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I1.4.3. More 1-d Fourier transforms

Consider a function of time f(t) and define its Fourier transform
flw) = [ ar e s
and its Laplace transform F(z) as
F(z) = :l:/dt et fi(t) (% for sgn(Im z) = £1)
with z a complex frequency and fi (¢) = ©(=%t) f(¢). Further define

[F(w +10) + F(w — 10)]

N |
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Calculate F'(w) and F’(w) for
a) £ = el
b) f(t) = ot

hint: lim¢_,0€/(2% + €2) = 7 §(x), with §(x) the familiar Dirac delta-function, which we will
study in detail in ch. IT §4.5.

Show that in both cases [ % w = F'(w=0).

note: These concepts are important for the theory of response functions.

(4 points)
Solution
We have
F@im:i/ﬁ@&nwwmqm:iﬁ@)

(Note that the £40 in the exponent ensures convergence!)

£ 0 iwt ,—t/T — T
a‘) f,(LU) = f—oo dte te o = iwfi/r = T—iwr

frw) = [ dte™t " = ooy = i Ipt

Therefore,

F'(@) = & (Fe)+ @) = & (P + w7) = ¥ ot = i
) 2]
F/(w) - % < + w) N f_(w)> - % (1—71'—w7' - 1+7i—w7') = l-i?)(;')z

Therefore,

J& 2 =0=Fw=0) Ipt
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0) = [*° i i0)t ,iwot _ -1 _ i
b) F(w+10) = fO glt etw+i0)t giwot — o = w+wz0+i0
0) — i(w—i0)t yiwot _ =1 _ i
F(w—1i0) = — [___dte@i0t giwot — e = o
Therefore
e\ — 1 1 _ 1 —2i0 .
Fw) =5 (w+wo+i0 - w+w07i0> = 3 (oFaon)?F0? = i §(w + wo)
"(w) = 4 L 1 — + —
F (W) - % <w+w0+i0 + w—‘,—wo—io) =1 (w+u:uo;120+02 - UJ';UJO 1pt
Therefore,
d F// s .
[ === =F =0 Ipt



