
WARTHOG 2018, Lecture II-3

We work in the standard setup.

Main Exercise 1. Recall that w0 is the unique element of W of maximal length, and that w0

is an involution.

(a) Let s P S. Show that there exists t P S such that sw0 “ w0t.

(b) Let π “ w0 ¨ w0 in the braid monoid B`
W . Show that

(i) π is central in B`
W .

((i) Every w P W divides π on the left and on the right.

Deduce that for every b P BW there exists n ě 0 such that πnb P B`
W .

(c) Let b P BW . Assume that CBW
pbq is finitely generated in BW . Show that there exist

b1 P B`
W and b1, . . . , bm P B`

W such that

• CBW
pbq “ CBW

pb1q;

• each bi divides b
1;

• tb1, . . . , bmu generate CBW
pb1q.
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WARTHOG 2018, Lecture II-3 supplementary exercises

Exercise 1. Using the element π studied in the main exercise, show that two elements of B`
W

have a common multiple.

Exercise 2. Let w “ vv1 with ℓpvq ` ℓpv1q “ ℓpwq. Recall that there is a natural morphism
Dv : Xpwq Ñ Xpv´1wF pvqq. Show that it is bijective.

Exercise 3. Let F 1 be the endomorphism of Gr defined by

F 1pg1, . . . , grq “ pg2, . . . , gr, F pg1qq.

(a) Show that some power of F 1 is a Frobenius endomorphism of Gr. Such F 1 is a particular
case of a Steinberg endomorphism. Show that the first projection induces an isomorphism
pGrqF

1 „
Ñ GF .

(b) Let w1, . . . , wr P W and w “ pw1, w2, . . . , wrq P W r. Show that there is a G-equivariant
isomorphism of varieties

XG,F pw1, . . . , wrq » XpGqr ,F 1pwq.

Exercise 4. Given w P B`
W we will write w for its image in W . We say that w P B`

W is a good

d-th root of π if wd “ π and if wm is reduced for all m ď d{2.

(a) Show the equivalence between:

• w is a good d-th root of π;

• wd “ 1 and ℓpwmq “ ℓpπqm{d for all m ď d{2.

(Hint: start with the easy case where d is even)

(b) Find the good roots of π for W “ S4.

Exercise 5. Let w be a good d-th root of π. Show that XpwqF
m

“ H for all 1 ď m ă d.

Exercise 6. Let w be a d-th root of π. Show that the Deligne–Lusztig variety Xpwq for pG, F q
embeds naturally in the Deligne–Lusztig variety Xpπq for pG, F dq.

Exercise 7. We assume W “ Sn.

(a) All n-cycles in W are conjugate to p1, . . . , nq. Show that the lift of an n-cycle to B`
W is

conjugate to p1, . . . , nq in B`
W if and only if ℓpwq “ n ´ 1. (Hint: use induction on n.)

(b) Find an n-cycle which is a good n-th root of π. Deduce that the n-th root of π are exactly
the n-cycles with Coxeter length n ´ 1.
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