
WARTHOG 2018, Lecture IV-2

In this section we assume the standard setup. Recall that given any central function χ P
CentpW q we can associate the almost character

Rχ “
1

|W |

ÿ

wPW

χpwqRG
w

whose irreducible constituents are unipotent characters.

Main Exercise 1. We will work with G “ Sp4. The Weyl group W of G is dihedral group
of order 8, with generating set S “ ts, tu. We give here the induction table for the irreducible
representations of xsy and xty to W .

1W “ 2 ¨ ´ 12 ¨ ´ ´ ¨ 2 1 ¨ 1 sgnW “ ´ ¨ 12

1s 1 1 ¨ 1 ¨

sgns ¨ ¨ 1 1 1

1t 1 ¨ 1 1 ¨

sgnt ¨ 1 ¨ 1 1

(a) Write the decomposition of Re using the previous notation for irreducible characters of
W .

(b) Using the induction table and the result of the second supplementary exercise of Lecture
IV-2, compute the Deligne–Lusztig characters Rs and Rt.

(c) Using the orthogonality relations, show that there exist a unipotent character ρ not in
the principal series such that

Rst “ 1G ` StG ´ ρ1.1 ` ρ.

(d) Determine Rw0 (Hint: use the fact that R1W “ 1G).

(e) Compute the almost characters Rχ for each χ P IrrW and deduce the families of unipotent
characters.

(f) Show that the biggest family corresponds to the finite group A “ Z{2Z by writing the
Fourier matrix associated to this group.

1



WARTHOG 2018, Lecture IV-2 supplementary exercises

Exercise 1. Show that χ P CentpW q ÞÑ Rχ P CentpGq is an isometry.

Exercise 2. Let χ (resp. ψ) be a central function on WI (resp. W ). Show that we have

RG
LI
pRχq “ RIndWWI

χ and ˚RG
LI
pRψq “ RResWWI

ψ

Exercise 3. Let G “ GLn with standard Frobenius F . For any χ P IrrSn show that the
following hold:

(a) χ is a Z-linear combination of characters IndWWI
p1WI

q,

(b) ˘Rχ is an irreducible character.

Can you give an expression for the sign?

Exercise 4. Assume P ď G is an F -stable parabolic subgroup with F -stable Levi complement
L ď P. Show that we have ˚RG

L pStGF q “ StLF .

Exercise 5. Given w PW we define

˚Rw : CentpGq ÝÑ CentpTwF q

as the adjoint of Rw for the usual inner product of central functions.

(a) Given w,w1 PW , show that

˚Rw1 ˝Rw “
ÿ

xPW
x´1wF pxq“w1

adx

where by definition padxqpθq “ xθ for all θ P IrrTwF .

Let regG be the character of the regular representation of G.

(b) Show that for all t P TwF we have

˚RwpregGqptq “
ÿ

p´1qiTracept|H i
cp

rXpwqqq.

(c) Using the property of the cohomology stated in the first supplementary exercise of Lecture
III-2, show that ˚RwpregGq vanishes on all non-trivial elements of TwF .

(d) Use the last supplementary exercise of Lecture IV-1 to conclude that ˚RwpregGq “
pdimRwqregTwF .

Exercise 6. We define the operator πuni on CentpGq by

πuni “
1

W

ÿ

wPW

Rw ˝
˚Rw.

(a) Show that πuni is the orthogonal projection of central function to the space of uniform
functions.

(b) Assuming that regG is uniform, show using the previous Exercise that

regG “
1

W

ÿ

wPW

pdimRwqRwpregTwF q.
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(c) We admit that Rwpθq has no unipotent constituents unless θ is trivial. Deduce from the
previous equality that

ÿ

ρ unipotent

pdim ρqρ “
1

W

ÿ

wPW

pdimRwqRw.

(d) Application: compute the dimension of the unipotent character ρ found in the main
exercise of Lecture IV-2 (note that the dimensions of all the other unipotent characters
were determined in the main exercise of Lecture I-4).
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