p-16.1-1

1.6.1. Transformations of tensor fields

a) Consider a covariant rank-N tensor field ¢;, ;, (z) and find its transformation law under normal

coordinate transformations that is analogous to Definition 1.6.1; i.e., find how #;,_; (%) is related
to tiy . in (T).

b) Convince yourself that your result is consistent with the transformation properties of (i) a

covector x; (the case N = 1), and (ii) the covariant components of the metric tensor g;;.

(4 points)

Solution

a)

There are various ways to do this. One option is to start with the transformation property of
contravariant tensor fields in Def. 1.6.1 and use the metric tensor to lower the indices:
bivin (B) = Gingy - Gingu 07N (E)

= Giijr - Ginjn Dj}cl . ~Dj,]€VN thkN (x) by § = ¢ and Eqn. (1.6.1)

= Gijr Ginin DjllCl ...DJ';JN ght gk,

= (gD)isky+ (9D)igkn g7 gV g,y

= ((DT)_lg)ilk1 e ((DT)_lg)iNkN ght.ghvig, by Def. 1.5.7

_ m
= gmlklgklel e ((DT) 1) N gmlklgkNeN t€1ZN

iN
= (D)), 8,0 (DT, 6,0 b e by Def. 1.5.1
= ((DT)—l)i.lh ((DT)—l)i]JVl ton

That is, if the contravariant components of ¢ transform via D, then the covariant ones transform
via (D)=L 2pts

Now consider the special case N = 1. From part a) we have
T = ((DT)_I)iJ zj

and therefore

= g3 = g7 (D))" ax = (9(DT) )" ax = (9(DT) ™) grea’ = (9(DT) 1) 2" (+)

But from Def. 1.5.7 we have

(9(D")"g)'; = (99D)'; = ¢'yg" D" = 8',D; = D',
and hence (x) is consistent with Proposition 1.5.4. 1 pt
For the metric tensor we have

g = (D17, (DM, gwe = (D) gD Y),, = (D~HTgD™Y),,

7 ]

where we have used Lemma 1.5.2. So the result of part a) is consistent with the invariance of
the metric. 1pt



