
Solutions to Midterm 2

1. Show that Q[x]/(x− 22) ∼= Q.

Solution: Consider the homomorphism ϕ : Q[x] → Q given by

ϕ(f) = f(22).

The first isomorphism theorem states that Q[x]/ kerϕ ∼= imϕ. I claim
that kerϕ = (x− 22) and imϕ = Q.

First, kerϕ = (x− 22). For any f ∈ Q[x] we can write

f = (x− 22) · q + r,

where q, r ∈ Q[x] and deg r < 1, that is, r is a constant. Plugging in
x = 22, we find that r = f(22). Thus f(22) = 0 if and only if f = (x−22)·q
for some q ∈ Q[x]: that is, f ∈ kerϕ if and only if f ∈ (x− 22).

Second, imϕ = Q. Indeed, for all a ∈ Q we have ϕ(x− 22 + a) = a.

2. Recall that an element x in a ring R is called nilpotent if there is a positive
integer n such that xn = 0. Let N ⊂ R be the set of nilpotent elements.

(a) Show that if R is commutative then N is an ideal.

Solution: Let x, y ∈ N , and suppose that xn = 0 and ym = 0 for
some positive integers n and m. Since R is commutative, when we
multiply out (x+ y)n+m we get a linear combination

xn+m, xn+m−1y, xn+m−2y2, . . . , xnym, xn−1ym+1, . . . , ym+n.

The first m + 1 terms vanish because xn = 0. The remaining terms
vanish because ym = 0. Thus x+ y ∈ N .

Next let x ∈ N with xn = 0, and let r ∈ R be arbitrary. Since R is
commutative, we have

(rx)n = rnxn = 0,

so rx ∈ N .

(b) Suppose N is an ideal, so we can form the quotient ring R/N .

Show that 0 is the only nilpotent element of R/N .

Solution: Let x ∈ R, and suppose that x̄n = 0 ∈ R/N for some
positive integer n. Then xn

∈ N , so there is a positive integer m
such that (xn)m = 0, so xnm = 0, so x ∈ N , so x̄ = 0.
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(c) Show that if R is non-commutative then N need not be an ideal.
Hint: In M2(R), consider the elements

A =

(

0 1
0 0

)

B =

(

0 0
1 0

)

and their sum.

Solution: We have A2 = 0 = B2, so A ∈ N and B ∈ N . But

A+B =

(

0 1
1 0

)

,

satisfies (A+B)2 = 1. Thus (A+B)n equals A+B if n is odd, or 1
if n is even, and in particular is never 0. Thus A + B /∈ N , so N is
not an ideal.

Indeed, we have seen that the only ideals in M2(R) are (0) and (1).

3. An element e in a ring R is called idempotent if e2 = e.

(a) List the idempotents in Z/12.

Solution: 0, 1, 4, 9.

(b) Where do they map to under the isomorphism Z/12 ∼= Z/3× Z/4?

Solution: (0, 0), (1, 1), (1, 0), (0, 1).

(c) Show that if e ∈ R is idempotent then 1− e is idempotent.

Solution: (1− e)2 = 1− 2e+ e2 = 1− 2e+ e = 1− e.

(d) If R is commutative and e ∈ R is idempotent, use the Chinese Re-
mainder Theorem to show that

R ∼= R/(e)×R/(1− e).

Hint: On the last homework you showed that if I + J = (1) then
I ∩ J = IJ .

Solution: Let I = (e) and J = (1− e). Then 1 = e+ 1− e ∈ I + J ,
so I + J = (1). Thus the Chinese Remainder Theorem gives

R/(I ∩ J) ∼= R/I ×R/J.

Since R is commutative, from the last homework we have I∩J = IJ .
From the same homework we have

IJ = (e · (1− e)) = (e− e2) = (0),

so R/(I ∩ J) = R/(0) ∼= R.
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