
WARTHOG 2018, Lecture III-1

Main Exercise 1. Let X be a variety over Fq, and let U Ă X be an open subset. Recall that
we have a long exact sequence in compactly supported `-adic étale cohomology:

¨ ¨ ¨ Ñ H i
cpUq Ñ H i

cpXq Ñ H i
cpX r Uq Ñ H i`1

c pUq Ñ ¨ ¨ ¨

Furthermore, if X and U are both defined over Fq, then the Frobenius endomorphism acts on
all of these cohomology groups, and the sequence is Frobenius equivariant.

Recall also that H i
cpAnq “ 0 unless i “ 2n, in which case it is one-dimensional and Frq acts

as multiplication by qn.

(a) Prove that the odd cohomology of Pn vanishes, and that Fr acts on H2ipPnq » H2i
c pPnq

as multiplication by qi. (Hint: Let U “ An.)

(b) A similar argument works for any variety admitting a stratification by affine spaces. In
particular, it works for the flag variety G{B. Use this fact to give a formula for the
Poincaré polynomial of G{B.

(c) Let A be a finite set of hyperplanes in An
Fq

, and let MA be the complement of the

corresponding finite set of hyperplanes in An. Prove that H2n´i
c pMAq “ 0 unless 0 ď i ď 2

and Fr acts on H2n´i
c pMAq as multiplication by qn´i. (Hint: Define A1 by deleting a

hyperplane and A2 by restricting to that hyperplane, so that MA2 »MA1 rMA.)

Exercise 1. (Supplemental) Let w “ vv1 with `pvq``pv1q “ `pwq. Recall that there is a natural
morphism Dv : Xpwq Ñ Xpv´1wF pvqq. Show that it induces a G-equivariant isomorphism

H‚
c

`

Xpwq
˘ „
Ñ H‚

c

`

Xpv´1wF pvqq
˘

.

(Hint: compute Dv1 ˝Dv.)
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