


2. Let

A =

(

0 1
0 0

)

B =

(

0 0
1 0

)

.

(a) Find exp(A) and exp(B).

Solution: The power series is

exp(A) = I +A+ 1

2
A2 + 1

3!
A3 + · · · .

But A2 = 0 = B2, so

exp(A) = I +A =

(

1 1
0 1

)

exp(B) = I +B =

(

1 0
1 1

)

.

(b) Find exp(A+B).

Solution: One option is to observe that (A+B)2 = I, so

exp(A+B) = I + (A+B) + 1

2
I + 1

3!
(A+B) + 1

4!
I + 1

5!
(A+B) + · · ·

= (1 + 1

2!
+ 1

4!
+ · · · )I + (1 + 1

3!
+ 1

5!
+ · · · )(A+B)

= cosh 1 · I + sinh 1 · (A+B)

=

(

cosh 1 sinh 1
sinh 1 cosh 1

)

=
1

2

(

e+ e−1 e− e−1

e− e−1 e+ e−1

)

.

Alternatively, you could diagonalize A+B:

(

0 1
1 0

)

=

(

1 1
1 −1

)(

1 0
0 −1

)(

1 1
1 −1

)

−1

,

so exp(A+B) is

(

1 1
1 −1

)(

e 0
0 e−1

)(

1 1
1 −1

)

−1

=
1

2

(

e+ e−1 e− e−1

e− e−1 e+ e−1

)

.

(c) Find exp(A) exp(B) and exp(B) exp(A). Observe that these are dif-
ferent from one another, and from exp(A+B).

Solution:

exp(A) exp(B) =

(

2 1
1 1

)

exp(B) exp(A) =

(

1 1
1 2

)

.

(d) State a sufficient condition for square matrices M and N to satisfy
exp(M) exp(N) = exp(M +N) = exp(N) exp(M).

Solution: If MN = NM then exp(M) exp(N) = exp(M + N) =
exp(N) exp(M).








