Solutions to Homework 7

1. In lecture we showed that every group of order 9 is Abelian. Write the
proof in your own words, according to your own taste.

Optional: Do p? rather than 9.
Solution: Here’s how I'd write it formally.

First we argue that if G is a group of order p™, where p is prime and
m > 2, then the center Z = Z(G) has order p* for some k between
1 and m. Since |Z| divides |G|, we know that |Z| = p* for some k
between 0 and m; so it is enough to show that p divides |Z].

The order of a conjugacy class divides the order of the group, and
is strictly less than the order of the group (since the identity is in
a conjugacy class by itself), so a conjugacy class may have order
L,p,p%, ...,p™ . Let a; be the number of conjugacy classes of or-
der p! for 1 = 0,1,...,m — 1. As we observed in lecture, an element
is in Z(G) if and only if its conjugacy class has order 1, so |Z| = ay.
Now we have

|G| = p™ = ap + a1p + azp® + -+ - + amp™ L,

S0 ag is a multiple of p, as desired.

Next we argue that if G is a group of order p? then G is Abelian. We
have seen that |Z| = p or p?. If | Z| = p? then Z = G, so we are done.
If |Z| = p then we will derive a contradiction. Indeed, G/Z would
be a group of order p, hence would be isomorphic to Z,. Choose a
g € G such that gZ generates G/Z: that is, for all z € G we have
7 = (gZ)" = ¢'Z for some integer i. Thus x = ¢’z for some z € Z.
For any other y € G we can write y = ¢g/w for some integer j and
w € Z. Thus,
zy =g'zg'w = gwg'z = yx,

because z and w commute with ¢ and ¢ commutes with ¢/. Thus
x,y € Z,s0 G = Z, contradicting our assumption that |Z| = p.



2. Let G be the group of order 12 from Homework 4, problem 6:

2 3 4 5
{lvaa a-, a7, a-, a-,

b, ba, ba?, ba®, ba*, ba® },
subject to the relations
a®=1 v =ad? ab=ba"l.

Describe the conjugacy classes and write the class equation for G.

Solution: Multiplying the third relation by a~*

that
aba™' = ba"? = bat.

Since conjugating by a is a group homomorphism, we find:

g ‘1 a a® a® a* a® b ba ba® ba® ba* ba®
aga_l‘l a a® a® a* @® ba' ba® b ba ba® ba®

Multiplying the third relation by b~! on the right we find that
ba b7 = q,
so, because conjugating by b is a group homomorphism,
bab~t =a~! =dd.
Thus:

g ‘1 a a® a® a* a® b ba ba® ba® ba* ba®
bgb*1‘1 a® a* a® a® a' b ba® ba ba® ba® ba

Thus the conjugacy classes are as follows:
{1}, {a,a”}, {a?,a*}, {a®}, {b,ba? ba'}, {ba,ba’, ba}.
The class equation is

12=24+2+2+3+3.

3. Let o = (12345) € Ss.

(a) Find a 7 € S5 such that To7~! = o2

on the right we find

Solution: We compute 02 = (13524). There are five possibili-

ties for 7, all of them four-cycles:

(2354)  (1325)  (1534)  (1243)  (1452)



(b) Find a 7 € S5 such that o7~ ! = o3.
Solution: We compute 02 = (14253). There are five possibili-
ties for 7, all of them four-cycles:

(2453)  (1435)  (1254)  (1523)  (1342)

Indeed, these are inverses of the answers to part (a), because if
707! = 02 then 0 = 7_1027', so 03 =77 1o%7 = 17 1oT.
(c) Find a 7 € S5 such that ro771 = o.

Solution: We compute 0% = (15432). There are five possibili-
ties for 7, all of them products of disjoint transpositions:

(25)(34) (15)(24) (14)(23) (13)(45) (12)(35)

Indeed, these are the squares of the answers to part (a), because

if ror~! = 02 then 720772 = 702771 = o*.

4. Very optional: Let G = GL2(C). Show that every A € G is conjugate
to exactly one of the following:
Al
0 M

A0 A0
A
OF RS (3
Solution: First we argue that these three are not conjugate to one
another: In the first case, the characteristic polynomial has distinct
roots, whereas in the second and third cases, it has a double root. In

the second case, A is in the center of GG, hence is not conjugate to
anything but itself.

Now we argue that any A € GL2(C) is conjgate to one of these three.

Write
ab
a=(0a)

and consider the characteristic polynomial
x(t) = det(A — tI) = * — (a + d)t + (ad — be).

Because C is algebraically closed, this has either two distinct roots in
C, or a double root. If X is a root of x then there is a non-zero v € C?
such that Av = Av. (In this 2 x 2 case we can be very explicit if we
want to: if @ # A or b % 0 then we can take

o=,

3



if d # A or ¢ # 0 then we can take

=)

and if a = d = A and b = ¢ = 0 then we can take any non-zero v.)

If x has two distinct roots A\ # pu, let v = (1) be a A-eigenvector,
and let w = (w;) be a p-eigenvector. Then v and w are linearly
independent, so the matrix

B = (Ul wl)
V2 W2
is invertible. Then we have
AB — AV pwy _3B. A0 ’
Avg paws 0 n

B 'AB = (A 0> )
0 p

If x has a double root A, let v be a A-eigenvector, and let w be any
vector linearly independent from v. Then we have

e AN Az
=) -7 )
for some x,y, z,w € C, so
B 'AB = (A Z).
0 w

Because the characteristic polynomial is invariant under conjugation,
we find that w = A. If 2 =0 then A = AI. If z # 0 then observe that
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