



































































































Recap X β braid variety

β pos braid word for β Tf β Deodhar torus

Tp Δ
09 form r B FEE jj

Proposed cluster var xd desβ are irred factors of Δj which we can understand by
analyzing Deodhar hypersurfaces Va ordy Dj exponent of xd in Δj
Can traik factorization combinatorially using 3D plabic graphs soap films

1 1,112,2 1 1,2 1 Brat

3
3 8 8 3

3D plabic 1
o X YgraphGB 2 2

1
Elp EE 61 4 6 4

8
8

I 1

Soap film propagation to R1

III fFi It Ita 1,1 III t
canons

not like

IIToday define seed using this combinatories start pf
Defn Given pos braid word first _define a quiver Q w vt grid minors arrows

given by plating this
eggs

around ea bridge Note can also place
this around ea
crossing won'tcha

Melissa Sherman-Bennett
Have a bit of a problem distributing material between this lecture and the next (too much here, not enough there)
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The quiver Qp has

ut xd deJ bridges soap films

ophmfff.ie if xd appears in open chamber on R

arrows are given as follows for ea arrow Da Δ in Q ea X Da Xd Δ
draw arrow

Xd Xd

eg not drawing loops

Then delete mail collection of 2 cycles arrows btw frozens divide arrows by 2
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Another
way to obtain quiver from curves on surface

Turn 3D plabic gr into orientable surface w big marked pts via local replacement

1 it
3

t.ie eI
1 1ft
Cd dsd is

trygve cychengphurface
i e it is a cycle or a union of paths

ÉÉ

fÉ
ÉÉ

É
Éf ÉÉ f

I

2 8

Quiver arrows intersection on front of surface arrow goes Tf



In other words arrows a xp signed intersection of Ca Cb lapsummify her a or

In ex above
7

x x x x
FEI

Pf of equivalence of the 2 constructions Maybe supplemental exerlise

Fix Xa xp Consider Ca Cb as subsets of Gp Canc is disj union of paths
Can draw Ca C so they have most 1 intersection pt along ea path no other intersel

Consider a path poi Prl which is a connected tomp of Cancy HowCa C intersect

B ÉpÉ rve oÉf cycles

Y

Ethite ut reverses ends preserves inmiddle

ConIIips

to int rule reorienting a

cykfferfsaryyf.de

7

th fix the t.at
FEE setIF

Melissa Sherman-Bennett
This seems important to me, but couldn't find a slick way to prove it. Seems possibly too long to be a normal exercise also



Now for half arrow construction A 3 is the same as 773 IgE so we tompute

contribution from ea trivalentusefarately Easy to check if Xa appears in all 3 regions Niva
contributes no arrows involving Xa to Qf So may assume Xa Xp appear in some but not all
regions v is along path in CarCb

Note Xa appears to R of Ca

If v is internal ut of path contributes no arrows Efta É x

So just need to check contribution from ends

7

ktifk.io ati ati nfi
a FINEI

check that reorienting a cycle reverses the arrow easy

Im Let f be pos braid word for β Then

Qp sink recurrent full rk

β UK Qp A 111 Qp



Pfstategy True if f red word for wo Now assume not reduced

Show validity of them is unchanged under the following moves

comffation f ij jo light
does nothing

31 f niji E jig li ji
mutation or nothing

Platon B Ii B its where item i reverse.aenstnsa frozen thenseq

next
Using Ian make f ice since f not reduced Using IR Ian make 1 1 ii

Induction assuming 1 1 ii

More on

K Iso Ifl X f sends I It Y Vd

I Frt is fr Frt's frt fr

This amounts to relabeling cluster var quiver ut

B First check quiver Qf vs Qfl
Exercise If any letters involved in braid move are hollow quivers differ only by relabelling

If all letters solid

FIIII.FI pfEthenQe nriQel

Gp us

Melissa Sherman-Bennett
Another option for this lecture would to be to spend more time on what's happening with the quiver when you do (B), and push the check on variables to the next lecture



key observation Sr BE.li p z S'r

Now chelk variables

Iso_ Fr F 1A F ABilzr.li F ABilzrilBi zr F.CA BFfBif
Fr F 1A F ABit.cz F ABifer Bittner.it F.cn fBlzzyitBier

Need to show that xp in XpQe is mutation of xp in Ef Qp tri xrtz
rt'z xr all other x'c xe

If car then c x since chamber minors soap films are all the same left of

E In this sa

i.iefeeIe is

1 we have Δ Df Δ Artz ΔbΔrti
2 for all car inJp write ord_ Bil orderΔ

if seekers Bi

ord Br ord Dr min lord Ba orde Brtz ord Δb tord Arti q

Pf sketch
11 Da Dulitis it A Db Awayg A Δr Δwcis.gg ABilzr ill Zr.Ab Dwaz

sifizlAArn DwlitislitglA l ArtsDusit A Dr'sDancing Bit Zrt Zrtpatbwcinsg.fm



Easy to work out effect of mult by Bilal on minors so lan check reln dirently by
writing all in terms of A traitor Zrt

2 Caseby case analysis using propagation rules E.g

F
ordelfrltq.depr mmiplgrd.Eatordfrtz

ord
fAbIorfeGra

if n.FIiiifordelfrl

qrdclpr immiplgrd.fatordifrtzyordyb.to Prn a

Lemma Δ Dr Da Drtz DbArt can be written as

Nxrx N M M where N M Bafta M
1ft

Note M
gIgXc

M
gxc

be dividing by N exantly captures

which arrows cancel in Qf if appears in both Da Artz Δ Arti

thenget xp Xr Xo will cancel

So
Brf Baugh is exactly the exchange rel for Xr we obtain

rx Mtm xp mutation of xp as desired



Statement abt remaining cluster var follows from
Arti Artz Art Drt Δ D for cart

Soap films on Gp Gp agree away from strip around bridges r rtl r 2

R I won't talk about Requires a bit more technology allowing blue letters in
braid word expanding defn of Deodhar torus hypersurface bridges like

w the extra teihnology get more moves

if if nothing

ij ji either nothing or mutation

Ii Ii changes final frozen xp to Kr reverses arrow

touching Xr
R is a composition of these moves


