2.3.1. Quadrupole moments (7 pts for parts a) - d) plus 3 pts for part e))

a) Consider a localized charge density as in ch.2 §3.1 and carry the expansion of the potential to O(1/r3).
Show that the potential to that order is given by

1 1 1
cp(m):;Q+r—3m~d+r—5 Z$i$jQij+~-'
irj

with @ the total charge and d the dipole moment, and determine the quadrupole tensor Q;;.

b) Show that the quadrupole tensor is independent of the choice of the origin provided the total charge and
the dipole moment vanish.

c¢) Consider a homogeneously charged ellipsoid (z/a)? + (y/b)? + (2/c)? < 1 and calculate the quadrupole
tensor @);; with respect to the ellipsoid’s center. Check to make sure that the result for Q;; is traceless.

d) Let the charge density be invariant under rotations about the z-axis through multiples of an angle «,

qg 0 O
with |a| < 7. Show that in this case the quadrupole tensor has the form |0 ¢ 0 |. Make sure your
0 0 —2¢

result from part c¢) conforms with this for the special case a = b.

e) Consider the homogeneously charged ellipsoid from Part ¢), and calculate the quadrupole moments
Q2m as defined in ch.2 §3.5.

(7 points)
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