzed when
we can show that 1It can be modified to become an {nstance of a demonstration of the proposi-
tional calculus, . Since the propositional calculus has only one rule of inference, Modus
Ponens, it would be a remarkable thing if every mathematical argument were an instance of
a demonstration of the propositional calculus. Indeed that would mean that all arguments | ; {
are Modus Ponens arguments. This however Is not the case. In Book 2 we will begin a
study of certaln arguments that cannot be analyzed by the methods of the propositional cal-
culus. We would like to conclude this book with a brief discussion of some of the issues to
be treated in Book 2. To illustrate we offer an example of an argument that requires more
_than the prlopositlonal calculus for its analysis.

Supposé that we wanted to convince éomepne that the square of every integer is
greater than or'equal to 0. We might argue in the following way.

‘We know the fdllowlng facts about the integers:

{1) Foreverylhtegerx,;:<0 orx=0orx>0.
(2) The_productl of two negatlve integers s positive.
(3) + The product of two positive integers is positive,
(4) 0+ 0=o. ’

From these facts it follows that

(5) If x <0 then x° >.0 P '
(6) C Ifx =0 then x*=0

(7) x>0 then x3> 0, ' : :

Conseéuently, |

(8) For every integerx, x> > 0 or x°=0 l.e., x> 2‘0‘ |

We hope you found the argument convincing., Nevertheless, any effort to modify the

foregolng argument into an instance of a demonstration of the propésltlonal calculus |Is

\
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doomed to fallure. At this time we will not take up all of the problems that are Involved but
rather we will point out one specific difficulty.

Conslder (1). In spite of the fact that this sentence contains a variable it Is not an
opén sentence. It is a complete declarative sentence as it stands. It fsag's that every integer
is negative, zero, or positive., But let us look at thé structure of this sentence. We see
that it has as a component part
(9) _ x<0 orx=0.0r x>0.

‘We recognize (9) as an instance of the well forn?ed formula

PVQVR" .
with P: x<0; Q: x=0; and R: x > 0. Clearly (9) is an open sentence, But when the
phrase “For every integer x" is put in front of the open compound sentence (8) something
interesting happens. The resuit Is the sentence (1) which is nelther an open sentence nor
a compound sentence; that is, (1) is not an instance of any compound wgll forme_d formula
of the propositional célculus.

. In order to analyze sentences like (1) we will introduce a new formal language. We . '
see that for us to be able to analyze (1) we will need this I';BW language. to contain the
s'ymbols “x", <", ®Q", "=4" apnd "V", Butin addition we will introduce a special
symbol." V" that we call the universal quantifier, with the intent that "Vx " is to play the
role of the phrase "For every value of x".. Thus (1) will be formalized as
(10) (VR[xEZ = (x<0V x=0 V x > 0)] .
which is reac_l "For all x, If x Is an integer thenx <0 orx =0 or x > 0" or {For every In- |
tegerx, x <0V x=0Vx>0",

Here is another example. Sentence (8) becomes . ;_

(11) (Yx)[x€Z = x* > 0] .

What do we mean when we say that sentence (11} is true? We mean that every instance of

X Actually this is not a well formed formula, However, "PV [QVR] " and [PV Q]VR"
are both well formed formulas and [PV [QV R]] ¢ [[PV Q] ¥ R]. In cases where the place-
ment of the brackets has no effect on the truth value and doesn't lead to any confusion, they
are often dropped.
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the open sentence "x € 2 = x® > 0" is true. Here are a few of those instances:
0€Z = 0°>0
1€Z=12>0

1ez= (1)2>0

2622 23>0

iez=(5)2>0

Universally quantified sentences are not the only ones that cannot be rendered in ) |
the propositional calculus. There are other kinds, of which this is one:
{12) There exists an integer x such that x >0 and 2x?+3 = 5.

In (12) the connecting word "and" focuses our attention on the component part of the

~

sentence

(13) - x>0 and 2x°+3 =5,
We recognize (13) as an lnst'anc_e of the well formed formula
PAQ
with P: x >0 and Q: 2x*+3'= 5. But when the phrase “there exists an integer x such
that" is placed in frornt of ‘the open compound sentence (13) we obtain {12) which is neither

open nor compound,

T e T ]

‘We add to our new language a speclal symbol "E ", called the existéntial gu’ahtiﬂer,

with the intent that "dx " {s to convey the sense of the phrase "there exists an x such that",

ses o,

We then formalize sentence (13) ds
(14) C(Ex)[x €2 A x>0 A Zx+3 = 5], : ' ' -

which Is read “there exists an x such that x is an Integer and x > 0 and 2x°+3 = 59,

The sentence (14} is true precisely if at least one instance of the open sentence
(1s)  ~ XEZAX>0A2x+3 =5
is true. Here are a few Instances of {15).

0EZAO0D>0A290°4+3=35

1E€ZAL>0 A2°1743=5

& i R ain] . -
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1eaAl>0A2¢{1)2+3=35
2€ZA2Z>0A212243=5

As we see, most instances of (15) are false; but they are not all false. Since there is at

least one true instance of {(15), sentence (14) is trué.

Let us summarize. Suppose that "S" is an open sentence in "x¥ comalnlng'; no other:
variables. Then
(16) (Vx)s] ;
is not an open sentence but a specific statement. That statement |s true iff every lnstance
of the oéen sentence "§" is true.

Similarly,

{17} (Ix)[8]
is also a specific statement that s true iff at lea;t one instance of the open sentence "S"

. is true. Thus (17) is false precisely if S is false for all .values of "x". This fact suggests
a link between the two quantifiers that we will now investigate.

Sup;:ose (17) s false. Then every instance of "§" ls false and hence every 1nstancé
of “78" is true. Consequently, . . }
(18) (vx)[~s]
is true, and hence the negation of (18)

(19) “[(¥x){"8]]
is false. Thus if {(17) is false so also is {(19).

But the argument can be reversed. Supposé that (19) is false, Then (18) is true
and hence every instance of """ is true, But then every’instance of "S" must be false and
hence (17) is false,

We have proved that (17) is false iff (19):is false. It follows from this that (17) is

true {ff (19) Is true, Consequently

(20) (Zx)[s] 1 “[(¥x)[7S]].
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Suppose that "S" contains variables cother than "x", If each Quch-variable is
assigned a value we will obtain a formula "S’" that has no vérlables in it except "x" and we
can repeat the argument above to show that " (Ix)[8’] " is true iff r TL{¥x)[7s']]1"1s true.
Consequently, in thls case the two sides of {20} are open .sentences, but every time yoﬁ
take instances of these open sentences so that the same .repiacements are made In each,
(20) is true.

I_By arguments similar to those used above it can be shown that
(21) (vx){s].iff "[(3x)["s1]
is elther a true sentence or |s true for all " matcheél" instances of the two component parts.

Before we proceed to the problem set, let us consider a few examples.

Example 1: Restate the following in symbolic form:
- All human be;ngs are' inortal.

We not.:icle that this I1s a statlement al.:lout Q human beings, and so we will have to
make use of the universal quantifier. In.order to do that we will have to identify an open
sentence in sot.ne v-al;labie, say "x", Iand tﬁén, using the unlﬁrsal guantifier, make the
statement that all instances of that open sentence are true, Clearly, this is easily handled
by taking as our open sentence

% is @ human being = x is mortal.

Then we can make the required symbolic statement as follows :

{Vx )[x is a human belng = x is mortal].

Example 2: Restate the followlng in symbolic form:
Some dogs do not bark.
Following a similar procedure to that followed in Example 1 we arrive at this 'sym-

bolic statement

* (2x){x is a dog A "[x barks]]. a
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Example 3: ‘Rewrite the following statements in the natural language (English} and,

from your knowledge of American hamburger stands, say for each statement

whether it is true or false.

1) (¥x)[x is an American hamburger stand = x serves hamburgers]

1i) {(Ix) [x Is an American hambutger'stand A x serves .rnl_lk shakes]

tii) (3x) [x Is an American hamburger stand A x ran for President in 1976}
iv) (vx) [x s an American hamburger stand = x Is open only to truckers]
v) (8x)}[x.is an American hamburger stand A x is open all night]

There are many correct ways of rewriting these statements In good English. We

provide only one such way for each statement,

) -

. i)

i11)

tv)

v)

Every American hamburger stand serves hamburgers. This is without question a true
statement. hr

Some American hamburger stands serve milk shakes. This is also a true statement.
At least one American hamburger stand ran for President in 1976, This statement ls
evidently false. e

All Amerlcan_ hamburger stands are open only to truckers. This.is also a false sta_te-
ment. ' ' e

Some American hamburger stands are open all night. This statement is true.

Example 4: For each of the following sentences, make use of {20) or (21) above to help

3.(;:1.1 ;_lenérate a statement in good f‘;ngllsh that has the sarr;e méanin_g as the
negation of the given sentence. ” :

£) All whole numbers are even,

it) Some birds cannot fly.

i) No person likes music.

iv} Some dinosaurs are not chickens.

v) Every logiclan is a cannibal,
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1) All whole numbérs are even.,
Proceeding as in Example 1 we obtaln the following symbolic statement which corres-
ponds to sentence (i): "
- {¥x)[x is a whole number = x is evenl.
But from (21) we see that this has the same meaning as
“{('Zx)[xis a whole number A ~[x1s even] ]].
The negation of thls i'f;
“[™“f{{Zx} {x is a whole number A “[x 1s even] 11]
which is equivalent to -
(Zx)[x is @ whole number A "[x is even]].
Theri, If we make this statement in the natural language (English}, we will be stating some-
thing that has the same meaning as .the negation of sentence (i). One way of maklmj this
statement s as follows : k
‘: Bome whole numbers are-not even.
For the rémalntng sentences we provide an abbreviated discussion only.
1t) ' Some'birds:cannot fly.
{Ix)[x Is a bird A "[x can fly]]
© "[{ ¥st)[xis a bird =ix can ﬂy]j _ from (20) ' -

{Vx)[x is a bird = x can fly]

"

ts equivalent t_o tl-_ne negation of the preceding statement. Hence a statn_erﬁent having the
same meaning as the negation- of s.entem_:e (.ll) ls |
All birds can fly.
itl) No person likes-music. .
(¥x)[x is a person = "[x llkes music] ]

"[(¥x)}[x1s a person A x likes music]] from (21)

(¥x)[x 1s a person A x likes music]

is equivalent to the negation of the preceding stitement. Hence a statement having the
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same meaning as the negation of sentence (iil) is
Some people like music,

v} Some dinosaurs are not chickens.

(x)[x is a dinosaur A " [x is a chicken] ]

“[{¥x)[xls a dinosaur=*x is a chicken] . from (20)
(Vx)[x is a dinosaur= x is a chicken] . o #
is equivalent to the negation of the preceding statement. Hence a statement having the same 4
meaning as the negation of sentence {iv) ILs
Every dinosaur is a chiéken.
v) Every logician 1s a cannibal,
('V;_:) [x is a logician = x is a'cannibal]
~[(2Ex)[xis a logician A “[x is a canntbal] ] from (21)
(2x)[x s a logician A "[x Is a cannibal] ]
is equivalent to the negation of the preceding statement. Hence a statement having the
same meaning as the negatlon of sentence (v) 1s

Some logicians are not cannibals.

' PROBLEM SET 15

| Restate each of the following in symbolic form:

a) Al high school freshmen are students.
b) Some snalls eat dlnosaurs.
c) No circles are squares.

d) All fish have wings.
g) Some dogs are not gray.

f) No trees are shrubs.
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2, Restate each of the following as a good&ﬂgEysentence: .
a) (Zx)[x is a window A x is a hole]
b) (¥x)[xis a window = ~[x is a hole]]
c) (V) [x is a window = [~[x is broken]V x needs mending]] . 'JJ&,S
. d) “[(¥x)[x is a window = [x isa hole = x s brokenl1-. Seme : T .-‘A
3 o5 LNy
. AE (10 e L7
. e) (x)[x is a window A [x Is a hole A [x 1s broken]]] G Ap 5 ‘
' ﬁ f) (Ex)[x is a window A [~[x is broken] A [x needs mendlng]]]
3. From your knowledge of the whole numbers determine the truth value of each of the
following statements : ' %
a) | (Ix)[x €W A x+3 =12]
b)  (Vx)[xEW = x> o1%%
c) (Vx)[xEW':Qx”+B>12]({' -
d_) “[(Vx)[er= ax-1=1111 3 jr__
e} “[(Ex)[XEW AR >7 Ax*P<9]] « ;
, ) (Vx)[xew=[x2>10V x3<'87]]<
4, For each of the following, make use of (20) or (Z1) on 'pages 150-151 to help you
generate a symbolic statement which has the same meaning as the negation of the
give,n statement: -
a) (Vx)[x € W = x+4 =12]
b)'- (ﬂx)['xEW A 2x-7 = 6]
c) “[(¥x)[x € W = 3x=4]]
d) (Ax)[x € W A 3x < 4]
e) (Vx)[x €W = "[6-x=5]]
f) (@x)[x €W A 4=3 A 2x+1 =0]
8. I-‘or each of the following sentences, make use of {20) or (21) on pages 150-151 to
help you generate a statement in good Engnsh that has the same meaning as the-
negation of the given sentence:
a) Some dogs purr.
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b)
c)
d)
e)

f)

No ducks rhumba.

All triangles are isosceles.
Some students are not here,
No triangles are clrcles. '

Some people sing.

- 00 o0 -

See Appendix IV for material that will help you review for the test on Chapter 3.

There is much more to be said about quantifiers and their use in mathematics, but
we will save that for_ later, In this book we have. ln&oduced the propositional calculus.
We héve explained its use in analyzing some sSorts of mathematical arguments. Now, in
this concluding section, we have pointed out the ll:mltgtions of the propositional calculus
and the need for sofne..thing a little more powerful, - 'We hope you. have found Book 1 inter-

esting. If you have, there are better things ahead In Book 2 and in the other books that

follow.







