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II.2.3. Proof of the Cauchy-Riemann Theorem

Prove the Cauchy-Riemann theorem from ch.2 §2.2:

a) Let f(z) = f ′(z′, z′′) + if ′′(z′, z′′) be analytic everywhere in Ω ⊆ C. Show that the Cauchy-
Riemann equations

∂f ′

∂z′
=

∂f ′′

∂z′′
and

∂f ′

∂z′′
= − ∂f ′′

∂z′

hold ∀z ∈ Ω.

hint: Start with the difference quotient (f(z) − f(z0))/(z − z0) and require that its limit for
z → z0 exists if z0 is approached on paths either parallel to the real axis, or parallel to the
imaginary axis.

b) Let the Cauchy-Riemann equations hold in a point z0 ∈ Ω. Show that this implies that f is
analytic in the point z0.

hint: Consider f(z)− f(z0) and expand f ′(z′, z′′) and f ′′(z′, z′′) in Taylor series about z0.

(8 points)

Solution
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