
3D plabic graphs propagation rules
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Expectation This is a cluster torus What is our guess for the cluster variables

We have the right of chamber minors since Jpl r E dim X β
But they are not irred so can't be cluster var

Our guess for cluster var is essentially the irred factors of chamber minor

Understand factors of Δ by analyzing behavior on Deodhar hypersurfaces Up jejAdd why this helps intuition for order of vanishing
Lemma deJβ jehy.ir Order of vanishing of Δ along Vd is
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Defn of potential cluster variables

eg at 2 4 6_
Consider mtx

a IT M Va M

j ordyAj

Mage maypi upper triangular integer
mtx so M adj uni upper triangular

Pf If jed I β wj so hem ordu Δj O M is upper triangular

j d d β wj sij so hem 1 w I's on diag

DenideJp JI ΔEuse cold of M togive exponents on Dj

e.g M f Δ z xy Δ Δ y zy x Δ Dj Δ 6 22 Eziz
Zy

Note Δ It x1 by construction

use col j of M to give exponents on XdCan use 3D plabic graphs to get M



Prop For deJp is an irreducible regular fan on X β vanishes to order

on Y ed

Also Tp 0 deJβ
Mij

IF Order of vanishing is by construction ordy.sk ajdordr.IT lipdl.me tryof

A priori x is rat'd But non vanishing on TB regular on TB Ord of vanishing form
xd regular on

alipay.ve a regular on

xp Tpvk.gg i

Irreducibility the loins xd 0 EX p is exactly Va which is irreducible
need modifiation of this argument for froz d

Tp xd 0 deJp follows from formula for Δ
jetp

in terms of x _Be

Our guess for a cluster is xj jeJβ

Now the question is what is the quiver We'll spend the rest of the lecture on

3Drabicgraphs from which we'll extrait quiver on Thurs



3D plabic graphs combin way to enlode grid minors their factorization

To construct Gf for BEBrnt e.g 1 11,112,2 1,2 1 Brt
Start w n horiz wires
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Reading β left to right for letter ip j in β do local replacement
it
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Now we want to understand factorization Δ Iyam in terms of Gp

Def For deJp define a soap film Sdf union of regions of Gp as follows

Sd starts like IFII clinging to horizwires R of dth bridge

propagates to rightaccording to
Éertop

III ftp I'uII Ii Ii I iiiit
of dSd

eg 3 3
Sy
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1 to
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Ajvanishes on Ud

Crop Let deJβ jelr Then divides Δ Sd covers region labeled Δ in Gp
spfiq.ua

ove 4 divides Δu Ds Do no other chamber minors

resn Diagram for v Ingrid fiff
draw on

if
We view Gp as being drawn between diag for 8 Po dβr
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At hollow crossing in swap rows ip.int of diagram
tooks

Ow do nothing
A 1

We lan also draw diagrams for w on top
mistake

3 lot of o a To 112101

a lot of loot 101 11 11 01

11I of Iot lot of 11 11 17 a

If we know β w't can determine if x Aj But we can actually use less
info

s sf
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Summary Just need to track rows where col pos of don't match Can do this w

curves Evolution of curves is constrained be evolve according toDempr



Lemma Let j 8 β w w Draw a line from ea to the in same

row sol and a line from ea to the in same row col

there int corners are i.it EEiesiapge Frenchnot

II It NW SE corners are It some outside of the shape
Rt

Ordering skew shapes by row of SE corner shape i is strictly
I NW of shape i t i

Pf True for june 1 For jed get I i
Then proceed by induction checking in dj dj wj n w
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3 Jj Jj w wj
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ii
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4 Jj Jj Wj it wj

I I
similar

Note Skew shapes from lemma are determined by their NW SE inner corners

We record this by drawing a curve from
NW to SE corner Inner corners closest
to lurve

Note dj.la wjla thegrid lineyadoesnotintersecttheinteriorofanyskey.ishape

Jj a wjla the grid line y a intersects the interior of some curve



Now we draw the curves on the diagrams observe how they change in different
scenarios Curve going under over a strand in the projection just records which side of

it's on in the diagram
Jj 1 8 Wj_ Wj

ivetteInder bottom

t.fif.eIJj

1 dj oj i wj Ej dj wj i wj
curve follows strand
it ended on

FFII.IE IIt it r

curve goes under undisturbed

9 dj wi n w d wj.it w

k iE
curve under top or over bottom
undisturbed

These are the propagation rules


