
1.2.5. Charged Klein-Gordon field (8 pts)

This is a continuation of Problem 0.2.5.

a) Modify the Lagrangian density for the massive scalar field, Problem 0.2.5, to read

L = (Dµϕ(x)) (D
µϕ(x))

∗ −m2 |ϕ(x)|2 − 1

16π
Fµν(x)F

µν(x)

with Dµ = ∂µ − iqAµ, where Aµ is the 4-vector potential and Fµν = ∂µAν − ∂νAµ is the electromagnetic
field tensor. Show that L is invariant under local gauge transformations

ϕ(x) → eiqλ(x)ϕ(x) , Aµ(x) → Aµ(x) + ∂µλ(x)

b) Derive the field equations for the action

S =

∫
d4xL

hint: Remember ∂L/∂(∂µAν) = F νµ/4π, which we derived in class.

Show that two of the Euler-Lagrange equations are generalizations of the Klein-Gordon equation (∂µ∂
µ+

m2)ϕ = 0, while the third one is the electromagnetic field equation with a particular 4-current density
(which you may recognize from Quantum Mechanics).

Solution
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