Solutions to Practice Midterm 1

1
(a) Sketch the region in the zy-plane whose area is given by V4-—z%dz.
0

Solution:
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(b) Evaluate the integral geometrically by thinking about triangles and wedges
of circles.

Solution: The area of a circle of radius 2 is 4r. The wedge shown is a
twelfth of a circle. The triangle shown has a base of 1 and a height of /3.
Thus the area is £ + ‘/_ ‘
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(c) Evaluate the integral algebraically by subst'ituting z = 2sint. Does your
answer agree with your answer to part (b)? Hint: You will need the
half-angle formula cos?t = 1+C°S 2 Further hint: Don’t forget to change
bounds: if 2sint = 1 then smt =3,801t=

Solution: If z = 2sint then dz = 2costdt. Then we have
4—13% =4~ 4sin*t = 4(1 — sin’t) = 4 cos? ¢,

s0 V4 —2? = 2cost. To change bounds, write sint = z/2; if z = 0 then



sint =0,s0¢t =0, and if z = 1 then sint = 1/2, so t = 7/6. Thus
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where in the third line we have used the given half-angle formula.

2. Evaluate / vz — ldz in two ways:

(a) By substituting w = z — 1. Hint: Then z = u + 1.
Solution: With this v we have du = dz.

/x\/:zledxz/(u—i—l)\/ﬂdu
=/(u3/2+u1/2)du

- %u5/2+§u3/2+0
= %(z— 1)5/2—1—%(3:—1)3/2-{—6'

(b) By parts, letting u = z and dv = the rest.
Solution: If u = z and dv = +/z — 1 dz then du = dz and v = 2(z—1)%/2.

/m\/:c—ldm——- %x(m—l)S/z—/%(m—l)Wde
2

2o(z - 1% - 2. 2(z-1)*%+C
=gz -1 - Lz-1)*+0C

(c) Your answers to parts (a) and (b) look different. Show that they are the
same. Hint: Factor out (z — 1)%/2 and clean up what’s left. Solution:
For part (a) we have

-1 43 -1 = (e - ) (3e-1)+2)

=(z— 1)3/2<§z—|——1%).



(a)

(b)

For part (b) we have

2p(z— 12— A(z - 1)*? = (2 — 1)3/2(§x - £ 1)

= (¢ - 1)¥/? (%m + 14-5)

What is lim e!? What is lim e™*? What is lim te~?? Hint: Write the
t—o00 t—00 t—00

latter as tlim e—tt, which is of the form 22, so you can use ’'Hépital’s rule.
—+00

Solution: First we have lim e® = 00, so lim e™* = 0. Then by I'Hépital’s
t—00 t—00
rule we have . 1
lim — = lim — =0.
t—00 € t—oo et

Find / te~t dt. Hint: Integrate by parts.

Solution: Let u =t and dv = et dt, so du = dt and v = —e™".

/te"t dt = —te t + / e tdt

=—tet—e T4 C.

o0

Find / te™*dt. Hint: Recycle your answer to parts (a), (b), and espe-
0
cially (c).

Solution:

00 B
/ te~tdt = lim te b dt
0 B-—o0 0

B
= lim [—te_t — e_t]

B—oo 0

= lim ((—Be—B e By (—0-1- 1))

B—oo
=(0-0)+1
=1




