Lectures on Theoretical Mechanics

Dietrich Belitz
Department of Physics
University of Oregon



Contents

Acknowledgments, and Disclaimer

1 Mathematical principles of mechanics

§1 Philosophical comments . . . . .. ... oL L
§1.1  The role of theoretical physics. . . . . . . .. ... ... L.
§1.2  The structure of a physical theory . . . ... ... ... ... ... ...
§2 Review of basic mathematical concepts and notation . . . . . . ... ... ... ...
§2.1 Number sets and functions . . . . .. .. ... oL
§2.2 Differentiation . . . . . .. ...
§2.3 Stationary points . . . . . . ... Lo
§2.4  Ordinary differential equations . . . . . . .. ... ... ... 0.
§2.5 Imtegration . . . . . . ...
§2.6 Paths and path functionals . . . . . . . .. ... ... ... ... ...
§2.7 Surfaces . . . . . . .
§2.8 Line and surface integrals . . . . . .. .. .. L oL oL
§2.9  The implicit function theorem . . . . . . . ... . ... oL
§3 Calculus of variations . . . . . . ... L
§3.1 Three classic problems . . . . . . . ... L oL
§3.2 Path neighborhoods . . . . . .. ... ... o o
§3.3 A fundamental lemma . . . . .. ... oL L
§3.4 The Euler-Lagrange equations . . . . . ... ... .. ... ... .......
§4  General discussion of the Euler-Lagrange equations . . . . . . ... .. ... ... ..
§4.1 First integrals of the Euler-Lagrange equations . . . . . ... ... ... ...
§4.2 Example: The brachistochrone problem . . . . .. .. ... ... ... ....
§4.3 Covariance of the Euler-Lagrange equations . . . . . . . ... ... ... ...
§4.4 Gaugeinvariance . . . . . . ... oL e
§4.5 Nother’s theorem . . . . . . . . . . . L
§5 The principle of least action . . . . . . . . . . ...
§5.1 The axioms of classical mechanics . . . . .. ... ... ... ... ......
§5.2 Conservation laws . . . . . ... L oL
§6 Problems for Chapter 1 . . . . . . . . . . . . . .
2 Mechanics of point masses
§1 Point masses in potentials . . . . . . .. .. oL L
§1.1 A single free particle . . . . . . ..

—



ii Contents
§1.2 Galileo’s principle of relativity . . . . . .. ... ... ... ... 41

§1.3 Potentials . . . . . . .. 42

§1.4 The equations of motion . . . . . . ... .. L oL o 44

§1.5 Systems of point masses . . . . . . . . ... 46

§2 Simple examples for the motion of point masses . . . . . . .. ... ... ... ... 49
§2.1 Galileo’s law of falling bodies . . . . . . .. ... ... oL 49

§2.2 Particle on an inclined plane . . . . . . ... ... L. 53

§2.3 Particle on arotatingpole . . . . . . ... Lo oo 54

§2.4  The harmonic oscillator . . . . . . .. ... o oo 55

§3 One-dimensional conservative systems . . . . . ... ... .. ... ... ... 57
§3.1 Definition of the model . . . . . . .. ... ... 57

§3.2 Solution to the equations of motion . . . . . ... .. ... ... ... ... 57

§3.3  Unbounded motion . . . . . . . . . . ... 58

§3.4 Bounded motion . . . . .. ... 62

§3.5  Equilibrium positions . . . . .. ... L 63

§4 Motion in a central field . . . . . ... L oo 64
§4.1 Reduction to a one-dimensional problem . . . . . . ... ... ... ... ... 64

§4.2 Kepler'ssecond law . . . . . ... oL 65

§4.3 Radial motion . . . . . . . ... 67

§4.4 Equationof theorbit. . . . . . .. .. ... 68

§4.5 Classification of orbits . . . . . . .. ... o oo 69

§4.6 Kepler’'sproblem . . . . . . . ... 72

§4.7 Kepler’s laws of planetary motion . . . . . . ... ... oL oL 78

§5 Introduction to perturbation theory . . . ... ... . ... ... . 0. 79
§5.1 General concept . . . ... 79

§5.2  Digression - Fourier series . . . . . . . . . ... o o 80

§5.3 Oscillations and Fourier series . . . . . . . .. ... ... .. 83

§5.4  Summary thus far, and the anharmonic oscillator . . . . . . . .. .. ... .. 84

§5.5  Perturbation theory for the central field problem . . . . ... ... ... ... 92

§5.6  Perturbations of Kepler’s problem . . . ... ... ... ... ... ...... 94

§5.7 Digression - introduction to potential theory . . . . ... .. ... ... ... 96

§5.8 Mercury’s perihelion advance due to an oblate sun . . . . .. ... ... ... 102

§6 Scattering theory . . . . . . . . L 104
§6.1 Scattering experiments . . . . . . . ... L oL Lo 104

§6.2 Classical theory for the scattering cross section . . . . . ... ... ... ... 106

§6.3 Scattering by a central potential . . . . .. .. ... .. 000 107

§6.4 Rutherford scattering . . . . . .. .. .. L o 108

§6.5 Scattering by a hard sphere . . . . . . .. .. oL o oL 110

§7 N-particle systems . . . . . . . L L 111
§7.1 Closed N-particle systems . . . . . . . . . ... 111

§7.2 The two-body problem . . . . . . . ... L L 116

§8 Problems for Chapter 2 . . . . . . . .. ... 119



Contents 111

3 The rigid body 128
§1 Mathematical preliminaries - vector spaces and tensor spaces . . . . ... ... ... 128
§1.1  Metric vector Spaces . . . . . ... ..o 128

§1.2 Coordinate transformations . . . . . . . ... ... Lo 131

§1.3 Proper coordinate systems . . . . . ... ... oL oL 132

§1.4 Proper coordinate transformations . . . . . ... ... ... ... ... ... 133

§1.5  Tensor Spaces . . . . . ..o e 135

§2 Orthogonal transformations . . . . . . . .. . . ... ... o 138
§2.1 Three-dimensional Euclidean space . . . . . . .. ... ... ... ....... 138

§2.2  Special orthogonal transformations - the group SO(3) . . .. ... ... ... 140

§2.3 Rotations about afixed axis . . . . . . ... ... o 0oL 142

§2.4 Infinitesimal rotations - the generators of SO(3) . . . ... ... ... .... 144

§2.5 Eulerangles. . . . . .. . L 145

§3 The rigid body model . . . . . . ... L 148
§3.1 parameterization of a rigid body . . . . . .. ... 0oL 148

§3.2 Angular velocity . . . . . ... 150

§3.3 Theinertia tensor . . . . . .. ... oL 155

§3.4 Classification of rigid bodies . . . . . . . ... .. ... oL 157

§3.5  Angular momentum of a rigid body . . . ... .. ... 0oL 157

§3.6  The continuum model of rigid bodies . . . . . . . ... ... oo 159

§3.7 The Euler equations . . . . . . . . ... 160

§4  Simple examples of rigid-body motion . . . . . .. ... oo oL 161
§4.1 The physical pendulum . . . . ... ... o oL oL 161

§4.2 Cylinder on an inclined plane . . . . . . .. ... oL 0oL 162

§4.3 The force-free symmetrictop . . . . . ... oL oo oL 164

§4.4  The force-free asymmetrictop. . . . . . . .. Lo Lo 165

§5

Problems for Chapter 3 . . . . . . . . . . . . 170



Acknowledgments

These lectures are based in part on notes taken in lectures delivered by Prof. Wolfgang Gotze
at the Technical University Munich between 1976 and 1985. In their current form they have been
taught as a 15-week course for first-year graduate students at the University of Oregon. The original
handwritten notes were typeset by Spencer Alexander during the academic year 2013/14. Julian
Smith helped with the first round of proofreading. Thanks are due to everyone who has alerted me
to typos since. All remaining mistakes and misconceptions are, of course, the author’s responsibility.

Disclaimer

These notes are still a work in progress. If you notice any mistakes, whether it’s trivial typos or
conceptual problems, please send email to dbelitz@uoregon.edu.



Chapter 1

Mathematical principles of mechanics

§1 Philosophical comments

§1.1 The role of theoretical physics

The diagram below is meant to give a rough idea of how theoretical physics (“Theory”) is intercon-
nected with some related subjects.

Natural Phenomena

Experiment Theory Mathematics

Paradigms

Philosophy

Figure 1.1: The role of theory.

Examples:
Natural phenomena: Planetary motion, atomic spectra, galaxy formation, etc.
Experiment: Measure speed of light, drop objects from leaning tower in Pisa, etc.
Mathematics: ODEs, Calculus of Variations, Group Theory, etc.
Paradigms: Balls and springs, fields, strings, etc.

1



2 Chapter 1. Mathematical principles of mechanics

§1.2 The structure of a physical theory

The flowchart below is meant to describe the logical process behind the construction of physical
theories.

Structure Elements Examples
1. Paradigm k- |Point masses and forces
2. Axioms i |Principle of least action
3. Model 1 |Newtonian mechanics
4. Mathematics Solving differential equations | |Less general,
5. Calculation of observables Mercury's perihelion more/specific
6. Comparison with experiments

Good agreement Poor agreement

Figure 1.2: The structure of a physical theory.
Remark 1: Occasionally, physical problems spawn the invention of new mathematics (e.g., calculus,
differential geometry).

Remark 2: Most theorists deal with steps 4 - 6 in Figure 1.2. Some very good theorists deal with
step 3 (e.g., Dirac, Landau). Very few exceptional theorists deal with steps 1 and 2
(e.g., Bohr, Einstein). Occasional theorists deal with setp 4 in an innovative way (e.g.,
Newton, Witten).

Remark 3: This course explains steps 2 through 5, using the specific example of classical mechanics.

Remark 4: Guidelines for building axioms and models often include intuition, beauty, simplicity
etc.; they may or may not include direct experimental input. (Famous example: GR
did not!)

§2 Review of basic mathematical concepts and notation
§2.1 Number sets and functions
We will often use the following familiar number sets:

The natural numbers,
N=1{1,2,3,...}. (1.1)

The integers,
z={..,-2,-1,0,1,2,...}. (1.2)
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The rational numbers,

11 11
e U R ST PRl IO 1.3
Q { 9 ) 27 57 ) ) 73727 ) } ( )

Remark 1: Care must be taken to eliminate equivalent fractions (1/2 = 2/4, etc.). See Math books
for details.

The real numbers,
R = Q U {a suitable completion} (1.4)

Remark 2: A rigorous definition of R is quite involved, see a suitable math book.

We will also use the Cartesian product set

R"=Rx---xR= ey T i € R} | 1.5

{(z1,...,2n) | i €R} (1.5)
n times

defined as the set of all ordered real n-tuplets.

Remark 3: Elements of R™ are denoted by @ = (z1,...,2,), ; € R, and are called n-vectors, or
simply vectors. 1-vectors are called scalars. This is actually a special case of a much
more general concept; see any book on vector spaces.

Consider functions f : R™ — R™. We say f is an (m-vector-valued) function of n real variables
and write

fl@)=f(z1,....,zp)=y , eR" , yeR™ (1.6)

Example 1: f:R* =R |, f(z)=|z|= (a]+23+ x%)l/Z is a real-valued function of z € R3
called the norm of x.

Remark 4: For m = 1, we write f instead of f.

§2.2 Differentiation
Definition 1:

a) Let n =m = 1. We define the derivative of f,

f/E%:R—)R, (1.7)
F@)=tim L@t — f ) (18)

provided the limit exists.

b) For n > 1, m = 1 we define partial derivatives of f,

of
axi

=0,f:R" =R, (1.9)
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as
1
(“)if:gl_rg%g[f(xl,...,xi—i—a,...,mn) —f(z1, e @y )] (1.10)
We define the gradient of f,
of
— = :R™ —» R" 1.11
o R (111)
as
Vf=(01f,...,0nf). (1.12)
¢) For n =1, m > 1, we define the derivative of f,
af
— :R—R™ 1.1
dx TR (1.13)
* df df df,
_ 71 m
(4 ) w10

d) For n = m, we define the divergence of f,
divf=V.-f:R" >R, (1.15)

as

vV-f

n
> oifi
i=1
= 0'f;, (1.16)
where the last line uses the common summation convention.
e) For n = m = 3 we define the curl of f,
curl f =V x f:R® - R?, (1.17)
as

(V X f)z = 5ijk8jfka (118)
where
+1 if (ijk) is an even permutation of (1,2,3),
gijk = § —1 if (ijk) is an odd permutation of (1,2,3), (1.19)
0  if (4ijk) is not a permutation of (1,2,3),
is the Levi-Civita tensor, or the completely antisymmetric tensor of rank 3.

Remark 1: We will define tensors in general, and deal with them in detail, in Chapter 3.

Definition 2: Let I = [tg,t1] C R be a real interval, and let © : I — R™ be a function of ¢ € I.
Let f : R® x I — R be a real-valued function of @ and ¢. Then the total derivative of f
with respect to t is the function

df
—:I—-R 1.20
L IR, (1.20)

defined by .
Ty =0f @) )+ or (@), 11) S 1), (121)
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Example 1: Let f:R*> > R, f () = || = \/2? + 22 be the norm of the vector . Then,

of  x T
8$i_m , Vf= (1.22)

so Vf is the normalized vector. Let « : [0,27] — R, (t) = (acost,bsint), with a,b € R.

Then,
df dx;
BN i)
dt if dt
= —ﬂasint—kﬂbcost
Ed ||
1
= —(bQ—az) sintcost
||
1 in 2¢
= (- - . (1.23)
2 \/a2 cos2t + b2sin? ¢

Problem 1: Total derivative

Consider Example 1 above: Let = : R — R? be a function defined by
x (t) = (acost,bsint) , a,beR,

and let f: R? — R be a function defined by

[ (@) = \fo3 + a3

Discuss the behavior of the total derivative, df /dt, and give a geometric interpretation of the
result.

Hint: First determine the geometric figure in R? that & provides a parametric representation of,
then consider the geometric meaning of |z (t)| = f (x (¢)).

§2.3 Stationary points

Definition 1: Let f : R™ — R be a function. f is called stationary at g € R" if

Oif (xg)=0 , (i=1,...,n). (1.24)

Theorem 1: A necessary condition for f to have an extremum in the point x is that f is stationary
at xg.

Proof: MATH 281 or equivalent. O

Remark 1: While necessary, f being stationary at x( is not a sufficient condition for f to have an
extremum at xg, due to the possibility of saddle points.
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Corollary 1: Let the arguments & = (z1,...,z,) of f be constrained to a set S C R™ defined by

N constraints
gi(x1,...¢p)=¢; , j=1,...,N , ¢ €R, (1.25)

with IV functions g; : R" — R. Then a necessary condition for f to have an extremum at
O .
xz’ e Sis

o f (=°) =0, (1.26)
where
} N
F@)=f(@)+ Ng; (@), (1.27)
j=1
and the n+ N unknowns z9, ..., 2%; A1, ..., Ay are to be determined from the n+ N conditions
given in Egs. (1.25) and (1.26).
Proof: MATH 281 or equivalent. O

Remark 2: The constants \; are called Lagrange multipliers.

Example 1: Let f (z,y,2) =2 — y + z be defined on the 2-sphere

So = {(z,y,2)| 2 +y° + 2> =1}. (1.28)

Then, B
f(ac,yz):x—y—|—z—|—)\(x2—|—y2+z2). (1.29)

A necessary condition for extrema is
142 =0 , —142\xy=0 , 142 z=0, (1.30)

and
2?4 y? 422 =1 (1.31)

Solving this system of four equations, we find that candidates for extrema are

(x,y,2) = :I:L (1,-1,1). (1.32)

V3

Problem 2: Extrema subject to constraints

Consider Example 1 above: Let f : R* — R be a function defined by

fley,z)=w—y+z

Let Sy = {(z,y,2)| 2% + y* + 22 = 1} be the 2-sphere.

a) Show that the extremal points for f on Sy are (1,—1,1) /+/3, and (—1,1, —1) /v/3, as claimed

in the lecture.

b) Determine which of these extremal points, if any, are a maximum or a minimum, and deter-

mine the corresponding extremal values of f on Ss.
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Problem 3: Minimal distance on the 2-sphere

Consider the 2-sphere, Sy = {(z,y,2)| 22 +y? + 2> = 1} embedded in R3. Find the point
on Sy that is closest to the point (1,1,1) € R*, and determine the distance between the two
points.

Proposition 1: (Taylor expansion)

A function f : R™ — R that is n-times differentiable at & can, in a neighborhood of x, be
represented by a power series

0
f(l'1+€,l'2,...,$n) = f(xlv"'azn)+€7f(Ila"'axn)+"'
81‘1
M
1 omf
= N L@ e) + Rus, 1.33
7nz::om!6 8x71n ('Tlv y L )+ M ( )
with Rjs a remainder, and analogously for the other variables xs, ..., x,.

Proof: MATH 251-3 or equivalent. O

Remark 3: Taylor’s theorem gives an explicit bound for the remainder R;; see your favorite calculus
book for details.

§2.4 Ordinary differential equations

Definition 1:

a) Let I = [t_,t4] C R be areal interval, and let y : I — R™ be a function of ¢t. Let f : R"x I —
R™ be a function of y and ¢. Then

dy
= t), 1.34
AN (1.34)
or, in components,
dy; .
=Lyt . =1...n) (1.35)

is called a system of n ordinary differential equations, or ODEs, of first order.

b) Let tg € I, yo € R™. A function y : I — R" that obeys equation (1.34) and has the property
that

y (to) = Yo (1.36)

is said to solve equation (1.34) under the initial condition given by equation (1.36).

Theorem 1: Let f (y,t) and its partial derivatives with respect to each y; be bounded and con-
tinuous in a neighborhood of N (yo,t) of (yo,to) € R™"! x I. Then there exists a unique
solution y () to equation (1.34) under the initial condition given by equation (1.36).

Proof: MATH 256 O
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Example 1: The system of ODEs

dxq dzxs
— =2 4 2 — = - 4 1.
ar 1 +4xe +2 P T2 + 4, (1.37)
with
€Tq (t = 0) = -8 , Xro (t = 0) =1 (138)
is uniquely solved by
v (t)=e 2 —4e +3 | m(t)=e * — 4P+ 1. (1.39)

Remark 1: The initial condition uniquely determines the solution of a first-order ODE.

Problem 4: System of ODEs

Solve the system of first order ODEs considered in Example 1 above:

T = 2x+4y+2,
= rx—y+4

Corollary 1: Let y : I — R" be a function of ¢, and let § = dy/dt be its derivative. Let
f(y,9,t) : R* x R® x I — R"™ be bounded and continuously differentiable in a neighorhood
of (Yo, Yo, to) € R™ x R™ x I. Then there exists a unique function y such that

y(to)=v , ylto)=v , ¥{)=F(y.91). (1.40)
Proof: MATH 256. O
Remark 2: § = f (y,9y,t) is a system of second-order ODEs.

Remark 3: The initial point yg and the initial tangent vector ¢y uniquely determine the solution
of a second-order ODE.

Example 2: §j(t) = —y has the general solution y (t) = ¢; cost + ¢y sint. The initial conditions
y(t=0)=1and y(t =0) =0 determine ¢; =1, ¢ = 0.

§2.5 Integration

Definition 1: Let f: I — R be a scalar function of ¢. Then the Riemann integral is defined as

the limit of a sum,
ty
F = / dt f (t)

N-1

= J\}E}noc ; (tiv1 —t:) f (i) (1.41)

Remark 1: F exists if f is bounded and continuous on I.

Remark 2: The generalization for f: I x J - R, F = j;tf dt f;‘_* du f (t,u) is straightforward.
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Remark 3: Let B={f:1 — R | fisbounded and continuous}. Then, F : B — R maps functions
onto numbers. Such mappings are called functionals.

Proposition 1 (Integration by parts): An integral of the form fttf dt f (t) %g (t) can be rewritten
as

[0 ge0 = - [Ta (410) a0+ rea0) - 500t

ty

(G
[ a (jtfw) g+ e (1.42)

t_

Proof: MATH 251-3. O

§2.6 Paths and path functionals

Definition 1:

a) Let I = [t_,t+] C R and let ¢ : I — R™ be continuously differentiable. Then the set C =
{q(t)|t € I} C R™ is called a path, or curve, in R", and q () is called a parameterization
of C with parameter ¢.

b) C inherits an order from the 2 order defined on I as follows: g (t1) < g (f2) is defined to be
true if and only if ¢; < ts.

¢) q+ = q(t1) are the start and end points of C.

d) The tangent vector 7 (t) to C in the point g (¢) is defined as

T)=—q(t)=q(1). (1.43)

d) If ¢(¢t) #0 Vt € I, then the curve is called smooth.
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Figure 1.3: A parameterized path.

Definition 2: Let L : R™ x R” x I — R be a function of q, ¢, and ¢. Let L be twice continuously
differentiable with respect to all arguments. Let C be a path with parameterization g ().
Then we define a functional Sy, (C) as

Sy (C) ::/t+dtL(q (t),4(t),1). (1.44)

Remark 1: For a given L, S, (C) is characteristic of the path C.
Remark 2: If C changes slightly, C — C + 6C, then S, (C) changes slightly as well, S;, — S +dSL.

Example 1: Let n = 2 and let C be a path with parameterization q (¢). The length I¢ of C is given
by

N—oo 4

gy \/[q (tiv1) — q (t;)]”

N—-1
o= Jim 3 g () - (6]

= lim Z (t7;+1 — tl)

N=eo i [tis1 — ti]?
N-1
- / 2
= ngréo ;71 Aty/ (Ag/At)

_ / WNCaO) (1.45)

That is, the choice L (g, q,t) = \/¢% = |q| yields S (C) = lc.
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Example 2: Let n = 3. With ¢ representing time, let a point mass m move on a trajectory x (t)
in a potential U (). The kinetic energy is given by Eii, = @2/2m. Consider L (z,%,t) =
Ekin (.’B) -U (.’L') Thena

S = /t+ dt L (x, &) (1.46)

is called the action for the trajectory x ().

Problem 5: Passage time

Consider a path C in R? with a parameterization q (¢), and a point mass moving along C with
speed v (g). Let T (C) be the passage time of the particle from g_ to g4. Find the function
L (q,q,t) such that the functional S, (C) is equal to T (C).

Problem 6: Get by with a little help from your Friend™

Spring-loaded camming devices, also known as Friends”™ or Camalots”™ , depending on the
manufacturer, are used by rock climbers to protect the climber in case of a fall. The devices
consist of four metal wedges that pairwise rotate against one another so that the outside edge
of each pair of wedges moves along a curve. The cam is placed in a crack with parallel walls,
where the springs hold it in place. The camming angle « is defined as the angle between the
line from the center of rotation to the contact point with the rock and the tangent to the
curve in the contact point. The figure below shows the camming angle for an almost-extended
cam in a wide crack, and a largely retracted cam in a narrow crack.

Figure 1.4

If you fall, you want to get as much help from you Friend”™ as the laws of physics let you. To
ensure that, you want the camming angle to be the same irrespective of the width of the crack
(see the figure). Determine the shape of the curve the cam surfaces must form to ensure that
is the case.

a) Parametrize the curve, using polar coordinates, as (7 (¢),® (t)). Find the tangent vector in
the point P = (r, ) in Cartesian coordinates.

b) Define the angle 8 between the tangent in P and the line through P that is perpendicular to
the radius vector from the origin to P. How is g related to a? Show that

tan 8 = (dr/dy) /r.
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c¢) Solve the differential equation that results from requiring that 5 = constant along the curve.
Discuss the solution, which is the desired shape of the cam.

§2.7 Surfaces
Definition 1:

a) Let I, = [t_,t;] C R and let I, = [u_,u;] C R be intervals. Let v : I; x I, — R3 be a
continuously differentiable function » (¢,u). Then,

S={r(tu)|tu) el xI,} (1.47)
is called a surface in R? with parameterization r (¢, u).
b) The standard normal vector n (t,u) of S in 7 (¢,u) is defined as
n (t,u) = Opr (t,u) X Oyr (t,u). (1.48)
¢) If n is nonzero everywhere, then the surface is called smooth.
Example 1: Let I, = [0,27], Iy = [0, 27], and consider
r (p,0) = (sinf cos @, sin 0 sin ¢, cos ) (1.49)

which is a parameterization of Sy in R3. Then

0,r = (—sinfsin g, sinf cos ,0), (1.50)
Opr = (cos @ cosp, cosfsin p, —sinb) , (1.51)

Thus
n (p,0) = (—sin® 0 cos ¢, —sin® O sin p, —sin  cos 0) . (1.52)

Remark 1: |n (¢, 0)| = |sind)|.

Remark 2: Sy is not smooth but Sy minus its poles is smooth.

§2.8 Line and surface integrals
Definition 1:

a) Let f: R™ — R be a function, and let C be a smooth path in R™ with parameterization q (t)
and tangent vector 7 (¢t) = ¢ (¢). Then the line integral of f over C is defined as

/Cdl~f =/ Tatr ) Flqt), (1.53)
with measure dl = 7 (t) dt.

b) The length of C is defined as
ty
1(C) :z/ dt |r(t)]. (1.54)
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Remark 1: This is consistent with the intuitive concept of the length of a curve, see §2.6 Example
1.

Remark 2: Integration over a closed curve C is denoted by gsc dl.

Definition 2:

a) Let f : R? — R3 be a function and let S be a smooth surface in R? with parameterization
r (t,u) and standard normal vector n (t,u). The surface integral of f over S is defined as

ty Up
/ do - f = dt / dun (t,u)- f(r(t,u)), (1.55)
S t_ uU_
with measure do = n (t,u) dtdu.

b) The area of S is defined as

A(S) = /f dt /u+ du | (£, ). (1.56)

Example 1: Let S be the 2-sphere Sy. From §2.7, |n (6, ¢)| = |sin 6], so that

27 T
A(S) = A dg [0 fsin)

1
27‘(‘/ dcosf
—1

= 4m. (1.57)

Remark 3: A flat surface can be parameterized by the Cartesian coordinates of its points (see
Figure 1.5):

= A(S):/Sdzdy. (1.58)
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r(x,y)

i

Figure 1.5: A parameterized flat surface.

Problem 7: Enclosed area

Consider a closed curve C in R? with parameterization q (t) = (z (¢t),y(t)). Show that the
area A enclosed by C can be written

1

A= [dtlei®-v )i ).

Hint: Start from §1.6 Remark 5. Find a function f : R® — R3 with the property n - (V x f) =1,
where n is the normal vector for the area enclosed by C. Then use Stokes’s theorem.

Theorem 1 (Gauss’s theorem): Let V C R3 be a volume with smooth surface (V'), and let
f :R3 = R3 be a function. Then

/dvv.f: do - f, (1.59)
v ()

with dV = dzdydz the measure of the volume integral.
Proof: MATH 281,2 or equivalent O

Theorem 2 (Stokes’s theorem): Let S be a surface in R? bounded by a smooth curve (S). Then,

/Sda (Vxf)= ygs) dl- f. (1.60)

Proof: MATH 281,2 or equivalent O



§2. Review of basic mathematical concepts and notation 15

§2.9 The implicit function theorem
Suppose we want to define a function y () locally by an implicit relation F' (z,y) = 0.
Theorem 1: For i =1,...,n, let each F?: R™*t" — R" be a function of m 4 n variables
Fi(x,y):=F (z1,...,Zm, Y1, YUn) (1.61)
such that
a) F'is continuously differentiable in neighborhoods N™ (zg) C R™, N" (yo) C R",
b) Fi(xo,yo) =0 Vi, and
c) det (Fyj) |wg,yo # 0 with F;; = OF"/0y; an n x n matrix.
Then there exist n functions f*: R™ — R
filzy,.. xm) = fi(x) (1.62)
such that
a) f'is unique and continuously differentiable in some neighborhood N™ (xg) # 0,
b) fi(xo) =y{ Vi, and
¢) Fr (1, @y f1 (T1se s Zm) s ooy fo (@1, ) =0 V& € N™ (20).

Proof: The idea of the proof is as follows: If for a given @ there is a y such that F' (z,y) = 0,
then for @’ = x + € one can find a y' = y + § such that F (', y’) = 0 provided that everying
is sufficiently well-behaved. See an analysis course for how to implement this idea. O

Example 1: Let F (z,y) =z — 2.

a) If zgp = yo = 1, then 0F/0y|yy.yy = —2 # 0, so f(z) = /z is unique and continuously
differentiable for = > 0.

b) If g = yo = 0, then OF/Jy|ysy,y, = 0, so f(z) = £y/z is neither unique nor continuously
differentiable.

Corollary 1: Withi = 1,...,n, let each F (q) be a function of n+m variables q = (q1, .. ., Gnim)
such that

a) F'is continuously differentiable for g € N"*™ (qq),
b) Fi(qo) =0 Vi, and

c) rank (OF"/8q;) | =n.

90

Then it is possible to choose m variables
L1 =Gqiys---yTm = iy, (163)

and find n continuously differentiable functions f7 (z) such that
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1. F(z, f(x)) =0, and
2. fl (wo) :qglw"?fn (mo) = CI?M
where (i1,...,%m,J1,---Jn) is & permutation of (1,...,m + n).

Proof: Since rank (aFi/E)qj) =n, x and y can be chosen such that Theorem 1 applies. [

Remark 1: consider n+m variables q1, ..., gn+m With n independent constraints. Then n variables
can be eliminated using y1 = ¢j,,...,Yn = @;, to obtain m independent variables
L1 =iy sTm = qj,,-

Example 2: Let n = 1, m = 2, F(q1,¢2,93) = ¢4 + ¢3 + q3 — 1 (which is a 2-sphere, see §2.3
Example 2). Consider the point (0,0,1). We have

F(0,0,1) =0, (1.64)
F F
or _or =0, (1.65)
Oq (0,0,1) 9q2 (0,0,1)
F
or —240. (1.66)
daqs (0,0,1)
Chose
T=q , Y=g, (1.67)

and a function
f oy =VI— = (1.68)

f (z,3) is continuously differentiable for 22 +y? < 1, so z = g3 can be eliminated and expressed
in terms of x and y.

§3 Calculus of variations

§3.1 Three classic problems
Consider the following three classic problems:

a) The brachistochrone problem (John Bernoulli, 1696)
A massive particle moves under the force of gravity from A to B along a curve C. Which
curve C yields the shortes passage time?

b) The geodesic problem (John Bernoulli 1697)
Two points A and B on a 2-sphere Sy (or any manifold) are connected by a curve C C Ss.
Which curve C has the shortest length?

¢) The isoperimetric problem (Pappus of Alexandria, 2nd century CE, and Jacob Bernoulli)
Consider a closed curve C C R? with fixed length I. For which curve C will that curve enclose
the largest area?

Remark 1: Each classic problem above is an extremal value problem that ask for the extremum of
a functional under the variation of a function.
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Remark 2: Problem (c) involves a constraint.

Remark 3: Extrema of functions under variation of a number was discussed eariler, in §2.3. Extrema
of functionals under variation of a function requires a new mathematical apparatus, the
calculus of variations.

§3.2 Path neighborhoods

Consider intervals Iy = [t_,t4] C R, I. = [e_,e4] C R, and a function q : I, x I; — R", with
q- (t) = (g5 (t),--., 45 (t)) such that

i) g- (t) parametrizes a path C. for any fixed ¢ € I..

ii) ge—o (t) = g (t) parametrizes a path C = C.—.

iii) q- (tx) = q(tz) Veel..

iv) g (t) is continuously differentiable with respect to ¢ for any fixed t € I;.

Definition 1: Under the above conditions, the set of paths {Cc|e € I.} forms an e-neighborhood
of the path C, and g. (t) parametrizes that neighborhood.

Cey

Figure 1.6: Path neighborhoods.

Definition 2:

a) Let L be a function and let S;, be a functional according to §2.6 Definition 2. Then, St (C)
is called stationary, and C is called an extremal of Sy, if

lim L[S, (C.) — 81 (C)] = 0. (1.69)

e—=0 ¢

b) Si is called a minimal (or maximal) under variations of the path C if there exists an € > 0
such that St (C.) > St (C) (or St (Ce) < St (C)) for all paths C. in an e-neighborhood of C.

Proposition 1: Stationarity of Sy, is a necessary condition for Sy, to be either minimal or maximal.

Proof: Once the neighborhood has been parameterized, Sy, (C) can be considered a function
f:R — R of e. Equation (1.69) can then be written as df /de = 0, and the assertion then
follows from §2.3. O
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§3.3 A fundamental lemma

Lemma 1: Let I =[t_,t4] C R, and let f: I — R be a continuous function. If

/t+ dtn () f () =0 (1.70)

for every function 7 that is continuously differentiable on I and vanishes at ¢t = ¢+, then
f=0 Vtel. (1.71)

Proof: Suppose that Eq. (1.71) did not hold, so that 3t* € I : f(¢t*) # 0. Then, either
f@*)>0or f(t*) <O.

Case 1. f(t*) > 0. Continuity requires that 3 [t*,t5] = I* C I with t* € I* such that
f({t>0)Vt e I*. Define

* 2 * 2 *
W):{gfa) B e (172

which fulfills the requirements stated in the Lemma. Then

[ amwrw = [Canwre
h N >0

> 0, (1.73)

so Eq. (1.70) does not hold. The supposition was thus false, and hence Eq. (1.71) must hold.

Case 2. f(t*) < 0. The set of arguments for this case mirror that of Case 1 exactly. O
Y
y = 1)
y=n(t)
| |

\
R S R R
Figure 1.7: Proving Lemma 1.

Corollary 1: Let f: I — R” be a continuous function, and let

/t+dtn(t)-f(t) = /t+dt77i(t)fi(t)

- 0 (1.74)
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for every continuously differentiable function 1 : I — R”™ that vanishes at ¢ = t+. Then,
ft)=0 vtel. (1.75)

Proof: Problem 8. 0

Remark 1: The lemma and corollary above remain true if we require n (or 1) to be n times
continuously differentiable. See Problem 9.

§3.4 The Euler-Lagrange equations

Theorem 1: Let L(q,q,t) be a function and let g (¢) be a parameterization of the path C. Then
the functional

tt
S1.@) = [ #tLa®.q).0 (1.76)
is stationary, i.e., C is an extremal path of Sy, if and only if g (¢) obeys the Euler-Lagrange
equations,
d oL 0L
— = i =(1,...,n). 1.77
- SRR BN (1.77)

Proof: Let {C.} be a neighborhood of C, and let g. (t) be a parameterization of C.. Then,

é[SL (C)=8.(C)] = %/tf dt {L(qg (t),q. (t),t) — L(q(t),q(t) J)}
= i/_+dt|: (qE:O(t)vq.E O +Zaql _ O(Qé(t)—ql(t))
Z il o<q’3(t>‘@"<f>> HO() ~Lla (.01 |
B / gi : (¢ (t) —q" () + gié (gL (t)—¢' (t))} +0(e)
\—v—/ —
ni (6=, (¢) AOE=NO!
= / dtz g!im(t)+ng()}+O(e)
- [Ty e - (gor)ne]+ X genw] o
2 CRIC) (1.78)

=1 =

where the second line follows from Taylor-expanding about ¢ = 0 (see §2.3). In the limit
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€ — 0, which must be 0 since C. approaches C, note that

gl_fg% - [SL (C.) =S (C)]=0

bt d oL
— dt ; {_dtﬁql a%] (1.79)

t_

But the path variations g. are arbitrary, so that the function 7 is arbitrary. Then, from the
§3.3 corollary, we must have

_doL ot
dt 0¢;  0g;

=0 Vi, (1.80)

as desired. O
Remark 1: Equation 1.77 gives a set of n coupled ODEs for the components of q.

Remark 2: Using the chain rule to write equation 1.77 more explicitly gives

n n 62 aL
q 1.81
Z aqzaq] 96,00, T Z 8%8% T 9aot ~ og (1.81)

Defining a symmetric matrix M as

. 0*L
104
= My, (1.82)
and defining a function
oL 9L
F;(gq,t) = — g — ——, 1.83
(94:9 =34, Z aqlaqj YT o0t (183)
Equation 1.77 can be rewritten as
> Mijg; = Fi. (1.84)

Written in this form, the equation has the form of Newton’s second Law.

Remark 3: In general, second-order ODEs are not integrable in closed form. It is worth-while to
study special cases that are integrable, but most books on mechanics give the impression
that there are only these special cases.

Example 1: We can find the paths C C R? between two points (z_,y_) and (z,y, ) that make
the length of C stationary, i.e., find the geodesics in R2. From §2.6 Example 1, the length of
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the path is given by
t4
le = / dt /&2 () + 32 (t)
to

$+ 5
= / dx /14 (dy/dz)
Ty
/ dx\/1+ y?

X —

= /'T‘*' dx L (y/) , (185)

where L(y,vy',z) = L (') = /1 + v’2. From equation 1.77,

d OL
dr oy
- —L = constant = yi/
oy N
= 9/ = constant
=  y(x)=c1z+ ca, (1.86)

i.e., the extremal paths being sought are straight lines. Given boundary condtions

y(z5) =y, (1.87)
the values of the constants ¢; and ¢y can be determined as

S T R ke T (1.88)

Ty — T Ty —T—

Remark 4: In Example 1 above, it was tacitly assumed that the extremals can be represented with
y a single-valued function of z. For a more general proof, see problem 13.

§4 General discussion of the Euler-Lagrange equations

§4.1 First integrals of the Euler-Lagrange equations

Proposition 1: Let L(q,q,t) = L(q1,---,Gn,q1,---,¢n,t) be independent of ¢; for a given 1 <
i < n. Then,

. oL .

is conserved along any extremal path, i.e.,
pi(q(t),q(t),t)=ci(C) (1.90)

if C is extremal, with ¢; (C) a constant that is characteristic of C.
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Proof:
4. _ 640
a’t T dtag,
_ o
9q;
= 0, (1.91)
where the second line follows from the Euler-Lagrange equations. O

Remark 1: A variable ¢; on which L does not depend is called cyclic.
Remark 2: p; = OL/d¢; is called [the momentum] conjugate to g;.

Proposition 2: Let L(q,q,t) = L(q,q) be independent of ¢. Then,

H(qvqat) = qul (qaqvt) - L(quat)
= H(q,q) (1.92)

is constant along any extremal path, i.e.,
H(q(t),q(t)) = E(C) (1.93)

if C is extremal, with E (C) a constant that is characteristic of C.

Proof:
@ _ . dOL OL. oL,
a qipPi T qi dt 0g  0as 4qi 9q; qi
_ . (4oL oL
— T\atog  dg,
_ . (oL oL
- dqi  Oqi
= 0, (1.94)
where the third line follows from the Euler-Lagrange equations. O

Remark 3: If L is independent of ¢, then the variational problem is called autonomous.

Remark 4: H, as defined in the first line of equation 1.92, is called Jacobi’s integral.

§4.2 Example: The brachistochrone problem

Consider the following statement of the brachistochrone problem:

A point mass slides withouth friction on an inclined plane, with inclination angle «,
from point P; to point P,. Which path yields the shortest passage time?
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The problem can be solved as follows: Recall from §2.6 Example 1 that the length [ of a path C
parameterized by g (t) = (z (t),y (t)) is given by

le = /+dtvf12(t)

= [TaEer i (1.95)

Then, the passage time T is given by

T = /t+ dt—w. (1.96)

v(x(t),y (1))
From the fact that the point mass is on an inclined plane,
z =ysina, (1.97)

with the coordinates as in Figure 1.8.

z
\
Y

Figure 1.8: The inclined plane for the brachistochrone problem.

Energy conservation can be written as (choosing y; = 21 = 0)

TR = —mgz
D) = g
= —mgysina, (1.98)
so that
v(z,y) v (y)
= +/2gsinay/—y
= V—ay, (1.99)
where

a=2gsina > 0. (1.100)
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Using « as the parameter, with 3/ = dy/dz,

T2 /1 12
T — / dxi

- v (y)
= / de L (y,y'),

1

where
’ v1+ y'?
L(y,y) = "—~—.
v (y)
The problem is autonomous, so that by §2.5 Proposition 2,
oL
H(y,y) = vy— —L
(v, ) Yoy
B y/2 /1 + y/2
v (y) /1492 v (y)
= constant,
so that
! tant
—————— = constan
v(y) V1+y?
= +/—ayy/1+ y'2 = constant
= y(1+y”) = constant = ¢; < 0.
Substituting
y =cott , t=cot™'(y)
gives
C1 . 9 1
= ———5—=c¢1sin“t = —c; (1 —cos2t
YT izt @ R )
d 2cy sint tdt
= dx = —2// _ ZOSmrceostat 2¢y sin? tdt = ¢; (1 — cos2t) dt
Y cott
1
— T =cy+cit — 561 sin 2t,
or

1 .
T =50 (2t — sin 2t) + co.

With initial conditions

equations 1.106 and 1.107 give
x(t)=c(2t —sin2t) , y(t)=c(l—cos2t),

where ¢ = ¢1/2 < 0.

(1.101)

(1.102)

(1.103)

(1.104)

(1.105)

(1.106)

(1.107)

(1.108)

(1.109)
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Remark 1: Equation 1.109 is a parametric equation for a cycloid with v = 1. To see this more

clearly, a reparameterization can be performed as 7 = 2t — v, T = —x + ¢, to give
Z(r) = (—=o(r+m—sin(r+7))+mc
= (—¢)(r+sinT), (1.110)
y(r) = ¢l —cos(rt+m))
= ¢(14cosT)
= (—¢)(=1—cosT). (1.111)

Remark 2: The constant c is a scalar factor that can be chosen such that the cycloid contains Ps.
Remark 3: If z9 > 0, then we can think of ¢ as being less than 0.

Remark 4: For further discussion, see Problem 12.

§4.3 Covariance of the Euler-Lagrange equations

Consider a coordinate transformation of the form (the inverse of ¢; below is assumed to exist)
Qi) =wi(g(®),t)  at)=¢ " (Q(1),1). (1.112)

For instance, a transformation satisfying equation 1.112 in R? is

r=rsinp , y=rcosy
= r=ya2+y? , g=tan"'(z/y). (1.113)

Question. Are the Euler-Lagrange equations invariant under a coordinate transformation of the
form given in equation 1.1127

Consider a path parameterization

q(t) =91 (Q(t),1), (1.114)
with tangent vector ¢ (t). The componets of the tangent vector are
. 9 : -1
0Q;
= ! (Q, Q,t) : (1.115)
Defining
M@ @) =L(e (@1, ¢ (Q1).1) (1.116)
gives

n
G
I

t4

/ dt L (q,4.1)
t_
t

/+th(Q,Q,t). (1.117)
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Recall from §3.4 that

S is stationary

4oL dL

dt 04; Oy

d OA oA

5= 50 (1.118)

Theorem 1: The Euler-Lagrange equations are covariant, i.e., are invariable under coordinate
transformations.

Remark 1: We don’t need to distinguish between L and A, so we can write L (Q, Q. t) instead of
s(@.0.0).

§4.4 Gauge invariance

Definition 1: Let C be a path with parameterization g (t), and let G (g, t) € R be a continuously
differentiable function. Then the transformation

4

Ll (qvqat) — L2 (qaqat) = Ll (qaqat) + dt

G(q,t) (1.119)

is called a gauge transformation, with gauge function G.

Theorem 1: If L; and Lo are related by a gauge transformation, then any extremal of L; is also
an extremal of Ls.

Proof:

t4
S = / dt Ly (g, 4,1)
t_

ty d
t_

ty ty
_ t_

S1+G(q(t4),t4) —G(q(t-),t-)
= S +AG. (1.120)

d

Under a variation of the path, ¢+ does not change, nor does g (t1). Then, AG does not change
under a variation of the path. Then, §; + AG is stationary exactly when S is stationary, i.e.,
S, is stationary if and only if S; is stationary. O

Remark 1: The converse of the theorem is not true.

Remark 2: If equation 1.119 holds, then L; and Lo are called equivalent.
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§4.5 Nother’s theorem
Consider a family of coordinate transformations as were described in §4.3,
Q' =y, (a.1), (1.121)
with a € R a continuous parameter. Let
Q' =q¢ +af (g.t)+0(a?) , fora—0. (1.122)

Remark 1: We know that ¢, (g,t) is differentiable with respect to o at a = 0 - see Taylor’s theorem
in §2.3.

Theorem 1 (Nother’s theorem): Let L (Q, Q,t) and L (q,g,t) be equivalent except for terms of
@) (aQ), i.e., let there be a gauge function G (q,t) such that

L(Q.Q.1) = Lig.dt) +a'Clan+0(e). (1.123)

Then, the quantity

j (qv q»t) =Di (t) fz (q»t) -G (qvt) ) (1124)

with p; = 9L/0q; conjugate to ¢; according to §4.1, is constant for all extremal paths, i.e.,

jla,4,t) = j(C)
constant (1.125)

if C is extremal.

Proof:

1(Q@t) = L(g+afd+aft)+0(?)
oL oL

L (‘Ja ta) +« <aqu + 8qu> + O (012)

d
= L(q,q,t)+a%G(q,t)+O(a2), (1.126)
where the second line follows from Taylor-expanding the first about o = 0, and the third line
follows from equation 1.123. Comparing like powers of a (specifically, the o' terms),

d oL oL .
&G(Qat) = Oiqur’_aiqlfl

d OL OL d
= (dtaqi) fi+ s fi

dq; dt
d (0L
= @ (a@fi)
d

= o 0ifi), (1.127)
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where the second line follows from the Euler-Lagrange equations and the fact that f; = df; /dt.
Subtracting the LHS from each side,

d
=% (pifi — G)

= j=p;fi — G = constant, (1.128)

0

as desired. O

Remark 2: If equation 1.123 holds, we say that the coordinate transformation Q = ¢, (g, t) repre-
sents a continuous symmetry of L.

Remark 3: A continuous symmetry implies the existence of an invariant quantity j.

Example 1: Let ¢;, be cyclic and consider the transformation

Qi =q; + Oé(siio. (1.129)
Then,
L(Q7Q7t) = L(q17"‘7qi0+a7"’7Qﬂuq7t)
oL
= L(q.q,t)+«
( ) D
so that equation 1.123 applies, with
G(q,t) :0 9 fl (qat) = 5ii0' (1131)
Then, the quantity
J = Pio (1.132)

is conserved along any extremal path. Note that this result was derived directly from the
Euler-Lagrange equations in §4.1 as well.

Example 2: Let ¢ € R3, and consider a rotation about the ¢z-axis, so that the coordinate trans-
formation is

Q1 = qicosa+gasina
= q+agp+0(d?), (1.133)

Qs = qisina+ g cosa
g2 — age + O (o). (1.134)

Let L be invariant under such rotations,

L (Q, Q,t) = L(q,4.1). (1.135)
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Then, equation 1.123 is satisfied with

G(g,t)=0 , f(q.t)= (g2 —01,0). (1.136)
Then, the quantity
J = pP1q2 —Dp2n
= (pxq); (1.137)

is conserved along any extremal path.

Remark 4: In Example 1, the continuous symmetry is translational invariance in the ¢g-direction,

as given in equation 1.129.

Remark 5: In Example 2, it was found that (p x q), is conserved if the Lagrangian is invariant

under rotations about the gs-axis. Similarly, (p x q), is conserved if the Lagrangian is
invariant under rotations about the g;-axis. Then, if the Lagrangian is invariant under
rotations about all three axes, then the quantity

l=-pxgq (1.138)

is constant.

Remark 6: Remark 2 also follows directly from the Euler-Lagrange equations. Let

L(g.q,t)=L(lql,lq|,t). (1.139)
Then,
oL _ oL g4
dq;  Jlq|lq
oL
— 1.14
oL _ oL i
d¢;  9lql|q|
OL
7 o q. 1.141
= gq x4 ( )
Then,
il = gXp+qXxp
dt = gXpTgXxXp
gL AL
- 19T W
= 4x5-ta 94
= 0, (1.142)

where the third line follows from the Euler-Lagrange equations, and the last line follows
from the fact that both terms are the cross products of parallel vectors, which can be
seen from equations 1.140 and 1.141.
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§5 The principle of least action

§5.1 The axioms of classical mechanics

Definition 1: A system of point masses whose positions are completely determined by specify f
real numbers is called a mechanical system with f degrees of freedom.

Example 1: One free point mass in R3. For this system, f = 3.

Example 2: A mathematical pendulum that can swing in a plane. For this system, f = 1.

Axiom 1. A mechanical system with f degrees of freedom is described by a path in RS, writeable
with parameterization

gt)=(q1(t),....,qr(¥)). (1.143)
e Each ¢; is called the i’th generalized coordinate.
e Each ¢; is called the i’th generalized velocity.

e The path parameter, t, is called time.

Remark 1: Having the path be in R/ is actually too restrictive, in general. For instance, the
appropriate space for a planar pendulum (Example 2) is the 1-sphere S7, not R. We
will ignore such topological coordinates.

Remark 2: Note that the mathematical structures postulated are paths (as opposed to, for example,
fields).

Remark 3: This is an axiom - questions like, “what is time?” are out of order.

Axiom 2. Every mechanical system is characterized by a function L (g (t),q (t),t), called the
Lagrangian. The physical paths minimize the functional

s— [ arqw.qw.0. (1.144)

t_

where S is called the action.

Remark 4: Axiom 2 is known as the principle of least action, or Hamilton’s principle.

Remark 5: From §3.4 and Axiom 2, a necessary condition for a physical path is that it satisfies the
f ODEs

d 0L . oL

(q(t),q(t),t),

(1.145)

i.e., that it satisfies the Euler-Lagrange equations.
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Remark 6: The [generalized] momentum and [generalized] force, respectively, are given by

oL
= — 1.14
5 (1.146)
and i
F(t) = ﬁp (t). (1.147)
Then, equation 1.145 can be rewritten as
d
F(t)=— 1.14
()= 4P, (1.148)

which is Newton’s second law.

Remark 7: From §2.4 Remark 3, the initial coordinates q (t_) and the initial velocities ¢ (¢t_)
completely determine the path.

5.2 Conservation laws

Definition 1: A quantity that is independent of time along the physical path is called a constant
of motion, or a conserved quantity.

Proposition 1: If the Lagrangian is independent of a coordinate ¢;, then that coordinate’s conju-
gate momentum p; is conserved.

Proof: From Newton’s second law,

OL
Fi=—=0
9q;
— 4,y (1.149)
at’ = '
O
Remark 1: From §4.4,
g; iscyclic = translational invariance
=  p; is conserved. (1.150)

This is an example of N&ther’s theorem.

Remark 2: The fact that ¢; is cyclic is sufficient, but not necessary, for p; to be constant. Nother’s
theorem is more general, and deeper, than the first integral version of the statement
above and in §4.1.

Remark 3: In the above proof, Newton’s first law, or the law of inertia, was effectively found.
It is writeable as

Fi=0
= p; = constant. (1.151)
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Definition 2:

a) A system whose Lagrangian has no explicit time dependence, so that

L(qg.q,t)=L(q.49), (1.152)
is called conservative.
b) In mechanics, Jacobi’s integral is called energy.
Proposition 2: For any conservative system, energy is conserved.
Proof: The proof is given in §4.1 Proposition 2. O

Remark 4: Time translational invariance implies energy conservation. This is another example of
Nother’s theorem, or rather, a generalization of Nother’s theorem (see problem 14).

Definition 3: Consider f = 3 and Cartesian coordinates,

q = x
= (z1,72,73). (1.153)
Then,
L{t)=z(t) xp(t) (1.154)

is called the angular momentum.

Proposition 3: For a system with f = 3 that is invariant under rotations of &, angular momentum
is conserved.

Proof: The proof is given in §4.4 Example 2. O

§6 Problems for Chapter 1

1. Total derivative

Consider §2.2 Example 1: Let  : R — R? be a function defined by
x (t) = (acost,bsint) , a,beR, (1.155)

and let f:R? — R be a function defined by

[ (x) =1\/23 + 23 (1.156)

Discuss the behavior of the total derivative, df /dt, and give a geometric interpretation of the result.
Hint: First determine the geometric figure in R? that a provides a parametric representation of,
then consider the geometric meaning of |x ()| = f (x (¢)).



§6. Problems for Chapter 1 33

2. Extrema subject to constraints

Consider §2.3 Example 1: Let f: R® — R be a function defined by
flr,y,2) =z —y+=z (1.157)
Let Sy = {(,y,2) |[#? + y® + 22 = 1} be the 2-sphere.

a) Show that the extremal points for f on Sy are (1,—1,1) /v/3, and (—1,1,—1) /v/3, as claimed
in the lecture.

b) Prove which of these extremal points, if any, are a maximum or a minimum, and determine
the respective extremal values of f on Ss.

3. System of ODEs

Solve the system of first order ODEs considered in §2.4 Example 1:

&= 2x + 4y + 2, (1.158)

gy=1x—y+4. (1.159)

4. Minimal distance

Consider the 2-sphere, S = {(z,y,2) [z> + y*> + 22 = 1} embedded in R3. Find the point on S,
that is closest to the point (1,1,1) € R3, and determine the distance between the two points.

5. Passage time

Consider a path C in R? with a parameterization g (t), and a point mass moving along C with speed
v(q). Let T (C) be the passage time of the particle from g_ to q4. Find the function L (g, q,t)
such that the functional St (C) is equal to T (C).

6. Get by with a little help from your Friend™

Spring-loaded camming devices, also known as Friends™ or Camalots™ | depending on the man-
ufacturer, are used by rock climbers to protect the climber in case of a fall. The devices consist of
four metal wedges that pairwise rotate against one another so that the outside edge of each pair of
wedges moves along a curve. The cam is placed in a crack with parallel walls, where the springs
hold it in place. The camming angle « is defined as the angle between the line from the center of
rotation to the contact point with the rock and the tangent to the curve in the contact point. The
figure below shows the camming angle for an almost-extended cam in a wide crack, and a largely
retracted cam in a narrow crack.
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If you fall, you want to get as much help from you Frien as the laws of physics let you. To
ensure that, you want the camming angle to be the same irrespective of the width of the crack (see
the figure). Determine the shape of the curve the cam surfaces must form to ensure that is the
case.

a) Parametrize the curve, using polar coordinates, as (7 (t),® (t)). Find the tangent vector in
the point P = (r, ) in Cartesian coordinates.

b) Define the angle 8 between the tangent in P and the line through P that is perpendicular to
the radius vector from the origin to P. How is g related to a? Show that

tan 8 = (dr/dy) /r. (1.160)

c¢) Solve the differential equation that results from requiring that 5 = constant along the curve.
Discuss the solution, which is the desired shape of the cam.

7. Enclosed area

Consider a closed curve C in R? with parameterization q (t) = (x (t),y (t)). Show that the area A
enclosed by C can be written

1

A= 2/cdt [ (8) 9 (t) —y ()& (1) (1.161)

Hint: Start from §1.6 Remark 5. Find a function f : R® — R3 with the property n - (V x f) =1,
where mn is the normal vector for the area enclosed by C. Then use Stokes’s theorem.

8. Corollary to the Basic Lemma

Prove §3.3 Corollary 1: Let f : I — R" be a continuously differentiable function, and

/t+ dtn(t)- f(t) =0 (1.162)

for every continuously differentiable function n : I — R™ that obeys n (t—) = n (t4+) = 0. Then
ft)=0 vtel. (1.163)
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9. The Basic Lemma revisited

Prove the following stronger version of §3.3 Lemma 1: Let I = [t_,t,] be a real interval, and let
f I — R be a continuous function. If

/t+ din () £ (t) =0 (1.164)

for every function 7 () that is n-times continuously differentiable on I and obeysn (t_) =7 (t+) =0,
then

ft)=0 Vtel. (1.165)
10. Variational problem with a constraint
The functional

51(C) = /ﬁ dt Ly (¢, 4t) (1.166)

is called stationary under variations of the path C with constraint

T4
Sy (C) = / dt Ls (g, ¢,t) = constant (1.167)

if lim._,0 [S1 (Cc) — S1(C)] /e = 0 for all paths C, in an e-neighborhood of C that fulfills the condition
given by equation 1.167.

Prove the following theorem: If C is an extremal of S; which satisfies the constraint given by
equation 1.167, and if C is not also an extremal of Sy, then there exists a constant A (called a
Lagrange multiplier) such that C is an extremal of the functional

55(C) = / " (L (4,0 ) + AL (0,0 1)), (1.168)

and A is determined by equation 1.167.
Hint: Consider a set of paths ¢’ ., (t) = ¢" (t)+e1n; (t) + e2nb () with a suitably chosen ez = f (e1).
11. Dido’s problem

Let an area A in the zy-plane be enclosed by a straight line between two points O and P that are
a distance d apart and a continuously differentiable curve C with end points O and P and fixed
length [ > d. Determine the curve C that maximizes A.

£

Figure 1.10
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Hint: Use the results of Problems 7 and 10.
Note: Pappus of Alexandria knew the answer some 1,700 years ago.

12. Brachistochrone

A ski race is held on an inclined plane with inclination angle «. The skiers glide frictionaless from
point P; to point P,. Choose a coordinate system such that the y-axis is along the fall line. The
skiers try to find the path of least passage time, or brachistochrone.

a) A skier who has taken a course in theoretical mechanics chooses the brachistochrone for her
path. Determine her passage time as a function of her y-velocity at point Ps, y5 = (dy/dx),.

b) A mathematically challenged competitor chooses the shortest path from P; to P». Determine
this skier’s passage time as a function of the winner’s yj.

c¢) Discuss the ratio of the two passage times as a function of the winner’s y}.

Hint: The parameter value to for the brachistochrone at the end of point P, is a known function
of y4. Tt therefore is sufficient to discuss the passage times as functions of ¢s.

13. Geodesics in R? revisited

In §3.4 we found the geodesics in R? under the assumption that they can be represented in the form
y = y(x). Show that the solution we found also solves the Euler-Lagrange equations that result
from the more general parameterization (z (t),y (t)).

14. More about No6ther’s theorem

a) Prove the following generalization of Nother’s theorem:
Let a € R be a continuous parameter for the following set of transformations:

Q' =¢ +af (g.t)+0(a?), (1.169)

T=t+af’t)+0(a?). (1.170)

Let L (g, q,t) behave under this transformation as follows:
L (Q, QvT) = L(q,q,t)dt/dT + O (o), (1.171)

with ¢ = dg/dt and Q = dQ/dT. Then,

PEErrE@e] e

5 i=1

is constant for all extremal paths.

b) Consider a system that is time time-translationally-invariant, i.e., L (q,q,t+t1) = L(q,q,t)
for all ¢; € R. Show that this implies the invariance of Jacobi’s integral.
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15. The principles of Fermat and Jacobi

The following axioms of geometrical optics are known as Fermat’s principle:

)
2)

The propagation of light is described by paths in R, called light rays.

An isotropic optical medium is characterized by a real-valued function n (z) = n (Jz|) > 0.
The physical light rays are the paths that minimize the functional

S = /T+ drn(z (7)) \/ (& (7)), (1.173)

with @ (7) a parameterization of the path.

Consider two isotropic and homogeneous optical media with indices of refraction equal to n;
and no, respectively, and whose interface is given by the plane x3 = z = 0. Suppose a light
ray goes from medium 1 into medium 2. Show that Fermat’s principle yields Snell’s law.

For the same situation as in part (a), suppose that a light ray is reflected at the interface.
Show that the angle of reflection is equal to the angle of incidence.

Consider a flat earth whose surface is the plane z = 0. In the lower layers of the atmosphere,
and under certain atmospheric conditions, the expression

n(z)=va—>bz , (a,b>0) (1.174)

is a reasonable approximation for the atmospheric index of refraction. Determine and discuss
the light rays according to this model, and explain the phenomenon known as mirage.

Show that the conservative Lagrangian from §1.5,
. 1 .. .
L(g.4) = 59i(0) Gid; —U(a) =T (q.4) U (a), (1.175)

has the same extremals as a Lagrangian

L(q,q) =n(q) VT (q;9) (1.176)

with
n(q) =+E—-U(q). (1.177)

Show that the result of part (d) can be rewritten as
L(q,q) = 1/Gij (@) Gid» (1.178)

which is the Lagrangian for geodetics in a Riemannian space with metric G;;. Determine G;.
This statement about the geometrization of mechanics is known as Jacobi’s principle.
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16. Minimum surface of revolution and the catenary

Consider a curve C in R? that links two points P; and P,. Form a surface of revolution by rotating
C about the z-axis.

a) Determine all smooth curves of the form y = f (z) that make the surface area stationary.
Hint: The resulting curves are known as catenaries.

b) Discuss the number of stationary solutions for

P = (-z0,y0) , P>=(x0,¥0) (1.179)
as a function of o = yo/xo.

Now model a hanging chain as a curve C in R? with length [ and a constant linear mass density
(i.e., the mass of the chain is ul). Suppose that the chain is suspended between two points P; and
P; in a homogeneous gravitational field.

¢) Parametrize C as (z (t),y (t)) with Cartesian coordinates x and y, and find the potential
energy of the chain as a functional of C.
Hint: First consider an infinitesimal piece of the chain, then integrate.

d) Keeping in mind that the length of the chain is fixed, formulate the isoperimetric problem
that minimizes the potential energy.

e) By introducing suitable variables, show that the problem maps onto the problem considered
in part (a) and give the general solution. State the boundary conditions that determine the
constants of integration in the general solution.



Chapter 2

Mechanics of point masses

§1 Point masses in potentials

§1.1 A single free particle

Definition 1:
a) A point mass or particle is a mechanical system with f = 3 degrees of freedom.
b) A free particle is a particle whose motion is independent of any other system.

Remark 1: “Point mass” is an idealized concept. Billiard balls, planets, stars, galaxies, etc. can all
be approximated as point masses in appropriate contexts.

Remark 2: Recall from Ch.1 §5.1 that it is necessary to postulate the Lagrangian of a free particle.

Axiom 1. There exist coordinate systems and time scales such that the Lagrangian L of a free
particle is a function of v? = |:c|2 only:

Lo (z,v,t) = Lo (v?), (2.1)

(apart from equivalencies described in Ch.1 §4.3), with v = @ the velocity.

Definition 2: Any such coordinate systems plus the corresponding time scale is called an inertial
system, abbreviated IS.

Remark 3: Some plausibility arguments for the existence of inertial systems:
a) A free particle is the only object in an otherwise empty universe.

b) Empty space is translationally invariant, so that
Loy (z,v,t) = Lo (x + a,v,t) Va € R3. Choosing a = —x gives Lo (z,v,t) = Lo (v, ).

¢) Time in an empty universe is homogeneous, so that Lo (v,t +ty) = Lo (v,t) Vi, so that
Lo (v,t) = Lo (v).

d) Empty space is isotropic, so that Lo (v) = Lg ('02).

39
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Remark 4: Emperical evience suggests that these assumptions are reasonable on everyday length
and time scales.

Definition 3:

dL
2\ ._ 0
m (v?) := 23 (2.2)
is called the mass of the free particle.
Axiom 2. The mass is positive-definite,
m (v?) > 0. (2.3)
Proposition 1: The momentum of a free particle is related to its mass and velocity by
p=m(v?)wv. (2.4)
Proof:
_ 0Lg
P = s
_ 0Lg
v
0Ly
= 9
= m(v?)w. (2.5)
O

Theorem 1 (Newton’s first law): The physical paths of free particles in an inertial system are
straight lines:

x (t) = xy + vt, (2.6)
with v = £ = constant.

Proof: x is cyclic, so p = constant. Then, v = p/m (v2) = constant. Then, x = xy + vt
with v constant. O

Remark 5: Newton’s first law is independent of the functional form of Lg (’1)2>.

Remark 6: Newton’s first law follows directly from Axiom 1. This demonstrates that Axiom 1 is
nontrivial, since coordinate systems exist for which Newton’s first law does not hold
(e.g., a cartesian system fixed to a moving car).

Axiom 3 (Galilean mechanics). The mass of a free particle is a constant, independent of v2,
mq(v?) = m = constant. (2.7)

Axiom 3’ (Einsteinian mechanics, or Special Relativity). The mass of a free particle has the form

mg (v2) =__m (2.8)

V1—02/c2

with m the Galilean mass and ¢ the speed of light in vacuum.
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Proposition 2: The Galilean and Einsteinian models are completely determined by their respective
Lagrangians:

Galilean mechanics:

L§ (v*) = %’02. (2.9)

Special relativity:

LY (v*) = —=mc®\/1 —v?/c2. (2.10)

Proof: Beginning with the forms of the Lagrangians in the proposition, the form of m (vg)
in Axiom 3 or 3’ can be recovered:

dLg B dLéE B m B 9
=" Yar = ieere = () @10
i.e., Ly (v?) uniquely determines m (v?). O

Remark 7: Consider the case v? < ¢. From equation 2.10,

ng (v2) = —ch\/m

1v?
= —m02 1—56724'0(1]4/04)

= —mc+ %mv2 + 0 (v'/c")
= L§ (v?) —mc® + O (v*/c?). (2.12)

To lowest order in v2/c?, L(? and L¥ are equivalent, so that for v2 < ¢?, the nonrel-
ativistic limit, special relativity reduces to Galilean mechanics.

Remark 8: Relative to everyday scales, c is a large velocity, so that the nonrelativistic limit suffices
for many purposes.

2

Remark 9: In special relativity, m is called the rest mass, and Ey = mc” is called the rest energy

of a particle.

Remark 10: We will consider Galilean mechanics unless otherwise noted.

§1.2 Galileo’s principle of relativity

Definition 1: Let (x,t) be an IS. The coordinate transformation
T =x+Vt , t' =t (2.13)
with V' = constant, is called a Galileo transformation.

Theorem 1: If (x,t) is an IS and (2/, ') is related to (x,t) by a Galileo tranformation, then (z’,¢’)
is also an IS.
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Proof:
vV=2'=v+V, (2.14)
so that
LGI _ E 2
0 5 v
= %v2+mv-V+%V2
2 i( v D)
5 Y +dt me V+2Vt
G(x,t)
m o d
= — —G (x,t
ST (x,t)
d
= L§+ -0 @1), (2.15)
so that L§’ and LS are equivalent. O

Axiom 4 (Galileo’s principle of relativity). The laws of motion

a) are the same in all IS’s, and

b) are invariant under Galileo tranformations.

Remark 1: From Axiom 4a, there is no absolute reference frame - all non-accelerated coordinate
systemes are postulated to be equivalent.

Remark 2: Galilean mechanics obey’s Galileo’s principle of relativity.

Remark 3: Maxwell’s E&M does not obey Galileo’s principle of relativity, which created a problem
that Einstein solved. More generally, even mechanics is found to be at odds with
Galileo’s principle of relativity for - (v? < ¢?).

Remark 4: One often does not think of the principle of relativity in the context of nonrelativistic
mechanics, but that is a mistake.

§1.3 Potentials

Axiom 5. The influence of the environment on a particle is characterized by
a) a function U (z,t) : R?* x R — R, called a scalar potential, and
b) a function V (z,t) : R? x R — R3, called a vector potential,

such that the Lagrangian takes the form

L(z,v,t) =Ly (v’) = U (z,t) +v -V (z,t). (2.16)

Remark 1: In equation 2.16, Ly can be either L§ or LE.
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Remark 2: The scalar and vector potentials U and V are determined either by experiment, or by
another theory, external to mechanics.

Remark 3: In the case that V (x,t) = 0:

a) Equation 2.16 becomes

L(x,v,t) = Lo (U2) —U(x,t)
= T(v*)=U(z,t), (2.17)

with T = Lg the kinetic energy’.

b) Recall from equation 12, LF = —mc? + L§ (v?) + O (v*/c?) = —mc? + Zv? 4+ O (v*/c?). So,
the kinetic energy in the Einsteinian case, with V' = 0, is effectively defined as the energy

due to motion (i.e., energy dependent on v), minus the rest energy mc?.

Example 1 (Charged particles in an electromagnetic field): U and V are determined by a theory
external to mechanics, namely, Maxwell’s electromagnetism. They take the form

Ulz,t) =ep(x,t) | V(w,t):EA(a:,t), (2.18)

where e is the charge of the particle, which has the role of a coupling constant, and ¢ and A
determine the electromagnetic field via

E(xz,t) = -V (x,t) — %&A (z,t) , B(z,t)=VxA(x,t). (2.19)

Special case 1: Homogeneous electric field E = (0,0, E).
This is realized by
p(x, t)=—FEz , A(x,t)=0, (2.20)

so that
U(x,t)=—eEz , V(x,t)=0. (2.21)

Special case 2: Homogeneous magnetic field B = (0,0, B).
This is realized by

1
Az, t) = §B xx , ¢(x,t)=0, (2.22)

so that B
Uz, t)=0 , V(x,t)= Q—CB X . (2.23)

Example 2 (Particle in a gravitational field): U and V are determined by experiment (e.g., Kepler
laws) or by an external theory (e.g., general relativity). An environment consisting of a massive
spherical body of mass M, centered at the orign = 0 produces potentials

GMm

Ue,t)=U(x) =— 2]

. V(e t) =0, (2.24)

If V # 0, then the Lagrangian in equation 2.16 has a term dependent on both 2 and v, so cannot be written as
the sum of a term dependent on only @ and a term dependent on only w. In such a situation, the concept of kinetic
energy, which for the V' = 0 case is the portion of the Lagrangian dependent only on velocity, loses its meaning.
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with m the mass of the particle, which has the role of a coupling constant.

Special case: Near the surface of the earth, = (0,0, z), || = Rg = radius of Earth. Then,

GMm x
o Z _oms 2.2
vU R s gmz, (2.25)
with
g=GM/R%. (2.26)
Then,
U (x,t) = mgz. (2.27)

This is called a homogeneous gravitational potential.

Remark 4: In Example 2, there is a priori no reason for the coupling constant m, the “theory mass”,
to be the same as the parameter in L, the “inertial mass”. However, experimentally
the two are found to be the same to tremendous accuracy. This is known as the
equivalence principle.

Remark 5: A charged particle in a homogeneous electric field and a particle in a homogeneous
gravitational field are mathematically equivalent.

Definition 1: Let G : R3 x R — R be a differentiable function. Then the transformation of the
potentials given by
Ul(x,t) = U (z,t) =U (x,t) — 0,G (x,t), (2.28)

V(xz,t) - V' (z,t) =V (z,t) + VG (x,1) (2.29)
is called a gauge transformation.

Theorem 1: Any gauge transformation of the potentials leads to an equivalent Lagrangian.

Proof: Let L=Ly— U 4+ v -V, as in equation 2.16. Then, the transformation gives

I = Ly-U+v-V'
= Lo—U+UV+afG+UVG
d
= LO—U+v-V+£G(m,t). (2.30)

Remark 6: Potentials are unique only up to gauge transformations.

Remark 7: Quantities that do not change under gauge transformations are called gauge-invariant.

§1.4 The equations of motion
Definition 1: For a particle in a vector potential we call

0Lg
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the momentum (as in Ch.1§5.1 Remark 6), and
oL
— = V= 2.32
5 —PTV=m (2.32)
the generalized momentum.
Remark 1: Note that p is gauge invariant, whereas 7 is not.

Proposition 1 (Newton’s second law): For a particle subject to a scalar potential plus a vector
potential the equations of motion take the form of Newton’s second law:

d
(@, t) = FY (2.) + F®) (z,0,1), (2.33)
with
FY (x,t) = —VU (x,t) — 8,V (x,1) (2.34)
a velocity-independent force, and
F® (x,v,t) =v x (VxV (1)) (2.35)

a velocity-dependent force.

Proof: The Euler-Lagrange equations, with the definitions in equations 2.31 and 2.32, give
(with L writeable as in equation 2.16)

d OL d
- = —m
dt 8111' dt
d d
= b + %Vi
)
= —-0,U+ vjaﬂ/j. (236)
Comparing lines 2 and 4,
dtpz = ) V0V 't
= —6ZU + vjﬁiVj — 6,51/; — 8j1}j‘/i
= —-0;,U—-0,V; + Ujai‘/j — ’Ujaj‘/i (237)
—_— ——
Fi(l) @

)

where the second term in the last line can be identified as Fi(2 as follows:

F? = (ux(VxV(2,1),

€ij1VEkimOL Vim

Ekij€rimV;O1V;

= (0i10jm — 6im0;1) v;0 Vi,

= Ujai‘/j — Ujaj‘/i

= r?. (2.38)

3
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O

Remark 2: The forces F(V) and F®) are separately gauge-invariant - see problem 16.

§1.5 Systems of point masses

Axiom 6. In a system of N point masses that are subject to potentials and interact with one
another, the interaction between the particles is characterized by a function, the interaction
potential,

Ut : R3Y - R (2.39)

such that the Lagrangian takes the form

L (w(l),...,w(N),v(l),...,U(N),t)
N N
= Z Lo (v(o‘ﬂ) — Z U (m(o‘),t)
a=1

3 w@ .y (m(a),t) 4 Uit (m“), . ,a,-<N>) . (2.40)

a=

—

Special Cases:

1. For N non-interacting particles (i.e., Uiny = 0), L is the sum of N independent particles,

N
L=%1r (gc(a),v(a),t) : (2.41)
a=1

where each L in the summation includes the Ly, U, andV terms.

2. For N non-interacting particles with with V=0 and U (x,t) = U (x),

L= [r (o) v (a)]. 2.2)

Remark 1: Special case 2 is the case most often encountered in simple applications.

Proposition 1: For general coordinates, rather than Cartesian coordinates, the Lagrangian for
special case 2 in Galilean mechanics takes the form

f
Lia.d) =3 > o5 (@) id; —Ula). (2.43)

4,j=1

Proof: In Galilean mechanics, equation 2.42 can be rewritten as

N (@) 2
L= " (v@) v (a;““)) . (2.44)
a=1 a=1
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The coordinates can be relabelled as
(1 _ (2 _— (o) _
T1,23=71,23 > T123=7T456 > "> L123= T3a+l,30+2,3a+3 5 " - (2.45)

The coordinate transformation from general coordinates g to Cartesian coordinates x can
be written as

i = fiqi - qr) » Li=0ifi(q - qf)dj, (2.46)
with f = 3N.
L = il P-U( )= —U( )
- P lexz L1, T2,T3 .. Tf_2,T5—1,Tf
fom I
= 271 Z 0; fi (q) O fi (@) djdr
i=1 jk=1
—“Ulh(@), f2(q), fs(@) = ... = Ulfr2(a), fr-1(q), fr(q)]
-U(a)
LS f
-3 b (Z mi0i fr (q) 0; f; (Q)> @q; — U (a), (2.47)
i,j=1 \k=1

where m; = mgy = mg = m(l), my = Mg = Mg = m(2)7 etc. Letting

f
gi5 (@) = > _ midifi (@) 0; 1 (@), (2.48)

k=1

equation 2.47 becomes
1 d

L= > 9ij (@) did; —Ul(a), (2.49)

ij=1
as desired. O

Example 1 (Planar double pendulum): There are f = 2 degrees of freedom. The coordinates can
be labelled as

e 1, the angle between the vertical -axis (y) and the line connecting the origin to the first
point mass mq, and

e o, the angle between a line parallel to the vertical axis and the line connecting the point
mass my and the second point mass ms.
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Figure 2.1: Planar double pendulum.

With lengths /; and 5 defined as indicated in Figure 2.1, the coordinates of the first point mass are

1 =lising; , y1 = —ljcosp, (2.50)
so that
my .. .
T = 7 (@7 +97)
= l14P17 (251)
Uy = —mygly cos py. (2.52)

The coordinates of the second particle are

To =l1singy +lasinps ,  yo = —Ij cospy — Iz COs Y, (2.53)
so that
mo
I, = 5 (962 + yz)
mo
= 5 <l @7 cos? 1 + 1303 cos® g + 211121 P2 cOS 1 COS Po

+ lfgb% sin? 1+ l%gb% sin? Y2 + 2111519 sin 1 sin apg)

= (ll @7 + 1393 + 2112 cos (1 + ©2) P1692) (2.54)
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Us = —magly cos p1 — magls cos po. (2.55)
Then,
L(p1,02,¢1,02) = Ti+To—U—Us
1 ) 1 ,
= 3 (my +ma) 17¢7 + §mzl§¥7§
+mialila cos (o1 — p2) P12
+ (m1 + W’LQ) gll COSs Y1 + mgglg COS Y2. (256)
Remark 2: The Lagrangian has the form of equation 2.43 with
(m1+mg)l  lilycos (o1 — 902)>
ij ) = , 2.57
(3 ors o)) = (e el ileon ey (257)
U (p1,92) = — (my1 + ma) gly cos o1 — magls cos pa. (2.58)

§2 Simple examples for the motion of point masses

§2.1 Galileo’s law of falling bodies

Consider a particle in a homogenous gravitational potential. From §1.4, the kinetic energy is given
by

T Lo (v°)

% (i + 9% + 22) (2.59)

and from §1.3 Example 2, the potential energy is given by
U=mgz. (2.60)
Then, the Lagrangian for the particle is
L. m .9 .9 .9
L(z,x,y,z):g(x +9°+ 2 )—mgz. (2.61)

Method 1 (Direct integration of the Euler-Lagrange equations). In the Lagrangian, x and y are
cyclic. Then,

oL .
—— = mx = constant
o
=  z(t) =a+ bt (2.62)
oL .
— = my = constant
a9y

= yt)=c+dl, (2.63)
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where a, b, ¢, and d are constants. Choosing a coordinate system such that

x(t=0)=y(t=0)=0

= a=c¢=0, (2.64)
y(t=0)=0
= d=0, (2.65)
and letting v, = b, gives
() =vt , y(t)=0, (2.66)

so that the path lies in the xz-plane.

The remaining Euler-Lagrange equation is for z,

ia—L—mé—a—L——m
dtoz T 9, M
— =1 —gt, (2.67)

so that, letting 29 = z (t = 0) = constant and v? = % (t = 0) = constant,

1
2 (t) = 29 — vt — 59152. (2.68)

Remark 1: We have determined the path of the particle, i.e., its position as a function of time, by
solving the Euler-Lagrange equations.

Continuing, z (t) can be re-parameterized, using x as the parameter. Rewriting z (t) as

o=fe-s(2)en ()

Chossing, without loss of generality, zg = —% (vg)2 /g, and defining t* = —1Y/g, gives

1
z@%:fig@+¢ﬂ2. (2.70)
Solving equation 2.66 for ¢ gives
t=ux/vg. (2.71)
Substituting into equation 2.70,
1 n2
z = —ig(x/vw—kt )
g )2

so that )
z (LL') = _59 (l‘ + m*)Q ) Tt = vzt* = _Uzv(z)/g~ (273)
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Remark 2: This is the orbit of the particle, i.e., the curve in R? that it moves on. The orbit does
not give information about where the particle is a a given time.

Remark 3: From equation 2.73, the orbit of a free-falling Galilean particle is a parabola.

Method 2 (Conservation of energy). The equation 2.61 Lagrangian has no explicit time-dependence,

so energy is conserved (Ch.1§5.2). From Ch.1§4.1,

. OL

Ti7—
6@

= m(#P+9*+2%) - L

E = - L

= %(a’:2+y2+é’2)+mgz

= constant. (2.74)

Since = and y are still cyclic, equations 2.62 through 2.66 still apply. Then,

E= %22 + %vi + mgz
== %22 =-mgz+E — %vi = -—mgz + %52

= 3 =¢ -2

— L e (2.75)

i
The last line of equation 2.75 is a separable ODE, so we can write

z dz t
[

20 V&2 —2¢9Z to

1
—= (\/{2 — 29z — /€2 — 2920) =t—tp

g

2

— -2 = [g (t—to) — V& — 2gz0} , (2.76)

=

so that

20 = o {€-[ot—t) - VE 2] |

1
—5o(t+ constant)? (2.77)

as in equation 2.70.

Method 3 (Gauge transformation). Define

G(z,t) = Ul(2)t
= mgzt. (2.78)

Then,
d
%G = mgz + mgit (2.79)
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From §4.3,
d
L' = L+ =G
+ dt
_om o9 .9 .9 .
= 3 (&% + 9 + 2°) — mgz 4+ mgz + mgit
= 5 (@457 +2) + mgit (2.80)

is equivalent to L. In L', x and y are cyclic, so equations 2.62 through 2.66 still apply. Additionally,
z is cyclic in L', so

oL’ )
— = mz + mgt = constant
0z
= %= —gt + constant, (2.81)
so that )
z(t) = —§gt2 + 0%t + 20, (2.82)

as in equation 2.68.

Method 4 (Nother’s theorem). Under the coordinate transformation

227 =z4a
— Y=3z (2.83)

we can write the transformed Lagrangian as

L(Z,&,9,2) = %(i‘2+y2+2’2)—mgz'
= %(i‘2+y2+22)—mgz—mga

= L(Zaff7yaz)_mga

= L(z4,9,2) — a% (mgt) . (2.84)

Then, from Ch.1 §4.5, there is a conserved quantity,

OL .
— +mgt = mz+ mgt,
0%
= constant (2.85)
so that .
z(t) = figtz + 0%t + 2, (2.86)

which again matches equation 2.68.
Remark 4: All four methods yield the same results, as they should.

Remark 5: Utilization of cyclic variables is crucial within each method.
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§2.2 Particle on an inclined plane

This problem can be treated as the problem of a free-falling particle with the following constraint:
z=(zr—¢) tana. (2.87)
Choosing ¢ = 0 without loss of generality, we can write

r=kKz , K=cota. (2.88)

¢ v

Figure 2.2: Particle on an inclined plane.

Method 1 (Lagrange multipliers). Writing the Lagrangian as the Lagrangian for the particle with
the Lagrangian for the constraint,

L:%(JbQ—l—yQ—l—z’Q)—mgz—l—)\(x—ffz). (2.89)
Since y is cyclic in the above Lagrangian, we have
y = constant. (2.90)
The remaining Euler-Lagrange equations are
mi = A (2.91)
mZ = —mg — Ak, (2.92)

The constraint given in equation 2.88, combined with equation 2.91 and 2.92, give

T = KZ,
= A=mkKZ
= :(1-k*)=—g
= Z= 7Tg;§2 = —gsin®a = —geg. (2.93)

Solving equations 2.90 and 2.93,
x(t) =Kz (t), (2.94)
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y (t) = yo + vit, (2.95)
1
2 (t) = 20+ v2t — S genrt”. (2.96)

Remark 1: Motion in the z-direction is equivalent to that for a free-falling body, but with the
acceleration g replaced with the acceleration ges.

Remark 2: Here, we have treated the problem with f = 3 + 1 constraint.

Method 2 (Direct substitution of the constraint). From the constraint in equation 2.88,

T =Kz (2.97)
Then, the Lagrangian can be written as
m
2

Since y is cyclic, equations 2.90 and 2.95 still apply. From equation 2.98, the Euler-Lagrange
equations give

L(z9,2) =+ [(1+K?) 2* +9%] — mg=. (2.98)

m (1 + /-zQ) zZ—mg
=  Z= —(eff, (2.99)
i.e., equation 2.93 is reproduced. From here, x () and z (¢) can be found as was done in Method 1.
Remark 3: Here, we have used the constraint to reduce the number of degrees of freedom from
f=3t f=2
§2.3 Particle on a rotating pole

Consider a particle moving without friction on a pole that rotates with a constant angular velocity
w. The constraint can be written in polar coordinates as

» = wt. (2.100)

Figure 2.3: Particle on a rotating pole.
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Choosing the xy-plane to be the plane in which the pole is rotating, the Lagrangian for free motion
in that plane is writeable as

h
|

7 (@ +7)
m

5 (7% +12¢%) . (2.101)

Substituting the constraint gives a Lagrangian with f = 1 degrees of freedom,
. mo .2 2,2
L(r,r)z;(r + w?r?) . (2.102)
Remark 1: Elimination of the constraint maps the problem onto one with Lagrangian

L=T-U , T:%ﬂ : U:—%wQTQ, (2.103)

so that a free particle with f = 2 4 1 constraint is equivalent to a particle with f =1
in a potential.

From equation 2.103, the Euler-Lagrange equations give
mit = mw?r
= r(t) = acoshwt + bsinh wt, (2.104)
with a, b constant. Suppose that there are the initial conditions
rt=0)=ro>0 , 7(t=0)=0. (2.105)
Then, we must have a = rg, b = 0, so that
r (t) = 7o cosh wt. (2.106)

Remark 2: From equation 2.106, the distance of the particle from the origin grows exponentially
with time.

Remark 3: Enforcing the constraint requires a force that grows exponentially with time.

§2.4 The harmonic oscillator

Consider a particle with f = 1 degrees of freedom in a harmonic potential given by
1
Ulq) = §kq2. (2.107)

Such a system is called a harmonic oscillator, and its Lagrangian is writeable as

. m . k
L(g,d) = 54" = 54° (2.108)

so that the Euler-Lagrange equations give

mG = —kq. (2.109)
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Defining the quantity w? as
w?=k/m
gives
. 2
q=—wyg,
so that
q (t) = acoswt + bsinwt,

with a, b constant. Suppose that there are initial conditions
q(t=0)=q , ¢(t=0)=qo.
Then, we must have a = qg, bw = ¢g, so that
q (t) = qo coswt + (go/w) sinwt.

Remark 1: Note that

cos (wt 4 ) = coswt cos ¢ — sinwt sin ¢

Ll

tan ¢ = —do/qow,

so that
qo

a =

y

\o | e pe

cos [tan™! (do/qow)]
Then, the motion is bounded with |q ()| < a, where a is called the amplitude.

q(t) = acos (wt+ ) = acoswtcos p — asinwt sin ¢

acosp=¢qy , —asing=qgo/w

\
\
\
\
!
i a

Figure 2.4: The harmonic oscillator.

(2.110)
(2.111)

(2.112)

(2.113)

(2.114)

(2.115)

(2.116)

Remark 2: The problem is conservative, i.e., energy is conserved. The energy is writeable as

m m
E _ e .2 e 2
5 ¢ T 5w
= Tw2a2.

2

2

(2.117)
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§3 One-dimensional conservative systems

§3.1 Definition of the model

Consider a conservative system with f = 1 (i.e., a one-dimensional system). From §1.3, the
most general Lagrangian can be written as

L(g.d)=F9(@)d*~U(a), (2.118)

with g (¢) > 0, otherwise arbitrary.
Remark 1: Above, we have factored out the mass from g (g).

Proposition 1: It is always possible to find a coordinate transformation such that

. m -
L(Q.Q) =50 -U(Q). (2.119)
Proof: Let .
Q=1@= [ Vsl (2.120)
q0
Then, '
Q=994 (2.121)
so that )
Q* =g(q) ¢* (2.122)
O
Remark 2: Tt therefore suffices to study
L= %(12 —Ul(q) (2.123)

with ¢ a suitably chosen generalized coordinate and m > 0.

§3.2 Solution to the equations of motion

The problem represented by equation 2.123 (or equation 2.118) is conservative (i.e., the Lagrangian
has no explicit time-dependence):

%ff +U(q) = E, (2.124)
a constant. Rearranging,
¢ = v; (a)
= [E-U(q)]. (2.125)

Our coordinate space can therefore be decomposed into three distinct regions:

Case 1. v%(q) <0 <= E < U (q). There is no physical solution since ¢ must be positive. We
refer to this as the forbidden region.
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Case 2. v%?(q) >0 < E > U (q). This is the allowed region, where ¢ = +v(q) with

v(q) = \/2/m\/E - U (q) > 0. (2.126)

There are thus two possibilities for ¢:

a) ¢ =v(q) > 0: particle moves to g-right.
b) ¢ = —v(g) < 0: particle moves to g-left.
Case 3. v%(q) =0 < E =U (q). Here ¢ = v(q) = 0; the particle is at rest.

Remark 1: Usually, E = U (q) only for isolated points ¢, g2, .... These points are called turning
points.

Now consider an interval I = [qq, ¢] in the allowed region that does not contain any turning points.
In this interval,

dq
— =4 . 2.12
1) (2.127)
Using separation of variables,
q
t—ty= j:/ v (2.128)
q0 v (Qf)

with 4+ for motion to the g-right or ¢-left, respectively.

Remark 2: Equation 2.128 solves the most general one-dimensional conservative problem in closed
form. All that remains is to evaluate the integral in equation 2.128 and invert the
resulting function to obtain ¢ (t).

Remark 3: A graphical description of the cases discussed above is provided in Figure 2.5 below.

§3.3 Unbounded motion

Let
Utow= lim U(q) , Uioo <o0. (2.129)

g—+oo

Case 1. E>U(q) Vq.
This implies that the allowed region is all possible values of ¢ € R. There are no turning points, so
that the only two possiblities are

a) g=v(q)>0 Vg, or
b) g=v(q) <0 V.

Then, ¢ (t) increases monotonically or decreases monotonically? in cases (a) and (b), respectively.
Choosing, without loss of generality,

2A monotonic function is a function between ordered sets that preserves the given order. To say that q(t)
increases/decreases monotonically simply means that it increases or decreases across the whole interval; if it increases
monotonically, then %q > 0 across the whole interval, and if it decreases monotonically, then %q < 0 across the
whole interval.



99

§3. One-dimensional conservative systems

Y
y="Ulg)
Case 2a Case 2a
—F
R ‘777< 7777777 ”’<’ 77777777 ‘7777
Case 1
Case 2b e Case 2b
Case 3 Case 3

Allowed region ‘ Forbidden region ‘ Allowed region

\* J q
q_ q+
Y
Case 2a
Case 2a
0 I
' Case 1
/ Case 2b
Case 2b
= Case 3 Case 3 ™
\\\\<_//// \{\\‘_;
Allowed region ‘ Forbidden region ‘ Allowed region
| | g

*

q- qay

Figure 2.5: Graphical description of the forbidden region, turning points, and allowed region. Case
1: Forbidden region, v? (¢) < 0 <= FE < U (q). Case 2: Turning points, v? (¢q) =0 <= E =

U (q). Case 3: Allowed region, v?(q) >0 < E > U (q).
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applying the solution to the one-dimensional conservative problem given by equation 2.128, and
solving for ¢ gives
q(t = +o0) = fo0. (2.131)

Additionally, from equation 2.126,
G (t = £00) = 1/2/m\/E — Usoo, (2.132)
with 4+ and —corresponding to cases (a) and (b), respectively, in equation 2.132.

Case 2. 3¢* E=U(q*),and E>U(q) Vq>q*.
This implies that the allowed region is all possible values of ¢ € R>7", and that there is a turning
point at ¢ = ¢*. Choosing, without loss of generality,

to=0 , q(to)=4q", (2.133)

gives, by equation 2.128,
t==+

9 dx ‘
for t = 0. 2.134
/q* ’U(l’) < ( )

Solving for ¢, and from equation 2.126,
q (t = £o00) = 400, (2.135)
q(t = 400) = £/2/m\/E — Uy, for t = 0. (2.136)
Remark 1: The motion is symmetric with respect to the turning point, i.e., with the chosen tg = 0,
a(=H) =q(t). (2.137)

Case 3. 3¢* E=U(q¢*),and E>U(q) Vq<q*.
This mirrors Case 2 exactly. The allowed region is all possible values of ¢ € R<?". Equation 2.133
can again be chosen without loss of generality, and in place of equations 2.134-2.136, we have

=% - v(x)

q(t = £o0) = —o0, (2.139)

G(t — 4+00) = F/2/my/E —Uyge for t 2 0. (2.140)

The Case 2 remark still applies.

g
/ ar ‘ for t = 0, (2.138)
q

The remarks below apply to all three cases.

Remark 2: ...the motion is unbounded, i.e., lim; 4 |q (t)| = oc.

Remark 3: ...the particle visits each point along the physical path at most twice.
Remark 4: ...the particle spends a finite amount of time in any finite interval I C R.

Remark 5: A graphical description of the cases discussed above, as well as Case 4 (discussed in
§3.4), is provided in Figure 2.6 below.
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y Case la

_________________________________ o A R e R P P i R A R B i

Uiso—— Caselb

y=q(t) Case la

Ly y
/ Caqey

\ e Caselb

Figure 2.6: Graphical description of unbounded and bounded motion. Case 1: Unbounded motion,
Vg E > U(q), allowed region is all g. Case 2: Unbounded motion, 3¢* FE = U (¢*), and Vq >
q* E > U(q), allowed region is all possible values of ¢ > ¢*. Case 3: Unbounded motion,
d¢* E=U(q"), and Vg < ¢* E > U (q), allowed region is all ¢ < ¢*. Case 4: Bounded motion,
d¢1,9g- E=U(qs) and E > U (q) for ¢_ < g < g4, allowed region is ¢_ < ¢ < qy.
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§3.4 Bounded motion

Case 4. 3¢%,¢* E=U(q¢i) and E> U (q) for ¢* <q<q}.
The turning points can be relabelled as ¢ = g+. The allowed region is ¢— < ¢ < g4, so that the
motion is bounded. Defining, without loss of generality,

to=0 , q(to) =q- (2.141)
gives, from equation 2.128,
7 dx
t=+ [ —, (2.142)
g V()

with + for ¢ > 0 and — for ¢ < 0.

A time T for bounded motion can also be defined. Let ¢ (7/2) = ¢1. Then, from equations 2.126
and 2.142,

T = T(FE)
- Vam / (2.143)
VE—-U(q) U
Remark 1: From equations 2.141-2.143, the motion is symmetric with respect to the turning point,
ie.,
q(=t) =q(t) (2.144)
for -2 <t <L,
Proposition 1: Bounded motion is T-periodic, i.e.,
qt+nT)=¢q(t) VnelZ (2.145)
Proof: Consider Q (t) =q(t —T), with T/2 <t < 3T/2. Then,
mQ(t) = mi(t—T)
= F(q(t-T1))
= F(Q()). (2.146)
Then, @ (T') and ¢ () obey the same ODE. Furthermore,
Q(T/2) = q(-T/2)
— q(1/2), (2.147)
and
Q(T/2) = §(-T/2)
= 0
= ¢(T/2). (2.148)

These three facts, together with Ch.1 §2.4 Theorem 1, give

Q) =q(), (2.149)
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An identical argument can be used with Q (t) = ¢ (t+T), so that
qt+T)=q(t), (2.150)
which can be automatically extended to give
gt+nT)=q(t) VYnezZ. (2.151)
O

Remark 2: Bounded motion is also referred to as oscillation. Systems that display bounded motion
are called oscillatory.

Remark 3: T is called the period of the oscillation, with

1

=g (a+ —q-) (2.152)

called the amplitude, and

w = w(k)
= 2x/T (2.153)

called the frequency of the oscillation.

§3.5 Equilibrium positions

Definition 1: A point x( is called an equilibrium position if it has the property that:
x(to)) =20 , v(tg)=0 = a{t)=xy , v(t)=0. (2.154)
Theorem 1: z is an equilibrium position iff z( is a stationary point of U ().

Proof:
1. Assume that xg is an equilibrium position. Then, #|,, = 0 = & (t) = 0V¢. Then,
&lzy = 0 = I (tp) = 0. Multiplying by m and using Newton’s second law (§1.4),
Flze =0 = 0=ma (t) = —%ho, i.e., xg is a stationary point.

2. Assume that zg is a stationary point. Then, %m = 0. By Newton’s second law,

ma (to) =0. If .’iﬁ(to) = 0, then j?(to +5t) = .i‘(to) + 0td (to) = 0+ 0 = 0. Then,
z(t) = 0 and z(t) = xp. Then, equation 2.154 is satisfied, so z( is an equilibrium
position.

O

Classification of equilibrium positions:
For f =1, there are exactly three possibilities.

Case 1. 1z is a local minimum of U (z).
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A small perturbation £ — F + §F with 6E > 0 (note that 6FE < 0 is impossible, see §3.2) leads to
oscillatory motion with z_ < x < x;. Such an equilibrium position is called stable, since it has
the property that 0F — 0 = =4+ — x¢.

Case 2. zy is a local maximum of U (z).
A small perturbation £ — E+§FE leads to locally unbounded motion. Such an equilibrium position
is called unstable.

Case 3. 1z is a point of inflection of U (z).
This is qualitatively the same as Case 2. Such an equilibrium position is unstable.

§4 Motion in a central field

§4.1 Reduction to a one-dimensional problem

Consider a conservative system with f = 1 and a spherically symmetric potential
Ul)=U(r) , r=|z. (2.155)

The Lagrangian for such a system is writeable as
L= %zﬂ —U(r). (2.156)

A switch to spherical coordinates can be performed as

r=rsinfcosy , y=rsinfsing , 2z=7cosp, (2.157)
so that
v = @4y 2P
2 4 17262 + 1% sin? G2 (2.158)

Substituting into the Lagrangian,

L= % (7”2 + 262 + 1% sin? ngQ) —U(r). (2.159)

To continue, various symmetries can be used.

1. Rotational invariance I: L is invariant under rotations. From Ch.1§4.4 Remark 2, Nother’s
theorem gives that

zxp = 1
constant. (2.160)

By the definition of I as the cross product of & and p, I must be perpendicular to x, so
-l = 0. Then, the path must lie in a plane that is perpendicular to ! (which is constant, i.e.,
both its magnitude and direction are constant). Our coordinate system can then be chosen
with 2l and z = 0 on the plane on which the path can be found, so that effectively

0=m/2. (2.161)
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2. Rotational invariance II: ¢ is cyclic in the Lagrangian, so

oL
= = mr?sin? 0o
¢
= mr2<,b
= I, (2.162)

which is constant®. Solving the last two lines for ¢,

(2.163)

3. Conservation of energy: ¢ is not in the Lagrangian, so the system is conservative, so that

E = Z4u-1L
5%(]
oL OL . OL
or o0 +0g0
_ M2 ?
= AU +5 5, (2.164)

where the last line follows from equation 2.163 and §4.2.

Remark 1: The three-dimensional problem represented by the Lagrangian in equation 2.159 has
been reduced to a one-dimensional problem, represented by the energy in equation
2.164.

Remark 2: In §4.1, the most general one-dimensional conservative problem was solved up to per-
forming an integral and inverting a function (equation 2.128). Since this problem has
been reduced to falling in that category, it has been solved as well.

4.2 Kepler’s second law

From §4.1, -1 = 0, and a coordinate system can be chosen such that 2yl and 6 = 7 /2, as in Figure
2.7.

3See §4.2 for the relation between I and 1.
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Figure 2.7: From §4.1, the path lies in a plane perpendicular to I.

Because 2|1, equation 2.160 gives

I =1,

= m(zy —yi)
= m (7“2 cos? P+ r? sin? gpgb)
= mr¥p. (2.165)

Remark 1: [ is the length of I.

Remark 2: 1 2 0 for ¢ 2 0.

Case 1. [ =0.

From equation 2.165, ¢ = 0 as well, so that the orbit is a straight line, with

¢ (t) = ¢o. (2.166)

Case 2. [ # 0.
Consider the area swept by the radius vector during an infinitesimal time:
dy 1

- A= =r?de. 21
dt > d Sridy (2.167)
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(5 T + d¢p)

()

Figure 2.8: The area swept by the radius vector during an infinitesimal time.

Then, we have

d 1
—A(tt ~r? (o) ¢ (t
CAt0) = 3 e )
11

- 2.168
2m’ ( )
where the last line follows from Eq. (2.163) in §4.1.

Theorem 1 (Kepler’s second law): The radius vector from the force center to the point mass
sweeps equal areas in equal times.

Proof: This has already been proven - it is effectively stated in Eq. (2.168). O
Remark 3: This holds irrespective of the functional form of U (r).
Remark 4: Tt is a consequence of angular momentum conservation.
Remark 5: Kepler found it emperically by analyzing Tycho Brahe’s data on the orbit of Mars.
Remark 6: The sectorial velocity dA/dt is a measure of [.

Remark 7: Recall that angular momentum is conserved if and only if the system is rotationally
invariant (see Ch.1§4.4). This leads to the orbits being planar and to Kepler’s second
law.

4.3 Radial motion
From Eq. (2.164) in §4.1,

E= %fa? + Uett (1) (2.169)

where an effective potential U.g () has been defined as
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12

2mr?’

Ut (r) =U (r) + (2.170)

Remark 1: The three-dimensional motion in a central potential U (r) has been reduced to a one-
dimensional motion in an effective potential Ueg (). The quantity [2/2mr? is called
the centrifugal potential, or the centrifugal barrier.

Remark 2: For [ # 0, angular momentum conservation makes it energetically costly to approach
the center.

Applying equation 2.128 from §3.2, the solution (again up to an integral and inversion) is

(2.171)

m/r dx
t—tg=ty )= | e
2 0 \/E_Ueﬂ‘ (.’I;)
with + for 7 2 0 and with 7o = 7 (¢o).

Remark 3: For a given E and [, r (t) is determined by a single one-dimensional integral, after
whichy (¢) can be determined by integrating equation 2.163 from §4.1.

Remark 4: From §3.2, it is Ueg (1), rather than U (r), that can be used to directly determine the
turning points of the r-motion, since equation 2.169 represents the energy for which the
problem is a one-dimensional conservative problem, rather than a three dimensional
conservative problem.

§4.4 Equation of the orbit
From equation 2.163 in §4.1 and equation 2.169 in §4.3,
l

L
dy .
= 0
dy 2
= — |t/ —VE-U, 2.172
gl iV i (7) (2.172)
Then,
d l 1
s A . (2.173)
dr mr2\ 2 \/E — Udg (r)
Integrating,
l " dx
—gp =+ : 2.174
P am by 2B — U (@) 2174)

with + for Z—f 2 0, and with ro = r (¢o). Equation 2.174 is called the equation of orbit.

Remark 1: The orbit ¢ (r) (or alternatively, r(p)), is determined by a single one-dimensional
integral, plus the inversion of a function.
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Remark 2: The path r(t) (and similarly, ¢ (t) = ¢ (r(t))) is then determined by one more one-
dimensional integral, plus the inversion of a function.

Remark 3: The central field problem is therefore solved completely in terms of two one-dimensional
integrals, given by equations 2.128 and 2.174.

§4.5 Classification of orbits

Recall from §3.3 and §3.4 that the motion for a a one-dimensional conservative system depends
on the relationship between the energy E and the one-dimensional potential U. Depending on
this relationship, the motion can be bounded or unbounded. Then, in the case of the central field
problem with potential U = U (r), which was reduced to a one-dimensional conservative system
with U = Ueg (r), the motion depends on the relative values of E and Ueg (7).

Example 1 (Attractive Coulomb potential: U (r) = —a/r, with a > 0): Recalling that Ueg (r) =
U (r) +12/2mr?, Ueg (r) will have the following properties:

a) lim, o Uegt (1) = 00
b) lim, oo Uer (1) =0
¢) Ueg () has a single, absolute minimum below 0.

Bounded motion will occur when E > Usg (r) for a finite region and unbounded motion will occur
when E > U.g (r) for an infinite region, so for the attractive Coulomb potential, unbounded
motion occurs for £ > 0, and bounded motion occurs for £ < 0. See Figure 2.9.

Example 2 (Repulsive Coulomb potential: U (r) = «/r, with a > 0): Properties (a) and (b) from
the previous example still apply. However, property (c) does not - instead, Ueg (r) will have
no minimum, so that it can never go below 0. Then, every region for which £ > Ueg (r) must
be infinite, so only unbounded motion can occur for the repulsive Coulomb potential. See
Figure 2.9.

Let r_ be the r-leftmost turning point for motion in a Coulomb potential. If the motion is bounded,
let 4 be the r-rightmost turning point.

Remark 1: r_ is called the pericenter, and 7. is called the apocenter.
Remark 2: r1 are the turning points for radial motion.

Equations 2.137 and 2.144 apply to radial motion, so that the r-motion is symmetric with respect
to the turning points, i.e.,

r(te+t)=r({te—t). (2.175)

As a result, equation 2.163 gives ¢ (t) is symmetric with respect to the turning points, so that

pte+t)—p(te) =—[pts —1t) —p(tL)], (2.176)

that is, p-motion is antisymmetric with respect to the turning points.
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y = Ueg(r)

y = Ues(r)

>0

Figure 2.9: Graphical description of §4.5 Examples 1 (top) and 2 (bottom).
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Case 1. Unbounded motion
If the motion is unbounded, the only turning point can be the pericenter at r_. Choosing without
loss of generality ¢ (r_) = 0 (which is not, in general, the same as ¢_), equation 2.174 gives

r—00) =
plrooo) = wo [T
so that the asymptotic orbit is a straight line. Since ¢_ = —¢p,, the incoming and outgoing

asymptotic orbits must be at equal and opposite angles with respect to ¢ (r_).

O<pr<m W& @ <€ 2w

Figure 2.10: Unbounded motion in a central potential for different values of ¢ .

Remark 3: Which values of ¢, are realizable depends on U (r), and hence so does the allowed
motion - for instance, the orbit can cross itself only if ¢ > 7 is allowed. More on this
in §4.6.

Case 2. Bounded motion
If the motion is bounded, there are turning points at both the pericenter r_ and the apocenter r .
From equation 2.151, the r-motion is periodic,

r(t)=r({t+nT). (2.178)

Then, from equations 2.174 and 2.176,

o = o[ W
1

—-®

2 )

(2.179)

with @ the rotation angle of the pericenter (or apocenter) during one period (see Figure 2.11):

pt+nT)=n®+ ¢ (t). (2.180)
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Figure 2.11: Bounded motion in a central potential. Adapted from Landau and Lifschitz Third
Edition, Figure 9.

Remark 4: The orbit is closed if and only if ®/27 is rational; otherwise, the orbit is dense on the
annulus.

Remark 5: Tt can be shown that bounded orbits are closed only for U (r) & r%, with & = —1 or
a = 2 only. This is known as Bertrand’s theorem.

Remark 6: From experiment, planetary orbits are almost closed, with U (r) o< r~1. The possibility
ofU (r) o< r? can be ruled out, since it is clear from experiment that the force on
planetary bodies does not increase with distance.

Remark 7: The pericenter r— may be 0 if U (r — 0) o< r~ with a > 2. See problem 27.

§4.6 Kepler’s problem

Consider the “1/r-potential”,

U(r) = —%, (2.181)

where « is the strength of the potential. The force is given by
F = VU
ar (2.182)

rZ oy

which is the inverse-square law.
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Remark 1: >0 = U (r) <0, F oc —7/r? - the potential is attractive.
a<0 = U(r)>0, F o +7%/r? - the potential is repulsive.

Example 1 (Gravity): a = Gmimsg > 0.

Example 2 (Coulomb): o = —ejeq > 0 for sign (eg) = sign (ea),
< 0 for sign (e1) # sign (es) .

In equation 2.181, U = U (r), so this reduces to a one-dimensional conservative problem as described
throughout §4. From equation 2.170,

« 12
Ueff (7’) = —; + W (2183)

Define a parameter p, known simply as the parameter in this context, as

12

= —. 2.184

p=— ( )
Then,
a 1o«
Ueff(r) = —?-&-iﬁp
all/mp\?2 p
= —|=(=) —=]. 2.1
p [2 (r) r] (2.185)

Discussion of Ueg (7):
The square-bracket term of equation 2.185 is of the form (1552 — x) The extremal points of U.g

2
can be found by setting

d (1,

= z-1, (2.186)
i.e., x = p/r = 1. Then,
min (Ueg (1)) = Ueg (r =p)
o
= 5 (2.187)

Other useful pieces of information from equation 2.185 are

Uett (1 — 0) = % (];’)2, (2.188)
Ustt (r — 00) = — 22, (2.189)

pr
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Discussion of the types of motion:

Case 1. F > 0: Unbounded motion.
Case 2. F < 0: Bounded motion

a) The turning points can be found at

2
(% P (0% P
E=Ug(r)=—(—) ——(—
0-5(%) 5 (%)
2
E
T+ T+ «

L % [Q:F\/m} — 171+ 2pE/a. (2.190)

T+

Define the eccentricity as

e = 1+2pFE/a
V1+ 22E/ma?. (2.191)

Remark 2: E <0 < e <1 <= bounded motion,
E>0 <= e>1 <= unbounded motion.

Knowing the above remark, the pericenter r_ and, if appropriate, apocenter r are

re = P
T 1+e

(2.192)

Remark 3: In the context of planetary motion, r+ is called the perihelion or apohelion, respec-
tively.

Remark 4: For a repulsive potential, unbounded motion is seen only.

b) The equation of orbit can be found from equation 2.174. Choosing without loss of generality
@ (r=r_) =0 and ¢ increasing with r, and applying equation 2.185,

r) l /T dx
r =
4 V2m Jr_ 22y/FE — Ueg ()
l /T dx
\/% T—.’IJ2\/E—%(£)2+

(®)

L vp [ dx

VP . (2.193)
i), w2\[2pBfa+2(2) - (2)°

<R
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Attractive
Yy
lim,yo Uegt(r) = ap/2r?
y = Uet(r)
Case 1
E>0
0 T T
\ Case 2 r/p
E <0 lim, o0 Uegt(r) = —at/7
el
Repulsive
Y
y = Ue(r)
E>0
0—+—
r/p

Figure 2.12: Graphical description of a —«/r potential. For « > 0, the potential is attractive,
resulting in Kepler’s problem. Case 1: E > 0, unbounded motion. Case 2: E < 0, bounded motion.
For a < 0, the potential is repulsive.
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Let 2z = p/x, so that dz = —pdx/x?. Then, dx/2* = —%dz, so that

dz

VP Sy \/2pE o+ 2z — 22
p/r dz

\/ / \/62—1+22—22

/p/r
e (/e — (z — 1

p(r) =

p/r—1

B \/ / —xQ
B [Sin_lp/r—sin_l 1}

(e e

4|1 /p s

-1
- _ (£ -1 — 2.194

sin [e(r )}—FT ( 94)

where in the last line I2 = pma was used. Inverting,

1(3—1) — —sin {@(T)—E}

e \r
(2.195)

I
Q
=}
wn

AS)
—
=

so that the equation of orbit is
g =1+ ecos(p(r), (2.196)

Remark 5: The orbits are conic sections.

Remark 6: Let e > 1, so that the motion is unbounded. Then, letting ¢ = ¢ (r — +00), we
have from equation 2.196 that 1+ ecospy = 0. Then, cosp; < 0, and |cos 4| < 1.
Continuity implies

g <o, <m (2.197)

so that ¢ is bounded from below and above. Thus, while orbits with 5 < ¢, < 7 are
allowed, orbits with ¢, > 7 are not. This changes qualitatively in the framework of
special relativity (see problem 28).

c¢) Classification of orbits: In Cartesian coordinates,

r=rsing , y=rcosg , x’4+y>=r2 (2.198)
Then,
p=r-+ey, (2.199)
so that
a? +y? (p—ey)”

= %y — 2epy + p?, (2.200)



§4. Motion in a central field 7
so that
2 4 (1- 62) y* + 2epy — p* = 0. (2.201)
Two useful invariants can be defined as:
1 0 0
A = [0 1—e2 ep
0 ep —p?
= —p2
< 0, (2.202)
so that the conic section is non-degenerate for p #= 0 < [ # 0.
1 0
0 = ‘0 1—e?
= 1-—é2 (2.203)

The possible orbits are given in Figure 2.13, as well as described, below.

Attractive

/ﬁ\ e<l = 6>0
r_ . Ty = ellipse

Repulsive

Not possible

r- e>1 = 0<0

e=1= 0=0 \r
. r_ = l)arabola/ ‘ t

ey . => hyperbola

e

Figure 2.13: Classification of orbits in a —a/r potential.
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1. e<1 = 4 >0, an ellipse. This is possible only for the attractive 1/r potential.

2. e=1 = § =0, a parabola. This is possible for both the attractive and repulsive 1/r
potentials.

3.e>1 = § <0, a hyperbola. This is possible for both the attractive and repulsive 1/r
potentials.

4.7 Kepler’s laws of planetary motion

Consider bounded motion in an attractive potential: a > 0, F < 0. From §4.6,
p>0 , 0<e<]l1. (2.204)

From Eq. (2.201),

(1-¢)

2ep ep 2 e“p
y2+1—e2y+<1_€2) ] —p*+2?=0, (2.205)

so that, with y* = ep/ (1 — 62),

Il
3
()
7 N
—
+
—_
N
(V)
Q
[\v}
N——

56'2 + (1 _ 62) (y+y*)2

_ P
1—e2
= a*(1-¢%), (2.206)
so that
a? (y+y*)2_1 59

with a and b the semi-major axis and semi-minor axis, respectively:

p

a = —
1—e2

(2.208)

V/ap. (2.209)

Equation (2.207) represents Kepler’s first law: Orbits are ellipses with the center of force at one
focal point.
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Remark 1: a=p [1 +0 (62)}, b=p [1 +0 (62)], Yy =ep [1 + Om(ez] =ep+ O (62). Apart from
terms of O (62), orbits are circles whose centers are shifted from the center of force by
ea (Tycho Brahe).

Kepler’s second law was already derived from the law of areas, see §4.2.

Kepler’s third law: Ratios of periods equal ratios of semi-major axes to the 3/2-power.
Proof: From the law of areas,

dA l
so that
dA
mab = %dta
= ZLT. (2.211)
m
Then,
o= ™M
l
2
_ TZm\/ﬁCLS/Q
= omy ) a2, (2.212)
«
O

Remark 2: Kepler’s third law is a corollary of Kepler’s second law.

Remark 3: The second law holds for any central potential, whereas the first and third laws hold
only for 1/r potentials.

§5 Introduction to perturbation theory

§5.1 General concept

Let L be the Lagrangian for a realistic system which is not soluble in closed form. Let Ly be the
Lagrangian for an idealized system, with

where
0L = L-—1Lg
= &V, (2.214)
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is a small perturbation, with

e<1 (2.215)

a small parameter. The idea of perturbation theory is to expand the solution ¢ (¢) for the realistic
system with Lagrangian L in powers of ¢,

qa®)=qot) +eq (t)+%@ () +..., (2.216)

where each g; (t) is the ¢’th order correction to the solution for the idealized system with Lagrangian
Ly. Note that go (¢) is the uncorrected solution for the idealized system.

Example 1: Let L be the Lagrangian for the solar system. Then, Ly could be the Lagrangian for
a single planet and the Sun, so that 0L is the correction to the Lagrangian that represents
the other planets. Then, € = Mplanets/Msun-

Example 2: Let L be the Lagrangian for a single planet orbiting an oblate sun. Then, Ly could
be the Lagrangian for the planet with a spherical sun, so that §L is the correction to the La-
grangian that represents the sun’s oblateness. Then, ¢ = the quadrapole moment of the oblate sun.

Remark 1: Very few interesting problems are exactly soluble. Physics is perturbation theory (of
the 0’th order).

Remark 2: Depending on your point of view, g (¢) is either the exact solution of the idealized
system, or an approximate solution of the realistic system.

Remark 3: The hunt for € sometimes produces unexpected choices, e.g,. ¢ =4 —d.

Remark 4: Problem: Convergence.

§5.2 Digression - Fourier series

Let
I=[-mn], (2.217)

and consider a set of functions on I defined by

1 .
on (T) \/ﬂemw , nmeZ. (2.218)

Proposition 1: Each ¢, obeys the orthogonality relation,

/Idx ©r () om () = Omn. (2.219)

Proof: Using Euler’s formula,



§5. Introduction to perturbation theory 81
™ ei(mfn)ac
/dx or(x) om () = de ———
I - 2w
1 [ ..
= 5 dz {cos[(m —n)z] +isin[(m — n)x]}
s
ff dx%zl, m—-n=20
- m{sm[(mfn)x]ficos[(mfn)a:]} =0, m—n#0
r=—1
= dmn- (2.220)
O
Definition 1: The function f: I — C defined by
2) =Y fapn(z) , fu€C (2.221)
is called a Fourier series, with Fourier coefficients f,,.
Lemma 1: The Fourier coefficients are uniquely determined by the function f (z) as
fo = / dr o}, (z) f (). (2.222)
I
Proof:
Jwei@i@ = [ doi 93 foom @
= me/dwn 7)o (@)
= fn (2.223)
where the second line follows from Proposition 1. O

Proposition 2: Fourier series have the following properties:

a) Let {f,} and {g,} determine the functions f (x) and g (x), respectively. Then, {«f, + Bgn}
determines the function af (x)+8g (z) Vo, € C. That is, the Fourier series satisfy linearity.

b) Let {f,} determine f (z). Then, {f*,} determines f* (z).
¢) Let {f,} determine f (x). Then, {inf,} determines f’ (x).
Proof:
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af (@) +B8g(x) = ad fapn(x)+B  gnn (z)
= Y (afa+Bgn)pn (). (2.224)

n

@)= Y e @)
S fipn (@)
= S e (@), (2.225)

where the second line follows from the definition of ¢ (x) given in equation 2.218.

c)
, d
fl@) = 3 fagn (@)

which again follows from the definition of ¢ (x) given in equation 2.218.
O
Remark 1: From part (b) of Proposition 2,
f(x) eR = f,=f2,. (2.227)

Remark 2: From part (c) of Proposition 2, differentiation in real space corresponds to multiplication
in Fourier space.

Question. Which functions can be written as Fourier series?

Theorem 1: Let f(x) be a function on I that has been periodically continued onto R, i.e., f :
R — C with
fx+2r)=f(z) VzeR, (2.228)

and let f be piecewise continuous and continuoulsy differentiable. Then, f () can be written as a
Fourier series,

F@) =Y fan (@), (2.229)

with

T

fo= [ dog (@) f @), (2.230)

—T
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Proof: Analysis course

Remark 3: Any function that satisfies equation 2.228 can be written as a Fourier series

Remark 4: Theorem 1 can easily be generalized to periodic functions with a period other than 27
using a change of variables. This is done in equations 2.231 and 2.232 in §5.3 below
§5.3 Oscillations and Fourier series

Recall from §3.4 that bounded motion is periodic

qt)=qt+nT) , nez.
Define

(2.231)

2
q(r)=q (x + n;T) = q(z +2mn). (2.232)
written as

Equation 2.232 is equivalent to the condition given in equation 2.228. Then, from §5.2, ¢ (t) can be

q(t) Z qnemwt )

(withn = 0, +1, 42

)
= ¢+ Z znwt

n=1

= ¢+ Z znwt

nefinwt)

6 znwt)

= q+ 9 Z Re mwt

(2.233)
In the above equation, line 3 follows from the fact that ¢ (t) € R, so that equation 2.227 applies
and line 4 follows from Euler’s formula, as follows

qneznwt + q;klefznwt

= Gn [cos (nwt) + i sin (nwt)] + ¢} [cos (—nwt) + i sin (—nwt))
= [gn + ] cos (nwt) + [gn — ] i sin (nwt)
= [Re(gn) +1Im(gn) + Re(q;) + Im (g;)] cos (nwt)
+ [Re (gn) +Im (¢n) — Re (q;,) — Im (g;,)] i sin (nwt)
= [Re(gn) +1Im(gn) + Re(gn) — Im (gn)] cos (nwt)
+ [Re(gn) + Im (g) — Re (gn) + Im (gy,)] ¢ sin (nwt)
= 2Re(qn) cos (nwt) + 2iIm (gy,) sin (nwt)
—— ——
€R ER
= 2Re (qnei"“)t) .

(2.234)

83
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Since each g, € C, we can write each Fourier coefficient in for ¢ () as

1 —1i0, an Z 0
n = 5ane D n<l < (2.235)
Substituting into equation 2.233,
oo
q(t) = qo+ > Re [ane’(”“t_‘g”)
n=1
(oo}
= qo+ Z ay, cos (nwt — 6,)
n=1
= 9o + ajcos(wt—061) + agcos (2wt —0s) + e . (2.236)
~—~ ~~
average position fundamental oscillation 2’nd harmonic higher harmonics

In equation 2.236, the average position ¢y is also referred to as the 0’th harmonic, and the
fundamental oscillation is also referred to as the 1’st harmonic. Similarly, the n’th term is
referred to as the n’th harmonic.

Remark 1: Each a, is called the amplitude of the n’th harmonic.

Remark 2: The complete solution for ¢ (¢) is known if and only if the frequency w and each of the
amplitudes {qo, a,} are known.

Remark 3: From §2.4, the harmonic oscillator has no higher harmonics.

Remark 4: From problem 29, the pendulum has all odd harmonics.

Remark 5: The language convention used is that :
e If there is a given a,~1 # 0, the oscillation is anharmonic. Otherwise, it is harmonic.
o If w = w (F) # constant, the oscillation is nonlinear. Otherwise, it is linear.

Remark 6: The harmonic oscillator (§2.4) is both linear and harmonic. The pendulum (problem 29)
is both nonlinear and anharmonic. Some textbooks (such as Landau and Lifschitz) do
not distinguish between nonlinearity and anharmonicity - this is a bad use of language.

§5.4 Summary thus far, and the anharmonic oscillator
Summary thus far:

Before continuing, it is worth summarizing our scheme developed to this point. In §5.1, our premises
for perturbation theory to apply to a given system were given as follows:

1. The Lagrangian for the system is writeable as the sum of the Lagrangian L for an idealized,
soluble system, and a perturbation dL:

L=Lo+6L , 6L=cV , e<1. (2.237)
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2. The solution ¢ () for the perturbed system is writeable as a power series in ¢,

a(t) = D ()
j=0

S0 (t). (2.238)
§=0

where ¢ (t) is the solution for the system with Lagrangian Lg. Suggestively, we can rewrite
the above equation with g, (t) = ¢ (¢), giving

qn (1) > ()
§=0

= f: g9 (t). (2.239)
j=0

This version will come in handy later in this section.

In §5.2, properties of Fourier series were developed. These were applied in §5.3 to write the solution
for any system with bounded motion as

q(t) =qo+ Z ap, cos (nwt — 6,) (2.240)

n=1

To this point, we have not applied perturbation theory in any way to solve our bounded-motion
system. To continue, we will show that because any system with bounded motion must have
a potential minimum somewhere, the Lagrangian for any system with bounded motion can be
written as L = Lo + dL with Lyg = Ly.o., so that our first perturbation theory premise is satisfied
for any system with bounded motion if we can find an appropriate small parameter €. Rather
than attempting to apply the perturbation expansion given in equation 2.238 to ¢ (t) directly, the
Euler-Lagrange equations and a Fourier expansion can be applied to our system, resulting in an
equation for each Fourier coefficient in terms of all other Fourier coefficients.

A suitable choice for a small parameter ¢ will then be revealed, so that, finally applying a pertur-
bation expansion, each Fourier coefficient ¢,, can be expanded using equation 2.238 (or 2.239). We
can then determine the order in € of each term in the Fourier coefficient equation mentioned at
the end of the last paragraph. Then, by choosing to find our solution to an arbtirary finite order
in €, we can eliminate almost all terms in the Fourier coefficient equation, so that each Fourier
coefficient can be found to a given O (81) in terms of a finite number of other coefficients that can
be found to O (%) as well. We will thus have a solution for each Fourier coefficient to O (¢), which
can be substituted into equation 2.240 to give the solution for ¢ (t) to O (&*). It will turn out that
solution for the frequency w to O (%) will depend only on the solution to g (t) to O (e7<%), so that
the Fourier coefficient equation is sufficient to solve for both ¢ (¢) and w to O (5’) by ignoring all
terms of O (">7).
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The anharmonic oscillator:

Consider a potential U (z) with a minimum at z. Expanding the potential in powers of ¢ = x — x
gives

U(x) = Ulxo+q)
U (z0) 4+ qU’ (z0) + %QQU” (o) +
~——

=0

1
gq

U™ (20) + ..+ (2.241)

where U’ (z9) is 0 because U () has a minimum at 9. The Lagrangian for a system with such a
potential is

m., m masg maoy
L=—¢— —wi®——¢ - —¢~+... 2.242
> q 5 woq 3 q 1 q + , ( )
where
U™ (o) 2 U" (x0)
— = = . 2.243
" (n—=1m Wo = 2 m ( )

The Lagrangian has the form of the harmonic oscillator Lagrangian Ly o, with a perturbation 6L.
We can write

L=Lgo +6L, (2.244)
with
_Mm.o M 5 _ c- .
Lo = 54 LA 0L = m; —ang" (2.245)

Remark 1: As ¢ — 0, 6L — 0. However, ¢ is not dimensionless, and so cannot be the small
parameter € needed for perturbation theory as described in §5.1.

Remark 2: Different powers of ¢ are linearly independent, so we are assured that there exists a
value of ¢ for which (constants) ¢"* = (constants) ¢"27™ . Then, a length scale [ can be
defined as

m

5“’?#12

mom, o,

, | =minl,. (2.246)

n q=ln

q=ln
Then, §L < Ly provided that ¢ < I, and a possible choice for the small parameter ¢ is

e = % (2.247)

From equation 2.242, the equation of motion for the system is (applying the Euler-Lagrange equa-
tion, adding wq to each side, and multiplying by —1/m)

—§—wiq=a3® + g +. ... (2.248)

From §5.3, ¢ = ¢ (t) can be written as a Fourier series,

q(t) =) gue™". (2.249)
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Substituting into equation 2.248, the —§ term can immediately be replaced with with (nw)2 q, to
give

nw 2 w2 qneinwt _ as G Gn. ei(n1+n2)wt
0 14M2

n ning

F D Gy Gy €I (2.250)

ninans

Consider that, letting 7 = wt,

T=27/w 1 27
—imwt jinwt i(n—m)T
dte e = — dre
0 0

w

= TSpmn. (2.251)

Then, multiplying equation 2.250 by fOT dt e~ "™t yields

a3 E 6m,n1+n2 in Qng

ninz

+ay Z 5m,n1+n2+n3 GnyGnydns + - - -

ninang

oo i—1
z; o Y ity H1 n; - (2.252)
1= Ti 1=

V1, M1

[(m)” = ] g

Lemma 1: In the equation of motion as presented in equation 2.252,
G—m = qm Ym. (2253)

Proof: From equation 2.252,

{(mw)z - W(ﬂ q4—m as Z O—mni+nslniGng + - -

ning
= a3 Z Omma+naG—ny Q—ny T«
ning
= a3 Z 5m,n1+n2 dn,A9no +...
ning
= @)’ ] gm (2.254)

where line 3 follows from the fact that all of the summations are between —oo and co. [

Remark 3: Energy E is conserved (see equations 2.244 and 2.245), and g+; = a/2 depends on E.
It is convenient fo fix a instead of E, and to consider E to be a function of a.

Remark 4: In the case that L = 0, we have

q (t) = acos (wot + o), (2.255)
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so that perturbation theory amounts to an expansion in powers of a, with the small
parameter € given by (see Remark 2)

(2.256)

P
1

Note that a = a1 in equation 2.235, provided that 6L = 0.

We can now apply the perturbation expansion discussed in §5.1 to each Fourier coefficient ¢,, to

1
Gn = 0001 + ¢?+¢®+ .. (2.257)

where, from equations 2.239and 2.256,

- O(a). (2.258)

Lemma 2: The Fourier coefficients g,,>0 are of order

qo ~ O (a2) . Gn>1 =0 (a"). (2.259)
Proof: From equations 2.253 and 2.257, we trivially have

g = 41
~ Ofa). (2.260)

From equation 2.258, we also have that
q{"=? > 0 (a?). (2.261)

From equation 2.257, the only Fourier coefficients for which perturbative corrections of order
lower than v = 2 contribute are ¢; and g_;. Then, from equation 2.261,

0 (gr=2)
0 (a%). (2.262)

Y

qn#41

v

Consider the Fourier coefficient gg. From equation 2.252, the first Kronecker delta that is not
necessarily equal to 0 is the first one in the equation that appears, d¢ n,4+n,, With n; = £1
and ny = F1. Substituting into equation 2.252 (and rearranging slightly), we have

g X 001-1q1¢—1+ ...
ad+...
0 (a%), (2.263)

IN

where lines 2 and 3 both follow from equation 2.260. Applying equation 2.262, we have

9 ~ O (a®). (2.264)
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By nearly identical logic, rearranging equation 2.252 to find the order of the Fourier coefficient
q2 gives

g2 o 0014191G1 + - ..

= ¢ +...
< 0(d%). (2.265)
Applying equation 2.262, we have
g2~ O (a®). (2.266)
From equations 2.260, 2.262, and 2.266, we have that
0(¢i+1) 20 (ag) , Olasi))>O0(q) , (i=1). (2.267)

If we can also show that
@) (qH_l) ~ O (aqi) s O (ql>i) >0 (ql) s (7, = 1, .. j — 1) (2268)
implies that
O(gj+1) ~O(agq;) . Ol@=;) > O(qj), (2.269)

then the proof of the lemma will have been completed as a proof by induction.

A rearranged version of equation 2.252 that will be convenient for the rest of this proof is
written below:

qdj+1 = Bl Z 5j+1,nl+n2(In1Qn2 + 52 Z 5j+1,n1+n2+n3q”1Qn2(Jn3 +..., (2270)
ning ninansg

where each (; is some constant. Assume equation 2.268, and consider the 81 term in equation
2.270. Clearly, one possible value of (n1,n2) for which the 81 Kronecker delta is nonzero is

(n1,m2) = (1, 7). (2.271)

From equations 2.260 and 2.268, the order of the resulting product of Fourier coefficients is
trivially
O(qng) = O(a'd’)
O (a7th). (2.272)
All other values of (n1,n2) for which the 8; Kronecker delta is nonzero can be found by
incrementing ny by a number k£ , decrementing ns by k, and finding permutations the re-

sulting numbers. Again from equations 2.260 and 2.268, the order of the resulting product
of Fourier coefficients is trivially*

O (q4xgj—k) =~ O (a'Fal™F)
~ O(a). (2.273)

4Here, if we have k = j, we will have terms of O (g;41q0) ~ O (gj+1a?) from equation 2.264. If we have k > j,
then from equation 2.253 and the second part of equation 2.268, we will have terms of at least O (gj+1a). In both
of these cases, we have contributions to g;41 that are clearly of greater order than O (g;41), so we can ignore these
cases in determining O (g;j4+1). Similar comments apply to the 3,>1 Kronecker deltas referred to in the rest of this
proof.
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So, the lowest order contribution to g;4; that can be attained from the $; Kronecker delta
is of order O (aj+1). If we go to the 3 Kronecker delta, we can take any (n1,ns) for which
the B; Kronecker delta was nonzero, decrement n; or ns, and add an ng = 1 term to the
tuplet to assure that the S5 Kronecker delta is nonzero, since if n; +n9 = j + 1, then clearly
1+n1+ (ng—1) =7+ 1. We can denote this as

(n1,n2) = (1,n91,n9 — 1). (2.274)
For (n1,n2) = (1,7), this is writeable as
(1,5)) = (1,1, —-1). (2.275)
This can be repeated if we move to the £14,, Kronecker delta, to give
(1L,j) = (1,1,...,1,5 —m). (2.276)

Other terms for which the 14, Kronecker deltas are nonzero can be found by incrementing
any number of the terms in in equation 2.276 any number of times while decrementing any
other the same number of times, and then permuting the terms. By logic analogous to
that seen in equation 2.273, this will not change the order of the resulting term (except for
cases analogous to those discussed in footnote 4, which result in terms of order higher than
O (gj+1)). Then, For m < j, we have

O(gjy1) ~ O(Q1Q1-~-q1Qjm>

m times
~ O(alal .at ajm)
———
m times
~ O(a), (2.277)

so that the lowest-order contributions that can be attained from the Kronecker deltas cor-
responding to any of 8; through 3; are of order O (aJ“). We can ignore the m > j case in
determining O (gj4+1), since

O<Q1Q1 - QIQjm> ~ O(a"a™ I gm_;)
m times
~ O (a"gm—;)
O (a’*), (2.278)

V

where line 3 follows from the fact that since m > j, O (a™') > O (a/*!), and that from
equation 2.262, O (¢gm—;) > O (a).

Observing equations 2.277 and 2.278, we have that

O (gj+1) = O (agj) , (2.279)
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which is the first part of equation 2.269. The second part of equation 2.269,

O (QZ>j) >0 (q]‘) s (2280)

can be shown by repeating the logic between equations 2.270 and 2.278 almost exactly, but
with each j replaced with j 4+ jextra, Where jextra > 1. Then, in place of equation 2.279, we
will have

O (@j+jexira+1) = O (ag;) , (2.281)
which is equivalent to equation 2.280. [

Corollary 1: The Fourier coefficients ¢,<_1 are of order

Gn<—1~0 (a™"). (2.282)

Proof: The corollary follows directly from equations 2.253 and 2.259. O

Equations 2.258 and 2.259, together with equation 2.252; are sufficient to solve for each Fourier
coefficient, as well as the frequency w, to arbitrary finite order in € or a. After these are found,
they can be substituted into equations 2.235 and 2.236 to find the solution to the system ¢ (t) to
that order.

The rest of this subsection is devoted to finding low-order solutions for the Fourier coefficients and
frequency. From equation 2.252, the n = 1 equation is given by

(@ —wh) § =0()
= Ww=wl+0(a). (2.283)

Similarly, equation 2.252 also gives that for n #£ 1,

1
an = 2 — 2 {043 Z On,ni+nsdny Gny + Q4 Z On,n14natnsdni nalns + -+ |- (2.284)
oL ning ?(;5’ ninans W

With equation 2.284, we can solve for each ¢, up to second order:
1 3
© = —-3 [2a3q1-1 + O (a’)]
0

2

LQ +0(d%), (2.285)

= —a3
2wg

1
G2 = 1? — o2 [043Q% +0 (GS)]

5 +0(a%), (2.286)

dnz3 =0 (a°), (2.287)
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where the second line of equation 2.286 follows from the second line of equation 2.283.

From equation 2.236, as well as equations 2.285-2.287, the solution for ¢ (t) to second order is

q(t) = _04732(12 + acoswt + 0‘732(12 cos 2wt + O (a®). (2.288)
2w; 6uwg

The frequency can also be solved to second order. Substituting the ¢; term into the first line of the
n = 1 equation 2.283, and using equation 2.235, gives

(w? —wi) @1 = a3 [2q0q1 + 2g2g—1 + O (a°)] + au [3g7 ¢, + O (a”)] . (2.289)
Applying equation 2.253,
w? — w§ 203 (qo + g2) + 3auqi + O (a*)

a? a? a? 4
205 —as——s + a3——s | + 3as— + O
a‘*( adzwg+°‘312wg>+ g +0(@)

2
5 [ asza 3

Solving for w?,

&

o
Il

&

(=) )
+

IS

[V}
/N
| o
Q

N

I

| Ot
€10
N[N
N———
_|_

Q

\_lj

3as 5aj
= W [1 + a? <4w2 - 6w4> +0 (a4)} , (2.291)

so that 5 )
5
w = wo + a2 (0‘4 - O‘g) +0 (ab). (2.292)

Example 1: Let ay = 0, ag > 0. Then, ¢y < 0, i.e., the average position is shifted to the left of
that for the harmonic oscillator. Graphing the potential, it becomes flatter then that of the
harmonic oscillator, so that w decreases.

Example 2: Let ay =0, az < 0. Then, gy > 0, i.e., the average position is shifted to the right of
that for the harmonic oscillator. The graph of the potential is again flatter then that of the
harmonic oscillator, so that w decreases.

Example 3: Let ay 2 0, ag = 0. Then, ¢o = 0, i.e., the average position is not shifted.The
potential is steeper or flatter, respectively, so that w increases or decreases, respectively.

Remark 5: The method presented in this subsection allows for the systematic calculation of g ()

and w up to any desired order in a. See problem 30.

§5.5 Perturbation theory for the central field problem

Consider bounded motion in a central potential

U (r)=U@m)+eV(r) , exl. (2.293)
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This is a problem that has been solved for ¢ = 0. For example, in the case that U (r) o< 1/r, the
equation of orbit was found in §4.4 (see equation 2.174) to be

B _ l " dx
v V2m Jry 22/ E — Uegt (2)
l " dx

B V2m Jry 22/ —12/2ma? — U (z) (2.294)

In the case that we have U, (r) instead of U (r), the same equation of orbit will apply with U, (r),

l " dx
v Vem Jyy 22\/FE —12/2ma? — U, (z)

(2.295)

Let r+ be the turning points of the radial motion. From §4.5, during one period, the pericenter (as
well as the apocenter) rotates by an angle

®=2[p(re) = (r)l, (2.296)

the perihelion advance.

Remark 1: In Kepler’s problem, ® = 27. Letting §® denote the first-order correction to ®,

o) 21 r+(¢) dr
g) = —
V2m Jr_(e) 22\/E —12/2ma? — U (x) — eV (z)
= ®+e0®+0(?). (2.297)

Remark 2: Note that r4 and r_ depend on e.

It is desirable to determine 6. It is convenient to use (each 4/--- below represents the square root
on the LHS of the equation).

o (™ ory or_
g E—12/2ma? — U. s 9
2 /T_ dz \/E —12/2mz? — U. (z) 3l V L_T+ o V B

T

(2.298)

where each of the indicated quantities are 0 by the definition of r1 as being located where U (r) =
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Uest (). Using this result in conjunction with equation 2.297,

@ (e)

- 2\/%% /Ti+ dz\/E —12/2mz? — U (z) — eV (z)

T+ d T+
= 72\/2m9 / dxr/--- +e— / de\/-~'+O(€2)
ol T— e=0 de e=0Jr-
0 [ory or_
= P Un— | L i
T { ol ‘_ 0= ¥,
N——— ——
-0 =0
1
—5/ eV (z) ] L 0()
T_ e=0
T+
= d+ev QmQ / dx V(@) +0(¢%). (2.299)
o/, VE —12/2ma? — U (z)
Identifying the e coefficient as 6P,
T4+
50 = vam 2 / d V(@) . (2.300)
ol J,. VE —12/2ma? —U ()
Equation 2.295 gives
dp 1 1
dr — 2mr2V/E — U
dr V2m o
— = redp
E — Ueff (7") l
91 P/2
R 2m57/ dpr? () V (1 (), (2.301)
0

where equation 2.300 was used in the last line. Note that r (¢) is the orbit for the unperturbed
case. We have therefore found the perihelion advance to O (¢).

Remark 3: In equation 2.301, 6P is expressed in terms of the purturbing potential V' and the orbit
7 () of the unperturbed problem.

§5.6 Perturbations of Kepler’s problem

Recall Kepler’s problem and its solution from §4,

a
Uer)=-2
() = -2
p
= ¢=2 = — 2.302
L (2.302)
with
l2
p=— , e=+/1+212E/ma?. (2.303)
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Let a perturbing potential V (r) be of the form
Vi(r)= R (2.304)
- rn+1’ :
i.e., the perturbing potential is a power-law correction to the 1/r-potential. From §5.5,
o1 [T e
50 = gy [ der (93 (p)
all J,
a 1 1—n T n—
= 2mB—=-p dp (1+ ecosg) (2.305)
oll 0
Remark 1: Checking the case for which n = 0, we have
5o o 2 / Ay
ol J, 1+4+ecosey
g de 1 4E (™ CoS
- Trocse ‘9o — dp ————
o l+ecosp  2ema” /g (14 ecosyp)
T d 1 T
_ / 7@_7(@2_1)/ dp— %P
o l4+ecosp e 0 (1+ecosy)
1 /”d (1—e?)cosp+ e+ e*cosp
e Jo (14 ecosg)?
1 [" e+ cos
e Jo (1+ecosy)
= 0, (2.306)

where the last line follows from theory external to mechanics, and can be found in texts

such as Gradshteyn and Ryzhik.

Remark 2: Because p and e are elementary functions of [, the problem was reducible to a one-

dimensional integral above.

Example 1: Let n = 1 and 8 = —1, so that the power-law correction to the 1/r-potential is an

attractive 1/r2-potential. Then (see Figure 2.14 below),

0P = —2m—-7w

(2.307)
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Figure 2.14: Orbit for a Kepler potential with a —1/r? perturbation, as in Example 1. Adapted
from Landau and Lifschitz Third Edition, Figure 9.

§5.7 Digression - introduction to potential theory
§5.7.1 Poisson’s equation
Let p (y) be a mass density distribution.

Proposition 1: The potential U (x) felt by a test mass m at point & due to the mass density
distribution p (y) is

U(z) = —Gm/dy |£(_y?)J. (2.308)

Proof: If there were a mass M at a point y, we would have

M
Usingle (-’13) =-Gm . (2309)
|z -y
Similarly, with N point masses M; at points y;, we would have
M;
Udiscrete (w) = _sz W (2310)

Taking the continuum limit to go from discrete masses at discrete positions to a mass density
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distribution,
M;
Udlscrete (w) - Gm Z |m — y‘
— U(x) = —Gm/dy |£(_yz/|, (2.311)
which is equation 2.308. O

Remark 1: Equation 2.308 is called Poisson’s equation. It is important in electricity and mag-
netism as well.

Remark 2: The principle underlying its derivation above is that linear superposition can be applied
to potentials. This is a nontrivial assumption.
§5.7.2 Spherically symetric density distributions
Consider a mass density distribution that is writeable as
p@ =p(r) , r=la|. (2.312)

Coordinates can be chosen, without loss of generality, such that we can write  and y with spherical
coordinates, though still using a Cartesian basis, as

z=(0,0,7) , y=y(sinfcosyp,sinfsinyp,cosh), (2.313)
so that

le—yl = va*+y’-2z-y

= Vr2+y2—2rycosh. (2.314)

Then, the potential felt by a test mass m at point  resulting from the mass density distribution is
writeable as

U(x) = U(r)
27 1 oo
= —Gm/ dgp/ dcos@/ dy y? 5 'Z(y)
\/r + y? — 2rycosf

1
= 727TGm/ dy /
vew P =2
1
= —ZWGm/ dy y?p (y) — \/7‘2+y —2ryn

-1

2ry

_ 27r—/ dyyp () (Ir — ] — |r + y])

= 27r— [/ dyyn (y) (—2y) + / dyyn (y )]

= —47rT VO dyy*n (y)+r/r dyyn(y)}v (2.315)
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or, equivalently,
U(r) = —Gm EQ (") + P (r)} , (2.316)
with
Q)= [aymwew -y . Pw = [ nwow-r. (2.317)

Above, Q (r) is the potential at r produced by whatever mass is inside a sphere of radius r, and
P (r) is the potential at r produced by whatever mass is outside a sphere of radius r.

Remark 1: Let p(y) =0 for y > R. Then,

PUr>B)=0 . Q>R = [dyply)=I,

— U@r>R)= —G”ZM. (2.318)

This is the same potential as is produced by a point mass M.

§5.7.3 Multipole expansion

Consider a bounded mass density distribution,
p(y) =0for |y| > R. (2.319)

Question. What is U (x) for || =r > R?
Noting that

x~0(r) , y~O(R), (2.320)

the poential U () can be found for || = r > R (implying that U (x) will be approximately
spherically symmetric) as follows:

1 1
|z -y 72 =2z -y + y?
_ 1 =y ¥ e
o 72 72
1 = y 1vy?> 3(2z y)2 R?
r + 72 272 8 ¢ + r3

(2.321)
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Applying equation 2.308,
1 P (y)
——VU = d
Gm® / Yiw—y]
3
1 1 T;
= T/dyp QZr/dyyZ
1 < [3miz, L
= = dy y; - 2.322
=9 35 - 30] [ +0 (). 2
so that
M 1< 1 S mis
_ iy, t ity —4
Ux)=~Gm |~ + ; ~Di+ jZ:l Qi +0 ()| (2.323)
where
M= /dyp(y) (2.324)
is the monopole moment (which is equal to the total mass),
D;= /dyym(y) (2.325)
is the ’th component of the dipole moment, and
1
Qij = i/dy (3yiy; — 6i9%) p (y). (2.326)

is the ij’th component of the quadrupole moment.

Remark 1: At a large distance from the source, the potential is given by a multipole expansion.

Remark 2: The fact that Q);; = Q;; implies that the matrix () can be diagonalized by an orthogonal
transformation. Then, without loss of generality, coordinates can be chosen such that

Qu 0 0
Q=10 Q@ 0
0 0 Qs

Furthermore, consider that

=Y Qi [y (w7 - 397) p(w) =0
= @33 =—Q11 — Qa.

Then, @ is fully characterized by two numbers.

(2.327)

(2.328)

Remark 3: Note that the monopole moment is a scalar, the dipole moment is a vector (with
components D;), and the quadrupole moment is a matrix (with components @Q;;).
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§5.7.4 The quadrupole moment of a spheroid

Consider a spheroid (i.e., an ellipsoid with two equal axes) of uniform mass density. The spheroid

is given by the equation
2 2 2
x Y z
— = — =1 2.329
<R1> Jr(1'{1) Jr<R3> ( )

in Cartesian coordinates, or equivalently

()=

in cylindrical coordinates, and the equation for the charge density is

p(y) = p(-y)
heroid
_ P Y Espheroid (2.331)
0, vy ¢ spheroid
The mass distribution’s monopole moment is
M = p‘/spheroid
4
= g pR2Ry, (2.332)
and its dipole moment is
D = / dyyp (y)
= /dy (—y)p(-y)
= - / dyyp (y)
= 0, (2.333)
where line 3 follows from equation 2.331, and line 4 follows from comparing lines 1 and 3.
The quadrupole moment of the mass distribution can be found as follows: We have
p(y)=p(rz), (2.334)
with
YL =TCcosp , ya=rsing , y3==z. (2.335)

From equation 2.326,
1 2
Qj = 5 [dy (Bviy; — 0iy°) p (y)

1 27 00 o]
= 7/ dcp/ drr/ dz (3yiy; — 6,»jy2)p(r, z), (2.336)
2 0 0 —00
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so that )
Jo " de cospsing =0, i,j=1,2
2m .o
d —0, i=1,3
Qi o 4 o, ¢ cose bl (2.337)
Jo dy sing =0, i,j=2,3

foﬁdgo COS2<,0=f()27Td<p sin® p o Qo 4,5 =1,1

Recalling that the matrix (Q) is symmetric and equation 2.328 from §5.7.3 Remark 2, we have that

the (Q) is characterized by a single number, @, given by
1
Q=011 =Qn= —§Q33~
Then, from equations 2.330, 2.331, and 2.336,

Q = —%Q33

= 7327r/ drr/ dz [322 — (r2+22)]p®
0 —00

T R1 R31/17T2/R%
= ——p/ dTrQ/
2 0

(#) +(

dz (22;2 — 1"2)
0

1 V1—r2
= —ﬂpR%Rg/ drr/ dz (2R§z2 —R%rQ)
0 0
! 2

= —wang/o drr [3R§ (1 — 1"2)3/2 — R2p? (1 — 7“2) 1/2}

1
= _ng%Rg/ da [§R§ (1-2)** R (1~ x)l/z}
0

3.2 52 4
= M2 24 p27
8 {3R35 R15}
14
= Mgz (R - R3)
M

= 0 (R1+ R3) (R1 — R3).

Defining oblateness 7 as
n= (R — R3)/R3

allows equation 2.339 to be written as
M
Q = EWRS (R1 + R3)

M
= ERQU + O (772) ,
with
Ri = R3+0(n)
R+0(n).

(2.338)

(2.339)

(2.340)

(2.341)

(2.342)
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5.8 Mercury’s perihelion advance due to an oblate sun

Assume that the Sun is an oblate spheroid with oblateness

n= 5R£ <1 ((SR =R, — R3> O) (2343)
3
From §5.7, the quadropole moment is
Q 0 0 M
@=(0 @ o0 , Q= ?R% +0 (n?). (2.344)
0 0 —2Q
Recall from §5.7.3,
M 1 Tk, _
Ux)=~Gm |+ > =3 Qu+0(r 1. (2.345)
j

Assume that the the symmetry axis for the spheroid is perpendicular to the orbital plane. Note
that this is a very nontrivial assumption. If it holds true, it simplifies the problem greatly, since it
implies the the coordinates in which the quadrupole moment is simplest are also those for which
the orbit lies in the zzo-plane. Under this assumption, we have that in the orbital plane (x1,x2),

Qij =6;Q , (i,7=1,2), (2.346)
af +ay =12 (2.347)
Then, the potential on the orbital plane is given by
Uz) = U(r)
_ _G?’:M B G:’BLQ L0 (r_4)
= —=- %% %2 +0 (n?/r*r71), (2.348)

where & = GmM is the gravitational potential prefactor, as in §4.6. Then,

(2.349)

with
e=n , n=2 , f=——nu. (2.350)

Substituting into equation 2.305 from §5.6,

011

0> = QmBaj];/ dp (1 +ecosp)
0

9 ma
ol 3

mao

_ 6 (R)27 (2.351)

= 2mmp

5 \p
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where the second line follows from the fact that foﬂ dpecosp = 0. Continuing, the correction to
the perihelion advance can be found as
op = nid

_ O (1;>2n+o (). (2:352)

Discussion of Mercury’s anomalous perihelion advance:

1. The radius of the Sun is R = 6.96 x 10°cm. The orbit of Mercury has parameter p =
a (1 — 62) = 5.55 x 10'2 cm and period T = 0.241 years. Then,

rad.
sp = 5.92x107*
b X K orbit
1 "
_ 77><5.92360X3’6008 00
2m T /yrs. century
"
= 7 x5.07x 10 : (2.353)
century

2. By measuring dp and subtracting perturbations from all other planets, we can account for the
anomalous perihelion advance of Mercury. Experiment gives

"

OPesp = 43.1+ 0.5 (2.354)

century

This is to be compared with theory. General relativity and the Brans-Dicke theory of gravity
give, respectively,
1 1

0par = 43'03(3entury , OpBD = 39'5century' (2.355)
3. Suppose that n = 6.9 x 107°. Then,
"
opy = 3'5century
= Jppp + Op, = 43 . = OPexp- (2.356)

century

Comparing the above equations in this discussion indicates that without knowing the Sun’s
oblateness 7, it is not clear which theory of gravity Mercury’s perihelion advance favors.

4. To settle this, it is necessary to measure the Sun’s oblateness. This is tricky - the core of
the Sun is not the same as its atmosphere, and results from previous experiments have not
quite been conclusive. This experiment did not invalidate the Brans-Dicke theory of gravity
- however, other experiments, such as atomic clocks flown on satellites, did.
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§6 Scattering theory

§6.1 Scattering experiments

Consider the unbounded motion of a point mass m in a potential U (z). Let

lim U(r)=0 , r=]|x|. (2.357)

r—00

Applying conservation of energy, we have

E = %02 +U (x)
. 2F
= lmv=4/—=1
r—o00 m
= lim v (t) = vo. (2.358)

It is convenient to label the system in the limit ¢ — —oo as the initial state, and in the limit
t — oo as the final state. Without loss of generality, we can choose our IS such that in the initial
state, we have

v, = tl}r_noo v (t)
= (0,0,vp), (2.359)
and
x; (t) = . lim « (¢)
——00
= (bcos®,bsin, vot), (2.360)
and in the final state, we have
vy = tLIeroo v (1)
= g (sin x cos @, sin x sin a, cos ) , (2.361)
and
xzs(t) = tginoo x (t)

= x0+ vt (2.362)
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Initial state Final state

bsin(y) $ <

Figure 2.15: Setup for scattering theory.

Remark 1: The plane of motion in the final state is determined by «. The angular deviation of the
direction of motion in the final state from that in the initial state is determined by x.

Definition 1: The solid angle 2 = («, x) is called the scattering angle.

The idea of scattering theory is to obtain information about the potential U (x) to which a particle
with unbounded motion is exposed by observing that how the particle scatters (i.e., how its final
state differs from its initial state) as a result of that exposure.

In scattering experiments, the initial information known regarding the particle is its incident
intensity, I, defined as

number of particles

I traveling in the z—direction with velocity vo. (2.363)

unit time X unit area

The final measurement made on the particle to gain information about the scattering potential
is of the scattering intensity, Sq, defined as

ber of particles
number of particles i ven solid angle ©, (2.364)

Sq =
@ unit time

where the given solid angle 2 can be described in terms of x and «a as
Q=00 <x<xi,a0<a<m). (2.365)

Definition 2: The observable
Yo = — (2.366)

is called the scattering cross section.
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Remark 2: The scattering cross section X has units of area.

Remark 3: In Rutherford’s scattering experiments, measurements made on scales of 10 cm revealed
information about potentials on the scales of 1073 cm

Remark 4: High-energy experimentalists make a living doing scattering experiments.

§6.2 Classical theory for the scattering cross section

Assume that we have a homogeneous incident beam with a density n particles per unit volume.
Then, the incident intensity of the beam is given by

I = nwy. (2.367)

Remark 1: The position of the incident beam with respect to the origin is characterized by the
impact parameter b and the angle .

Remark 2: At this point in our scattering theory, we have no information about the potential U (x).
To continue, we need axioms which ensure that nothing “weird” happens inside of the
region where U () # 0 (which is effectively a black box).

Axiom 1. There exists a piecewise, continuously differentiable function F' that maps every in-
cident beam (characterized by the impact parameter b and the angle 1) onto a scattered beam
(characterized by the solid angle Q):

F: (b))~ (x,a) =Q. (2.368)

Remark 3: The function F' maps from the xy-plane to the surface of a sphere.

Axiom 2. The function F' is an n-to-1 mapping - that is, F' maps at most n < oo incident beams
to a single scattered beam.

From the above two axioms, we can immediately note that the scattering intensity Sq will be given
by

Sq = nueFH(Q)
= nooF ' (xo<x<xi.a0<a<a)

= nvoi/dbbl/dw
=1

by |0 (b,
= IZ/dQSle ‘M . (2.369)

In equation 2.369, the integrals in line 3 refer to the {’th incident beam contributing to the scattered
beam with solid angle € (see Axiom 2). Line 4 follows from equation 2.367, and from the fact that

dQ) = sin ydxda. (2.370)
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Substituting into equation 2.366,

Yo = /an (Q), (2.371)
where o () is given by
ax
@) = g
- a(bh’l/)l) 1
= —_— . 2.372
;bl %215 0va) | sinx (2372)

Remark 4: The quantity o (Q2) is called the differential cross section. It is effectively defined as

number of scattered particles/ (unit time x unit solid angle)

Q) = 2.373
o (@) number of incident particles/ (unit time X unit area) ( )

Remark 5: The total cross section, o, is defined as
o= / dQo (92), (2.374)

4m

ie.,

number of scattered particles/ (unit time) (2.375)
o= . .
number of incident particles/ (unit time X unit area)

§6.3 Scattering by a central potential

Recall from §4.1 that the orbit of a particle in a central potential lies in a plane. Then, for a central
potential, we must have that
a =1, (2.376)

so that , substituting into equation 2.372, the differential cross section can immediately be simplified
to

o () a(x)

n

= sz (x) %

=1

1
siny

(2.377)

Additionally, recall from §4.5 that for unbounded motion in a central potential, the incoming and
outgoing asymptotic orbits must be at equal and opposite angles with respect to the angle of the
pericenter. Then, we have

X = m=2(7m— )
= 2, —, (2.378)

i.e., x is determined by the asymptotic orbit. We also have from §4.5 that the asymptotic orbit
p4is a function of the energy E and angular momentum [ of the system,

P+ = P+ (Ea l) ) (2379)
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where
I = lim | xmuv|
t——o0

bcos vy 0
= mug|| bsiny | x |0
’Uot 1

bsin

= mug|| —bcosv

0
= mupb (2.380)

is a constant. Then, ¢4 and x can be written as functions of the impact parameter and the initial
velocity,

¢+ = ¢+ (b,v0)
=  x=x(bvy). (2.381)

Inverting the second line of equation 2.381, we have
b="5b(x), (2.382)

which can be substituted into equation 2.377 to find the differential cross section o (£2).

§6.4 Rutherford scattering

Let
«

U@r)=——. (2.383)

This is a Coulomb potential, which is a conservative potential, so that far from the potential we
have v = (0,0, vg), with
2F

=4/ —. 2.384
Vo m (38)

From §4.6 Remark 6 that

1+ecospr =0

1
= =cospy. (2.385)
Substituting equation 2.378,
1 X
L ()
— _sin g (2.386)

Recalling the definition of the eccentricity from equation in §4.6,

e =+/1+212E/ma?, (2.387)
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we have
1 1
T T T TreEEime
_ 1
B _\/1+2m211§b2E/moz2
1

= —— (2.388)
1+ 4E2b62/a?
where equation 2.380 was substituted between lines 1 and 2, and equation 2.384 was substituted
between lines 2 and 3. Substituting into equation 2.386, multiplying by —1, squaring, and taking
the reciprocal of each side gives

E? 1
1+4—b* = —;
o2’ sin? (x/2)
! 1 a cos (x/2)
2FE sin? (x/2)  2E sin(x/2) ( )
so that we can write,
o X
b(x) 5F cot 5 (2.390)
Continuing, we have
bﬁ _ 1 (ir cos (x/2) 1
dx  2\2E/ sin(x/2) sin® (y/2)
a\2 cos(x/2)
= —|=) ————. 2.391
(QE) 2sin® (x/2) ( )
Substituting into equation 2.377, we have
db| 1
o(x) = a sin x
_ (1)2 cos (x/2)
~ \2E/ 2sin®(x/2) 2sin (x/2) cos (x/2)
o \? 1
_(« . 2.392
(4E> sin? (x/2) ( )

Equation 2.392 is known as the Rutherford formula.

Remark 1: Note that o (x) does not depend on the sign of « (i.e., does not depend on whether the
Coulomb potential is attractive or repulsive).

Remark 2: Forward scattering is strongly enhanced by the central potential. Back scattering is
proportial to 1/E?.

Remark 3: We can also represent the result given by the Rutherford formula using a polar diagram
(See Figure 2.16 below), with

r=o(x) , =X , (—)2:1. (2.393)
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1.37 1.37

_—

x=3w2 A0 4.0 X =2

Figure 2.16: Rutherford scattering - o () polar diagram.

Remark 4: The total cross section comes to

o = /dQU(Q)
o0, (2.394)

due to singular forward scattering. This is a result of the long (infinite) range of the
Coulomb potential.

Remark 5: Most incident particles go through the Coulomb potential with minimal deflection.

§6.5 Scattering by a hard sphere

The hard sphere of radius a can be defined as the potential

>
U(r) = {0’ r=a (2.395)
00, r<a

Letting ¢ denote the angle between the incident beam and a line normal to the hard sphere that is
in the same plane as the incident beam and the line between the sphere’s center and the incident
beam, we have

b=asing , x=m—2p, (2.396)

since the incident and scattered beam will make equal angles with the normal, as in Figure 2.17.
Then, we have

b= —asin (X — z) —acos >
2 2 2
db 1 2
b2 = 02> cos XsinX = —Loin X- (2.397)

dx 2 2727 4
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Figure 2.17: Scattering by a hard sphere.

Substituting into equation 2.377 gives the differential cross section as

(V) =T (2.398)
and substituting this result into equation 2.374 gives the total cross section as
o = ma’. (2.399)

Remark 1: Hard-sphere scattering is isotropic.

Remark 2: The total cross section ¢ can be interpreted as the effective scattering area “seen” by
the particle that is being scattered. For the hard sphere, o is equal to the geometric
area of the potential. For the Coulomb potential, 0 = oo due to the long range of the
potential.

§7 N-particle systems

§7.1 Closed N-particle systems
Consider a closed system of N particles with masses m,, with o =1,..., N, and let
q=(x1,...,zn) , ¢=(v1,...,vn) , p=(P1,-.-,DN) (2.400)

represent the coordinates, velocities, and momenta, respectively, of the particles in the system.
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Remark 1: Recall from Ch.2§1.1 that p, = mav,.

Remark 2: A system is closed if and only if it has no interaction with the “outside world”.

Axiom 1. The Lagrangian of a closed N-particle system is

N
L (Q7 Q) = Z L (vtx) -U (Q) ) (2401)
a=1
with L, the Lagrangian of the a’th free particle (see Ch.2§1.1).
Axiom 2.
U (q) =U (7‘12, ey TIN,T235-- -3 T2N, - - ,TN—I,N) ) (2402)
where
Tag = |To — xa]. (2.403)
Axiom 2’ (More specific version of Axiom 2).
Ulg) = Z Uag (Tap)
a<f
1
= 3 > Uap (rap) (2.404)
a8
where
Uag (rap) = Upa (rga) - (2.405)

Remark 3: In Axiom 2, U depends only on the N (N — 1) /2 relative distances of the particles rqga.

Axiom 2’ specifies the form of this dependence.

Remark 4: Axiom 2 gives (using equation 2.400),

qg—q+q = (x1+x0,...,ZN + o)

= Tag = |Ta — x| = |Ta +T0 — T3 — To| =Tap

= U(qg+q)=Ulq),

(2.406)

i.e.,, U(q) is translationally invariant. As a result, by Axiom 1, the Lagrangian is

translationally invariant as well.

Remark 5: Axiom 2’ postulates that U (¢) is a sum of pair potentials, making direct use of the

principle of superposition.

Remark 6: Axiom 2’ is a special case of Axiom 2. That is, Axiom 2’ implies Axiom 2, but Axiom

2 does not imply Axiom 2’.

Remark 7: The validity of Axiom 2’ is a matter for experiment to decide, as discussed in Ch.1§1.2.
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Example 1: For N particles interacting via gravity, we have

U (rag) = ~G2"2. (2.407)
Ta,B
Experiments show that Axiom 2’ holds for such potentials.
Example 2: For N charged particles with charges e,
Uap (rap) = 2. (2.408)
Tap

Once more, experiments show that Axiom 2’ holds for such potentials.

Consequences of the axioms:

a) Conservation of momentum
Under a translation by a in the ig-direction, the i’th compentent of x, transforms as

ol =2l =1 + ady,. (2.409)
From Nother’s theorem (Ch.1§4.4), we have a conserved quantity,

ile,q) = Zpééiio
> i

P
= constant, (2.410)

where p is the total momentum in the io-direction. But the since the direction of translation
g that was chosen was arbitrary, the above equation holds for any direction, so that

P = > Pa
= constant, (2.411)

i.e., the total momentum is conserved.

b) Conservation of energy
From Axiom 1, the N-particle system is autonomous (see Ch.1§4.1). Then,

H(g,q) = > d\ph—L(g.q)
— Zmangg —-L (qa q)
PhDh :
= Pala _
; o (4,4)

= E, (2.412)



114

Chapter 2. Mechanics of point masses

a constant. Again applying Axiom 1, and substituting each free particle Lagrangian, we have
that

o U (q) ) (2.413)

the total kinetic plus potential energy, is conserved.

Conservation of angular momentum
In cylindrical coordinates, the o’th position is given by

T'q COS Y, T SN Yq, Za) , 2.414
P ¥
and the o’th free-particle Lagrangian is given by
Lo = % (72 + r2 @2 + 22) . (2.415)
From equations 2.403 and 2.414,
riﬁ = (2a— ,25)2 + (1o cOS e — T COS gog)z + (rosing, — rgsin 4,05)2
= (2a— zg)2 +72 4+ r% — 21478 €08 (po — ©p) - (2.416)

Under a rotation about the z-axis by angle ¢q, the position of each particle transforms as,

Pa = Pa + Yo, (2417)
so that
Pa = Pp > Pat Q0 — P~ Lo = Pa — g
= Thp — Taps (2.418)
where the second line follows from equation 2.416. From Axiom 2, U (¢) is unchanged, and we
can see from equation 2.415 that each L, is unchanged (¢, is unchanged under the rotation

since clearly ¢9 = 0). Then, from Axiom 1, the Lagrangian for the N-particle system is
unchanged under rotations. Applying Nother’s theorem, the quantity

j@a = S 2

Il Il Il

NWEINENIE

RO
X Qﬁ
s 9
N

= 1, (2.419)

is conserved. The choice of the z-axis as the axis of rotation was arbitrary - choosing the
z-axis or y-axis, respectively, and following identical logic would have led to the conclusion
that [, and [, are conserved as well. Then, we have that

L= 1, (2.420)

the total angular momentum, is conserved.
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d) The law of inertia
From equation 2.411,
P = > Pa
- Y,
d
T @ D Maa
= constant. (2.421)
Defining the total mass M and center of mass X as
1
M= za:ma . X=47 za:mama, (2.422)
and applying equation 2.421 gives
d
M — X = constant
dt
1
= X (1) = Xo+ —pt, (2.423)

M

which is the law of inertia.

Remark 8: The center of mass X moves with constant velocity p/M along a straight line.

Remark 9: The law of inertia is also called Newton’s first law, and it holds for the center-of-
mass motion, no matter how complicated U may be. It is a corollary of conservation of

momentum, and so follows from the axioms indirectly.

e) The equations of motion
Starting from the Euler-Lagrange equations,

d , 9L

atle = ozt
Y
T o,

1 oUys 0
= -
2 ;5 Orys 0zt

where lines 2 and 3 follow directly from the axioms. From equation 2.403,

0 0 2
32’ = g V(@ @)
1

= @ (xi/ — xf;) (Oay — das) -

(2.424)

(2.425)
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Writing each component of the force on particle « as

Fi, = > Fis

BF#a
OU,p 1 ; ;
= -3 b (o —ab), (2.426)
o OB Tab
where « is not varied in the above summations, and substituting gives Newton’s second
law,
4 = F, (2.427)

Remark 10: F,z is the force exerted on particle o by particle f3.
Remark 11: Noting that Fg, = —F,3, we have Newton’s third law.

Remark 12: Consider that

2Fa = 2.0 Fa

a fra

= Z(l_5a5)Faﬁ

o,
= _Z(l_5a5)FBa
o,

= _Z(l —6ap) Fap
a,pB
= )L
= 0, (2.428)
where the last line follows from comparing lines 1 and 5. Considering this and Newton’s

second law (equation 2.427), we have that the total force F' is equal to 0 if and only if
the total momentum is conserved,

F=0 <= %p = 0. (2.429)

§7.2 The two-body problem

Consider the closed N-particle system for which N = 2. From equation 2.422, center-of-mass
coordinates for a such a system can be defined as

MX = mixz, + moxs (2.430)

and relative coordinates as
T =T — To. (2.431)
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Similarly, the center-of-mass velocity can be defined as

d
V = —X
dt
_ ma
= " —+ VAR
and the relative velocity as
d
v = —x
dt
= V1] — V2
Solving equations 2.430 and 2.431 for ®; and x5 gives
aclzX—i—%w , :sz—%x.
From §7.1, the Lagrangian for the system is
m m
L = 71”% + 72'03 = U (|1 — a2f)
mq mao mo my
(v (v )
(v T2e) + 5 o)~ U (Ja)
M mimso
— 7‘/2 2 U
= LCM + Lr7
We have effectively defined
M
LCM = 7‘/27
2
_ huamg o
L, = -U
- (1)
= %’UQ -U (T) ’
where
o mimso
- mi + meo
is the reduced mass, and
ro= ||
= |$1 — $2| .

(2.432)

(2.433)

(2.434)

(2.435)

(2.436)

(2.437)

(2.438)

(2.439)

Remark 1: From equation 2.435, the center-of-mass motion and relative motion are decoupled.

Remark 2: The center-of-mass motion is free-particle motion, see §7.1 (d).

Remark 3: In equation 2.437, the problem has been reduced to the motion of a single particle in a

central field.
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Remark 4: We solved such a problem in §§4, 6.
Remark 5: This justifies applying the results of §§4, 6 to celestial mechanics.

Remark 6: For N > 2, the Lagrangian could still be decoupled into a center-of-mass-motion La-
grangian and a relative-motion Lagrangian. However, the problem would still be hard
to solve, since U in the relative-motion Lagrangian would still depend on N — 1 relative
distances.

Example 1 (Binary stars): Recall Kepler’s third law from §4.4,

T? = 4772%(13 ,  a=Gmims. (2.440)
Then,
4 2
(m1 +ma) T2 = %a?’. (2.441)

Remark 7: Measurement of the period T and semi-major axis a yields mq + mao.
Remark 8: This is the only direct way to measure stellar masses.

Remark 9: If the center of mass can be determined, then we could still determine the ratio of the
masses, and so determine m; and moy separately using our knowledge of my + mao.

Example 2 (Easy experiment): Consider the measurement of the motion of a light component ms
relative to a heavy coordinate mi. This yields an ellipse with the heavy component as a focus.
Measuring T' and a, gives

4% a3
my+me = — —. 2.442
1+ ma2 a 12 ( )

Example 3 (Hard experiment): Consider the measurement of both components in Example 2
relative to a fixed background. Observing two ellipses with the center of mass as a focus and

with semi-major axes a; and as, we have

47T2 (a1 + a2)3

my +mg = o Tz (2.443)
where, by the definition of the center of mass (equation 2.422),
a_m2 (2.444)
as My
Then,
mi = 477T2a2 (a1 + a2)2 mg = ﬁial (a1 + a2)2. (2.445)

G T2 ’ G T2

Remark 10: Suppose that one of our components, ms, cannot be observed directly (e.g., because
it is too dim, or because it is a black hole, etc.). Then, we can still measure a; relative
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to a background (this is a hard experiment), giving

ay m mo
mp myp+me
m3 472 a}
= (matmy) ey =
(m1 +mo)
m3 472 a}

— (2.446)

so that the combination m3/ (my +m2)? can still be measured.

Remark 11: If the orbit is at an unknown angle « relative to the line of sight, then only asina
can be measured. The methods of astronomy can be used to deal with this and other
complications.

§8 Problems for Chapter 2

17. Free particles

a) Determine the energy of a free particle according to

i) Galilean mechanics.

ii) Einsteinian mechanics.

b) Discuss and draw the momentum and the energy of a free Einsteinian particle. What follows
for the role that ¢ plays in the theory?

18. Escape velocity

The escape velocity v, is the minimum velocity (or rather, speed) an object must have at launch
in order to fly infinitely far from the earth. Assume that the earth and your rocket are the only
objects in the universe. Determine the flight path which yields the smallest v, and determine that
minimum value of v,.

19. Gauge transformations

a) Show that the forces F® and F® in §1.4 are separately gauge-invariant.

b) Show that a scalar potential U (x,t) can always be “gauged away”, i.e., that there always
exists a gauge transformation such that the transformed U is identically equal to zero.

¢) Show that a vector potential V (x,t) can be gauged away if it is the gradient of a scalar
function, i.e., if a function x : R® x R — R exists such that V (z,t) = Vx (z,1).
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20. Pendulums

Find the Lagrangian for a planar pendulum (mass m, length ) whose suspension point
a) has mass M and is free to move without friction along a horizontal axis.

b) moves uniformly with angular velocity v along a vertical circle with radius r. Use a gauge
transformation to write the Lagrangian as

L= %129&2 + mrly? sin (¢ — yt) + mgl cos p. (2.447)

c) oscillates horizontally according to z, (t) = a cos~yt. Use a gauge transformation to write the
Lagrangian as

L= %12952 + maly? cos vt sin ¢ + mgl cos . (2.448)

21. Einstein’s law of falling bodies

Consider a particle in a homogeneous gravitational potential, and determine its motion according
to special relativity.

a) Use the fact that two of the three coordinates are cyclic variables to show that the orbit lies
in a plane.
Hint: Take the cyclic coordinates to be x and y and show that z (t) p, — y (t) ps = constant.

b) Determine and discuss the velocity in the zz-plane, i.e., v, () and v, (). Show in particular
that for ¢ — oo (nonrelativistic limit) the Galilean result is recovered, and discuss what
happens within Einsteinian mechanics for ¢ — co (ultrarelativistic limit).

c¢) Determine and discuss the path, i.e., z (t) and z (¢), by integrating the result obtained in part
(b). Discuss again the nonrelativistic and ultrarelativistic limits.

d) Eliminate time to obtain the orbit, and discuss the nonrelativistic and ultrarelativistic limits.

22. Larmor’s theorem
Show that the following statement holds within Galilean mechanics:

A charged particle (charge e, mass m) moves in a static homogeneous magnetic field B and in a
scalar potential U (x) that is rotationally invariant about the field direction. Consider a coordinate
system that rotates about the field direction with an angular velocity wy, = w./2 = eB/2mec. In
the rotating coordinate system the particle’s motion is the same as that of a particle subject to
a potential U (z) = U (&) + mw?r?/8 and no magnetic field, with 7 the distance from the axis of
rotation.

Hint: Use cylindrical coordinates.
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23. Particle on a moving inclined plane

A point mass m moves under the influence of gravity (g in a negative z-direction) on an inclined
plane (inclination angle «) with mass M. The inclined plane can move without friction along the
Z-axis.

| Z
. e
X X X
Figure 2.18
a) Solve the equations of motion for the initial conditions
X (t=0)=i(t=0)=0. (2.449)

b) Now let y(t =0) = 0. What is the orbit of the point mass? Discuss the solution of the
equations of motion in the limits M — oo and M — 0, respectively.

¢) Discuss the energy E,, of the point mass and the energy E)s of the inclined plane as functions
of time.

24. Lissajous figures

Consider a two-dimensional oscillator with potential
U(z1,22) = m E wia?, (2.450)
2 £ K3 K3

Let wso/w; = Q.
a) Solve the equations of motion.
b) Show that for 2 =1 the orbit is an ellipse.

c¢) Show that the result of part (a) can be written, without loss of generality,

z1(t) =sin(t) , w2 (t) = agsin (U + p2). (2.451)
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d) Draw the orbits for

1, aa=1/2 |, pa=7/2,
2, ax=1, pa=m/4,
=2/3 , a=1/2 , ¢@r=mn/3,
=3/7 , ax=1 , pa=0.

e) What do these results suggest for the nature of the orbit depending on what number set
belongs to?

25. Effective potential

Consider the rotationally invariant problem from §4.1. The use of rotational symmetry yields
0=n/2 , ¢=1/mr (2.452)

One might get the idea of using these results in the Lagrangian and taking things from there. Show
that this procedure yields a result that is different from what is obtained in §4. Which is correct,
and why?

26. Particle on a hyperboloid
A point mass m moves under the influence of gravity (g in the negative z-direction) on a hyperboloid

of revolution,

r2 22

. (P =247 (2.453)

Discuss the possible types of motion depending on the values of the energy F and the parameter

A= (l/m)/ (2.454)

mgc

Give physical interpretations of your results.

27. 1/r? potential

Determine, discuss, and sketch all possible types of motion for a point mass in a potential
U(r)=—a/r* , (a>0). (2.455)

In the case of bounded motion, find the oscillation period as a function of the energy E and the
z-component of the angular momentum [.
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28. Relativistic Kepler problem

Consider the motion of a point mass m in an attractive Coulomb potential within the framework
of special relativity,

L=mcd —mc\J1—@w/c)’ +a/r , (a>0). (2.456)

Let the z-component of the angular momentuntum be given by [ > 0.

a)

Use the conservation laws for the energy and the angular momentum to find the radial equation
of motion,
72 =cf (r; B, ) (2.457)

and the equation for the sectorial velocity,
r2p=g(r;B,l). (2.458)

Explicitly determined the functions f and ¢g and show that in the nonrelativistic limit they
correctly reduce to the Galilean case.

Assume that [ =0, and let 7 (¢t =0) = 0, r (¢ = 0) = 2a. Discuss and draw 7 as a function of
r, and compare with the Galilean case. Determine the oscillation period T (a) in terms of a
dimensionless integral that depends only on the parameter £ = a/2amc?. Discuss your result
in the nonrelativistic and ultrarelativistic limits (¢ — 0 and £ — oo, respectively). Show that
Kepler’s third law gets modified within special relativity, and plot T'/T¢—¢ as a function of &.

Now assume that [ > 0. Use f (r; E,l) from part (a) to discuss all possible types of motion.
Show that there are qualitative changes compared to Galilean mechanics; in particular, that
the particle can reach the center provided ¢ = a?/I2¢?> > 1. Determine the perihelion and
the apohelion and show that in the Keplerian result is recovered in the nonrelativistic limit
¢ — 0. Find the condition for the existence of an allowed region and again show that the
Keplerian result is recovered for ¢ — 0.

Hint: Write f in the form

2z + 22 B (p/r)2
(1+2)° (14

f(r; Bl = (2.459)

with p = I2/ma the Keplerian parameter and z = (E + a/r) /mc? a local energy parameter.
Discuss x as a function of r and the two contributions to f as functions of = to obtain a
qualitative picture of f as a function of r. Then solve the condition f (r+; F,l) = 0 to obtain
the turning points.

Assume that ¢ < 1 and determine the equation of orbit. Show that the result can be written
in the form

p*/r:1+e*cos( 1-¢ ) (2.460)
Determine p* and e*.

Consider the motion of an electron in the field of a Th nucleus (o = Ze?, Z = 90). Draw the
orbit on a scale of 1 : 10710 for the four cases | = h,2h, E = £12keV. (Use h = 10~%" erg,
hc/e = 137.) Also draw the corresponding Galilean orbits.
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29. Pendulum

Consider a mathematical pendulum (mass m, length ) with Lagrangian

2)

L= %lzgf + mgl cos . (2.461)

Show that the system can display bounded or unbounded motion, depending on the value
of the energy. Show that the motion is always bounded if E < Uy. Determine Uy and the
turning points +¢q of the oscillation.

For the case of bounded motion, find the oscillation frequency as a function of F. Discuss
your result as a function of e = E/2Uj + 1/2, especially the limiting cases e — 0 and € — 1.

Hint: The result can be expressed in terms of the complete elliptic integral of the first kind,
K (k), defined as

K (k) = /;/2 dp— (2.462)

1—k2sinx
Show that ¢ (¢) can be expressed in closed form in terms of the Jacobi elliptic function cn:
& (t) = 2wg sin (o /2) cn (wot, k) , (2.463)

where wg = /Uy /ml?.

Hint: The elliptic integral of the first kind F (z, k) is defined as

x

Fl(a,k) = PR — k<1). 2.464
(@ k) 1—k2sinz ( ) ( )
Its inverse is known as the “amplitude”,
x=F(y,k) = y=am(zk), (2.465)
and cn is defined as
cen (z, k) = cosam (x, k) . (2.466)
Also useful are
sn(x,k) = sinam (z, k) , (2.467)

and p
dn (z, k) = 7 (z,k) = /1 — k2sin?y. (2.468)

Define the nonlinearity parameter
E  dw
= — 2.469
“T (B dE (2469)
as a measure of how “nonlinear” the oscillation is, i.e., how strongly w depends on E. Deter-
mine « to leading order in the energy parameter e for small €. The result shows that for small

€ the oscillation is almost linear.

From the exact solution for ¢ (t) found in part (¢), find ¢ (¢) in terms of a Fourier series.
Show that for small e the oscillation is almost harmonic, i.e., only the first term in the Fourier
series contributes appreciably.

Hint: Look up the Fourier expansion for cn (x, k) and integrate term-by-term.
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30. Anharmonic oscillator

Consider the anharmonic oscillator from §5.4:

_ Mo M o 9 o n
L—Eq — 5w +m;?q . (2.470)

a) Calculate ¢ (¢) to O (a*), where a/2 is the first Fourier coefficient.

b) Show that there are no corrections of O (a®) (or any odd order) to the frequency.

31. Perihelion advance of Mercury

Use the results of Problem 28 to determine the perihelion advance of Mercury to leading order in
1/c2. Estimate the accuracy of this approximation. Compare the answer with the experimental
result of 43" /century.
Hint: The semi-major axis, period, and eccentricity of Mercury’s Galilean orbit are:

a =579 x 10?2 cm, T = 88days, and e = 0.206, respectively.

32. Scattering by a potential well

Consider a potential (in 3-d)
U(r)=U0(a—r) (2.471)

with © the step function.

a) Counsider the case U < 0. Show that the maximum scattering angle is given by
Xmax = 2cos” ' (1/n), (2.472)

with n = /1 — U/E, where E is the energy of the scattered particle. Determine and discuss
the differential scattering cross section as a function of y and E. Sketch o (x) for E — 0 and
for E — oo, and sketch a polar diagram for either case.

b) Consider the case U > 0. Show that the maximum scattering angle is now given by
Xmax = 2c€0s~ 1 n, (2.473)

and that b () is a double-valued function. Sketch o (x) for E — U and for F — oo, and
sketch a polar diagram for either case. What is the qualitative difference between the cases
U<0and U > 07

33. Attraction by a 1/r? potential

Find the total cross section o for a particle to reach the center of a potential U (r) = —a/r? (a > 0).
Sketch o as a function of the energy F of the scattered particle.
Hint: Use the results of Problem 27.
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34. Scattering by a central field in two dimensions

Consider a point mass moving in the zy-plane in a central potential
Uz,y)=U(r) , (rP=2"+y). (2.474)

a) Define the scattering cross section in analogy to the three-dimensional case. Show that the
differential cross section can be written as

o () = > |dbi/dx]. (2.475)
=1

What is the dimension of o7

b) Calculate and discuss the differential scattering cross section for the case of a hard disc:

UGr) = oo forr<a (2.476)
10 otherwise '

Compare your results with the corresponding ones for scattering by a hard sphere in three
dimensions.

¢) Now consider a point mass in three dimensions subject to a cylindrically symmetric potential
of the form
Ulz,y,2)=U(r) , (FP=2"+y%). (2.477)

Show that the equations of motion can be solved in analogy to the case of a spherically
symmetric potential. What is the differential cross section for scattering by a hard cylinder?
(Assume that the incident beam is perpendicular to the cylinder axis).

35. Small-angle scattering

a) Show that for weak potentials U, i.e., for small scattering angles x, the scattering angle to
leading order in the small potential can be written as
2b [ dUu/dr
X=—-—= dr———.
E J, V2 2
Hint: Use the same tricks as in §5.5 and assume that U (r) is continuously differentiable, at
least for large r. See also the pertinent homework problem in Landau & Lifshitz.

(2.478)

b) Find the differential cross section o (x) for small x for a power-law potential U (r) = a/r".
What is the total cross section?

c) Express o (x — 0) for a screened Coulomb potential,

Ur) = %e”/a, (2.479)

in terms of two integrals. Show that for a > b one recovers the result for a Coulomb potential.
Determine o (x — 0) for a < b. What is the total cross section in this case?
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Hint: To leading exponential accuracy (i.e., neglecting power-law prefactors of the exponen-
tial), one has, for p > 1,

° e HE o 1
/1 do— e_“/l di——me . (n>0). (2.480)
Note: One can do better by making an ansatz
oo o
/1 dx Ny e =e Mf(p), (2.481)

and determining f (u) term-by-term as a power series for large u, but this is not necessary
for our purposes.



Chapter 3

The rigid body

§1 Mathematical preliminaries - vector spaces and tensor spaces

§1.1 Metric vector spaces
Definition 1: Let V = {z,y,...} be a set, and let + be an operation on V such that
a) V is an abelian group under +.

Furthermore, define a multiplication of elements of V with the real numbers! A, z, ... € R such that
Vz,y € V and VA, u € R,

bl) Az €V,

b2) A (ux) = (M) x,

b3) (A+ p)z = Az + pz, and

bd) Az +y) = Az + \y.

Then, we call V a vector space or linear space over R.

Remark 1: The elements x,y,... € V are called vectors, and the elements A, y,... € R are called
scalars.

Example 1: Let = (2',22,...,2") € R". Define z +y = (z' +y',...,2" +y"), and define
AT = ()\xl, ceey /\x”). Then, R™ is a vector space over R.

Let V' be n-dimensional and let {e;|¢ = 1,...,n} be a basis in V, i.e., a s set of linearly independent
vectors that span the space. Then, every = € V' can be written as

szwiei withz!,... 2" € R. (3.1)

=1

1This definition could equally well apply with an arbitrary set S in place of R. In such a case, V would be called
a vector space over S.

128
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Remark 2: The numbers z° are called the coordinates of z in the basis {e;}.

Definition 2: Let g;; = g;; be the coordinates of a symmetric n x n matrix with det g # 0. Define
a mapping V' x V — R, denoted by -, as

Ty = Z xigijyj. (3.2)

ij=1

Then, - is called a scalar product, g is called a metric, and V is called a metric vector
space.

Remark 3: In R™, ¢; = (8y",...,0,") form a basis. The coordinates of each e; are () = 4,1, so
that

€€ = Z (ei)kgkl (ej)l

k,l
= D 0 gud)
k,l
Remark 4: The function

67 = 4y
= &Y
54
1 L = 9
S (3.4)
0, i#7
is called the Kronecker delta.

1

Definition 3: The inverse metric is denoted by g7, and its components are given by

(971, =9". (3.5)
We have that
99 =g lg=1
= > guwg” => g% =07 (3.6)
k=1 k=1

Definition 4: An adjoint basis {ei} is given by

el = Zgijej. (3.7)
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Remark 5: The inverse of this relation is

n

Z 5ij€j

Jj=1

n
> gieg"e;

Jik=1

= Zgikek- (38)
k

€;

Remark 6: We have
r = Zwiei

i=1

= Z ng” Gj
i=1

= ijej (3.9)
i=1

with

Remark 7: The coordinates x* are called contravariant coordinates. They are the coordinates
in the basis {e;}. Similarly, the coordinates x; are called the covariant coordinates.
They are the coordinates in the adjoint basis {e’}.

Remark 8: We can define a summation convention
_ i j
Ty = E x'gij’
iJ
E 'tz
i
— )
= E x;
J

x;x’. (3.11)

Remark 9: More genearlly, a summation over covariant and contravariant indices is implied when
they appear together as in equation 3.11. This is a summation convention. More
specifically, it is the Einstein summation convention.
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§1.2 Coordinate transformations

Consider an n x n matrix with components? D’, and its inverse with components (D‘l)zj. We

j )
have

DD =D"'D=1 <« Dy (D, = (D7), DI, =4 (3.12)

Definition 1: Define a new basis {¢;} through the basis tranformation

& =-e; (D). (3.13)
Remark 1: The inverse basis transformation is given by D, as expected:
~DL _ D—l k Di
&' = e (D7), DY
= €. (314)

Proposition 1: In performing a basis transformation or its inverse, the coordinates Z* or z,
respectively, are given by a coordinate transformation,

F=Dal | xi:<D_1)ij:Ej, (3.15)

Proof: Using equations 3.9 and 3.14,

r = 2'e;
= a'g; D,
= (Dj lz’) €;
= e, (3.16)
and similarly for the inverse transformation. O

Proposition 2: In performing a basis transformation or its inverse, the transformation of the
metric proceeds as

g=(D")' gD | g=D"§D. (3.17)

Proof: From equations 3.3 and 3.13,

2When dealing with the components of a matrix, the leftmost index indicates the row, and the rightmost index
indicates the column. By convention, we denote the components of a matrix M as M"”j7 ie., Mlj is the component in

the i’th row and j’th column of M. By contrast, Mji represents the component in the j’th row and i’th column of

M - that is, it represents the components of M T, so that (MT)ij = Mji. Index raising and lowering, on the other
hand, can be viewed as occuring through interaction with the metric, and thus represents something else entirely.
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gij = €i €

(
= ((0™)"gp) . (3.18)

§1.3 Proper coordinate systems
Lemma 1: Theres exists a coordinate transformation D such that (no summation implied)
gij = /\iéij with )\i 7é 0 Vi. (319)

Proof: The lemma follows directly from the fact that g is a real symmetric matrix with
det g # 0 (§1.1 Definition 2). O

Remark 1: The scalars \; are the eigenvalues of g (and of §).

Theorem 1: There exists a coordinate transformation D such that

1 row 1

1 TOwW m

rowm+ 1’ (320)

@
Il
|
—_

—1/ rown
i.e., such that g is (m-times-(+1) and (m — n)-times-(—1))-diagonal.

Proof: From Lemma 1, we have that §;; = A\;d;;, with A; # 0. Choosing a basis such that

Aoy Ay >0 )\m+17~~~)\n<07 (321)
and defining .
C1né o'

(D7) = Wv (3.22)

we have, from equation 3.17,

l
J

(D7) aw (D7)

L 1
Z\>\i|1/2 kiAk J‘)\j|1/2
i

7.]W

E]ij

= (3.23)
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O
Definition 1: Coordinate systems in which g has the form of equation 3.20 are called proper.

Remark 2: The number m in Theorem 1 is characteristic of the vector space. This is referred to as
Sylvester’s rigidity theorem.

Example 1: In the case that m = n, we have

In such a case, the vector space is called Euclidean, and the proper coordinate systems are
called Cartesian. For such a system, we have

;= gix’
(Sijl'J

= (3.25)

i.e., the covariant components and contravariant components are equal. Furthermore, the
scalar product for such a system is

rox =274+ a1, (3.26)
so that the Pythagorean theorem applies.

Example 2: For m =1, n > 2, we have

1 0 0
o= 7t 0 (3.27)
0 O -1

Such a vector space is called a Minkowski space. The proper coordinate systems in such a
space are called inertial frames. Additionally, we have

ro=2" , x;=-x' , (i=1,...,n—1), (3.28)

and

r-Tr = xz;x’

n—1
= 23— z z?. (3.29)
i=1

§1.4 Proper coordinate transformations

Definition 1: A coordinate transformation is called proper if it transforms proper coordinate
systems into proper coordinate systems.
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Remark 1: If D™ is a proper transformation, then § = (Dil)T gD~ = g, so that

k

bigkl (Dil)l

g5 = (D7) i (3.30)

Example 1: In Euclidean space, orthogonal transformations, i.e., those satisfying (D*I)T D 1=
1, are proper.

Example 2: In Minkowski space, Lorentz transformations are proper.
Lemma 1:

a) If D is a proper transformation, then so is D~*.

b) If Dy and D are proper transformations, then so is Dy Ds.

Proof:
a) D is proper. Then,

g=D"gD
— (DY) gD = (D) ' DgDD ' =g (3.31)
b)
g = DygD,
= D3DY gD, D,
= (D1Dy)" g(D1Dy). (3.32)

O

Theorem 1: The set of proper coordinate transformations forms a (non-abelian, in general) group
under matrix multiplications.

Proof: From parts (a) and (b) of Lemma 1, respectively, the inverse of each element of the
set is in the set, and the group satisfies closure. The identity matrix 1 is clearly a proper
transformation, and so is in the set. Associativity is satisfied since matrix multiplication is
associative. O

Proposition 1: For proper transformations D, det D = +1.
Proof:

det g = det DT det gdet D = (det D)2 det g
—  (detD)*=1
= detD = +1. (3.33)
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§1.5 Tensor spaces

Let the system under consideration, or one of its properties, be characterized by k numbers ¢4, ..., tg,
collectively referred to as t in a coordinate system cs. Let it be characterized by by k& numbers
tq,...,tx, collectively referred to as t, in a coordinate system cs.

Question. Is there a relation between the numbers ¢; and the numbers #;?

Such a question leads to the idea of classifying mathematical objects by their properties under
coordinate transformations.

Example 1: Let ¢ be the vector norm squared, given by

t = x-x
= z;2t (3.34)

Under a transformation, we have

~i

= /gt

= D'atg; DYl

= DjkgjiDilIkl‘l

= gz’

T

= t. (3.35)

We have therefore arrived a property - that ¢ is unchanged under coordinate transformations.
Such objects are classified as scalars.

Example 2: Let t be a vector, with components t* = 2¢. Then,

tt = 7t
= D'’
= D't (3.36)

We have arrived at another property - that ¢ transforms under coordinate transformations
through multiplication by the transformation. Such objects are classified as vectors.

Example 3: Let ¢ be an object with two indices, ¢/ = z%y’, and n? components. Then,
_ Dik: D]ll'kyl
= DD " (3.37)

We have arrived at another property - that ¢ transforms under coordinate transformations D
through multiplication by the direct product of the transformation with itself, D ® D. Such
objects are called dyadic tensors, or tensors of rank 2.
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Definition 1: Let ¢ be a set of n? (with n the dimension of the vector space) numbers in a proper
coordinate system cs, writeable as t = t'1N_ Let £ be a set of n/V numbers is a proper
coordinate system ¢s, writeable as £ = £*1»" "V, Let D be a proper coordinate transformation.
Then, we call t a tensor of rank N if

and we call ¢ a pseudotensor of rank N if

"N = (det D) D“j1 .. .D“Vth]l """ N
where det D = +1 (see §1.4 Proposition 1).
Remark 1: Note that
til...ij_1ijij+1...i1v — gijktil.“i‘jilkji‘i+l.“i1\]- (338)

Remark 2: Scalars are tensors of rank 0. Vectors are tensors of rank 1.

Remark 3: Not everything is a tensor. For instance, the first component of a vector x!, is a single
number. So, if it is a tensor, it is a scalar. But ' = D*;z7 # z'. So, ' is not a scalar,
and therefore not a tensor.

Remark 4: The tensor product, or outer product, given by

l=21)®T02)®... 0 TN, (3.39)
is defined as o ‘
AR 33211)33221) . a:z%) (3.40)

Then, t is a tensor of rank N.

Lemma 1: Let s and ¢ be (pseudo)tensors of rank N, and let A, u € R. Then, u = As+ put, defined

wt N = A\t gttt (3.41)
is a (pseudo)tensor of rank N.
Proof: Problem 36. O
Propojsvition 1: The set of all (pseudo)tensors of rank N forms a vector space over R of dimension
n'.
Proof: Problem 36. ]

Lemma 2: Let s and ¢ be tensors of rank N and rank M, respectively. Define u = s ® t by

ui1-~iN+M = Si1-<~iNtiN+1~~7;N+M. (3.42)

Then, u is a tensor of rank N + M.
Proof: Problem 36. O
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Corollary 1: Let s and t be tensors, and let u and v be pseudotensors. Then, s ® ¢ is a tensor,
s ® u is a pseudotensor, u ® s is a pseudotensor, and u ® v is a tensor.

Proof: Problem 36. O

Lemma 3: Let "1k~ be a tensor of rank N + 2. Define the (1,2)-trace of t, u = t(12) by

BN gl_jtijkl.‘.kN

_ tiikl...kN' (3.43)
Then, u is a tensor of rank .

Proof:

— ..t J k1 kn gmnly..In
— §yD',, D’ DM, .. DM ¢
—_———

Imn

k k ly...1
= DM . DFN g tmnily

= Dklll ‘e DkI\ENUll'”lN- (344)

Remark 5: Other traces can be defined analogously to the (1,2)-trace.
Remark 6: Traces are also called contractions.

Lemma 4: The object ¢, defined by

+1, (i1,...1,) is an even permutation of (1,...,n),
€iyin = & —1, (i1,...1,) is an odd permutation of (1,...,n), (3.45)
0, otherwise,

is a pseudotensor of rank n.
Proof: Problem 36. O

Remark 7: The object ¢ is called the Levi-Civita tensor, or the completely antisymmetric
tensor of rank n.

Remark 8: Let n = 3, and let « and y be Euclidean vectors. Define z by

2 = sijkarjyk, (3.46)
so that
a0 = 2% — by
= (zxy), (3.47)

and similarly for cylclic permutations. Then, the cross product of two vectors is not a
regular vector, but a pseudovector.
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§2 Orthogonal transformations

§2.1 Three-dimensional Euclidean space

Consider three-dimensional Euclidean space, i.e., R®. From §1, the Euclidean metric is given by

= € -€j, (3.48)
with each e; a basis vector in a Cartesian coordinate system, satisfying
(ei)j = (&) j
= 3. (3.49)
In such a space, proper coordinate transformations D are orthogonal, obeying
(D7) (D7)

o = O (3.50)

Remark 1: From §1.4, the set of orthogonal transformations forms a group under matrix multipli-
cation, called O (3).

Remark 2: The reflection (or inversion) element R € O (3) is defined by

Note that this implies that det R = —1 and that R~! = R. Then, upon multiplication
by R, vectors x transform as

i = Ry
= -1 (3.52)
and pseudovectors y transform as
j o= —RY
= y" (3.53)

Remark 3: Orthogonal matrices a with components a;; have the property that
> al =
a;; = 1. (3.54)
j=1
This can be seen as follows:

aat =1
3

3
= 1= ajay=>» a}, (3.55)
j=1 j=1

where each diagonal component, 1;;, of the identity matrix is 1.
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Proposition 1: Let ¢/ = —t/? be the components of an antisymmetric rank 2 tensor parameterized
by three numbers t1, t2, and t3, so that ¢ is writeable as
0 t3 —t2
t=1|—-ts O ty (3.56)
to —1 0
Then,
t= (tl, tg, t3) (357)
is a pseudovector.
Proof: Consider the pseudovector® u with components
U; = €ijktjk. (358)
Writing out each component explicitly,
up =123 — 132 = 2% =2, (3.59)
uy = —t* 413 = 2413 = 2t,, (3.60)
and
ug = t12 — 21 = 2¢12 = 2¢5. (3.61)
Then,
1
t=-u, (3.62)
2
and therefore ¢, like u, is a pseudovector. O

Corollary 1: The set of antisymmetric rank 2 tensors under addition is isomorphic to the set of

pseudovectors under addition.

Proof: Let ¢ : t+— t take pseudovectors as written in equation 3.57 to antisymmetric rank

2 tensors as written in equation 3.58,

elt] = @[t ta,t3)].
0 13 —i
= —t3 0 t1
to —1 0
= t.

(3.63)

3From §1.5 Corollary 1, the product of a tensor with a pseudotensor is a pseudotensor. Then, since w is the product
of the Levi-Civita tensor and the tensor ¢, and since the Levi-Civita tensor is a pseudotensor, u is a pseudotensor.
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Then,
pt+u) = @[(ti,ta,t3) + (u1,uz, usz)]
= @|[(t1 +ui, ta + ug,t3 + u3)]
0 t3 + us —(t2+u2)
= — (tg + U3) 0 t1 + uq
to + uo —(tl +U1) 0

0 t3 —tz 0 us —U2
= —t3 0 t —+ | —us 0 Ul

t2 —tl 0 u2 —Uux 0
= t+u
= @) +¢(u), (3.64)

so that ¢ is a homomorphism. If ¢ # w, then one or more of ¢; # w;, with ¢ € {1,2,3}. Then,
one or more of the components of ¢ is unequal to the corresponding component of u, so that
t # u, implying that ¢ is an injection. For any given antisymmetric tensor ¢ parameterized
by t1, to, and t3, there is a corresponding pseudovector t = (t1,t2,t3), so that ¢ (t) = ¢, so
that ¢ is a surjection. Then, ¢ is a bijective homomorphism, i.e., an isomorphism, so that

{t},+) = {t},+). (3.65)
O

§2.2 Special orthogonal transformations - the group SO (3)

Let the sets O be defined as

0L ={De0(3)|detD=+1}. (3.66)
—0

Remark 1: Oy UO_ =0(3),and O NO_ .

Remark 2: R € O_ and 1 € O4, so that O4 # 0 # O_, with R the reflection element of O (3).

Lemma 1: Let S € O_. Then,

AT € 0,8 = RT. (3.67)

Proof: Let S € O_, and let
T = RS. (3.68)

Then, since O (3) is a group under matrix multiplication and R,S € O(3), T € O(3).
Furthermore, since R, S € O_, det S = det R = —1, so that

detT = detRdetS
1. (3.69)

Then, T € O,. Recalling that R = R~', we have

RT = R?S
= 8. (3.70)
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Therefore, 37" € O1S = RT. Suppose also that 3U € OS5 = RU. Then, we have S = RT
and S = RU. Setting these equal to each other and again recalling that R = R,

RT = RU
= R7T =RU
= T=U, (3.71)
so that T is unique. We can therefore write
AT € OS5 =RT. (3.72)

Proposition 1: SO (3) = O is a subgroup of O (3).

Proof: O was defined as a subset of O (3), so SO (3) C O(3). Then, because O (3) is
a group, associativity must be satisfied in O (3), so that it is satisfied SO (3) as well. Let
Dy, D5 € SO (3). Then, from the definition of O, i.e., the definition of SO (3),

det D1 = detD2 =1
= det (Dng) = det Dy det Dy = 1, (373)

so that D1 Dy € SO (3), i.e., SO (3) satisfies closure. Since detl =1 and 1 € O(3),1 €
SO (3), so that SO (3) contains the identity. Finally, recalling that

det D=1 = detD ' =1, (3.74)

and that, since O (3) is a group,

DcOB3) = D 'e0(3), (3.75)
we have that
DeSOB) = D teSO(3), (3.76)
i.e., existence of the inverse is satisfied. O
Corollary 1:
DeO(3) = DeSOB3)vDeSO(3), (3.77)

where D = RD.
Proof: Recalling that O UO_ = SO (3) UO_ = O (3), we have that
DeO@B) = DeSOB)VvDeO-_. (3.78)
Assume that D € O_, and let D = RD. Then,

detD = —1

det Rdet D = —1

—detD = —1

det D =1. (3.79)

Ll
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Recalling that R = R~ and that O (3) must satisfy closure, we have that RD = R?D = D,
so that D € O (3). Then, D € SO (3), so we have

DeO_ < DeSO(3). (3.80)

Substituting into equation 3.78,
DeO@B) = DeSO(B)vDeSO@3). (3.81)
O

Remark 3: Since we know R explicitly, it suffices to study SO (3) < O (3) rather than O (3).

Remark 4: O_ is not a group.

§2.3 Rotations about a fixed axis

Proposition 1: The most general element of SO (3) that leaves the 3-axis fixed can be written as

cosep singp 0
D3(p)=| —sing cosp 0], (3.82)
0 0 1

with ¢ € [0,27).

Proof: Recalling that proper transformations D take proper coordinate systems to proper
coordinate systems, and that orthogonal transformations are proper in O (3) (and hence in
SO (3)), we have that

& = (DY
= Djle;
= Dj'e; + Di%ey + D3es
= es, (3.83)

36

where line 2 follows from the fact that orthogonal transformations must satisfy D~! = DT,
and line 4 follows from the fact that we are considering only transformations that leave the
3-axis fixed. Since each basis vector e; is linearly independent, the only values for D4’ that
yield line 4 from line 3 are

Dst=D?=0 , Dg*=1. (3.84)

Then, we have

(3.85)

)

I
o a9
o0 o
— - a
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Again applying the fact that D~' = DT, we have

a b ¢ a d O
DDT = |d e f||b e O
00 1) \e f 1

A+ +c2 ad+bet+cf c
= ad+be+cf d>+e>+f> f

c f 1
1 00
= 01 0 (3.86)
0 0 1
Setting the appropriate components equal, we have
c = f
= 0, (3.87)

so that setting the other appropriate components equal and substituting the above equation,

A+ = P+é?
= 1, (3.88)

and
ad + be = 0. (3.89)

Recalling that a,b,d, e € R, we have from equation 3.88 that 3,1 such that
a=cosyp , b=sinp , d=-—siny , e=-cosi. (3.90)
Substituting into equation 3.89 gives

—cospsiny +sinpcosy =0
= sinpcosy = cospsiny
= tany =tany
= p=yorp=1y=xm. (3.91)

From equations 3.85 and 3.90, we have that

detD = ae—bd
= cospcosy + singsiny
1 =
= ’ %0 w . (3’92)
_1a Y= ¢ t7
But since D € SO (3), we must have det D = 1, so that ¢ = 1. Substituting into equation

3.90, we have
a=cosp , b=sinp , d=-sing , e=cosp. (3.93)
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Substituting equations 3.87 and 3.93 into equation 3.85 gives
cosp sing 0
D=|—-sing cosp 0]. (3.94)
0 0 1
O
Remark 1: Applying an element of SO (3) that leaves the 3-axis fixed to a Cartesian coordinate

system gives

él = Dliei
= cos ey + sin pe,, (3.95)
ég = D2iei
= —singe; + cos peq, (3.96)
é3 = €3. (397)

Such elements, which we can denote as D3 (), rotate the coordinate system about the
3-axis by an angle ¢.

Remark 2: By analogous proofs, the most general elements of SO (3 ) that leave the 1-axis or 2-axis

Remark 3:

fixed can be denoted, respectively, as D; () and D5 (), and are writeable as
1 0 0 cos cp O —sin go
Di(p)=10 cosep sing , . (3.98)
0 —sing cose sin ¢ O cos
For i = 1,2,3, we have that , D; (o1 + ¢2) = (¢2), ie., D; is a homomor-

phism. We also have that D; (p =0) = 1, D;* ( ) = D ( ), and that ({D; (¢)}, x)
is associative by associativity of matrix Inultiplication. Then, since {D; (¢)} C SO (3),
({D; (p)}, x) is a one-dimensional subgroup of SO (3). Additionally, since for ¢ €
R™ /27 each ¢ maps to a single D; () and for every D; (¢) there exists a corresponding
@, D; is a bijection, so that

{Di(p)},x) = (R, +) /2. (3.99)

§2.4 Infinitesimal rotations - the generators of SO (3)

Proposition 1: With D; () defined as in §2.3, we can write

Di(p)=€"% , (L) =cijr , (i=12,3). (3.100)
Proof: From equations 3.82 and 3.98, we have

d —singp cosp O
d—Dg (p) = —cosp —sing 0
¥ 0 0 0

0 1 0 cose sing 0

= -1 0 0 —singp cosp 0

0 00 0 0 1

Il
&
S
w
3

(3.101)
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d —sing 0 —cose
oD (e) = 0o 0 0
cosep 0 —sing
0 0 -1 cosp 0 —sing
= 0 0 O 0 1 0
1 0 0 sing 0 cosy
and
d 0 0 0
d—Dl (p) = 0 —sing cosgp
¥ —cosp —sing
0 0 O 1 0 0
= 0 0 1 0 cosp sing
0 -1 0 0 —sing cosyp
== IlDl ((p) . (3103)
Solving the differential equations above, we arrive at D; (¢) = eli®. O
Remark 1: For any square matrix M, we can define eM as
oo
Mn
M _
n=1
Remark 2: I, Iy, and I3 are called the generators of SO (3).
Remark 3: Noting that O (@2) terms vanish as ¢ — 0, we have
lim D; () =1+ Lip+ O (¢?). (3.105)
©—0
Theorem 1:
VD € SO (3) g1, 2,03 D =e2ilivs, (3.106)
Proof: The proof can be found in texts on group theory. O

Remark 4: In equation 3.106, D # D (1) D (p2) D (¢3). Otherwise, equation 3.106 would imply

that rotations about different axes commute.

§2.5 Euler angles

Proposition 1: Consider the vector rez = (0,0,7) and let = be a vector with 22 = r2. Then there

exist angles ¢, 6 such that
Dy (p) Dy (B) res =z

(3.107)
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Proof: In spherical coordinates, we have
x1 =rsinfcosy , e =rsinfsing , x3=rcosb, (3.108)

with
0<f<m , —7wT<p<m. (3.109)

From §2.3, we have

cose —sing 0 cos@ 0 sind 0

D' (p) Dyt (0)res = sin ¢ cosap 0 0 1 0 0
0 1 —sinf 0 cosf r
() (- ) cospsinf\ [0
= () ( ) sinpsind 0
S ) cos r
rsm@cosga
= 7 sin sin ¢
rcosf
O
Corollary 1: Let 2 and y be vectors with 22 = y? = r2. Then there exist angles @1, @2, and 6
such that
y =Dy (2) D3 (0) D3 (1) (3.111)
Proof: Recalling that D; ! (p) = D; (—¢), we have from Proposition 1 that Jip;,6; such
that
Dy ( @l)D (- 91)7"63 =T
= res =Dy (1) Dy (p1)x, (3.112)
and that Jps, 05 such that
y = Dy'(p2)Dy"(02)res
= D3 (p2) D3" (62) D3 (61) D3 (1) @
= D3’ (p2) Dyt (61 +062) D3 (p1) @
= Dy (p2) D3 (0) Dy (1) , (3.113)

where line 2 follows from substituting equation 3.112, and where we have effectively defined
0 =601+ 0. O

Remark 1: Analogous statements hold for different pairs of axes, e.g., dp, 6 such that
D3t () DT (0) res = . (3.114)
Theorem 1: Every element D~ € SO (3) is writeable as
D™t =D3' () Dy (0) D3 (¢), (3.115)

with
—r<p<m , —w<yY<wm , 0<6<m. (3.116)
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Proof: From §2.1 Remark 3, we have that
() () m
D= () () m| , 224ad+ai=1 (3.117)
() () a3
From Proposition 1, F, # such that
X1 0
vy | = D3 () Dy (0) {0
I3 1
a b 0
— D '=D;'()D7t@)|c d 0
e f 1
a b 0
— D' (-0)Dy'(—y)D P =[c d 0] = (3.118)
e f 1

Since SO (3) satisfies closure and Dy ' (—6), D3 "' (=), D! € SO(3), C € SO (3). Then,
from §2.3 Proposition 1, e and f in equation 3.118 are both 0, implying that C' leaves the

3-axis fixed. This implies, by the same proposition, that

Jp C=D3;'(p),

so that

(3.119)

(3.120)

O

Remark 2: The angles ¢, 0, and 1, described graphically in Figure 3.1 below, are called Euler
angles. They characterize the transformation from (1,2,3) to (1, 2, 3), or vice versa.
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————

Nodal line
Figure 3.1: Euler angles. Adapted from Landau and Lifschitz Third Edition, Figure 47.

Remark 3: From §1.2, we have that ‘
e; = (DY) ¢, (3.121)

so that the coordinate system cs is obtained from the coordinate system cs by rotation
about the 3-axis by ¢ if j = 1, by rotation about the new 1l-axis by  if j = 2, and by
rotation about the new 3-axis by ¢ if j = 3.

§3 The rigid body model

§3.1 parameterization of a rigid body

Definition 1: A system of N > 3 point masses, at least three of which are not colinear?, with
fixed mutual distances is called a rigid body.

Remark 1: Rigid bodies are an obvious idealization of a real objects.

Remark 2: The interaction energy (Ch.2 §7.1 Axiom 2') of a rigid body,

U = > Ul(rap)

a<f
= constant, (3.122)

4The non-colinearity requirement is not strictly necessary. However, a colinear rigid body is not a very interesting
system, and the solution for such a system is fairly trivial. The formalism to be developed for the rigid body becomes
useful only for the non-colinear case.
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can be eliminated with a gauge transformation.

Remark 3: Because the relative distances among each of the point masses is known, the three point
masses, T, 1, and x2, can be characterized by six coordinates - 3 coordinates for g
(x},2%, and 23), 2 coordinates for z1 (e.g., 2 angles 6 and ), and 1 coordinate for x5 (an
angle). An additional point mass can be characterized by three additional coordinates,
as well as three constraints, namely, the distances between the new point mass and each
original point mass. This implies that a rigid body has six degrees of freedom?®.

Definition 2: An origin R, together with three orthogonal basis vectors €&;, (i =1,2,3), which
are fixed to a rigid body, is called a moving coordinate system, or a body system
(abbreviated BS). An origin (0,0,0), together with three basis vectors e;, (i =1,2,3), is
called a laboratory system, or an inertial system (abbreviated IS)S.

€2

€2

€1

Figure 3.2: An inertial system with basis vectors e; and a body system with basis vectors €;.

Remark 4: A body system is related to an inertial system by a translation by R plus a basis
transformation, given by

e = (D_1>ji €j

D/e;. (3.123)

2

Remark 5: Taking the dot product of the basis vectors of the body system with those of the inertial

5Perhaps more intuitively, the point masses that make up a rigid body cannot move relative to each other. Then,
a rigid body can move only as a whole. Its movement can occur as translations in the x-, y-, or z-directions, or
rotations about the z-, y-, or z-axes, for a total of six degrees of freedom (three translational, three rotational).
6We denote body systems and inertial systems with and without tildes, respectively.
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systemm,
éi . Bj = Dikek . ej
= Dikgkj
_ -1
= (D )ﬂ . (3.124)
Remark 6: The position of the a’th point mass in the inertial system is given by
T(o) = R+ 7,6, (3.125)
where 4
R=R(t) , &=D/({t)e; =¢(t), (3.126)
and hence, ‘
T(a) = T (1) i(a)z = constant. (3.127)

Remark 7: The state of a rigid body is completely determined by the position of the body system
with respect to the inertial system, so that we need only determine the body system’s
movement as a whole, rather than the movement of each of its components.

Remark 8: The body system, and hence the rigid body, is completely characterized by the three
coordinates of R, plus three Euler angles.

Example 1: If the Euler angles, v, 6, and ¢, characterizing the basis transformation (see §2.5
Corollary 1) in equation 3.123 are constant, then the body system is always related to the
inertial system purely by the translation R = R (t).

Example 2: If the translation, R, characterizing the relation between the body system and the
inertial system is constant, then the body system is related to the inertial system purely by a
rotation about the 3-axis. Then, equation 3.126 can be replaced with

cos® (t) siny(t) 0
éz3=e3 , D (t)=|—siny(t) cosyp(t) 0]. (3.128)
0 0 1

§3.2 Angular velocity

Proposition 1: Let
z(t)=R({)+7r(t), (3.129)
be a point in the rigid body as described in an inertial system, with 7 (¢) the same point as
described in the body system (See Figure 3.3). Then,v () = & (¢) is writeable as

v(t) =V () + Q) x T (1), (3.130)

where V' (t) = R (t), and where, recalling §2.1 Corollary 1, €2 is a pseudovector corresponding
to the antisymmetric tensor

0 Qs —Qy

D'D=|-Q 0 O |. (3.131)
Q - 0
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€2

€1

t>0

Figure 3.3: A rigid body and a point on it at different times, as described in the inertial system
and the body system.

Proof: Taking the time-derivative of equation 3.129 and substituting equation 3.130,
v=V 47 (3.132)

We also have that )
ri(t) = (D (1), 75, (3.133)

where 7; = 7; (t) = constant is a component of 7 (t) as defined above. Then,

Fi () = (D*l (t)) 5,
)

= (D7'®) W,
= —7’7;167”‘k:7 (3134)
where we have effectively defined 7 as a second-rank tensor,
. J
nto= —(p'w) bt

(3.135)

I
—~

U‘.

S)
~—

But, we also have that
D'D=1
— D 'D+D'D=0
. T . T .
— = (D*D) =-pT (D*l) = -D7'D. (3.136)
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Substituting line 2 into line 3,

= -7 (3.137)
Then, 7 is antisymmetric, implying that

0 Qs —Qy

391,92,93 T = 793 0 Ql . (3138)
Qo -0 0
Then, we can write
o= -7
= —Qzry + Qo1
(Qxr), (3.139)

and similarly for 75 and r3, so that
r=Qxr. (3.140)

Substituting into equation 3.132, we have

v=V+Qxr (3.141)

Example 1: Consider a rotation about the 3-axis by an angle v (t). We have

cosy —siny 0
D™l =[siny cosyy O

0 0 1
_ —siny —cosy 0 ) cosy siny 0
— D '=| cosyy —siny 0|y , D=|—-siny cosyp 0
0 0 0 0 0 1
) 0 1 0
= 7=-D'D=[-1 0 0]
0 0 O
= ﬂ(t)=(0,0,ﬁ}(t)), (3.142)

where lines 3 and 4 follow from equations 3.137 and 3.138, respectively.

Remark 1: Consider points r satisfying r = k€2, with k£ a constant, so that from equation 3.130,
v = V. These points, and only these points, do not rotate about the body system’s
3-axis. For this reason, €2 (t) is called the instantaneous axis of rotation.

Remark 2: If we change the origin of the body system as

R— R =R+a, (3.143)
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then we have

t=R+r=R +r" =R+ (' +a)
= r=7r'+4a
= v=V+OAx (@' +a)=V+QAxr+Qxa=V'+Q x7r/,
— V =V+Qxa , @=0Q. (3.144)

From the last line of the above equation, €2 is independent of the choice of R.

Remark 3: 7 = —D71D is called the angular velocity tensor, and” Q 2 7 is called the angular
velocity (pseudovector).

Remark 4: The coordinates of €2 in the inertial system can be found as as

Tij = — <D71D> )
ij
= (3.145)
In the body system, the coordinates can be found as

#; = D"D'ry = (DTD")

ij

0 Q3 —Q
— 7=DrD"=-DD'DD"=-DD'=|-Q; 0 O |(3.146)
Q -0 0

Remark 5: The convention for writing the components of €2 in the body system and inertial system
is

Q E) (Ql, QQ, Qg) = (p7 q, T’) s Q ? (Ql, QQ, Qg) . (3147)

Remark 6: An alternative convention, used in Landau and Lifschitz, denotes € in the body system
as

Q BﬁL (Ql, QQ, Qg) . (3148)

)

Remark 7: Note that ©, V| r, etc. are abstract vectors independent of the coordinate system.
Only their components depend on the choice of coordinate system. For instance,

Q(t) = Qi (t) €;
= Qi)é (). (3.149)

Proposition 2: The components of € in the body system, (p, ¢, 7), can be written in terms of the
Euler angles as

p=1psinfsing +60cose , q=1sinfcosp—0Osing , r=1)cosd+ p. (3.150)

"In the second line of equation 3.145, §2.1 Corollary 1 is applied. Often in what follows, this corollary is being

applied when a “22” is seen.
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Proof: From §2.5 Theorem 1, we can write

D =Ds(p) D1 (6) D3 (v), (3.151)
so that
D™ = Dyt (¥)Dr () Dy’ () + Dyt (¥) Dy (0) D3 ()
+D57 (1) Dy (0) Dy (). (3.152)
Then, from equation 3.135,
-7 = DD7!
—  Ds(¢) D1 (0) [Ds () D5 (v)] DT (0) D3 ()
+Ds () [ D1 (9) D7 (6)] D3 () + Ds () D5 (). (3.153)

Recalling §2.4 Theorem 1, we have

. d
D'L Dfl _ al; & —al;
@D (@) = el

= —al. (3.154)

Then,

Il

|

S.
—
ol o
—

oo

(3.155)

12

|

S.
/_
= O O

Similarly,

Ds(¢) [Py (0) DT (0)] D3 (¢) = —6Ds(9) 1D (¢)

. 0 0 sin
—0 0 0 cos ¢
—sing —cosp 0

[ cose
—0 | —siny |, (3.156)
0

sin 6 sin

Ds () D1 (0) [ Ds (v) D3 ()] D (9) D5 () = ) (sinecos sﬂ) : (3.157)

cosf

1%

and
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where the SO(3) generators I; were substitued in each of equations 3.155, 3.156, and 3.157.
Substituting into equation 3.153,

_[sinfsing [ cosp 0
T=—1 |sinfcosp | +6 | —sing | +¢|0]. (3.158)
cos 6 0 1

Writing equation 3.158 as the product of a matrix and a vector and applying equations 3.138
and 3.147 gives
sinfsiny cosp O P

p
qg| = |sinfcosp —singp 0 0. (3.159)
r cos 0 1 @

O

Remark 8: The Landau and Lifschitz convention for Euler angles differs from ours as ¢ < .

Remark 9: The relation between the BS components of Q, (p, g, r), and the time derivatives of the

Euler angles, (1/}, 0, <,b), is given by a linear but non-orthogonal transformation.

Remark 10: If p (¢), q (t), and r (¢) are known, then equation 3.150 effectively gives 1 (¢), 0 (¢), and
¢ (t) as the solution of a system of three coupled first-order nonlinear ODEs.

§3.3 The inertia tensor

Let R be the origin of a given body system. Then, the position and velocity of the a’th particle as
viewed in the inertial system are

Ty =R+70) , V)=V +Q X7, (3.160)

and the center of mass of the body system as viewed in the inertial system is
1
X = ;maaz(a) ., M= Za:ma. (3.161)

Definition 1: The tensor I which has components®

lij = Z Ma |:6ijr(a)lr(oz)l - r(a)ir(a)j:| (3.162)

in the inertial system, and

~ ~ I~ l ~ 7~ l
Ii=Y ma {5”7«(@) Py Py o } (3.163)

o

in the body system is called the inertia tensor of the rigid body with respect to R.

8In much of what follows, the Einstein summation convention becomes cumbersome. Because we are in Euclidean
space, upper indices and lower indices are interchangeable, and we will not distinguish between them in any way.
Summations are therefore implied over any repeated indices, regardless to their position, unless noted otherwise.
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Definition 2: The body system with R = X, where X is given in equation 3.161, is called the
center-of-mass system, abbreviated CMS.

Remark 1: The inertia tensor I is a symmetric rank-2 tensor.

Remark 2: In general, the components of the inertia tensor as viewed in the inertial frame, I;;, are
time-dependent. However, the components of the inertia tensor as viewed in the body
system, I;;, are time-independent.

Theorem 1: If R = X, then the Lagrangian of the rigid body is given by

M 1
L = SViVi4+ 31709,
M~ . 1.~ =~
Proof: Recalling §3.1 Remark 2, we have
L T
Me 2
= > 5 ()
Mg )
- Y V242V (@ x 7)) + (R x 7). (3.165)

where line 2 follows from equation 3.160. Applying the vector identity
(axb)-(exd)=(a-c)(b-d)—(a-d)(b-c), (3.166)

to the last term in equation 3.165, rearrangin, and applying equation 3.161, we have

M 1 2 2
L=ZV24V-Qx(X-R)M+ 5%:% (9% (rw)* = (@ 7@)’] . (3167)

Substituting R = X,

M 2, l i
L = 7V Zma [ ij (a) ~ ) "(a) } Q;Q;
M PR
- Vv 790,00,
ViV S,
Mo~ 1eno
where the last two lines follow from Definition 1. O

Remark 3: The Lagrangian L is the sum of the kinetic energy due to translational motion and the
kinetic energy due to rotational motion of the rigid body.
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§3.4 Classification of rigid bodies

Let I;; be the components of the inertia tensor as described in the CMS (see §3.3). Because I is
real-symmetric, there exists a body system, called the principal axis system (abbreviated PAS),
satisfying (no summation implied)®

Ij = 61, (3.169)

Remark 1: Because the components fij are time-independent, they characterize the rigid body at
rest.

Remark 2: The eigenvalues of I are called the principal moments of inertia. The eigenvectors
of I are called the principal axes of inertia.

Remark 3: Note that each I; > 0, implying that [ is positive-definite. Additionally, note that
B r 5 2 o2
L+ 1 Zma 2 (’I”(a)) — (T(a) ) - (T(a) )
_ , a2
(r@) + (T(a) ) ]
2 . 3\2
(re)” - (r(a) )

[
(]
g

@ L

%
(]
3

Q

o L

I
=

(3.170)

so that

Based on the above remarks, we can classify rigid bodies based on their principal moments of
inertia, as follows:

a) A rigid body satisfying I = Iy = I3, such as a cube, is called a spherical top. For such
rigid bodies, every body system is a principal axis system.

b) A rigid body satisfying Io = I # I3, such as a pear, is called a symmetric top. For such
rigid bodies, the third principal axis is fixed, and the other two may be rotated about it.

¢) A rigid body satisfying Iy # Iy # I3, such as a (non-square) book, is called an asymmetric
top.

§3.5 Angular momentum of a rigid body

Definition 1: The orbital angular momentum M of a rigid body is defined as

M; = I; Q. (3.172)

9To be consistent with our convention, we should write fij = 6@'1} in place of equation 3.169. However, I; is
used without a tilde in almost all texts, despite referring to body system componets, so we will use this notation as
well. Additionally, note that I; is a one-index shorthand for an entity with two indices. This shorthand is effectively
defined in equation 3.169, which says that f, as described in the PAS, is diagonal.



158 Chapter 3. The rigid body

Theorem 1: The total angular momentum L of a rigid body for R = X is given by
L=XxP+M, (3.173)

where
P=MV. (3.174)

Proof: The total angular momentum due to all point masses in the rigid body is given by
L = >l
= Zmam(a) X ’U(a)

= Zma (X + ’I"(a)) X (V + Q x ’I"(a))

MX xV + X x (Q X Zmar(a)> —&—Zma'r(a) xV
+Zmar(a) X (Q X T(a)) s (3.175)

where lines 3 and 4 follow from equations 3.160 and 3.161, respectively. Consider that

Q x Zma'r(a) = Zma (oc(a) - R)
M (X — R)
= 0, (3.176)

where line 3 follows from substituting R = X. Substituting equations 3.174 and 3.176 into
equation 3.175 gives

L = X><P—|—Zmar(a) X (QXT‘(Q))
= X x P+ Zma [Q (7"(&))2 —T(a) (’I“(a) . Q)} . (3.177)
Then,
Li = (XxP),+ Z [Qir(a)lr(a)l - r(a)ir(a)ij}

(X xP);+ [5ij7"<a>l’°<a>l - T(a)i%)j} 2
«

(X x P); + 1;;Q;
(X x P), + M;, (3.178)

where equations 3.162 and 3.172 were applied. Then, we can write

L=XxP+M. (3.179)
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Remark 1: Note that X x P is the angular momentum of a point mass M moving along the path
of the center of mass, and that M is the angular momentum of the rigid body due to
rotation with respect to the center of mass.

Remark 2: The relation between M and €2 in the IS is given by
M; = I1;;9, (3.180)

where the components I;; are time-dependent, in general. The relation between M and
Q in the principal axis system is given by (no summation implied)

M; = I,Q;, (3.181)
where the components I; are time-independent, in general.
Remark 3: M is parallel to €2, in general, only if the rigid body is a spherical top, and only in the
PAS.

§3.6 The continuum model of rigid bodies

Consider a continuous rigid body characterized by a mass density p (). The continuum limits of
the mass M, center of mass X, and inertia tensor I are respectively given by

M = /d:cp(:c), (3.182)

X = %/dw zp(x), (3.183)

and
I = /dwp(cc) [6ij2% — @i;] . (3.184)

Remark 1: As in the discrete model, rigid bodies in the continuum model have six degrees of
freedom, given, for instance, by the components of R and by %, 6, and .

Remark 2: The relations between body systems and inertial systems discussed for the discrete
model still hold in the continuum model.

Remark 3: The equations of motion, to be discussed in §3.7, hold for both models.

Example 1: Consider a homogeneous cube, with mass density

p(@) = {p, x € cube with sides of length a . (3.185)

0, otherwise

From equation 3.184, we have

B a/2 a/2 a/2
I;; :p/ dxl/ de/ dzs [6;; (27 + 23 + 23) — z5] - (3.186)
—a/2 —a/2 —a/2
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For i # j,

Fori=75=1,

I, =

B a/2
Lijzi = (- )/ drjz;
—a/2

= 0.

a/2 a/2 a/2
p/ da:l/ dxg/ dxs [m% +x§]
—a/2 —a/2 —a/2

a/2
2pa2/ dx 2*
—a/2

1 5
6"

EMG’Q’

(3.187)

(3.188)

where the last line follows from the fact that M = pa®. Identical logic applies for i = j = 2
and ¢ = j = 3, so combining the above results, we have

~ 1
Iij = EMCLZCSM.

Remark 4: The homogeneous cube is a spherical top.

§3.7 The Euler equations

(3.189)

We will go about finding the equations of motion for rigid bodies by first finding them in the
principal axis system, and then transforming them to find them in the inertial system. Below, we

denote the principal axis system and inertial system with and without a tilde, respectively.

Theorem 1: Letting IN denote torque, the equations of motion in the principal axis system are
given by the Euler equations,

Iiéi — (Ii+1 — i+2) QH‘lQH—? = Ni 5 (Z = 1, 2, 3and CyCliC) . (3190)
Proof: We have from equation 3.172,
M, (D))",
= I;Q; (3.191)
= (Dil)ik ijQJ’
where, since we are in the PAS,
I; = 0l (3.192)
Then,
. L N
M; = (D~ ) I + (D7), 1Y
= (DY), Ny, (3.193)
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where line 2 follows from conservation of angular momentum. Comparing the RHS of line 1
with line 3 and recalling §3.2 Remark 4, we have

ngl [ . . k. .
No| = [0 4D (D‘l)l T
N3 /
= L0070
Il 0 0 Ql
= 0 I 0 Qs
0 0 13 QS
0 Q5 -0\ /L 0 0\ [/
- -3 0 0 0 I, O Qs ] . (3.194)
Qg 791 0 0 0 IB Qg
Comparing the first and last lines, we have equation 3.190. O

Remark 1: The Euler equations describe the motion of the instantaneous axis of rotation in the
principal axis system (which, recall, is a special case of a body system).

Remark 2: The coordinates of €2 in the body system can be found by solving equation 3.190. Then,
the Euler angles that describe the motion in the inertial system can be found by solving
equation 3.150 in §3.2.

Remark 3: The Euler equations are nonlinear, even for free motion. Furthermore, equation 3.150
in §3.2 adds additional nonlinearities.

Remark 4: See Landau and Lifschitz for how equation 3.190 follows directly from the Euler-
Lagrange equations.

§4 Simple examples of rigid-body motion

§4.1 The physical pendulum

Definition 1: A physical pendulum is a rigid body that rotates about a fixed axis a under the
influence of gravity.

Let @ = (0,0, 1), and choose R to point from the origin of the IS to a. Let X # R, and let
b=|X - R|. (3.195)
Remark 1: In the above setup, we are not working in a CMS.

Letting ¢ denote the angle between b and a vertical line through a, and recalling equations 3.126
and 3.128 from §3.1, the transformation from the BS to the IS proceeds as

ei=D (t)e; =& (t), (3.196)
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with

cose —sing 0
D' =|sinp cosp O

0 0 1
_ —singp —cose 0 cose sing 0
— D '=| cosp —sing 0|¢ , D=|—-sing cosp 0]. (3.197)
0 0 0 0 0 1

From equations 3.137 and 3.138 in §3.2,

_ 0 -1 0
—7=D"'D=p|1 0 O
0 0 0

The kinetic energy (see §3.3) and potential energy of the system are writeable as
1
T = 5[339272 , U= —Mgbcosp. (3.199)

We also have that (see problem 38)

Is3 = I3+ Mb?
= 4. (3.200)

Substituting equation 3.200 into equation 3.199, we can write our Lagrangian as
1. .5
L= 5090 + Mgbcos . (3.201)
Remark 2: The equation for a mathematical pendulum is given by
I ST
L= 2ml o 4+ mgl cos . (3.202)
Comparing with equation 3.201, it is clear that the physical pendulum is equivalent to

the mathematical pendulum, but with effective length and effective mass, respec-

tively, given by
0 M 2p2

=1 0 "~ g

(3.203)

§4.2 Cylinder on an inclined plane

Consider an unconstrained, homogeneous cylinder of radius a. We can choose our body system
with
R = X
= (z,y). (3.204)
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Remark 1: The BS chosen in equation 3.204 is a CMS.

Let I = I33 be the moment of inertia with respect to the cylinder axis, and let ¢ denote the angle
between a vertical line through X and a fixed point on the circumfrance on the cylinder. Then, we
can write the Lagrangian as (see §3.3 for the kinetic energy term)

M 1
L= (&* +9%) + §1¢2 — Mgy. (3.205)

Our system is not unconstrained - instead, it is on an inclined plane and is not allowed to “slip”.
Then, in addtion to equation 3.205, we have two constraints, respectively given by (with « the
angle between the horizontal and the inclined plane)

y=xztana , ap=+/22+y>.

= z=Ry , = 1+R?> , R=cota. (3.206)

Substituting into equation 3.205 gives

M 11
L="—(1+R¥)9*+-=9°>— Mgy. 2
5 (L4 B%) 5% + 5% — Mgy (3.207)
Letting
I gM
=(M+ =) (1+R? off = ——, 3.208
M(+a2>(+),gﬂ“’u (3.208)
equation 3.207 becomes
L = gy'Qfng
= gytugcffy. (3.209)

Remark 2: From equation 3.209, the problem is equivalent to that of a free-falling body with mass u
and effective gravitational acceleration geg, both of which are given by equation 3.208.

Remark 3: Applying the Euler-Lagrange equations to equation 3.209 gives
py = Mg
M
— =" g (3.210)
I
as expected from Remark 2.

Remark 4: The same solution can be arrived at through a more elementary means as follows: If
the inertia tensor is taken with respect to the axis of roation, the torque is given by

Mgasina = 0, (3.211)
with (see Problem 38)

0 = 133
= I+ Mad* (3.212)
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Solving equation 3.211 for ¢, we have

M
G = ega sin . (3.213)

From geometrical considerations (which are effectively equivalent to applying the con-
straints given in equation 3.206), we have

a

N
Ma® .,
= gsin® o
6
Ma? . 9
T T+ Ma??T
gM

I
= e, (3.214)

so that equation 3.210 is reproduced.

4.3 The force-free symmetric top

Let the 3-axis be the figure axis, so that I; = Iy # Is. Then, from the Euler equations given in
§3.7, and recalling the notation introduced in §3.2 Remark 5, we have

Ilp — (Il — 13) qr = 0, (3215)
]1(1—(13—11)7"]7:07 (3216)

and
Iyi = 0. (3.217)

From equation 3.217, we have that 7 = 0, so we can write
r(t) = ro. (3.218)

Substituting into equations 3.215 and 3.216 and rearranging gives

L -1 L -1
p= ! 3r0q , = — ! 3r0p. (3.219)
L L
Substituting
1.
w= (1 - 3) ro (3.220)
I
gives

=  j=—wp (3.221)
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Solving the differential equation gives
p (t) = po coswt + P sin wt. (3.222)

Choosing ¢t = 0 such that py = p (¢ =0) = 0 eliminates the second term in the above equation.
Then, substituting into the first line of equation 3.221, we can solve for ¢ (t). The solution for the

force-free symmetric top is then

Remark 1:

p(t) =pocoswt , ¢q(t)=—posinwt , 7r(t)=ro. (3.223)

In the BS, where the 3-axis, i.e., the figure axis, is fixed, the instantaneous axis of
rotation  with components (1, Qo, Qg) rotates about the figure axis with a frequency

of w= (1 — I3/I;) Q3, where Q3 is constant. This motion is called the precession.

Remark 2: The earth can be approximated as a symmetric top, with 27 /w = 10 months.
Remark 3: From equation 3.181 in §3.5, we have
M, = Lipgcoswt , My =—Iippsinwt , M= I5rg, (3.224)
so that the orbital angular momentum M in the BS is always coplanar to the figure
axis and € (i.e., is always in the plane created by the figure axis and €2).
Remark 4: In the IS, M is fixed, while € and the figure axis rotate about M with frequency w.
Remark 5: The heavy symmetric top (i.e., the symmetric top subject to gravity) displays a preces-

sion, as is seen here, as well as additional phenomena (see problems 40 and 42).

§4.4 The force-free asymmetric top

Let Iy # Iy # I3. Equation 3.181 from §3.5 and the Euler equations from §3.7 give

and

M, j1§1

(3.225)

(3.226)

(3.227)
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where
04151/13—1/[2 5 OéQEl/Il—l/I?, 5 04351/12—1/11. (3228)

Lemma 1: The force-free asymmetric top has the property that

d /- . .
- (Mf F N2+ Mg) ~0. (3.229)

Proof: From the product rule and from equations 3.225 through 3.228,

1d ~ ~ ~ .2 .t .2
3 q (Mf + M3 + M32> = MMy + MyMy + M3Ms;
= (O~[1 +O~Z2 +5[3)M1M2M3
—_—
=0
= 0. (3.230)

O

Remark 1: Lemma 1 follows from conservation of angular momentum, since M? is a scalar, and
hence must be the same in both the BS and the IS.

Remark 2: Note that M itself is constant in the IS, but that its direction changes in the BS.
For notational convenience, let
(z1,22,23) = (Ml,MmMg) : (3.231)
Then, from equations 3.225, 3.226, and 3.227, we have a system of nonlinear ODEs,
I = a1Tox3 , Lo = Qor3T1 , L3 = Q3T1T2, (3.232)
with each «; given by equation 3.228. From Lemma 1, with x;’s in place of Mi’s, we have
2% + 22 + 22 = constant, (3.233)
so that equation 3.232 describes motion on a 2-sphere.

Remark 3: From equation 3.232, the asymmetric top is described by a system of nonlinear ODEs.
In the case of the symmetric top, by contrast, one of the «;’s is 0, so that one of the
x;’s is constant. As a result, the system of ODEs becomes linear for the symmetric top
(see §4.3).

§4.4.1 Fixed points
Definition 1: A point € = (1,2, x3) is called a fixed point if & = 0.
Proposition 1: The fixed points for which equation 3.232 is satisfied are
i1+ = (£1,0,0) , @+ =(0,£1,0) , x3+ =(0,0,%1), (3.234)

where the points & are redefined so as to be normalized.
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Proof: For a fixed point, we have that £ = 0, so that 1 = &9 = £3 = 0. But from equation
3.228 and the fact that I; # I # I3, none of oy, asg, or ag are 0, so from equation 3.232, we
have that

;=0 = z;=0Var,=0 , (i#j#k), (3.235)

where 4,7,k € {1,2,3}. Equation 3.235 must be satisfied for each possible permuation of
values for 4, j, and k, which is only possible if

2 #0 = x;=2;,=0 , (i#j#k). (3.236)
But the points @ are normalized (i.e., confined to a unit 2-sphere), so we must also have that
x? = 1. (3.237)

The only points satisfying equations 3.236 and 3.237 are those given in the proposition. [J

Remark 1: Note that equation 3.232 is invariant under any transformation of the form

(T4, Tjzi) = (—Tis —Tji) 5

(3.238)

where i,j € {1,2,3}. Then, x;; and x;_, as written in equation 3.234, are equivalent,

so that it suffices to study
x; =(1,0,0) , x2=1(0,1,0) , x3=1(0,0,1)

in place of equation 3.234.

§4.4.2 Linearization near fixed points

(3.239)

Question. Does a system prepared near, but not at, a fixed point have any interesting properties?

Consider the following point displaced from the fixed point x;

x = (\/16%5%,62,63)

= (l,e2,e3) + O (£?)

= x1+(0,e9,e3)+ O (52) , (3.240)
where g5 = €3 ~ O (¢) . Then, applying equation 3.232, we have
i1=0(%) , dr=ae3+0(?) , i3=oa3e240 (%), (3.241)
or equivalently, from equation 3.240,
i1 =0(%) , dr=oaga3+0(?) , d3=oazr2+0(?). (3.242)

Then, in the limit € — 0, i.e., in the vicinity of &1, we have

9.31 =0 5 i‘g = QT3 5 i‘g = (372,

(3.243)
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which is a system of linear ODEs for x1, x2, and x3. Identical logic can be applied to find equations
analogous to equation 3.243 in the vicinity of the fixed points s and x3. Then, in the vicinity of
the fixed point x; we have

;=0 , Tj41 = Q1Tit2 5 Tip2 = Q42aTit1, (3.244)

so that equivalently, the 2,1 and 2,12 equations can be written as

Tit1 0 1) (Tita 2
. = +0 (e7). 3.245
($i+2> (ai+2 0 > <$i+2> Co ( )
where the indices i € {1,2,3} cycle as i + 3 = i in equations 3.244 and 3.245.

§4.4.3 Solution to the linearized equations

Lemma 1: Let M be a 2 x 2 matrix with eigenvalues A; and Ao # A1, and with eigenvectors v
and ws, so that

Furthermore, let a system of linear ODEs be writeable as
T =M. (3.247)

Then, the general solution to equation 3.247 is given by

At

xr (t) = C1v1€ + Cg’Ug@AQt, (3248)

where ¢, and cy are constants.

Proof: Taking the time-derivative of equation 3.248 gives

/\1t /\2t

z(t) = cihvie™’ 4 cadavge
= clele)‘lt + CQMer)‘2
= M (cl'vle)‘lt + 02'026)‘2t)
= Mz(t), (3.249)

t

where line 2 follows from equation 3.246. Comparing the first and last lines, we have equation

3.247. Then, equation 3.248 is indeed a solution to equation 3.247. Furthermore, the solution

must be unique, since the system is linear. Then, equation 3.248 is the general solution to

equation 3.247. O
The matrix associated with the fixed points is given in equation 3.245 from §4.4.2. Its eigenvalues
are

Y=+ /i 10iio, (3.250)

and its corresponding eigenvectors are

vy — (ivaifo‘”?) . (3.251)

Then, Lemma 2 can be applied to equation 3.245 to find the general solution for x;11 (¢) and ;12 (¢)
in the vicinity of the fixed point x;.
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Definition 1: A fixed point is called stable if the eigenvalues associated with it are imaginary,
and unstable if they are real.

Remark 1: A system in the vicinity of a stable fixed point shows oscillatory motion in the vicinity
of that fixed point. A system in the vicinity of an unstable fixed point shows run-away
behavior of the time-derivatives of the orbital angular momentum about that fixed
point, so that the system does not stay in the linear regime.

Theorem 1: Of the three fixed points of a force-free asymmetric top, two are stable and one is
unstable.

Proof: From equation 3.228,

a1+ as+ a3 =0. (3252)

Since I # I # I3, none of ay, as, or ag are 0 (see equation 3.228), so we must have that
two of the «;’s are positive and the other is negative, or two are negative and the other is
positive. Let

a1 >0 , ax>0 , a3<0. (3.253)
Then,
ajag > 0, (3.254)
so that a3 is unstable, and
ataz3 <0 , asasz <0, (3255)

so that &1 and x, are stable. Identical logic gives one unstable fixed point and two stable
fixed points for other choices of which «;’s are positive or negative. O

Remark 2: A graphical representation of a numerical solution for a; = 1, as = —2, and a3 = 1,
corresponding to Iy = 1, I = 1/2, and I3 = 1/3, can be found in Bender and Orszag
Figure 4.31. This is given as Figure 3.4 below.

Remark 3: The instability described in Theorem 1 is sometimes called the Euler wobble. It can
lead to catastrophic instability of high-speed aircraft when the engine is hot.
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Figure 3.4: Graphical representation for the case a; = 1, as = —2, and a3 = 1. Taken from Bender
and Orszag, Figure 4.31.

§5 Problems for Chapter 3

35. Lorentz transformation

Consider a 2-d Minkowski space with metric

gij = <(1) _01> . (3.256)

Prove the following statements:

__(coshy sinhe) . . .
a) D (p) = (sinhgp cosh is a proper coordinate transformation.
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b) The set {D (¢)} forms a group under matrix multiplication, and the mapping ¢ — D (¢)
defines an isomorphism between this group and the real numbers under addition.

¢) There exists a fixed matrix J (the generator of the group) such that any D (¢) can be written
D (¢) = e’%. Determine J explicitly.

36. Properties of tensors

a) For every proper coordinate system in n-dimensional space one defines

+1, (i1...i,) is an even permutation of (1...n)
ghtzin = & 1 (iy...1,) isan odd permutation of (1...n) . (3.257)

0, otherwise

)

Show that ¢ is a pseudotensor of rank n.

b) Show that every second-rank tensor ¥/ can be uniquely written as
9 =t 4t +49, (3.258)

where tg, t4, and ¢t_ have the following properties: tf)j = tg" with t a scalar, i = _4dt (i.e.,
t_ is antisymmetric), and 7 = /! with t7g;; = 0 (i.e., t; is symmetric and traceless).

c) Show that an object ¢ with coordinates t*/ is a second-rank tensor if and only if for every
(pseudo)vector = the object defined by y* = ¢¥z; is a (pseudo)vector.

d) Prove §1.5 Lemma 1 and Proposition 1.

e) Prove §1.5 Lemma 2 and Corollary 1.

37. Small-angle scattering

Approximate the orbit of the earth as a Keplarian ellipse with e = 0.0167 and 7" = 365.24 days.
The plane of the orbit is called the ecliptic. The equator of the earth defines a plane that is tilted
against the ecliptic by an angle v = 23.44°. The two points common to both the equator plane
and the orbit are the called spring equinoz (SE) and fall equinor (FE). 90° away are the winter
solstice (WS) and summer solstice (SS). The angle @ between the SE and the perihelion (P) is
called the longitude of perihelion, because of the precession of the earth’s axis, @, is time-dependent
(A® = 50" /year). In geocentric coordinates, one analogously defines the equator, the ecliptic, etc.,
on the celestial sphere. The nodal line is defined by the points SE and FE.
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nodal S
line ®

equator

Figure 3.5

a) In 2011, th earth will be in the SE on March 20, 23:21 universal time (UT, see below) (or
7:21pm EDT), and @ =~ 283.1°. Calculate the times when the earth will be at SS, A, FE,
WS, and P with an accuracy of 1h. Show that within that accuracy you don’t have to worry
about the precession. Which is shorter in 2011, winter or summer, and why?

Hint: First show that for small e, the time evolution of the azimuthal angle is given by
¢ (t) = w (t) + 2esin (wt) + O (€2), with w = 27/T, and use this expression.

Consider the position of the sun in the geocentric system, where the sun moves on the celestial sphere
along the ecliptic. Define the angle 1) between the SE and the projection of the sun’s position onto
the equator parallel to the earth’s axis (i.e., perpendicular to the equator). We distinguish between

i) 1, for the apparent or physically observed sun,
ii) 1)ys for a fictitious uniform sun that travels uniformly (¢ () = wt), along the ecliptic, and
ili) s for a fictitious mean sun that travels uniformly (p (t) = wt), along the equator.

Universal time (UT) is defined as follows: 12:00 UT is the time of transit of the mean sun over
the meridian at Greenwich (i.e., the time the position of the mean sun as seen from Greenwich is
due south). The time of difference between the transit of the apparent and 12:00 UT is called the
equation of time ET; the corresponding difference between the transit of the uniform sun and 12:00
UT is called ET,,.

b) Calculate and plot ET adn ET,, as functions of time. Also plot the ET that would result if
were zero. What are the physical effects reflected by these three quantities? Determine the
time of transit for the apparent sun in Eugene, OR on the day that this assignment is due.
Hint: Transform from the equator system to the ecliptic system by means of rotation about
the nodal line.

¢) The sun’s declination is defined as the angle J between the position of the apparent sun
and the equator. Provide a parametric plot of ET on the horizontal axis versus J on the
vertical axis with time as the parameter. The resulting curve is called the analemma. Give
an interpretation of its meaning.
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Note: For a cool related project initiated a few years ago by Prof. John Nicols, Dept. of History,
and conducted by him with various other faculty and a group of students, see
http://solarium.uoregon.edu/,

and especially

http://solarium.uoregon.edu/analemma.html.

38. Steiner’s theorem

Let I;; be the inertia tensor with respect to the center of mass X. Let ©;; be the inertia tensor
with respect to a point R # X. Show that

0,; = I + M (a*6;; — a;a;) (3.259)

where M is the total mass and a = R — X.

39. Moments of inertia

Calculate the principal moments of inertia for the following systems of point masses.

a) N particles on a straight line (masses and distances are in general pairwise different). Express
your result in terms of the masses and the distances between nearest neighbors. What is the
result for N = 27

b) 3 particles, 2 of which have equal masses, that form an equilateral triangle.

40. Heavy symmetric top

Note: This problem will be continued in Problem 42.
Consider a heavy symmetric top, i.e., a symmetric top in a homogeneous gravitational field, whose
lowest point is fixed.

a) Starting with the Lagrangian in the principal axes system, derive the Lagrangian in the inertial
system.

Hint: You can find the result in Landau & Lifshitz.

b) Find the three conserved quantities that arise from the fact that two of the three Euler angles
are cyclic variables, and that the Lagrangian is time-independent.

¢) Use the three conservation laws found in part (b) to show that the top’s energy can be written
as

1.
E= §Jlev2 + Uest (0), (3.260)
where J; is constant. Determine the effective potential Ueg.

d) Express the three time-dependent Euler angles in terms of three one-dimensional integrals.
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41. More moments of inertia

Calculate the principal moments of inertia for the following homogeneous rigid bodies:
a) Hollow sphere: p (r) # 0 for By <r < R,.
b) Hollow cylinder: p(r,z) #0 for —h/2 < 2z < h/2, Ry <1 < Rs.

c) Cone: p(r,z) #0for 0 <z <h, r < ztana.

42. Heavy symmetric top (continued)
Consider the heavy symmetric top of Problem 40.

a) Use the implicit solution obtained in Problem 40 part (d) to give a qualitative discussion of
the top’s motion. Make sure that you distinguish among all of the different cases that lead to
qualitatively different types of motion.

b) Suppose that you start the top with the figure axis in a vertical position. How fast must the
top spin in order for this type of motion to be stable?

43. Rotating physical pendulum

A physical pendulum can swing about a horizontal axis which is rotated about a vertical axis with
a fixed angular velocity €.

Figure 3.6

a) Determine the Lagrangian.
b) Discuss the equilibrium position as a function of Q.

c¢) Discuss the frequency of the small oscillations of the pendulum close to its equilibrium position.
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