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November 13, 2013

1. (20 points) Find the maximum and minimum of the function f(x, y) = x2y2 subject
to the constraint x2 + y2 = 3. Hint: If you divide through by x, also consider the
possibility that x = 0.
Solution: We let g(x, y) = x2 + y2, and solve ∇f = λ∇g and g = 3, that is,

2xy2 = 2λx 2x2y = 2λy x2 + y2 = 3.

From the first equation we see that x = 0 or y2 = λ. From the second we see that
y = 0 or x2 = λ. Thus there are four cases to consider.

Case 1: x = 0, y = 0. In this case the constraint x2 + y2 = 3 cannot be satisfied.

Case 2: x = 0, x2 = λ. We can ignore the fact that x2 = λ; the constraint x2 + y2 = 3
gives y = ±

√
3, and we have f(0,±

√
3) = 0.

Case 3: y2 = λ, y = 0. This is similar to the previous case, and we get f(±
√
3, 0) = 0.

Case 4: y2 = λ, x2 = λ. The constraint x2 + y2 = 3 becomes λ + λ = 3, so λ = 3/2.
Then f(x, y) = x2y2 = λ2 = 9/4.

Thus the minimum value of the function is 0, and the maximum is 9/4.

2. (a) (10 points) Find the critical points of the function f(x, y) = (sin x)(2 + sin y) in
the region 0 ≤ x < 2π, 0 ≤ y < 2π. Hint: There are four.
Solution: We have

fx(x, y) = (cos x)(2 + sin y) fy(x, y) = sin x cos y.

If fx = 0 then either cosx = 0, so x = π/2 or 3π/2; or else (2 + sin y) = 0, so
sin y = −2 which is impossible. If fy = 0 then either sin x = 0, which is impossible
since we just found that x = π/2 or 3π/2; or else cos y = 0, so y = π/2 or 3π/2.
Thus the four critical points are

(π/2, π/2) (π/2, 3π/2) (3π/2, π/2) (3π/2, 3π/2).








