
WARTHOG 2018, Lecture IV-1

We now assume that G is either GL2pKq or SL2pKq and F is a split Frobenius endomor-
phism. We fix the following notation:

• K an algebraically closed field of characteristic 0.

• δ P t˘1u such that q ” δ pmod 4q if q is odd and δ´ “ ´δ.

• λ P Fˆ
q2

an element of order q2 ´ 1.

• σ “ λq`1, resp., τ “ λq´1, an element of order q ´ 1, resp., q ` 1, of Fˆ
q2

.

• κ P Kˆ a primitive pq2 ´ 1qth primitive root of unity.

• ε “ κq`1, resp., η “ κq´1, a primitive pq ´ 1qth, resp., pq ` 1qth, root of unity in Kˆ.

• ξ P Fˆq a non-square, i.e., ξ ‰ µ2 for some µ P Fˆq .

We assume fixed a homomorphism u : Ga Ñ G such that

upcq “

„

1 c
0 1



for all c P Ga. Moreover, if G “ GL2pKq then we denote by d : Gm ˆGm Ñ G the homomor-
phism defined by

dpα, βq “

„

α 0
0 β



.

Clearly we have dpα, βq P SL2pKq if and only if β “ α´1. Moreover, for convenience, we denote
by z the central element dp´1,´1q.

Main Exercise 1. We work with G “ SL2 and the split torus

T “ tdpα, α´1q | α P Gmu “

"„

α 0
0 α´1



ˇ

ˇ

ˇ
α P Gm

*

.

(a) Given θ P IrrTF , decompose Repθq in the following cases:

(i) θ “ 1TF ;

(ii) θ “ sθ but θ ‰ 1TF (such θ is unique and we will denote it by θ0);

(iii) θ ‰ sθ.

(b) Give the number of irreducible characters obtained this way and compute their dimension.
Identify these characters in Table 2.

(c) Given ψ P IrrTsF , decompose Rspψq in the following cases:

(i) ψ “ 1TsF ;

(ii) ψ “ sψ but ψ ‰ 1TsF (such ψ is unique and we will denote it by ψ0);

(iii) ψ ‰ sψ.

(d) Assuming that dimRspψq does not depend on ψ give the number of irreducible characters
obtained this way and compute their dimension.

(e) Conclude and check that |SL2pqq| “
ř

χPIrr SL2pqq
χp1q2.
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Table 1: Character Table of GL2pqq.

Class: dpσa, σaq dpσa, σaqup1q dpσa, σbq dpλb, λqbq

Condition: ´ ´ σa ‰ σb λb ‰ λqb

Number: q ´ 1 q ´ 1 pq´1qpq´2q
2

qpq´1q
2

Size: 1 q2 ´ 1 qpq ` 1q qpq ´ 1q

1G,i ε2ai ε2ai εpa`bqi εbi

StG,i qε2ai 0 εpa`bqi ´εbi

rρi,j pεi ‰ εjq pq ` 1qεapi`jq εapi`jq εai`bj ` εbi`aj 0

rπk pηk ‰ 1q pq ´ 1qεak ´εak 0 ´κbk ´ κqbk

There are pq´1qpq´2q
2 distinct characters rρi,j and qpq´1q

2 distinct characters rπk.

Table 2: Character Table of SL2pqq with q odd.

Class: zc zcup1q zcupξq dpσa, σ´aq dpτ b, τ´bq

Condition: ´ ´ ´ σa ‰ ˘1 τ b ‰ ˘1

Number: 2 2 2 q´3
2

q´1
2

Size: 1 q2´1
2

q2´1
2 qpq ` 1q qpq ´ 1q

1G 1 1 1 1 1

StG q 0 0 1 ´1

ρi pε2i ‰ 1q pq`1qεci 1 1 εai`ε´ai 0

πj pη2j ‰ 1q pq´1qηcj ´1 ´1 0 ´ηbj´η´bj

ρ10
q`1
2 δc 1

2p1`
?
δqqδc 1

2p1´
?
δqqδc p´1qa 0

ρ20
q`1
2 δc 1

2p1´
?
δqqδc 1

2p1`
?
δqqδc p´1qa 0

π10
q´1
2 δc´

1
2p´1`

?
δqqδc´

1
2p´1´

?
δqqδc´ 0 ´p´1qb

π20
q´1
2 δc´

1
2p´1´

?
δqqδc´

1
2p´1`

?
δqqδc´ 0 ´p´1qb

There are q´3
2 distinct characters ρi and q´1

2 distinct characters πj . Moreover c P t0, 1u.

Table 3: Character Table of SL2pqq with q even.

Class: I up1q dpσa, σ´aq dpτ b, τ´bq

Condition: ´ ´ σa ‰ 1 τ b ‰ 1

Number: 1 1 q
2 ´ 1 q

2

Size: 1 q2 ´ 1 qpq ` 1q qpq ´ 1q

1G 1 1 1 1

StG q 0 1 ´1

ρi pεi ‰ 1q q ` 1 1 εai ` ε´ai 0

πj pηj ‰ 1q q ´ 1 ´1 0 ´ηbj ´ η´bj

There are q
2 ´ 1 distinct characters ρi and q

2 distinct characters πj .
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WARTHOG 2018, Lecture IV-1 supplementary exercises

Exercise 1. Verify the information concerning the conjugacy classes contained in Tables 1
to 3.

Exercise 2. Write down explicitly a geometric conjugate of dpλb, λqbq, for 1 ď b ď q2 ´ 1,
which is contained in GL2pqq.

Exercise 3. Using the fact that StG “ Rep1T q ´ 1G, and that Rep1T q “ IndGBp1Bq is a
permutation character, compute directly the values of the Steinberg character and verify that

StGpxq “

#

˘|CGpxq|p if x is semisimple,

0 otherwise.

Exercise 4. Using Tables 1 to 3 write the Deligne–Lusztig characters as a linear combination
of irreducible characters.

Exercise 5. Describe the effect of the restriction map Res
GL2pqq
SL2pqq

on the irreducible characters

and the Deligne–Lusztig characters.

Exercise 6. Assume G “ SL2pKq and q is odd. Using Table 2 compute the values of the
virtual characters

ρ10 ` ρ
2
0 ` π

1
0 ` π

2
0

ρ10 ` ρ
2
0 ´ π

1
0 ´ π

2
0

ρ10 ´ ρ
2
0 ` π

1
0 ´ π

2
0

ρ10 ´ ρ
2
0 ´ π

1
0 ` π

2
0 .

Exercise 7. We work in the standard setup. Let w P W and θ P IrrTwF . Using the result in
the first supplementary exercise of Lecture III-3, show that

dimRwpθq “ dimRwp1q “
|G|

qN |TwF |

(the last equality was proven in the second supplementary exercise of Lecture III-3).
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