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Deligne - Lusztig characters

( 0 ) : Notation

G- - ( a conn red gphfg ) D #
Fg

F - the associated geom Frnb on G

( Gt i= GCEG )
'=

)

TEG - a Max
.

Torus st . FTET
.

B= UXT EG - Levi decamp of a Borel B

sit
. FBEB

.

W i= NGCTVT ( fix a choice of representatives )

4
'

w ~ ,>
XTW) := { gue G1U / 5

'

Flg ) euwu }

|y /TwF ( ;= { t ETIFH ) =  tw } )

Xlw ) := { g 13 EG1B 1 5
'

Fcg ) EBWB }

a finite cover by TWF

( ( fin 'Tttaui section ) )
OE Irr TWF - an arbitrary irrchar

DI

Vo - the vecspliac corresponding to 0
.





(1) : Deligne - Lusztig characters

Recall : GF @ ×~(w ) G TWF

}
v

GF Q HICICW)
,

5-c) G Twt

1. e. HICXTW) .ec ) are CCE
,

Twt ) - bi modules

Definition
:

The virtual vep

RWG ( o ) :=

Ee
's :(

Hicxncw

)
.

atc)

*oy¥o
)iez

jscoatedthe

Dqligne
- Lusztigrep associated

Remark
,

As The notation suggested ,

RWG (a)

is independent of the choice of B.

Example : Let 0=1 be the trivial irrep ,
then

Hidxcw) .sic) * at = HI ( xcw )
,

# )
DITWF

⇒

rwaifeh-Iz.esitiicxcsyatfngeht@eIts.ir

r constituents are called uni potent a

rep ,
a very important family of reps Lusztig



3L
Example ( Harish . Chandra induction )

Let WIEW be a parabolic subgp .

Let PI := BWIB be the corresponding parabolic
of G

Let L± be The corresponding Levi of P±
.

Assume that WI is F- stable and we WI
.

Then RwG( o ) = Indp9¥ . Inf 'F¥= ( Rte ( o ) )÷arisct@ChandranductonIuparticulav.tf
w=1

,
their

R±4 0 ) = Indpatei It 't¥o
.

AIsoute.hu/1(1)=GTzi=.xT1)=G=Tt'

(2) : Uniform functions

Definition
:

A  class function on GF is uniform if it is

(Kilmoyer?) a DI - linear combination of DL - characters
.

Theorem
,
The regular character of Gt is  uniform :

tegof = wf , a⇐w dimRwG . 129 ( tegtwf )

Coro : Every irr character of GF occurs in s.me RW40?



r

Proposition
,

The trivial rep is uniform
:

L4

1ET  = WF, Ew RWG

Proof : The Bruhat decomposition implies G1B =w¥wXCw)
-

i

⇒ Fed: HICGIB
,

#c) = IEWRWG is a  trivial

rep as G@HILGB.ID trivially . It is of dim = IW1

( by Schubert cell decomposition)
. F#

Proposition : The characteristic functions on

5. S . classes are Uniform
.

Remark
: Not all class functions

are uniform

e.g. some irr characters of SLZCIFG ) are not
.

(3) Orthogonality relations

Let
;

W ,w' EW
,

OE Irr TWF
,

0 'e1rrTw#

Theorem We have

< RWGCO )
,

Rw4(057Gt = # |veW|w±vwFa5
'

,
otro }

I

Definition
, o is

Eaodugat1
said To be in general position

if CWCWF ,
0 ) = { veW|

w=vwFCu5 ,

0=8 3=1

( oro : Ifo is in general position
,

then ±RwGco ) Is irr
.



Example
: G = Gln

,
T= ( \ ) E

[aseTIf

w= C 12 . . . n ) a Coxeter element
.

Then TWF = | (
"

d.
.

an
. , ) | a c- III } ± #9i

'

Fix a gp bijection 1rrTwtc→ Fgi
'

mp 0 is in general position iff

o to  an  element in

Egu×\Ug¥nFgd×
,

Inthiscase⇐5!Rw4o)isirredudbl=/Case-I=/

.

w = 7- the identity .

Then Twt = { (
× '

i. a) | x :eE×}⇒Ep
"

⇒ 0 = 0
,

x. . .  i. On
,

0 ; C- Irr Fg×

~ 's 0 is in general position iff

o :* O ; t  its

Ifn=/,hisisnevergoiug-ohappe==g



L6
(4) Lusztig series

W&w '

not F- conjugate
=) C Rufco )

,
Rwbilo' ) 7£ =D

.t

orthogonality

However
,

as RWGC o ) & RW4 ( o ) are virtual
,

they may
still home common irr constituents

.

( < a  + b. a - b >a==o )

thus Lusztig series

Taft :

There is a
" natural

"

map ( depending on FT Hate )p ,
... )

{ pairs ( w
. o } → { ss

.

elements in 6*3

k*gisatewtIskY:dpgI*InagI*Is*i*M_

Definition Let ( s ) be a ss .
class in G**t

E ( Gt
,

( s ) ) i={ irr constituents of RW40) /(w
,

a) i→CD}

Is called The Lusztiy series associated To G)
.



e
FExample : TakeG= PGLZ ( IF5 ) ( E Ss )

uniprep ,

t]yugueFa{
1

,5+3 c-

1
ESLZCF

,
)

{ sgn , sguxost } C- -1 ESLZCE ,
)

generic - { P4 } c- a regular ss .
of order 6

<  " SP \ { sgnxopa
, }

b-
another regular ss

.

of order 6
.

generic
-

{ P6 } c- a reg . s . s
.

of order 4
.

Pgeirmiepga
'

( If sgncx ) = -1
, then P6 ( x ) ⇒

, so po = sgnxopb .

)

Theorem
:

( For simplicity .

assume ZC a) = -1GB

( i ) : In GF = ¥ EC6Y
,

( s ) )
lii ) : { ( Gt

,
( s ) ) Is E ( ca # 6¥1)

baidu.de#eIensIkIsttak2a

Example : G= Glu ⇒ G*=GLu

F
⇒ Ca** ( s ) is a direct prod of Gli 's

,

( = IT Glu :( lfgd :)
,

In :D :=u )

no a large part of the study of REPCGLUAFGD

is reduced To uni potent veps .


