
WARTHOG 2018, Lecture IV-4

Main Exercise 1. We work in the standard setup, assuming that WF “W .

(a) Let b P B`W and s P S. Recall that

Xpb, s, sq “ tpB1, . . . ,Brq | B1

b
hkkkikkkj

Ñ ¨ ¨ ¨ ÑBr´1
s
ÑBr

s
ÑF pB1qu.

Show that elements of Xpb, s, sq must satisfy Br´1 “ F pB1q or Br´1
s
ÑF pB1q.

(b) Show that Xf “ tpBiq P Xpb, s, sq | Br´1 “ F pB1qu is a closed subvariety of Xpb, s, sq
and that the map

pB1, . . . ,Brq ÞÝÑ pB1, . . . ,Br´2q

induces a line bundle Xf ÝÑ Xpbq. Deduce the cohomology of Xf .

(c) Let Xo “ Xpb, s, sqrXf and

X1o “ tpB1, . . . ,Brq | B1

b
hkkkikkkj

Ñ ¨ ¨ ¨ ÑBr´1
s
ÑF pB1q and Br

s
ÑF pB1qu.

(i) Show that
X1o ÝÑ Xpb, sq

pB1, . . . ,Brq ÞÝÑ pB1, . . . ,Br´1q

is a line bundle.

(ii) Show that Xo is open in X1o and that the complement is isomorphic to Xpb, sq.

(iii) Deduce that
ř

p´1qiH i
cpXoq “ 0 as a virtual character of G.

(d) Deduce that the virtual representations afforded by the cohomology of Xpb, s, sq and Xpbq
are equal.

(e) Show that the virtual character
ř

p´1qiH i
cpXpbqq depends only on the image of b in W .

(f) Example: compare the individual cohomology groups of Xptq and Xps, s, tq where s, t are
the simple reflections of the Weyl group of GL3.
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WARTHOG 2018, Lecture IV-4 supplementary exercises

Exercise 1. Let G “ GLn with the standard Frobenius. We consider the Deligne–Lusztig
varieties

Xn “ Xpp1, 2, . . . , nqq and Yn “ Xppn´ 1, nqp1, 2, . . . , nqq

with the convention that Y2 “ Xpπq when n “ 2. The variety Xn is a Coxeter variety.

We recall that the trivial representation 1G (resp. the Steinberg representation StG) occurs
only in the cohomology group of Xpwq of degree 2`pwq (resp. of degree `pwq).

(a) Determine the individual cohomology groups of Y2 together with the eigenvalues of F .

Let I “ ts1, . . . , sn´2u so that LI » GLn´1pqq ˆ GL1pqq. We assume that there is an F -
equivariant long exact sequence of LI -modules

¨ ¨ ¨ Ñ H i´2
c pYn´1qp1q ‘H i´1

c pYn´1q Ñ
˚RG

LI

`

H i
cpYnq

˘

Ñ H i´2
c pXn´1qp1q Ñ ¨ ¨ ¨

(b) Determine H i
cpYnq for n “ 3, 4, 5.

(c) Observe that the only partitions associated to the unipotent charaters occurring in these
cohomology groups have pn´ 1q-core equal to p1q.

(d) Determine H i
cpYnq for all n.

(e) Check the conjectures of the lecture notes on this variety.
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