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Chapter 1

THE FORMAL LANGUAGE

1.1 . Introduction

In this book we begin a study of logic. It is our hope that by the time you complete
Book 1 you will agree with us that logic is an interesting subject. [t is certainiy a very old
subject. The Greek philosopher Aristotle (384-2322 B.C. ) is thought to have been the first
to study the subj;act seriously. He was the first to state formal laws and rules of logic.
Indeed, Aristotie's work on logic was an outstanding intellectual achievement that dominated
Western thinking for over 2000 years,

The century and a half following Aristotle's death (300-150 B.C.) was an encrmously
creative period for Western logic, Interest then waned for about 1000 vears. A second
credative period occurred during the 11th through the 1Sth century when the Scholastics re-
vived interest in logic. Again interest waned until the middle of the 19th century when a
third period of creativity began, a period that has continued until the present day,

Each creative pericd seems to have been sparked by efforts to focus logic on some
new and special problem. The Greek logicians were philosophers who were interested ina
broad spectrum of problems in the physical and social sciences. The Scholastics were also
philosophers who were interested in a variety of things, but they were especially interested
in problems in Christian theology. Many modern logicians are mathematicians who are con=-
cerned with the logical foundations of mathematics, and much of the logic of the 19th and

20th centuries has been mathematical logic.

Since we are interested in logic for mathematical purposes we will look at logic from

a mathematical viewpoint. That ig, we will view logic as it is used by mathematicians with



its own subject matter and tts own techniques and methodology. What is the subject matter
of mathematical logic? In our study, we propose to focus on those arguments that mathe-
maticians call "proofs”. Just how these "arguments" are to become objects of study will be
explained more fully as we proceed, For the moment let us consider the question of why we
wish to study mathematical proofs. One reason is simply to understand what proofs are and
how proofs are made. Such an understanding is important for any student of mathematics
because proving things is an essential part of what a professional mathematician does. It
is, however, not all that he does. Let us illustrate our point with an analogy.

Imagine an explorer named “"Jones" who is planning an expedition into some remote
and unknown region. Jones is a member of the Explorers' Club, which is a club composed of
amateur and professional explorers. The fixplorers' Club encourages Jones and indeed pro-
vides him with some financial assistance. With this encouragement and support Jones
prepares for his trip. There are many thinags he mustdo. He must arrange for food and shel-
ter, provide for safety and health, and prepare as well as he can to cope with any problems
that he may encounter along the way.

When his plans are finally complete Jones' expedition sets out. Let us suppose that
the expedition is a very successful one. Deep in & hitherto unexplored region of a tropical
jungle Jones discovers a ?:. Eagerly Jones returns to report his discovery to the
Explorers' Club. But how is Jones to convince those skeptics who questicn the truth of his
claims? It may be that all Jones can do to convince some people is to challenge them to go
and see for themselves. To help those who wish to do this Jones will provide a map. of
course the purpose of the map is to help people find what Jones has discovered. I[n order
for the map to do this it must have on it some place that is well-known. Furthermore the
map must show, step by step, how to proceed from the known location in order to arrive at

the location where the discovery was made.

% What Jones discovered is not essential to our argument, Consequently the reader may
f111 Ln the blank with anything his imagination can conjure up. It does not matter if different
readers fill in the blank in different ways. Indeed it 15 not even necessary to fill in the
blank at all, simply read "__" as "blank”.
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A mathematician is also a-kind of explorer. He does not explore the physical world

but a world of thought, a world composed of things we call mathematical objects, such as

numbers, points, and lines. To prepare for a mathematical expedition a mathematician does
not stockpile food, medicine, and clothing; he stockpiles information. He begins by learn-
ing what is known about the subject of interest.

Let us suppose that a mathematician named "Smith" becomes interested in geometry.
Smith's first step is to go to the library and read about geometry and the vast number of
things that are known about it. When he feels that he knows the literature quite well he then
begins to reflect on what he knows and to think about geometry. Let us suppose that Smith
is also very successful. One day he is studying @ figure and he observes something inter-
esting. He consider-s another example and observes the same thing. After considering a
number of examples Smith reflects on his ocbzervations and convinces himself that he has
discovered a new geomsetiric properiy.

Smith is & member ot the Amertzan pMaznenzucal Sociaty, @ sociaely of amateur and
professional mathemaucians. Consequently Smich immediately arranges to present his dis-
covery at the Society's next meeting, How is Smith to deal with his detractors? How is he
to answer those who question the truth of his claim ? Clearly there is no place that Smith
can take people, point and say, "See", for mathematical truths are "seen" only by the
mind's eye,

When Smith appears befare the Society to explain his new discovery he will present
a proof. A proof is a mathematical map that shows how to proceed from known information
in order to "see" the truth of a new result, The purpose of a proof is to convince people of
the truth of 2 claim. Why mathematical arguments convince is one of the questions we hope
to answer in this book. In order to do this we must explain a variety of things, such as

what a mathematician means when he says that a certain statement follows from another;

what he means by the ciaim that a given argument is logically sound; or, if an argument is

not sound, what it means to say that the argument contains an error,




Since the purpose of a proof is to convince us of the truth of some claim we should
perhaps begin by explaining what we mean when we say that a 'given statement is true. After
a brief reflection we see that this is such a basic idea that we have difficulty explaining it
in simpler terms. Nevertheless, we offer the following explanation. A statement is true pro-
vided what the statement asserts is in agreement with the facts; that is, provided what the
statement asserts 15 indeed the case, How then are we to decide whether a given state~
ment is true? We submit that in the final analysis all anyone can do.is to examine the facts
and form an opinion. Thus, for example, when a person asserts that

Mark Twain wrote Tom Sawyer
that person can at best be claiming that 1t is his judgement that this is the case. Confronted
with evidence to the contrary he might change his mind. In fact, it is not difficult to give an
example of a statement about which many people have changed their minds.

Not so many vears ago it was commonly taught that

Columbus discovered America.
Most peaple interpreted this statement as meaning that Columbus was the first Curopean to
set foot on land in North America, and they accepted this statement as true. Later, however,
it was learned that the Vikings were here long hefore Columbus was,

Should those who were students during this period be disturbed that they had been
taught something that was not so? Probably not. That the Vikings were here first does not
detract from Columbus' contribution. Furthermore, those who taught that Columbus dis-
covered America were more than likely merely acting on the best information that they had at
the time.

This situation does, however, pose an interesting question. If we accept the view
that certainty 1s denied us then how should we make truth judgements about statements s0
that we have reasonable confidence in those judgements?

For many guestions we have come to accept the so-called scientific method. Consi-
der, for example, the statement

Cancer is caused by a virus.




We consider it proper to reserve judgement on this proposition awaiting the results of studies
presently being made at the various cancer research centers throughout the world. In short,
we should not make a judgement until we know what the facts are. Even such a simple pro-
position as

It is raining cutside
should be judged only after checking the local weather conditions.

Suppose, however, we are asked to judge the claim

It is raining outside or it is not raining outside,
or the claim

It is raining outside and it is not raining outside.
We would surely agree that the first statement Is true and the second is false, Furthermore
we make this judgement without even a glance out of the window. Our decision is based on
our understanding of English and the proper use of the words "and”, "or", and "not".

Thus there is an important difference between our approach to the simple siatement

it is raining outside
and our approach to the compound sentence

It is raining outside or il is not raining outside.
For the first statement it is clear that the meaning of the sentence must be taken into account
in deciding its truth or falsity.

In this book truth and falsity will be denoted by "t* and "f" respectively and be
referred to collectively as “truth values". The problem of determining whether a given sen-
tence is true or false will be referred to as “"the problem of determining the truth value of the
sentence”. As the foregoing examples illustrate, we sometimes judge the truth value of a
sentence from its meaning, and we sometimes judge its value from its sentence structure.
Sometimes we do both. Indeed we tend to judge the truth value of a compound sentence on
the basis of the truth values of its component parts and our understanding of the connecting

X
words. Hence, it is important that we agree on the use of these connecting words.

X We refrain from using the correct grammatical word "conjunction" in this context as we
are reserving this word for a technical use below.




That part of logic which deals with relationships between compound sentences and

their component parts is called the propositional calculus. In the propositional calculus we

are not interested in how the truth values of simple sentences are determined but rather in
how the truth values of simple sentences determine the truth values of compound ones.
Consequently we can simplify our study by using a special language that enables us to focus
our attention on the way the sentences are compounded, [t is the goal of this chapter to

describe for you this special language that we call the language of the propositional calculus.

We call the symbols of the propositional calculus together with the rules for their use
a "language” because of its marked similarities with "natural" languages such as English,
Let us explain more fully what we mean. The English language i3 built up from an alphabet
together with some special symbols called *punctuation marks™: periods, commas, etc.
Latters of the alphabet may be combined to form words, but not every combination of letters
s a wored. Enaglish spelling is s0 bizarre that no one is ever likely to succeed in formulating
a simple ruie thay will distinguish those combinations of letters which are words from those
which are not. Instead we compile word-lisis {called “dictionaries™ ) and agree that a com-
bination of letters is a word if and only if it appears on some such list.

Words and punctuation marks may be combined to form sentences; but, once again,
not every such combination is & sentence. WNevertheless, at the sentence level things are
easier than at the word level in that we do not need & sentence-list Lo teit us which combi-
nations of words and punctuation marks are sentences. There are rules that help us distin-
guish sentences from non-sentences. For example, one such rule is that every sentence
must have a predicate and a subject.

As we pointed out earlier, the English language contains connecting words such as
vand" and "or" that can be used to compound sentences, and the propositicnal calculus is
concerned with the study of such sentence compounds. It is not concerned with spelling ;
it is pot concerned with sentence composition in general; but rather it deals with sentences

which have been compounded in certain ways that we will discuss in a moment,
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Collectively, the special symbols used in the propositional calculus are called an

alphabet. The alphabet of the propositional calculus consists of letters

P, Q. R, ...
(called propositional variables), some symbols which are called connectives, and some
other symbols that play ti\e role of punctuation marks (these last two sorts of symbols are
described later}.

In the propositional calculus, the propositional variables "P", "Q", "R", ... play
the role of basic sentences, that is, sentences that are not to be subjected to any further
analysis. It is customary to refer to these propositional variables and those “sentences”
which can be built up from them using the connectives and "punctuation marks" as well

formed formulas (wif's) or simply formulas. Then it is natural to call the propositional

variables atomic formulas. We will use this nomenclature from this point on. The succeed-

ina scctions oxplain how compound formulas may be built up from atomic formulas.

i. Heuation

The English language is a very rich language that provides us with a variety of ways
to express the same idea. [n particular there are lots of ways to deny, or negate, a sentence.
Conslider, for example, the sentence
(1) Fire is hot.

If, for some strange reason, you wish to disagree with this assertion you might reply

(2) Fire is not hot
or

{3) Fire isn't hot
or

{4) Fire is never hot
or

(5) Not fire is hot.

Each of the sentences (2) - (5) is a denial (or negation) of sentence {1), Since
sentence (1) is true each of the denial sentences must be false. Indeed, that is the essen-
tial idea of denial: the denial of a true sentence is a false sentence and the denijal of a

false sentence is a true sentence.



In the propositional calculus we will not be interested in the variety of ways that a
sentence can be denied and consequently, in our special language, we provide only one way
to negate a formula. The form of denial we choose is illustrated by sentence (5) above,

We adjoin to our language a special symbol "7 " that we call the negation symbol.

A formula of the propositional calculus is denied, or negated, by placing the negation symbol
" before it, For example, " “P" s the negation of "P". More generally, if $ is any
formula of the propositional calculus, be it an atomic formula like "P", or a formula bujlt up
from atomic formulas in ways we have not yet explained, then "2 (read "not $") is also a

formula of the propositional calculus, a formula that we call “the negation of 8", [n the

formula 78, we say that "~ " is the principal connective. The significance of this is ex-

plained in the next section.

1.3 Conjunction and Disjunction

Negation provides one way to make new formulas from old ones. Another way involves
the use of the symbo] " A ™ which we adjoin to the language of the propositional calculus wth
the intent that it play the role of the English connecting word "and". From any two formulas,

for example, "P* apd " "O" we can obtain a formula " [PATQT" that we call the conjunction

of "P" and ""0O". The symbols “{" and "] " serve simply as punctuation marks and are to be

thought of as part of the language of the propositional calculus. [t should be mentioned that
we also permit @ formula to be compounded with itself, e.q., “[p A P1". While this may
seem like a strange and useless compound, it is one that occurs naturally in certain contexts,
It is more convenient to accept it than to avoid it.

In general, if 8 and J are formulas of the propositional calculus, then [$ A J) (read
"8 and 3") is also a formula of the propositional calculus, a formula that we call the con-

Junction of 8 with J.

We will adopt the practice of omitting brackets from formulas when such omission
will cause no confusion. For example, were we to write

(1) PA[QAR]
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instead of
(2) (PA{QARI]
everyone would know exactly what was intended. Indeed, since (1) is less cluttered with
symbols it may in fact be more readily under;tood than (2}). Notice that we cannot omit
the brackets that remain in (1). Conjunction, as described above, is something one does”
to two formulas. The remaining brackets are essential to indicate that the two formulas
which are being compounded by conjunction in this case are the atomic formula "P" and the
nonatomic formula " {Q A RI".

In the formula (3 A 3}, we say that "A" is the principal connective. We are now in
a position to provide a nontrivial example of this idea,.which will be of use to us a little
later. The idea is a simple one. A formula that has been built up from atomic formulas may

involve many connectives. The principal connective is simply that connective which is used

last when one builds the farmula from scratch.

Example 1: “~[Ps Ql" is built up from the atomic formulas "P" ard "O" as follows :
first form " [P A Q1", then form " [P AQ]". Hence " " is the last connec-

tive used, and is thus the principal connective.

Example 2 : “~pA[QAR]" is bullt up from the atomic formulas “P", “Q", and "R"
as follows: first form " ~P" and " [Q AR] ", then form ""P A [Q AR]".
Hence the left hand " A" is the last connective used, and is thus the prin-

cipal connective.

To play the role of the English connecting word "or" we introduce the special

symbol “V ", If & and I are formulas of the propositional calculus, then so also is

[(8V 7] (read "S or 3" ). We call the formula [8V J] the disjunction of 8 with 3, and in
that formula, we say that "V " is the principal connective.
The idea of principal connective is basic to a method of analyzing formulas by

decomposing them into their atomic parts. The tool we use for this purpose is the
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decomposition tree, by means of which we can show exactly how the appropriate atomic

formulas are assembled to produce a given formula. We illustrate with the formula
““pv [Q ~ R}". We recognize that the principal connective of this formula is *v ", This

final stage in the construction of the given formllla is pictured in the following diagram:

"PV [Q A R]

K‘““‘-‘

P QAR

which shows clearly that " "PV [Q A R] " is compounded from ""P" and "Q A R"., Next we
observe that the principal connective of ““P" is "~ *, and the principal connective of
"OAR"is"A", S0 we extend the diagram to show this previous stage in the construction

of the formula " "P ¥ {Q ~ R]".

PV [O M R_]
TP QAR

P Q R

Since "P", "Q", and "R" are atomic formulas we can decompose " “pv [Q A R]" no further,

and the decomposition tree is complete,

Exercise 1: In each of the following formulas identify the principal connective and then
draw the decompostition tree for the formula:
a) PA[QVR] d) “(pv {QAP]]
b) [PAQIVR e) PV [QAP]

c) [PV "RIVEP £) [PV [PAP]]IVEP



1.4 Sentences and Well Formed Formulas

One reason for calling expressions like "P A Q" formulas rather than sentences is
that we wish to think of the formula "P A Q" as describing a pattern for English sentences.
To obtain an example of a sentence of the pattern "P A Q" we replace "P" by some declara-
tive s,\c.'ntem:e,x “AM by "and", and "Q" by a declarative sentence. For example, if "P" is
replaced by

{1} The Moon is made of Liederkranz

and "Q" is replaced by

(2} Old Man Moses is dead
g we obtain
{3) The Moon is made of Liederkranz and Old Man Moses is dead.

In the future we will indicate a replacement like (1) by writing simply

[4) P: The ioon is made of Liederkranz.

L el ek,

We read (4} as "P, The bloon s made of Liederkranz”.

We call (3} a replacement instance, or simply an instance, of the formula "P ~ Q"

=+ =

and we call " P A Q" a pattern for the sentence (3}, When forming instances of formulas

we will draw upon both English sentences and mathematical sentences. Here are a few

instances of the formula "P ATQ":

(5) A beagle is a dog and a parakeet is not a dog.

(6) The number 4 is prime and the number 3 is not a prime.
(7) A beagle ts a dog and a beagle is not a dog.

(8) 4+5<8and 3#6.

(9) Dogs bark and frogs do not fly.

Although the formula "P A "Q " involves two different propositional variables we are

permitted to replace each variable by the same sentence. Thus {7) is an instance of

X A declarative sentence Is one which makes a forthright statement, such as "Your eyes
are like limpid pools". Declarative sentences are to he distinguished from other sorts of
sentences such as interrogative sentences (which ask questions: "Are you trying to get

fresh with me?") and imperative sentences {which give commands: "Never darken my doors
againl"). ‘

11
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"pATQ". Itisalsoan instance of " P A ~p". However, of the sentences (5) - (9), only
(7) is an instance of "F A ~“P" because we follow the convention that each occurrence of
the same variable in a formula must be replaced by the same sentence. That is, if a variable,
say "P", occurs in more than one place in a formula, then to produce an instance of that
formula we must use the same sentence in each place where the variable "P" occurs.

As we said above, when forming instances of formulas we are permitted to mix

English sentences and mathematical ones. For example, consider the formula “ PV {Q #RI]"

with
P: 2+2=4
0 : George Washington was the first President of the United States
R: The rain in Spain falls mainly in the plain.

We have

{10} 7 +7 £ 1. or George Washingion was the first President of the United

States and the rain in Spain falls mainly in the plain.

At this point you might object that our theory has run amuck. MNo one makes sen-
tences tike (10). The rules of good English reject such sentences; indeed we do not even
have the means to punctuaie such & sentence properly. But keep in mind that our long-range
objective is not to study English but to study mathematical arguments. Furthermore we are
viewing logic as applied to mathematics. Consequently we do not wish our study to be
confined to sentence compounds that happen to be considered good English at the present
time. Rather we wish the prapositional calculus to encompass sentences that might be
acceptable at some future time, sentences that are possible in English, German, French, or
any other of the natural languages that exist now or that might exist in the future. Therefore
we wiil study any and all "sentences"” that can be compounded according to the rules we
specify in the propositional calculus—even compounds that are not represented by reasonable

English sentences.

Exercise 2: Write five instances of the formula ""PV Q",
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Not only does every formula identify a sentence pattern but every declarative sentence

is an instance of some formula. For example,

(11} A beagle is a dog or a beagle is not a cat

is an instance of "PV "Q" with
P: A beagle is a dog
Q: A beagle is a cat,
Of course, (11} is also an instance of " P ¥ Q" with
P: A beagle is a dog
Q: A beagle is not a cat.
Furthermore, (11} is also an instance of the atomic formula "P" with

P: A heagle is a dog or a beagle is not a cat.

Exercise 3: [dentify a pattern for each of the following sentences so that the sentences

which are to replace the propositional variables appearing in the "pattern"

formula are as simple as possible.

¢
q
.I

Example; Of the three patterns given above for the sentence "A beagle is a

dog or a beagle is not & cat", only "PV "Q" satisties the con-

ditions of this exercise.

a) David slew Goliath and Goliath is dead.

b) You can't net go to school.

c) Romeo was not alive or Juliet was deceived.
d) It's not true that I didn't do no work.

Mﬂﬂﬁmﬂn%ivzﬂ s BT
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1.5  Truth Tables

In Section 1.1 we mentioned our intention to refer to truth (t) and falsity (f) collec-
tively @s "truth values”. We further said that the problem of determining whether a ql;iven
sentence is true or false would be referred to as the problem of determining the truth value of
that sentence. One cobjective of our study of the propositional calculus is to find methods
of making truth value judgemedts in which we can have confidence. Qne approach to this
problem is to use the formulas of the propositional calculus to classify sentences and then
see what conclusions we can draw about the sentences in a given category. For example,
consider the formula " “P". This formula is a pattern for all those sentences that are ob-
tained by negating other sentences. 1f we replace "P" by a true sentence, we obtain a false
sentence; if we replace "P" by a false sentence, we obtain a true sentence. This is a direct
conscquence of what it means to negate,

Let us try o transform this information about sentences into information about the
rormula * TF ", for the purposes of the propositional calculus, it 15 of no real concern to us
which specific sentences are substituted for "P"; all we really care about is whether they
are true or false. 8o instzad of talking about replacing "P* by a sentence, let us talk about
assigning "P" a truth value, Assigning "P" the value t is the analogue of replacing "P" by a
true sentence, and assigning "P" the value { is the analogue of replacing “P" by a false

sentence, We can then summarize the essential idea of negation in the following truth table:

P “P
t f
f t

Here the column headed "P" lists all possible truth values that can be assigneéd to "P",
The order in which these values are listed is not important. The essential thing is that the
atomic formula "P" can be assigned the value t or the value f and these are the only assign-
ments possible, In the column headed " P " are listed the truth values for " "P" that corres~
pond to the various possible assignments of .values for "P", For example, the first row of

the table tells us that if "P" is assigned the value t then the value of * "P" will necessarily
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be f. This merely translates what we said earlier: if the "P" in " "P" is replaced by a true
sentence, we will obtain a false sentence.

If the observations we have just made about negation seem so obvious and trivial that
it is hard to imagine their leading to anything important, we ask you to be patient just a little
longer as we explain more fully what we are about. Qur general plan is as follows: [fa
truth value is assigned to each atomic formula of the propositional calculus, then the mean-
ings which we intend for "~ ", "A", "V " (and any other connectives we will introduce later)
will determine the truth values of every other formula of the propositional calculus. So it is
clear that our immediate task is to clarify the way in which these truth values of nonatomic
formulas are determined, that is, to make sure that we all agree on the meanings of " ",
AN, "V etc.

We have already reached agreement on negation., [f & i5 any formula at all, then
S and TS must have opposite truth values. We summarize this in a truth @ble which we will

call the truth table for neaation.

bk
[Hir)

() t £

We intend the connective "/ " to be used in the sense of the English connecting
word "and". Consequently if § and J are formulas of the propositional calculus, we specify

that 8 A J has the value t iffxeach of the component formulas 3 and J has the value t:

8 3 S AT
t t t
{C) t f f
£ ot f
f f f

X The phrase "if and only if" is used so frequently in mathematical discussions that we
find it convenient to introduce an abbreviation for it. So from here on whenever you see
"{ff* you should understand it as abbreviating "if and only if".
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This i5 the truth table for conjunction. In the first two columns we have listed all

possible combinations of truth values for S and J. For two formulas there are exactly four
combinations of values: both formulas could be assigned the value t; the first could be
assigned the value t and the !sec:ond the value f: the first could be assigned the value f
and the second the value t; or both formulas could be assigned the value f. The order in
which these four combinations are listed is of no importance. We have made the list in a
systematic way above because that helps avoid overlooking a combination. Such a safe-
guard is worth having when one begins to deal with larger truth tables. Whether the column
for S is listed first, or that for 5. is also unimportant. The second row of the table, for
example, tells us that if & is a formula that has the value t and J i.s a formula that has the
value £, then the formula $ A J must have the value f. And this is so whether you think of
S having the value t before or after you think of § having the value f.

To play the role of the English connecting word "or" we introduced the spectial
symbol "V ". [t may be the case that we all agree on the proper use of the Engiish connec-
ting word "or", but to be sure that we do let us consider the following examples.

Suppose that in a discussion of early U.S. history somecne whose memory is not oo
good says
{1} George Washington was President or George Washington was Secretary of

State.
To this we would probably reply, "Yes, he was President but he was never Secretary of State."
The "yes" in our reply indicates that we accept {1) as true,

Similarly we would accept

(2) Alexander Hamilton was President or Alexander Hamilton was Secretary
of the Treasury
as true because it is true that Alexander Hamilton was Secretary of the Treasury, though

false that he was President,
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Now consider the claim that
(3} Benjamin Franklin was President or Benjamin Franklin was Vice President.
To this we would surely reply "No. He was neither President nor Vice President." Here
our "no" reply indicates that we view (3) as false.

As a flnal example consider the assertion
(4) Thomas Jefferson was President or Thomas Jefferson was Secretary

of State.

To this someone might reply, "Yes, in fact he was both” and someone else might reply
“No, he was both." Clearly each respondent agrees that each component sentence in {4)
is true but they are thinking about "or" in different ways.

The person who answer "no" is interpreting the assertion {4) to mean that Thomas
Jefferson held exactly ong of the offices of President and Secretary of State but not both.

This use of "or" we call the exclusive "or", The person who replied "yes” is interoreting

the asseriion (4) to mean that Thomas Jefferson held at least one (and hence possibly both)

of these two offices, This use of "or" we call the inclusive "“or".

For the propositional calculus {and indeed for mathematics in general) we find the
inclusive "or" to be the most useful one and hence we specify that for formulas 8 and 3

the disjunction 3V J shall have the value t in all cases except when £ and J each have the

value f.
=4 7 a3vy
t t t
(8) t f t
f t t
f f f

L]
We will now show how, if each atomic formula is assigned a truth value, the truth

tables (M), (C), and (#) determine a truth value for every formula that is compounded from
atomic formulas using "~ ", "A", and "V". Conslder, for example, the forrﬁula

*““PV [QAR]". We begin by forming the decomposition tree for the given formula :
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“pv [Q AR]

“p QAR

P Q R

This decomposition tree shows that our given formula is constructed from the atomic formulas
wpe, »Q", and "R" by first forming " ~“p" and "OQ M R", and then forming " “pv [QARIM.
We will construct a truth table for " “pv [Q~ R] " by following the same order of con-
struction.

We begin with the three atomic formulas "P", “Q", and "R". Since each of these
three atomic formulas could be assigned either of the values t and £, there are eight
(=2« 2~ 2)different combinations of truth values that can be assigned. We begin our

tabie by lis:ing these gight combinations :

P Q R
t t 3
t t i
{ f t
t £ H
f |3 t
S f
i |t t
£ f f

Once again, we point out that the order in which these columns appear is nat important,
but it ls usually helpful to put them in the same order in which the variables appear in the
formula under consideration, Lif that is possible.

We now move up to the next level of the decompositlon tree and add a column for
«=p*_ The values in this column are determined from the column headed "P" usl-ng

table {7).




1
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P Q R “p
t t t £
4 t £ f
t £ t £
t f £ 3
£ t t t
£ t f t
f f t t
f f f t

Similarly we add a column for "Q A R", determining these values from the columns headed

"Q" and “R" using table {C).

P Q R TP QAR
t t t 3 t
t t f f t
t £ L f £
t £ [ f f
i t t t t
£ t £ t f
t f t t f
f £ £ t f

Once again, it makes no difference whether we put the " “P* column before or after the
"Q A R" column, but, as before, it is convenient to list the component formulas " “P* and
"Q AR" in the same order in which they occur in the formula under consideration,

Finally, we move up to the highest level of the decomposition tree and add a column
for " PV [QA R]", determining these values from the "~P" and "Q A R" columns using

table (8).

19
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P Q R “p QAR “pv [Q AR]
t t t £ t t
t t f f f £
t £ t £ f f
t f f £ f f
f t t t t t
£ t £ t £ t
f £ t t £ t
£ £ £ t £ t

This is the truth table for ““pv [Q AR]". And what does this table tell us? It tells
us many things. For example, suppose that someone walks up to you on the street and says,
"If in the formula ' “PV [Q A R}' [ replace 'P' by a true sentence and I replace 'Q' and 'R
by false sentences, will the resultlng sentence be true?” In order to respond, you have anly
o look at the above truth rable, note that in row 4 "P" i3 assigned the value tand "Q" and
"R" are each assigned the value f with the result that '“pw {Q ~ R] " has value £. 5o you

reply, "No: as a matter of fact the sentence you will produce will be false." Your inqui-
sitor might then continue, "(iee, will that always happen? Will I always geta false sen-
tence no matter if I replace 'P*, 'Q', and ‘R by true or false sentences?" To answer this
question you have only to scan the last column of the truth table. You will see five "t's"
and three “f's" and so you can respond, "No, you won't always get a false sentence. In
fact if you make substitutions using various combinations of true and false sentences and

keep a record of the truth values of the resulting sentences, you will find that true sentences

occur slightly more frequently than false ones.”
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PROBLEM SET 1

In each of Problems 1 - 20 make a truth table for the given formula.

1. “(Tr] i1, “PvQ
2. PATQ L2, [PAQIAR
3. “[PpAQl] 13. PA[QAR]
4. PATQ 14. [(PYQIVR
5. “rell 15, PV {QVR]
6. ["PATQl 16. PV [QAR]
7. "PAQ 17. PAIQVR]
8. PVTQ 18, [PV QlAlPVR]
9. “PVTQ 19. (PAQIV [PAR]
i0. CrvTQl 20. ['PVY QAR
Z1. Choose vour own svymbal ro denote the exclusivs “or” and make irs -ruth table.
22. Each of the following sentences is an instance of a well formed formula. Determine

the truth value of the sentence by referring to the truth table of the corresponding

formula.

aj The Potomac River flows through Little Rock, Arkansas, or the Potomac River
does not flow through Little Rock, Arkansas.

b) Pigs have wings and 2 +2 =4,

c) Hawaii {5 a state of the Union and [ Chicago is north of New Orleans or the
population of New York City is 123].

d) [ Hawail is a state of the Union or Chicago is north of New Orleans] and the

population of New York City is 123,

- 00 o -
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1.6 Implication

In Section 1.3 we introduced the connectives " A" and "V ". Our purpose in including
them in the language of the propositional calculus is to enable us to use the propositional
calculus to study “and/or" sentence compounds. Another way of learning something about
such compounds is to study the following operational system.

Let “T " denote the set of truth values, i.e., 7 = Lt, i}. Corresponding to the two

connectives " A" and "V " we define two binary operations on T:

Q) t f © t f

t t £ t t t

£ £ f i t f

Anything we can discover about the operational system (7, @ . @ } will tell us
something about "~ /¥ " formulas of the propositional calculus and hence something about
"and/or"” sentence compounds in senerat. lor example, it is easlly seen from the operation
tables above that @ and @ are each commutative. This tells us that, given any formulas
8 apnd T of the propositional calculus, the formulas 8 A J and 3 ~ S will have the same truth
values, regardless of the values assigned to their atomic parts. We could have established

this by considering the following truth table, whose last two columns are identical :

8 3 SAT | TIAS
t t t t
t H £ £
£ t f £
f £ £ £

The operations @ and@ are but two of the sixteen different operations that could

be defined o 7. Why sixteen? Consider the following blank table:

* t f




23

To define an operation % on T we have only to write either "t" or "f" in each of the four
empty boxes. Since we have two choices for each of the four boxes, we can fill all four
boxes in 2* different ways. Hence there are sixteen different operations that can be defined

an 7. Of course most of these sixteen different binary operations on the set of truth values

do not correspond to any connecting word in any known language. For example consider

t f t £
t 4 t t f f
£ t t H f £

The first table would correspond to a connecting word that produces a true sentence from
every pair of sentences, and the second would correspond to @ connecting word that produces
a false sentence from every pair of sentences. Certainly, no such words exist in English,
or indeed in any oth'e:' nown language.

The fact that there are no such connecting words 1n an “nown languaae would nos
prevent us from inventing appropriate connectives and adjoining them to the language of the
propositional calculus. Indeed, in a later section we look at an interesting connective that
has no English counterpart. For the moment, however, we will study one particular operation

on T that does have a reasonable English interpretation, Consider the following coperation

table :

® t f

t t f

As a correspondent to this operation on T we adjoin to the language of the propositional

calculus a connective " =" that we call the conditional (or implication). If.8 and J are

formulas of the propositional calculus, then $ =7 is also a formula of the propositional
calculus, We read "S=3" as " S implies 3". We call S the antecedent and J the
consequent of the conditional 8 =3, and in the formula 8 = J we say that "=" is the princi-

pal connective. The truth table for the conditional is as follows:
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S 3 §=7
t t t
(3) t f f
f t t
£ £ t

We are interested in the conditional because it has been found to be useful in ana-
lyzing certain kinds of mathematical arguments. It also corresponds in part to the English
use of "If ... then ... " in sentences of the form

If John is older than Mary, then John is older than Bill.
Let us illustrate.

Suppose that the Apple Bobbing Club is electing a president. The candidates are

jones and Smith and Smith is expected 2 win. The vote is taken and when +he last ballot 1=

dropped in the box everyone turns to the club sponsor and asks, "Is Smith the presiden:.”

The spansor, shocked that his students know SO little about democratic procsaures, answears,

perhaps with a tone of lrritation in his voice,
{1} If Smith has a majority of the votes, then Smith is the president.
So the votes are counted, Smith has a majority, and he is given the oath of office.

Under these circumstances, We would surely agree that the sponsor has correctly
informed his students, which is to say that {1) is true. Suppose, however, that after
counting the votes and finding that Smith has a majority someone recalls that Smith is presi-
dent of Gum Chewing and & schoal rule forblds anyone from being president of two clubs.
Gonsequently Jones, who was runner-up, is made president. Under these circumstances
the students would surely be justified in saying to their advisor, “You were wrong. You
should have said,

(2} If Smith has a majority of the votes and Smith ts not president of another

club, then Smith is the president.”

I3
By

il
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Suppose on the other hand that when the v.ote is counted it is found that Smith does
not have a majority and Jones is given the oath df office, or Smith does not have a majority
but Jones is disqualifled and Smith is made president. Are either of these situations in con-
flict with {1)? We claim not. We hold that (1) is true under all circumstances but one—
Smith has a majority but is not made president.

From the operation table for @ we see that it is not a commutative operation. That
is, "P=Q" and "Q = P" need not have the same truth value, But that is clear from the
following instances of these two formulas

If Smith lives in Chicago, then Smith lives in Illinois

If Smith lives in Illincis, then Smith. lives in Chicago
the first of which is true and the second false. At this point we introduce some new termi-
nology: If & and T are well formed formulas, then T = 2 is called the converse of =3
[t is not uncommon for people to confuse a conditional with 185 converse., But, as we have
seen, a condliional and its converse need not nave the sam2 truth value. Consequently,
making such a confusion can lead to logical mistakes, and if such a mistake is made, then

it is often said that one has made the error of the converse.
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PROBLEM SET 2

In Problems 1 - 20 make a truth table for the given formula.

1. P=7Q 1. QATQ

2. P=P 12, (pvQl=["QVvPpl

3. “Q="P 13. (p=qQl = [iPV rR] = Ql
4. [QAPl =2 Q . 14. [P=Q]=[[PAR]=Q]
5. Q=1{QnrP] 15. ("pAfPvQll = Q

6. QA[P=Q] 16. (palov Qll=P

7. [Qvs]l =Q 17. “p = [P=Q]

8. Q= [QVverl 18. “p=[(PrQl

9. ov [p= 0Ol 19. [(p=qQlv [Q="F]

10. Q7 "Q 20 p=[P=0Ql

Z1. Suppose that we \now that " P = Q" is rus and we know that Q" is true.

What can we say about the truth or falsity of "P" ?
22. Each of the following sentences is an instaﬁce af a well formed formula. Determine

the truth value of the sentence by referring to the truth table of the corresponding

formula.

al If Kansas City is west of St. Louis then 1975 was a leap year.

b) 2+2 >0 dees not imply that hummingbird eggs welgh three tons.

c) 3,4=3 or[3'—,4=6impliesthat3'.,4=4]

d) if Canada is in South America and the first person to walk on the Moon was

a Russian, then a whale is a mammal.,

'."‘ - 0 0 o0 -
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1.7 Tautologies ; Eguivalence of Formulas

pefore we go farther into the study of the propositional calculus we should perhaps
pause to explain where we are going and what we hope to accomplish. We explained at the
outset that one purpose of the propositional calculus is to enable us to study those mathe-
matical arguments known as "proofs". By an argument we simply mean any statement or
collection of statements that is intended to convince us of something. To study such an
argument we will look at the patterns of the sentences involved. If these patterns are well
formed formulas of the propositional calculus, then by studying the formulas of the propo-
sitional calculus we might be able to learn something about this argument in particular, and
arguments in general. One thing we will observe in our study is that arguments also have
patterns. That is, arguments are made by fitting sentences together in certain patterns.

But before we can say much more about this we must discuss a few more ideas.

Recall our earlier observation thas the aperation @ is commutative. This fact
as=ires 03 that, whatever riuth reluss ar2 Assigned to "P" and "Q", -he resulting truth value
of " P~ Q" will be the same as that of “Q 2", Thatis, if "PAQ * has truth value t then
“Q AN P* has truth value t, and if "Q A P" has truth value t, then " P A Q" has truth value t.
Similarly, if "P A Q" has truth value f then "Q A P" has truth value f, and Lf "Q AP has
truth value f, then " P A Q" has truth value {. In light of this discussion it would be inter-
esting to look carefully at the truth table of the [ollowing formula:

(1) ((prQl=[QrPl]lA[loArP]=[PAQII

Let us examine the truth table of formula (1).

Plolpaq|aar|lpaQl=loarlilQrrl=(PAQ] ((prQl=[QAPIIAlLQAP]={PAQ]]
t]t t t t t t
t|£] f f t t t
flt] f f t t t
fle] ¢ f t t t

Notice that the formulas “[PAQ]l=[QAPI™, "[QA Pl1=f{PAQl", and

"I{paQl=(QAPIIA[[IQAP]={PA 011" each have truth value t no matter what truth
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values are assigned to the variables "P" and "Q". There are many other formulas that have
this property. We call such formulas tautologies, That is, a tautology is a formula that has
truth value t regardless of the truth values assigned to its component atomic formulas. As
may be seen from this example, we can use truth tables to determine in a purely mechanical

way whether a given formula is a tautology. For example, each of the following is a

tautology :
a) PV P
b) (PAQl=P
c) “[pATP]

d) ["PA[PVQLll=0Q

To show this we need only form their truth tables, We provide one table and leave the others

as exercises f[or the reader.

P 0 PrO (PAQ)=P
E t r t
. y i b
t t f t
3 f f t
Exercise 4: By forming their truth tables, show that formulas {a), (c). and (d) above

are tautologies.

We are interested in tautologies for a variety of reasons. Since one of the objectives
of logic is to enable us to separate true sentences from false ones we might jump to the con-
elusion that we are interested in tautologies because they are formulas that identify patterns
of sentences each of which Is true, But a little reflection on the nature of a tautology makes
it clear that while they do identify true sentences those sentences do not contain much in-
formation., Let us illustrate.

A certain Jones is a zoologist who specializes in the study of monkeys. One day we

rush up to him with our new technique for identifying true sentences and explain:
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{2) Monkeys have fleas or monkeys don't have fleas
and we know this is true because it is an instance of the tautology

PV ~P.
Needless to say Jones will not be impressed. He will surely agree that {(2) is true, even if
he has never hEFird of a tautology, but will object that it is of no interest hecause it does not
tell him anything about monkeys.

No, we are interested in tautolagies for ather reasons. For one thing, tautologies
help us study argument patterns by telling us about certain relationships between formulas.
One such relationship is that of equivalence. Two formulas 8 and 7 are equivalent if and only
if the truth value of % is the same as that of 3 for all possible assignments of truth values to
the propositional variables involved, For example, from the first four columns in the truth
table on page 27, we see that the formulas "P A Q" and "Q A P" are equivalent since for all
possible assignments of truth values to "P" and "Q", "PA Q" and "Q A P" have the same
sruth salue,

It seems reasonable to ashk if there is a formula involving two formulas $ and 3 which

s true if and only if both % and 3 are true or both $ and J are false. That is, 2 formula based

an the fallowing truth table:

3 T

t t t
(*) t f 3

f t £

f f t

One such formula is [S =TF] A [T = 8}; that is, the conjunction of a conditional with its
converse. The reader should check that this formula has the above truth table.

Now suppose 8 and J are "PAQ" and "Q A P" respectively. Then the formula
based on truth table (*) is " [[}’ AQI=[QAPIIAL[QAPI=[PAQI]". Since we have
already determined that "P A Q" and "Q A P" always have the same truth values no matter

what truth values are assigned to "P" and "Q" (i.e., they are equivalent formulas), we can
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be certain that only the first and fourth lines of truth table (*) are applicable to the
formula

[(pAQl=[QArPI}ALIQAP]= [pAQll.
[n other words, this formula is @ tautology.

The general situation regarding equivalent formulas is the same as in this special
example. Thatls, two formulas $ and J are equivalent iff
(3) (2=3]1n(3=8]
is a tautology.

Since we must deal with formulas like (3} quite frequently in the material ahead we
find it convenient to introduce a special_ symbel, "=, called the biconditional, that can be
used to simplify both the notation in (3) as well as the rask of producing truth tables for
tormulas ltke (3).

We will use the formula
(4) 523,
read " 8 if and only i3 ", as an abbreviation for (3}. Formula (4) is not a well formed for-
mula of our language but is & shorthand way of writing (3). In other words , whaenever you

see a formula like {4) it should make vou think of the well formed formula (3). Notice that

the truth table for the biconditional is (*) above which we repeat here for emphasis.

=4 3 ge 3
t t t
(8) t £ £
f t f
f £ t

If we use the biconditional, then our earlier truth table on page 27 (which, as we
have already mentioned, established the equivalence of "PAQ" and "QAP" } can be

simpllfied 3
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P Q | PrQiQAapr I [PAQ] = [QAP]
t t t t t
t f £ £ t
f t £ f t
£ £ £ £ t

We can now make use of the biconditional to help us characterize equivalent formulas:

~

Two formulas & and J are equivalent iff their biconditional 2 < J is a tautology,

Example : “T“[PAQ]" and "P="Q" are equivalent.
In order to establish this we must show that
“[PAQle=[P="01

is a tautology. This is easily shown by a truth table:

P o, Q PO | fPAQ] P="0 | T(PrQl=[F="0Q]
t t f o £ £ r
t f L f t L t
f t £ £ t t L
f 3 t f t t t

Exercise 5: Show that "P=[QV R]" and "[TQ A P]J = R" are equivalent.
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PROBLEM SET 3

1. Examine the truth tables of the formulas of the last two problem sets and list those

formulas that are tautologies.

In each of Problems 2 -9, determine whether the given formula is a tautology.

. “p="[7P] 6. “("plepP

3. [prQl = [PVQ] 7. peP 4
4. {pvQl=" B. [p=Ql=(Q=P] LL:
5. (prQl = ("Q=P] 9. [[p=0lA{Q=RlIl=[P=R] g
In each of Problems 10 - 21, show that the two given formulas are equivalent. ?
10, “{paQl: PV TQ 16. [pAQlAaR; PA[QF Rl %
i, Tfpvol: "PATQ 17. (pvQlvR: PVI[QVR] ;
12. “lp=20Q1l: PATQ 18. P=0: TQ="°P

13, pP=0Q; TPV Q 19, p=[Q=R]: [P~ Q=R

14. PAQ: QnP 20. p~[Qv Rl [Pf‘Q]-[F i)

15. pYQ; Qv P 21. pv [ovRl; T[PVQI=R

22. Suppose that and J are equivalent formulas and § is a tautology. What can You

say about 3?7 Explain.

251 Suppose that $=Jd isa tautology. What can you Say about5=2357 I =37
Explain.
24, Suppose that 3 is & tautology and $ is @ well formed formula. What can you say

about 8 = § 7 Explain.

-0 O o -
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1.8 Some Useful Equivalences: The Substitution Principle

Let us now turn our attention to some specific equivalences that will be important

to us in the work ahead :

“["p}] = P Law of Double Negation
“[pAaQl = [CpPv Q] De Morgan's Law for Conjunction
“[pvQl = [TPATQ] De Morgan's Law for Disjunction
“[P=Q] = [PATQ] Law of Negation of the Conditional

The above four formulas are tautologies that can be thought of as telling us how negation

interacts with itself, conjunction, disjunction, and the conditional.

LS

{PAQ] = [QAP] Commutative Law for Conjunction
[PV Q] = [QVP] Commutative Law for Disjunction
((pAQl AR} = [PA[CAR]] Associative Law for Conjunction
[Py Ql7sR] = {PvY[OQ¢R]] Associative Law for Disjunciion
(P [QvRI] = [{P"Q)v [P R]] Distributive Law of Conjunction o ar Dizjunction
(Pv[Q~RI] = [[PVQ]A[PvR]] Distributive Law of Disjunction over Conjunction

The above six formulas are tautologles that give the basic properties of conjunction and dis-
junction, Finally we mention two other tautologies,

{(P=0Q] = [T0="pP] Law of Contraposition

fP=0Q] = [PV Q] Law of Equivalence for the Conditional
The name of the first of these derives from the following piece of terminology: I[f Sand J
are well formed formulas, then the formula "7 = 78 is called the contrapositive of $ =7,

A word of warning! Some people are tempted to confuse equivalent formulas,

especially formulas involving negation, and to say, for example, that *“["P]" [s “P",
But " "[TP]) " is not "P" for the first formula has two " ~"'s in It; the second does not. No,
the negation of "P" is " "P" and the negation of " P" is ““["P]", not "P". Similarly, the
contrapositive of "P= Q" Is " Q= "P" and the contrapositive of " "Q = "P" is

rl“"["P] ="'["'Q]u' not " P=Q“.
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This would seem to be a rather unfortunate circumstance. Suppose that, for some
reason, a person were compelled to take contrapositives of contrapositives, then strings of
w~wrs would be generated and these are not particularly attractive. As we will see later,
when we want a certain formula, an equivalent formula will suffice for most purposes, Thus,
for example, if it is the contrapositive of " “Q = P that is needed, a formula equivalent to
the contrapositive will probably do, Thus while "P= Q" is not the contrapositive of
“"Q ="P" it will do for certain purposes because it is equivalent to the contrapositive,
which is ""[TP]1="["Ql".

On what basls do we claim that "P=0" and " ["P] =7[7Q] " are equivalent?
We could establish our clai;n by forming the truth table of the biconditional of the twa given
formulas and showing that the biconditional is a tautology. But that isn't necessary; there
is an easier way. Let us change the problem sliaghtly to simplify the discussion.

Consider the fwo formulas "P=0" and “ [Pl = Q" We know without forming the
truth table that these formulas are squivalent for lawing reason, Tnink of the second
formula as having been obtained from the first by substituting " T[TP]" for "P". Since
“~[~P]" and "P" are equivalent they have the same truth value whatever truth vatue is
assigned to "P*, Consequently, whatever the truth values of "P" and "Q", " “{"pl=0Q"
has the same truth valueas "P=0",

Consider another example :

[PVQ]l=0Q; (QvP]l=Q.
Here again the second formula can be thought of as having been obtained from the first by
substituting "QV P" for "PV Q". Since "QV P" and "PV Q" are equivalent, the two
given formulas are equivalent.

One final observation before we sum up. [t isn't necessary that these substituttons
be made for all occurrences of the equivalent formula., For example, " [PAQ]l=F" and
“[~["P) AQ]=P" are equivalent; "[PAQ]=P" and "[PAQ)="["P]" are equivalent;

“[PAQ] =2P" and "[T[TP1 A Q] ="["P]" are equivalent.
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We now summarize these observations as a basic principle.

The Substitution Principle: If 8 and ® are equivalent formulas and G is & formula obtalned

In

3P

from a formula F by substituting ® for 8 in zero, one, or more occurrences of

S in 7, then § and F are also equivalent formulas.

Aftermath. ..

“Pull over to the side of the road."”

"Oh, hello Officer! ['m not going to pay any attention to what you don't say."

“What?"

“Ha, ha! That was the old double negative, Officer. ['m not going to pay any
attention to what you don't say, but I am going to pay attention to what
you do say. Get it? Ha, hal"

“You were doing seventy.”

‘It isn't vour business how fast [ wasn't driving."

'Say, ...0

“Ha, ha! That was rhe old double negative again, Officer. [t isn't your
husiness how fast [ wasn't driving, but it is vour business how fast
[ was drivinag. Get it? Ha, hal”

'"Wall, cops enjoy @ laugh as inuch as anybody. My, ves! ['m not going o
give vou a ticket for not speeding. Get it?"

He got it.

PROBLEM SET 4

Problems 1| - 3 write the contrapositive of the given formula.

P="0Q

“p = Q

[(Pv7Ql = [PAQ]

In Problems 4 - 6 show that the given formula is a tautology.

4,

fPA[QAR]] = [[PAQ]A[PAR]] Self-distributive Law for Conjunction
[PV [QVRI} = [[PvQ] v [PVR]] Self-distributive Law for Disjunction
[P={Q=R]]l = [[P>Q]={P=R]]  Seli-distributive Law for the Conditional
Suppose you know that " P=0Q" is false. What can you say about the truth or

falsity of ""Q ="P" ? Why?
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9-11.

12,

if 5 and § are formulas which are related as described in the statement of the
Substitution Principle and J is a tautology, what can you say about G?7 Why?

Write the converse of each of the formulas in Problems 1 - 3.

In each of the following, use the Substitution Principle to show that the two given
formulas are eguivalent. Do this by identifying formulas §, G, ®, and 8, and
indicating where it has been shown that ® and $ are equivalent, (In (c) and {(d)
several applications of the Substitution Principle are necessary.)

a) PA[Q=R]; PA{TQVRI

b) [PAQl=[RVTPI; [T[TPIAQI={RVP]

c) [R=8l=["[R=8]v[PA~Ql]l: ["s="Rl=[[RATSIVI[PATQI]

4)  [sA[P="SI1VI["PA"QIAT("SI]; [T[78)A"[PASITV[T[PYVQ]AS]
In each of the following, use the Substitution Principle and the result of Problem 8 to
show that the given formula G is a tautology. In each case, identify formulas 3. Ey

and 8, and indicate where it has been shown that § is a tautology and ® 1s equivalent

to 5.

al “"pl={PVvQl

b) [fe="pPIv[TQve] -
c} “[CpvTQl=pP

d) "P=["Q="rP]

-0 O o -
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1.9 Instantiation of Formulas by Formulas: The Tautology Principle

Earlier we noted that every formula is a pattern for sentences. Every formula s also
a pattern for formulas. For example, the formula
(1) P=P

is a pattern for formulas, such as the following, that are the conditional of a formula with

itself:

(2) “p="P

(3) Q=Q

(4) [PAQl=[P"rQl

Each such formula we call an instance of formula (1), So now we have two kinds of
instances: sentences that are instances and formulas that are instances. But no confusion
will arise because the context will always make clear what we mean. Let us formulate this
dea in more general terms,

let & be a wff? and ¥ be an atomic formula (i.e,, 2 propositional variable such as

“P" or "Q", ete, ). 1f every occurrence of P in $ is replaced by a formula ¥, the resulting

P

formuta 1s an instance of 3. Or, even more generally, let S be a wif and let 3,5, y

fain o
he distinct atomic formulas, If every occurrence of ¥ in $ is replaced by a formula J, ,
every occurrence of ¥, in 8 is replaced by a formula 35, and so on, the resulting formula is
an instance of 3.

-
"

For example, if 8is "P=P" and J is P" and we replace each occurrence of "P"

in "P=P" by ""P", we obtaln
“P="P
which is an instance of "P=P",
If we replace each occurrence of "P" in "P = P" by "Q", we obtain the instance

(Of“P=P")

Q=Q.

% “wif" abbreviates "well-formed formula”. (See page 7.)
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Ifin "P=Q" we replace "P" by “R" and "Q" by "PAQ", we obtain the instance {(of"P=2Q")
R={PAQI.

Note that in the above description of "instances"” we did not insist that each of the
atomic formulas ®,%,, .... % occur in 8. If none of them does occur in $, then replacement
produces £ itself as an instance of 3. Why would anyone in thelr right mind want to talk
about replacing an atomic formula that isn't there? Not because it {5 Important for the propo-
sitional calculus but simply because it enables us to talk about replacement in a certain way.
For example, if we replace each occurrence af "P" in & = 3, the formula we get is the condi-
tional of the two formulas obtained by replacing each occurrence of "P" in S and in &. This
simple description is much more complicated if we insist that, before we can talk about
replacement, "P" must actually be present.

Mow that we have the notion of one formula being an instance of a second formuta we
are ready to describe our next logical principle, one dealing with tautologies. Consider any
tautology, for example
(5) P=F

and think about its instances, say

(6) "Q="0
(7) fpAaQl={PrQ]
(8) [*pv Pl= [TPV P

Each of these instances is also a tautology. Must we form their truth tables to be convinced
of this? No, we need only note that in (6), say, "~Q" has replaced "P" everywhere that
"p" occurs in (5). Hence, if "Q" has truth value t, the truth value of {6) is the same as the
truth value of {5) when "P" has truth value f, and vice versa. Since {5) has truth value t
regardless of the truth value of "P", it follows that (6) must also have truth value t regard-
less of the truth value of "Q". Said another way, if (6) were not a tautology, then for some
ass-ignment of truth value to "Q" (6) would have truth value f. But then that would mean

that {5} would have truth value { when "pv was assigned the opposite truth value to this

particular truth value of "Q", an impossibility since (§) is a tautology.
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We summarize these observations in the following principle:

The Tautology Principle: If 8 is a tautology, then every formula which is an

instance of 8 is also a tautology.

For example, from the Tautology Principle we see that
{lpvQlrQl=[pPvQl
is a tautology because it is an instance of the tautology " {PAQ]=P", Combining the
Tautology Principle and the Substitution Principle we see that
[((PAQIA[TPVTQI]=Q
is a tautology because it is equivalent to
[(pAQlAT[PAQI] = Q

which is an instance of the tautology " [P 4~ Pl =20Q".

PROBLEM SET 5

in each of Problems 1 -5, generate an instance of the given formula by replacing "P" by

"psQn, Example: Formula : P 8
instance : [P7 Q] Vs,
Ly TPAS
2 P=Q
3. "R = {SVRI] '
4. (pAs] = (RVT[PI]
5. P
6. Is "{PVR] » Q" aninstance of " [PV R] = "P* obtained by replacing "P" by

“Q" ? Explain,
7. Is "RAQ" an instance of "R A [S=P]" ? Explain.
B. Is “RA[S=P]" an instance of "RA Q" 7 Explain,

9. Is"S=8" an instance of "R=35" 7 Explain.
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10. Is "R=S8" an instance of "S = 8" ? Explain.

In each of Problems 11 - 20 use the Tautology Principle to show that the given formula is a
tautology. Do this by showing that each formula is an instance of a "simpler" tautology
and indicating which replacement has produced the given instance.

11. [[R=8]1AQ] v T[[R=8])AQ]

i2.  [Tv7 Rl = "[7[TV "R]]

13, T[{QVR] A T[QVRI]]

4.  T[{R=P]1AQ} = [T(R=P]V Q]

15, “[[RVS]=0Q] = [[RVS]A Q]

[ 16. fl@=RIAS] = [[Q=R]AS]
) 17. [{R¥8] A[T=R]] =[RV S]
18. (R=[QVvT]] = {{R=[QV TI]VQI]
_ 19.  T[[R+7SI ¥ [Q=T]] = {"[R~78] ~ "[Q=T]]
1 20, [[R"P1="0Q) = ["{"Q] = (R~ P]]

-0 O o ~

See Appendix [ for material that will help you review for the test on Chapter 1,







