7. Show that the antipodal map x — —z of S* — S* is homotopic to the

Solutions to Homework 6

wdentity if k is odd.
Write k = 2n, and define a map F': S~ ! x I — S?"~1 by
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This is clearly smooth, and we check that it takes values in S**~!. At
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t = 0 it is the identity map, and at ¢ = 1 it is the antipodal map.

We can package this much more nicely using complex numbers: we

have

SQnil = {(21, Ce

and

F(Zl,...

s ) = (™2, ..

) €CT |+ 4 zl* = 13

, eiwtzn) ]




9. Prove that the Stability Theorem is false on noncompact domains. Here’s
one counterezample...Let p: R — R be a function with p(s) = 1 4f
|s| <1 and p(s) = 0 if |s| > 2. Define f: R — R by fi(z) = zp(tz).
Verify that this is a counterezample to all siz parts of the theorem.

We note that for any map f: R — R, the following are equivalent:
o f'(z)#0 for all z € R,

e fis alocal diffeomorphism,
e fis an immersion,

e f is a submersion.

The graph of f; looks like this:
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The point is that [t is badly behaved for all ¢ > 0, but the bad parts
run off to zero “suddenly” at ¢t = 0.

If ¢ = 0 then f; is the identity map, so it is a local diffeomorphism, an
immersion, a submersion, transverse to the submanifold Z = {0} C R,
an embedding, and a diffeomorphism. If the Stability Theorem held
for non-compact domains, then there would be an € > 0 such that fi
had the same properties for all ¢ < e.

But if ¢ > 0 then there is a point, say x = 3/t, near which f, is
constantly zero, so f'(3/t) =0, so f, is not a local diffeomorphism, an
immersion, or a submersion. Moreover f; is not injective, so it is not
an embedding or a diffeomorphism. Finally f; is not transverse to the
submanifold Z = {0} C R, because 3/t € f,(0) but the image of the
derivative of f; at 3/t is the zero vector space in Th(R) = R, and the
tangent space Tp(Z) C Tp(R) is also the zero vector space, and these
do not span Ty(R).



4. Prove that the rational numbers have measure zero in R, even though
they are dense.

You could say that the rational numbers are a countable union of sets
of measure zero (points), so they have measure zero by the argument
on page 40. Or you could just spell it out. Enumerate the rational
numbers in a sequence rg,7r1,72,.... Let € > 0 be given. For each
i = 0,1,2,..., consider the interval (r; — ¢/2" r; + €/2'T1), whose
length is €/2°. Then Q = {r¢,71,...} is contained in the union of these
intervals, and the sum of their lengths is e.

You don’t have to prove that Q is dense in R, but if you want to, it goes
like this. Let U C R be open, so U contains some open interval (a, b).
Let n be an integer greater than 1/(b —a), so 1/n < b —a. Let m be
the smallest integer greater than an. Then a < m/n, and m < an + 1,
SO

m/n<a+1/n<a+ (b—a)<b,

som/ne€U. Thus UNQ # 2.



5. Ezhibit a smooth map f: R — R whose set of critical values is dense.

By 81 #18(c), there is a smooth function F': R — R such that F(z) =
for [z] < # and F(z) =0 for |z| > 3
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Again enumerate the rational numbers in a sequence 9,71, ..., and let

=Zn-F(x—(z’+§)).

Al

The sum is legitimate because at any given z, only one term in the sum
is non-zero. The function is smooth because on any interval (4, z +1) it
is a translate of the smooth function F, and on an interval (i —¢,i4 %)
it is constantly zero. On an interval (i + & 5i+2)itis constantly equal
to r;, so the derivative vanishes on that 1nterval and the value r; is a
critical value.



