
Solutions to Homework 6

7. Show that the antipodal map x 7→ −x of Sk → Sk is homotopic to the
identity if k is odd.

Write k = 2n, and define a map F : S2n−1 × I → S2n−1 by

F (x1, y1, x2, y2, . . . , xn, yn, t) =

cosπt − sin πt
sin πt cos πt

cos πt − sin πt
sinπt cosπt

. . .

cos πt − sin πt
sin πt cos πt





x1
y1
x2
y2
...
xn
yn.


This is clearly smooth, and we check that it takes values in S2n−1. At
t = 0 it is the identity map, and at t = 1 it is the antipodal map.

We can package this much more nicely using complex numbers: we
have

S2n−1 = {(z1, . . . , zn) ∈ Cn : |z1|2 + · · ·+ |zn|2 = 1},

and
F (z1, . . . , zn, t) = (eiπtz1, . . . , e

iπtzn).
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4. Prove that the rational numbers have measure zero in R, even though
they are dense.

You could say that the rational numbers are a countable union of sets
of measure zero (points), so they have measure zero by the argument
on page 40. Or you could just spell it out. Enumerate the rational
numbers in a sequence r0, r1, r2, . . . . Let ε > 0 be given. For each
i = 0, 1, 2, . . . , consider the interval (ri − ε/2i+1, ri + ε/2i+1), whose
length is ε/2i. Then Q = {r0, r1, . . . } is contained in the union of these
intervals, and the sum of their lengths is ε.

You don’t have to prove that Q is dense in R, but if you want to, it goes
like this. Let U ⊂ R be open, so U contains some open interval (a, b).
Let n be an integer greater than 1/(b − a), so 1/n < b − a. Let m be
the smallest integer greater than an. Then a < m/n, and m ≤ an+ 1,
so

m/n ≤ a+ 1/n < a+ (b− a) < b,

so m/n ∈ U . Thus U ∩Q 6= ∅.
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