p-1.2.3-1

1.2.3 The group S3

a) Compile the group table for the symmetric group S3. Is S5 abelian?

b) Find all subgroups of S3. Which of these are abelian?
(7 points)

Solution

a) The elements of S are

123 123 123 123 123 123
Pﬁ_<123>’F5_(132>’F%_<213)’Fﬁ_<312>’F%_<231>’F%_<321>

1pt
With this representation, the group table reads
[ P[P [Py [ Pa|Ps| P
P ||| P | P | P | P | DB
Po||P| P | P | Ps| P3| Py
Py||Ps| Py | P | Py | Ps | Ps
Py || Py | P | P | P | P | Py
P | B | P | B | P | Py | B
FPs || Ps | Ps | Py| P3| P2 | Py
S3 is not abelian: E.g., Py o P3 = Ps, but P30 P, = Py. 1pt
b) Consider the group table from part a), and consider subsets of S3 that contain
e 5 elements: {Py, P, Py, Ps, Ps} does not contain E = P;.
{Pl, P37P4, P5, P6} is not closed since P3 o P4 = PQ.
The other 4 candidates are not closed either. 1pt
e 4 eclements: The subset must contain P, = We need to conider only
{P1, P2, P5, Py} is not closed since Py o Py = Ps.
{Py, Py, P3, Ps} is not closed since P3 o P» = Py.
{Pl,P27P4,P5} is not closed since P4 o P2 = Pg.
{Pl, fjg,,F)47 P5} is not closed since P3 e} P4 = PQ.
The other 6 candidates are not closed either. 1pt
e 3 elements: Consider {P;, Py, Ps}, whose group table is
[ P| P P
P || P | Py| Ps
Py|| Po| Ps | Py
Pl PP P This is an abelian subgroup!
Whereas, {P1, P2, Ps} is not closed since P, o P3 = Ps,
and the same for the other 8 candidates. 1pt
e 2 elements: {Py, P>}, {P1, Ps}, and { Py, Ps} are abelian subgroups, whereas
{Py, P,} and {Py, Ps} are not closed. 1pt
e 1 element: {P;} trivially is an abelian subgroup, none of the other elements are. 1pt

Summary: The subgroups of 53 are {Pl, P4, P5}, {Pl, PQ}, {Ph P3}, {P17 Pg}, {Pl}
They all are abelian.



