
0.2.1 The brachistrochrone problem

A point mass glides without friction on an inclined plane (inclination angle α) from point P1 to point P2 on
a path C according to Galilean mechanics.

a) Use energy conservation to find the velocity as a function of y, using the
coordinate system in the sketch.

b) Write the passage time from P1 to P2 in the form

T =

∫ x2

x1

dxL(y, y′)

with y considered a function of x and y′ = dy/dx, and determine the
Lagrangian L. Use the fact that Jacobi’s integral is constant to find an
ODE for y.

c) Substitute y′ = ctg t to write the brachistochrone in a parametric form, y = y(t), x = x(t).

d) Express the passage time as a function of the terminal y-velocity, y′2 = (dy/dx)P2
.

e) Find the passage time for the shortest path from P1 to P2 (as opposed to the brachistochrone) as a
function of the same y′2.

f) Discuss the ratio of the two passage times as a function of y′2.

hint: The parameter value t2 for the brachistochrone at the end point P2 is a known function of y′2. It
therefore suffices to discuss the passage time as a function of t2.

(18 points)
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